
➅✇✐❛t➟② Pr♦❣r❛♠✐st❛

❝③②❧✐ ③❛st♦s♦✇❛♥✐❛

r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇

❞♦
s♣❡❝②✜❦❛❝❥✐ ✐ ✇❡r②✜❦❛❝❥✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛
③✐❧✉str♦✇❛♥❡ ❧✐❝③♥②♠✐ ♣r③②❦➟❛❞❛♠✐ ♣r♦❣r❛♠ó✇ ✐

t✇✐❡r❞③❡➠ ♦ ♣r♦❣r❛♠❛❝❤ ✇r❛③ ③ ❞♦✇♦❞❛♠✐✳

❦s✐→➺❦➛ t➛ ♥❛♣✐s❛❧✐

●r❛➺②♥❛ ▼✐r❦♦✇s❦❛ ♥ ❆♥❞r③❡❥ ❙❛❧✇✐❝❦✐
■♥st②t✉t ■♥❢♦r♠❛t②❦✐ ❯❑❙❲ ✫ ❉♦♠❜r♦✈❛ ❘❡s❡❛r❝❤

❉→❜r♦✇❛ ▲❡➧♥❛

✶✾ ❝③❡r✇❝❛ ✷✵✷✷



❬❝❤❛♣t❡r❪ ✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖
✖✖✖✖✖✖✲ ❋

❉→❜r♦✇❛ ▲❡➧♥❛✱ ❞♥✐❛ ✶✾ ❝③❡r✇❝❛ ✷✵✷✷

❈③②t❡❧♥✐❦♦✇✐✱ ❛ ❞♦❜r♦❞③✐❡❥♦✇✐ ♥❛s③❡♠✉✱ ♥✐♥✐❡❥s③→
♠❛❦✐❡t➛ ❦s✐→➺❦✐ ♦➧♠✐❡❧❛♠② s✐➛ ♣r③❡❞➟♦➺②➣✱ ③ ♣r♦➧❜→

Pr♦➧❜❛✳

▼♦❥❛ ❉r♦❣❛✱ ▼ó❥ ❉r♦❣✐✳
▼❛s③ ♣r③❡❞ s♦❜→ ♠❛❦✐❡t➛ ❦s✐→➺❦✐✳ P♦♠ó➺ ♥❛♠ ✉❦♦➠✲
❝③②➣ ♣r❛❝➛ ♥❛❞ ♥✐→✳ Pr③②➧❧✐❥ ♥❛♠ ✉✇❛❣✐✱ ♣②t❛♥✐❛✱
s➟♦✇❛ ♦❜✉r③❡♥✐❛✱ ✳✳✳
❑❛➺❞② ❦♦♠❡♥t❛r③ ❥❡st ❞❧❛ ♥❛s ❝❡♥♥②✳ ❆❧❡ ♥✐❡ tr❛➣
❝③❛s✉ ♥❛ ✇②❧✐❝③❛♥✐❡ ❧✐t❡ró✇❡❦ ✐ ✐♥♥②❝❤ ❜➟➛❞ó✇✱ ❦tór❡
♠♦➺♥❛ ♣♦♣r❛✇✐➣ ❛✉t♦♠❛t②❝③♥✐❡✳
❆ ♦t♦ ♥❛s③❡ ♣r③②❦➟❛❞♦✇❡ ♣②t❛♥✐❛ ❞♦ ❈✐❡❜✐❡✿

• ❈③② st✇♦r③②➣ ♦s♦❜♥② r♦③❞③✐❛➟ ③ ❞♦✇♦❞❛♠✐ ♣♦✲
♣r❛✇♥♦➧❝✐ ❛❧❣♦r②t♠ó✇ ③❛♠✐❛st s❡❦❝❥✐ ✇ r♦③✲
❞③✐❛❧❡ ▲✺❄
• ❩♠✐❡♥✐➣ ♣r③②❦➟❛❞② ✇ ♣r③❡❞♠♦✇✐❡❄ ❯s✉♥→➣
❋❡r♠❛t❛✳✭✦✮

✖✖✖✖✖✖✖✖✖✖✖✖✕
▼❛♠② ❥❡s③❝③❡ ❥❡❞♥→ ♣r♦➧❜➛ ♣❛♠✐➛t❛❥✱ ♦ ♥❛s③②❝❤ ♣r❛✲
✇❛❝❤ ❛✉t♦rs❦✐❝❤✳ ◆✐❡ r♦③❞❛✇❛❥ t❡❣♦ t❡❦st✉✳ ❋♦r ②♦✉r
❡②❡s ♦♥❧②✳

✐





❘❖❩❉❩■❆➟ ✶

Pr③❡❞♠♦✇❛

❋❡❧✐① q✉✐ ♣♦t✉✐t r❡r✉♠ ❝♦❣♥♦s❝❡r❡ ❝❛✉s❛s Wergiliusz

➅✇✐❛t➟② ♣r♦❣r❛♠✐st❛ ✕ ❝♦ t♦ ♠❛ ③♥❛❝③②➣❄ ❈③② t♦
➺❛rt❄ ❆❜s♦❧✉t♥✐❡✱ ♥✐❡✳ ❩✇r♦t ✏❝③➟♦✇✐❡❦ ➧✇✐❛t➟②✑ ♠❛✱
✇❡❞➟✉❣ s➟♦✇♥✐❦❛ ❥➛③②❦❛ ♣♦❧s❦✐❡❣♦✱ ✽✸ s②♥♦♥✐♠②✳ ▼♦✲
➺❡s③ s♦❜✐❡ ✇②❜r❛➣ ③♥❛❝③❡♥✐❡✱ ❦tór❡ ❈✐ ♦❞♣♦✇✐❛❞❛✳
❑❛➺❞❡ ③ ♥✐❝❤ ③❛st♦s♦✇❛♥❡ ❞♦ ❈✐❡❜✐❡ ♣♦✇✐♥♥♦ s♣r❛✲
✇✐➣ ❈✐ ♣r③②❥❡♠♥♦➧➣✳ ◆❛s③②♠ ❝❡❧❡♠ ❥❡st ♣♦♠ó❝ ❈✐
❜②➧ st❛➟ s✐➛ ♣r♦❣r❛♠✐st→ r♦③✉♠♥②♠✱ ✇②❦s③t❛➟❝♦♥②♠
✭t✉ ♣♦③♦st❛✇✐❛♠② ❈✐ ❞♦ ✇②❜♦r✉ ♣♦③♦st❛➟❡ ✽✶ s②♥♦✲
♥✐♠②✮✳✳✳

❚②t✉➟ ✧➅✇✐❛t➟② ♣r♦❣r❛♠✐st❛✧ ♥❛✇✐→③✉❥❡ ❞♦ ♠❛♥✐❢❡✲
st✉ ✐ ♠❡t♦❞♦❧♦❣✐✐ ♦ ♥❛③✇✐❡ ✧❧✐t❡r❛t❡ ♣r♦❣r❛♠♠✐♥❣✧
③❛♣r♦♣♦♥♦✇❛♥❡❥ ♣r③❡③ ❉♦♥❛❧❞❛ ❊✳ ❑♥✉t❤❛ ③♦❜✳ ❬❪✳
❚r✉❞♥♦ ③♥❛❧❡➵➣ ♦❞♣♦✇✐❡❞♥✐❡ t➟✉♠❛❝③❡♥✐❡ t❡❣♦ ③✇r♦t✉
♥❛ ❥➛③②❦ ♣♦❧s❦✐✳ ❲ s➟♦✇♥✐❦✉ ❛♥❣✐❡❧s❦✐❡ s➟♦✇♦ ❧✐t❡r❛t❡
❥❡st t➟✉♠❛❝③♦♥❡ ♥❛ ✧✉♠✐❡❥→❝② ❝③②t❛➣ ✐ ♣✐s❛➣✧✱ ❛ ❥❛❦♦
❞r✉❣✐❡ ③♥❛❝③❡♥✐❡ t❡❣♦ s➟♦✇❛ s➟♦✇♥✐❦✐ ♣♦❞❛❥→ ✧✇②✲
❦s③t❛➟❝♦♥②✱ ❡❞✉❦♦✇❛♥②✱ ✉❝③♦♥②✧✳ ❩❛❥r③②❥ ♥❛ str♦♥➛
✇✇✇✳❧✐t❡r❛t❡♣r♦❣r❛♠♠✐♥❣✳❝♦♠ ❜② ③❛♣♦③♥❛➣ s✐➛ ③ ♠♦t②✇❛❝❥→
♣♦❞❛♥→ ♣r③❡③ ❑♥✉t❤❛ ✐ ❥❡❣♦ ✇s♣ó➟♣r❛❝♦✇♥✐❦ó✇✳ ❏❡st
♦♥ ♣r③❡❦♦♥❛♥② ♦ ♣♦tr③❡❜✐❡ ró✇♥♦❝③❡s♥❡❣♦ ❧✉❜ ♥❛✲
♣r③❡♠✐❡♥♥❡❣♦ r♦③✇♦❥✉ ♣r♦❥❡❦t✉ ♣r♦❣r❛♠✐st②❝③♥❡❣♦ ✐
❥❡❣♦ ❞♦❦✉♠❡♥t❛❝❥✐✳

▼② ♣♦❞③✐❡❧❛♠② ♣♦❣❧→❞ ❉♦♥❛❧❞❛ ❑♥✉t❤❛✱ ❛❧❡ ♣♦❞→✲
➺❛♠② ❞❛❧❡❥ ✕ ✇ ♣r♦❝❡s✐❡ t✇♦r③❡♥✐❛ ♦♣r♦❣r❛♠♦✇❛♥✐❛
♥✐❡ ♠♦➺♥❛ ♦❣r❛♥✐❝③❛➣ s✐➛ ❞♦ t✇♦r③❡♥✐❛ ❦♦❞✉ ✐ ❞♦❦✉✲
♠❡♥t❛❝❥✐✳ ❈③②♠ ❜♦✇✐❡♠ ❥❡st ❞♦❦✉♠❡♥t❛❝❥❛❄ ✐ ❞♦
❝③❡❣♦ ♠❛ s➟✉➺②➣❄

◆❛s③②♠ ③❞❛♥✐❡♠ ❦❛➺❞❡♠✉ ♠♦❞✉➟♦✇✐ M ♦♣r♦❣r❛♠♦✲
✇❛♥✐❛ t♦✇❛r③②s③②➣ ♣♦✇✐♥♥②✿ s♣❡❝②✜❦❛❝❥❛ S✱ ❝③②❧✐ s♣✐s

✐✐✐



✇②♠❛❣❛➠ ✐ ✇❡r②✜❦❛❝❥❛ W (M,S)✱ ❝③②❧✐ ❛r❣✉♠❡♥t②✱ ♥❛❥✲
❧❡♣✐❡❥ ✇ ♣♦st❛❝✐ s♣r❛✇❞③❛❧♥❡❣♦ ❞♦✇♦❞✉✱ ♥❛ r③❡❝③ t❡③②✱
➺❡ ❞❛♥② ♠♦❞✉➟ ▼ s♣❡➟♥✐❛ ✇②♠❛❣❛♥✐❛ ✇②♠✐❡♥✐♦♥❡
✇ s♣❡❝②✜❦❛❝❥✐✳ ❯✇❛➺❛♠②✱ ➺❡ ♣r♦❣r❛♠✐st❛ ✭❧✉❜ ③❡✲
s♣ó➟ ✐♥➺②♥✐❡ró✇ ♦♣r♦❣r❛♠♦✇❛♥✐❛✮ ❜✐♦r→❝② ✉❞③✐❛➟ ✇
t✇♦r③❡♥✐✉ ♣❡✇♥❡❣♦ ♣r♦❥❡❦t✉ ♣r♦❣r❛♠✐st②❝③♥❡❣♦ ♣♦✲
✇✐♥✐❡♥ ♣r❛❝♦✇❛➣ ③ ❞♦❦✉♠❡♥t❛♠✐ tr③❡❝❤ r♦❞③❛❥ó✇✿

• s♣❡❝②✜❦❛❝❥❡ t❥✳ ❞♦❦✉♠❡♥t② ✇ ❦tór②❝❤ ♦❦r❡✲
➧❧♦♥❡ s→ ✇②♠❛❣❛♥✐❛✱
• ❦♦❞✱ ❛ ✇✐➛❝✱ ♣r♦❣r❛♠②✱ ❦❧❛s② ✐ ✐♥♥❡ ♠♦❞✉➟②
♦♣r♦❣r❛♠♦✇❛♥✐❛✱
• ✇❡r②✜❦❛❝❥❛ ✕ ❞♦❦✉♠❡♥t② ③ t❡❥ ❣r✉♣② ♣♦✇✐♥♥②
❞♦st❛r❝③❛➣ ❛r❣✉♠❡♥tó✇ ♣♦③✇❛❧❛❥→❝②❝❤ ♥❛ ♣♦✲
❞❡❥♠♦✇❛♥✐❡ ❞❡❝②③❥✐ ♦ ③❛❛❦❝❡♣t♦✇❛♥✐✉ ❧✉❜ ♦❞✲
r③✉❝❡♥✐✉ ❦♦❞✉✳ ✶

■♥❛❝③❡❥ ♥✐➺ ✇✐❡❧✉ ❛✉t♦ró✇✱ ✉✇❛➺❛♠②✱ ➺❡ ♣r❛❝❛
✇ t❡❥ ❞③✐❡❞③✐♥✐❡ ♣♦s③❡r③❛ ✇✐❡❞③➛ ♥✐❡ t②❧❦♦ ♦
❥❡❞♥②♠ ♣r♦❣r❛♠✐❡✳ ❚✇♦r③→❝ ❞♦✇ó❞ ♣♦♣r❛✇✲
♥♦➧❝✐ ❛❧❣♦r②t♠✉ ❞♦❦➟❛❞❛♠② ❝❡❣✐❡➟❦➛ ❞♦ ♦❞♣♦✲
✇✐❡❞♥✐❡❥ ❛❧❣♦✲r②t♠✐❝③♥❡❥ t❡♦r✐✐✱ ❧✐❝③❜✱ st♦só✇✱
❞r③❡✇ ❜✐♥❛r♥②❝❤ ✇②✇❛➺♦♥②❝❤ ✱ ✳✳✳

●✇❛r❛♥❝❥❛ ③❛tr✉❞♥✐❡♥✐❛ ❞❧❛ ❈✐❡❜✐❡✳ ➅✇✐❛t➟② ♣r♦✲
❣r❛♠✐st❛ ♣♦tr❛✜ ♥✐❡ t②❧❦♦ ♥❛♣✐s❛➣ ♣r♦❣r❛♠✳ ❚♦ ✇
❦♦➠❝✉ ♥✐❡ ❥❡st t❛❦✐❡ tr✉❞♥❡✳ P♦♠♦❝→ ✇ ♥❛♣✐s❛♥✐✉
♣r♦❣r❛♠✉ s➟✉➺② ♥❛♠ ❡❞②t♦r ❧✉❜ ③✐♥t❡❣r♦✇❛♥❡ ➧r♦❞♦✲
✇✐s❦♦ ♣r♦❣r❛♠✐st②❝③♥❡✱ t❛❦✐❡ ❥❛❦ ♥♣✳ ❊❝❧✐♣s❡✳ ◆♦
✐ ❦♦♠♣✐❧❛t♦r ✕ ❦♦♠♣✐❧❛t♦r ✇②➟❛♣✐❡ ✇s③②st❦✐❡ ❜➟➛❞②
s❦➟❛❞♥✐♦✇❡ ✐ ✇✐❡❧❡ ✐♥♥②❝❤ ❜➟➛❞ó✇✱ ❦tór❡ ❝✉❞❛❝③♥✐❡
♥❛③②✇❛❥→ s✐➛ ✧❜➟➛❞❛♠✐ st❛t②❝③♥❡❥✱ ❛♥❛❧✐③② s❡♠❛♥t②❝③✲
♥❡❥✧✳ ❚♦ t❡➺ s→ ❜➟➛❞② s❦➟❛❞♥✐♦✇❡✦

◆❛t♦♠✐❛st✱ ➺❛❞❡♥ ❦♦♠♣✐❧❛t♦r K✱ ➺❛❞❡♥ ♣r♦❣r❛♠ W
✇②❦r②✇❛❥→❝② ❜➟➛❞②✱ ♥✐❡ ❥❡st ✇ st❛♥✐❡ ✇②❦r②➣ ❝③②
♣r③❡❞st❛✇✐♦♥② ♠✉ ❞♦✇♦❧♥② ♣r♦❣r❛♠ P ✱ ③❛♣➛t❧✐ s✐➛
❝③② t❡➺ ③❛❦♦➠❝③② ♦❜❧✐❝③❡♥✐❛✳ ❈♦ ✇✐➛❝❡❥ ♥✐❣❞②✱ ♥✐❦t
♥✐❡ ♥❛♣✐s③❡ t❛❦✐❡❣♦ ❦♦♠♣✐❧❛t♦r❛✳ ◆✐❡ ③❛➟❛♠✉❥ s✐➛✱ t♦

✶▼✐❛♥♦✇✐❝✐❡✱ ❥❡➧❧✐ ❞♦st❛r❝③♦♥♦ ❞♦✇♦❞② ♥❛ r③❡❝③ t❡③②✿ ✧❦♦❞
P s♣❡➟♥✐❛ ✇②♠❛❣❛♥✐❛ s♣❡❝②✜❦❛❝❥✐ ❙✧t♦ ♥❛❧❡➺② ✇②❦♦♥❛✇❝② ③❛✲
♣➟❛❝✐➣ ✐ ♠♦➺♥❛ ♣r③❡❥➧➣ ❞♦ ❡❦s♣❧♦❛t❛❝❥✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛✳ ❏❡➧❧✐
❞♦✇♦❞ó✇ ③❛❜r❛❦♥✐❡ ❧✉❜ s❛ ♦♥❡ ♥✐❡♣r③❡❦♦♥②✇✉❥→❝❡ t♦ ♥❛❧❡➺② ♣♦✲
st→♣✐➣ ✐♥❛❝③❡❥✳

✐✈



❥❡st ❞♦❜r❛ ✇✐❛❞♦♠♦➧➣✦
❚♦ ❥❡st ❜♦✇✐❡♠ ❣✇❛r❛♥❝❥❛ ❞❧❛ ❈✐❡❜✐❡ ✐ ❞❧❛ ③❛✇♦❞✉
♣r♦❣r❛♠✐st② ♥❛ ✇✐❡❧❡ ♣♦❦♦❧❡➠✳ ➏❛❞❡♥ s③❡❢ ♥✐❡ ♣♦✇✐❡
✧♣r③②❦r♦ ♠✐✱ ♠✉s✐♠② ❲❛s ③✇♦❧♥✐➣ ❜♦ ③❛❦✉♣✐❧✐➧♠②
♦♣r♦❣r❛♠♦✇❛♥✐❡✱ ❦tór❡ ✇②❦♦♥❛ ❲❛s③→ ♣r❛❝➛✳✧✳ ❆ ❥❡✲
➧❧✐ s✐➛ t❛❦✐ ③♥❛❥❞③✐❡ t♦ ♠♦➺❡s③ ❣♦ ➧♠✐❛➟♦ ✇②➧♠✐❛➣ ✐
♦❞❡s➟❛➣ ♥❛ s③❦♦❧♥→ ➟❛✇❦➛ ❜② s✐➛ ❝③❡❣♦➧ ♥❛✉❝③②➟✳
❏❛❦ tr✉❞♥❡ ♠♦❣→ ❜②➣ ♣②t❛♥✐❛ ♦ t♦ ❝③② ♣❡✇✐❡♥ ❦♦♥✲
❦r❡t♥② ❛❧❣♦r②t♠ ③❛❦♦➠❝③② ♦❜❧✐❝③❡♥✐❛❄ ❯❞♦✇♦❞♥✐❡♥✐❡
✇➟❛s♥♦➧❝✐ st♦♣ ♥❛✇❡t ❦rót❦✐❡❣♦ ♣r♦❣r❛♠✉ ♠♦➺❡ ♦❦❛✲
③❛➣ s✐➛ ❜❛r❞③♦ tr✉❞♥②♠ ③❛❞❛♥✐❡♠✳ Pr③②❥r③②❥♠② s✐➛
♥❛st➛♣✉❥→❝❡♠✉ ♣r③②❦➟❛❞♦✇✐✳
❖❞ ♣♦♥❛❞ ✽✵ ❧❛t✱ t②s✐→❝❡ ♠❛t❡♠❛t②❦ó✇ ✐ ✐♥❢♦r♠❛✲
t②❦ó✇ ♣ró❜✉❥→ ✉❞♦✇♦❞♥✐➣✱ ➺❡ ♣♦♥✐➺s③②✱ ♣r♦st② ❛❧❣♦✲
r②t♠ Col ③❛✇s③❡ ✭t③♥✳ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ❝❛➟❦♦✇✐t❡❥✱
❞♦❞❛t♥✐❡❥ n✮ ③❛❦♦➠❝③② ♦❜❧✐❝③❡♥✐❛✱ ♣♦r✳ ❬▲❛❣✶✵❪

Col✿
♣♦✇t❛r③❛❥
{
❥❡➧❧✐ n ❥❡st ♣❛r③②st❡ t♦ n := n÷ 2 ✐♥❛❝③❡❥ n := 3 ∗ n+ 1

}

❞♦♣ó❦✐ n 6= 1

Pr③② ♣♦♠♦❝② ❦♦♠♣✉t❡ró✇ s♣r❛✇❞③♦♥♦✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥
❧✐❝③❜② n < 260 ♣r♦❣r❛♠ Col ❦♦➠❝③② ♦❜❧✐❝③❡♥✐❡ ③ n = 1✳
❙♣r❛✇❞③❛♥✐❡ t❡❥ ✇➟❛s♥♦➧❝✐ ❞❧❛ ❦♦❧❡❥♥②❝❤ n ③❛❜✐❡r❛ ❝♦✲
r❛③ ✇✐➛❝❡❥ ❝③❛s✉ ✐ ❦♦s③t✉❥❡ ✇❝✐→➺ ✇✐➛❝❡❥✳ ◆✐❡ ♠❛♠②
♣❡✇♥♦➧❝✐ ❝③② ❣❞③✐❡➧ ✇➧ró❞ ❜❛r❞③♦ ❞✉➺②❝❤ ❧✐❝③❜ ♥❛t✉✲
r❛❧♥②❝❤ ♥✐❡ ❦r②❥❡ s✐➛ ❦♦♥tr♣r③②❦➟❛❞✷✳ ◆✐❡ ✉♠✐❡♠② ❥❛❦
❞♦t→❞ ✉❞♦✇♦❞♥✐➣ ♣r③②♣✉s③❝③❡♥✐❛ ▲♦t❤❛r❛ ❈♦❧❧❛t③❛ ✭③
r♦❦✉ ✶✾✸✼✮✿ ❞❧❛ ❦❛➺❞❡❣♦ n ♣r♦❣r❛♠ Col ③❛❦♦➠❝③② ♦❜✲
❧✐❝③❡♥✐❡✳ ❲ t②♠ ❝③❛s✐❡ ❧✉❞③❦♦➧➣ ♣♦tr❛✜➟❛ ✇❡❥➧➣ ♥❛
▼♦✉♥t ❊✈❡r❡st ✐ ♣♦❧❡❝✐❡➣ ♥❛ ❦s✐➛➺②❝✳ ❆ ♦❞♣♦✇✐❡❞③✐
♥❛ ♣②t❛♥✐❡✿ ❝③② ♣r♦❣r❛♠ Col ③❛✇s③❡ ③❛❦♦➠❝③② ♦❜❧✐✲
❝③❡♥✐❡❄ ✇❝✐→➺ ♥✐❡ ③♥❛♠②✳

❈③❛s❛♠✐ ❥❡❞♥❛❦ s✐➛ ✉❞❛❥❡✳ P♦♥❛❞ tr③②st❛ ❧❛t ③❛❥➛➟♦
s❡t❦♦♠ ♠❛t❡♠❛t②❦ó✇ ✉❞♦✇♦❞♥✐❡♥✐❡✱ ➺❡ ♥❛st➛♣✉❥→❝②
❛❧❣♦r②t♠ PF ♥✐❡ ③❛❦♦➠❝③② ♦❜❧✐❝③❡➠✱ ♣♦r✳❬❆❝③✾✽❪✳

✷❩♥❛♥❡ s→ ♣r③②❦➟❛❞② ❤✐♣♦t❡③ ❢♦r♠✉➟♦✇❛♥②❝❤ ♣r③❡③ ✉③♥❛♥②❝❤
♥❛✉❦♦✇❝ó✇✱ ❦tór❡ ♦❦❛③❛➟② s✐➛ ❜➟➛❞♥❡✱ ❣❞② ❦♦♠♣✉t❡r ③❛❝③→➟
s♣r❛✇❞③❛➣ ❞♦st❛t❡❝③♥✐❡ ❞✉➺❡ ❞❛♥❡✳
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PF ✿

①✿❂✵ ✫ ②✿❂✵ ✫ ③✿❂✵ ✫ ♥✿❂✵ ❀
❞❛❧❡❥ ✿❂ tr✉❡❀
♣♦✇t❛r③❛❥

❥❡➧❧✐ n > 2 ∧ x ∗ y ∗ z > 0
t♦
❥❡➧❧✐ xn + yn = zn t♦ ❞❛❧❡❥ ✿❂ ❢❛❧s❡ ✜❀

✜❀
✇❡➵ ♥❛st➛♣♥→ ❝③✇ór❦➛ x, y, z, n❀

❞♦♣ó❦✐ ❞❛❧❡❥ ❀
❲s③②st❦♦ ✇ t②♠ ♣r♦❣r❛♠✐❡ ❥❡st ♣r♦st❡ ✐ ③r♦③✉♠✐❛➟❡✳
P♦❧❡❝❡♥✐❡ ✏✇❡➵ ♥❛st➛♣♥→ ❝③✇ór❦➛✑ t❡➺ ♥✐❡ tr✉❞♥♦ ♥❛✲
♣✐s❛➣✳ Pr③②♣♦♠♥✐❥ s♦❜✐❡✱ ➺❡ ✇s③②st❦✐❡ ♣❛r② ❧✐❝③❜
♥❛t✉r❛❧♥②❝❤ ♠♦➺♥❛ ✉st❛✇✐➣ ✇ ❝✐→❣ ❜❡③ ♣♦✇tór③❡➠✳
▼♦➺♥❛ t♦ s❛♠♦ ③r♦❜✐➣ ③ ❝③✇ór❦❛♠✐ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤✳
❲ ❝♦❞③✐❡♥♥❡❥ ♣r❛❦t②❝❡ st♦s✉❥❡♠② s❡t❦✐ ✐ t②s✐→❝❡ ♣r♦✲
❣r❛♠ó✇ ✐ ❛❧❣♦r②t♠ó✇✸✳ ❈③② ♥✐❡ ♥✐❡♣♦❦♦✐ ❈✐➛ ❜❡③✲
❣r❛♥✐❝③♥❡ ③❛✉❢❛♥✐❡ ❥❛❦✐♠✱ ③❞❛❥❡ s✐➛✱ ♦❜❞❛r③❛♠② ♣r♦✲
❣r❛♠②❄
❲➟❛s♥♦➧➣ st♦♣✉ ❥❡st ♣♦❞st❛✇♦✇→ ✇➟❛s♥♦➧❝✐→ s❡♠❛♥✲
t②❝③♥→ ♣r♦❣r❛♠✉✭✲ó✇✮✳ ❆ s→ ❥❡s③❝③❡ ✐♥♥❡✱ ró✇♥✐❡
✇❛➺♥❡ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥❡✳ ❇➛❞③✐❡♠② ♦ ♥✐❝❤ ♠ó✲
✇✐➣ ✇ ❞❛❧s③②❝❤ r♦③❞③✐❛➟❛❝❤✳
P♦❞s✉♠✉❥♠②✱ ❛♥❛❧✐③❛ ♣r♦❣r❛♠ó✇ ❥❡st ③❛❞❛♥✐❡♠ tr✉❞✲
♥②♠ ✐ ❢❛❦t t❡♥ st❛♥♦✇✐ ❣✇❛r❛♥❝❥➛ ♣r❛❝② ❞❧❛ ➧✇✐❛t➟②❝❤
♣r♦❣r❛♠✐stó✇✳

❩❛❞❛♥✐❛ ❞❧❛ ➧✇✐❛t➟❡❣♦ ♣r♦❣r❛♠✐st②✳ ❈③❡❣♦ ♦❝③❡✲
❦✉❥❡ s③❡❢ ♦❞ ♣r♦❣r❛♠✐st②❄ ▼ó✇✐→❝ ♥❛❥❦ró❝❡❥✿ s③❡❢♦✇✐
③❛❧❡➺② ♥❛ ③♠♥✐❡❥s③❡♥✐✉ ❦♦s③tó✇ ✉tr③②♠❛♥✐❛ ♦♣r♦❣r❛✲
♠♦✇❛♥✐❛ ✇②t✇♦r③♦♥❡❣♦ ♣r③❡③ ✜r♠➛✳ ❉❛✇♥♦ t❡♠✉
③❛✉✇❛➺♦♥♦✱ ➺❡ ❦♦s③t ♥❛♣✐s❛♥✐❛ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ❥❡st
✺✲✼ r❛③② ♠♥✐❡❥s③② ♦❞ ❦♦s③tó✇ ✉tr③②♠❛♥✐❛ ♦♣r♦❣r❛♠♦✲
✇❛♥✐❛✳ ❆❧❡ ❝♦ t♦ ③♥❛❝③②❄ ❚♦ ③♥❛❝③②✱ ➺❡ ♣♦ ✇②t✇♦✲
r③❡♥✐✉ ♦♣r♦❣r❛♠♦✇❛♥✐❛ tr③❡❜❛ ❥❡ ✉❧❡♣s③❛➣✱ ③♠✐❡♥✐❛➣ ✐
❞♦♣❛s♦✇②✇❛➣ ❞♦ ③♠✐❡♥✐❛❥→❝❡❣♦ s✐➛ ③❛♣♦tr③❡❜♦✇❛♥✐❛
❦❧✐❡♥t❛✳
❈③② ✐st♥✐❡❥→ ♠❡t♦❞② ✐ ♥❛r③➛❞③✐❛ t✇♦r③→❝❡ ✇❛rs③t❛t
♣r❛❝② ❞❧❛ ❡❦s♣❡rt❛ ✭❛✉❞②t♦r❛✮ s♣r❛✇❞③❛❥→❝❡❣♦ ❝③②
♦♣r♦❣r❛♠♦✇❛♥✐❡ s♣❡➟♥✐❛ ✇❛r✉♥❦✐ ✇②❧✐❝③♦♥❡ ✇ s♣❡✲
❝②✜❦❛❝❥✐❄ ❞❧❛ ❛r❝❤✐t❡❦t❛ ♦♣r♦❣r❛♠♦✇❛♥✐❛✱ ❦tór② ♠❛

✸❈③❛s❛♠✐ s➟②s③②♠② ♦ ❢❛t❛❧♥②❝❤ s❦✉t❦❛❝❤ ❜➟➛❞✉ ✇ ♣r♦❣r❛♠✐❡✳
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♦♣✐s❛➣ s♣❡❝②✜❦❛❝❥➛ ❦❧❛s ✐ ♠❡t♦❞ ❥❛❦✐❡ ♥❛❧❡➺② ♥❛♣✐✲
s❛➣❄ ❑♦s③t② ♣♦♣r❛✇✐❛♥✐❛ ♣r♦❣r❛♠ó✇ ③♠♥✐❡❥s③❛❥→ s✐➛
r❛❞②❦❛❧♥✐❡ ❥❡➧❧✐ ♣r♦❣r❛♠♦♠ t♦✇❛r③②s③→ ❞♦✇♦❞② ♦❝③❡✲
❦✐✇❛♥②❝❤ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥②❝❤✳ ❚❛❦✐❝❤ ❥❛❦ ♣♦✲
♣r❛✇♥♦➧➣ ✇③❣❧➛❞❡♠ s♣❡❝②✜❦❛❝❥✐✱ s❦♦➠❝③♦♥♦➧➣ ♦❜❧✐✲
❝③❡➠✱ ♦❝❡♥❛ ❦♦s③t✉ ♦❜❧✐❝③❡➠ ✐t♣✳ Pr♦❣r❛♠② ❞③✐s✐❡❥✲
s③❡ t♦ ♥✐❡ t②❧❦♦ ❛❧❣♦r②t♠② ❛❧❡ t❛❦➺❡ ❦❧❛s②✳ Pr♦❣r❛♠②
s→ ❞✉➺②♠✐ ♣r♦❞✉❦t❛♠✐ ♦ ❜❛r❞③♦ ③➟♦➺♦♥❡❥ str✉❦t✉r③❡✳
❏❛❦✐❡ ✇②♠❛❣❛♥✐❛ st❛✇✐❛ s✐➛ ❞✉➺②♠ ♣r♦❣r❛♠♦♠ ✐ ❥❛❦
s♦❜✐❡ ③ ♥✐♠✐ r❛❞③✐➣❄ ❖❦❛③✉❥❡ s✐➛✱ ➺❡ ✶➦♠♦❞✉➟② ♣r♦✲
❣r❛♠ó✇ t❛❦✐❡ ❥❛❦ ♣r♦❝❡❞✉r②✱ ❢✉♥❦❝❥❡✱ ❦❧❛s②✱ ✳✳✳ ♠❛❥→
♥♦✇❡ r♦❞③❛❥❡ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥②❝❤✱ ✷➦t❡ ✇➟❛s♥♦✲
➧❝✐ ✇②r❛➺❛❥→ s✐➛ ✐♥❛❝③❡❥ ♥✐➺ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥❡
❛❧❣♦r②t♠ó✇✳
❖❞ ♣✐➛➣❞③✐❡s✐➛❝✐✉ ❧❛t ③❛❥♠✉❥❡♠② s✐➛ r❛❝❤✉♥❦✐❡♠ ♣r♦✲
❣r❛♠ó✇ ❝③②❧✐ ❧♦❣✐❦→ ❛❧❣♦r②t♠✐❝③♥→✳

❈③② ❦♦♠♣✉t❡r ♠♦➺❡ ♥❛♠ ♣♦♠❛❣❛➣❄ ❲✐❡♠② ❥✉➺✱
➺❡ ❦♦♠♣✉t❡r② ♥✐❡ ✇②❡❧✐♠✐♥✉❥→ ❚✇♦❥❡❥ ♣r❛❝②✱ ❛❧❡ ❜②➣
♠♦➺❡ ♠♦❣→ ❥→ ✉➟❛t✇✐➣❄ ❉③✐s✐❡❥s③❡ ❦♦♠♣✉t❡r② ♠❛❥→
✇✐➛❦s③❡ ♠♦➺❧✐✇♦➧❝✐✳
❲❛rt♦ s✐➛ ③❛st❛♥♦✇✐➣✳ ❑♦♠♣✉t❡r ❉❡❡♣ ❇❧✉❡ ✜r♠②
■❇▼ ✇②❣r❛➟ ✇ s③❛❝❤② ③ ♠✐str③❡♠ ➧✇✐❛t❛ ✇ r✳ ✶✾✾✼✳
❉③✐➧ ❞♦♠♦✇❡ ❦♦♠♣✉t❡r② ♠♦➺♥❛ ➟→❝③②➣ ✇ ❦❧❛str②✳ ▼♦➺♥❛
t✇♦r③②➣ ✇✐➛❦s③❡ ♣r♦❣r❛♠②✳ ❇②➣ ♠♦➺❡ ♣♦✇st❛♥→ ♣r♦✲
❣r❛♠② ✉➟❛t✇✐❛❥→❝❡ ❛♥❛❧✐③➛ s❡♠❛♥t②❝③♥②❝❤ ✇➟❛s♥♦➧❝✐
♣r♦❣r❛♠ó✇✳ ◆✐❡ ❜➛❞→ t♦ ♥✐❡③❛✇♦❞♥❡ ✇②r♦❝③♥✐❡✱ ❛❧❡
♠♦❣→ ♣♦✇st❛➣ ❝❛➟❦✐❡♠ ♣r③②❞❛t♥❡ ♥❛r③➛❞③✐❛✳ ❲②st❛r✲
❝③② ③♠❛❣❛③②♥♦✇❛➣ ✇ t❛❦✐♠ ♦♣r♦❣r❛♠♦✇❛♥✐✉ ❛♥❛❧✐✲
t②❝③♥②♠ s♣♦r② ❢r❛❣♠❡♥t ✇✐❡❞③② ③♥❛♥❡❥ ❧✉❞③✐♦♠✳
▼❛♠② ♥❛❞③✐❡❥➛✱ ➺❡ ✇ ♣r③②s③➟♦➧❝✐ ♣♦✇st❛♥→ ♥❛r③➛✲
❞③✐❛ ✉➟❛t✇✐❛❥→❝❡ ♣r❛❝➛ ❧✉❞③✐ ❛♥❛❧✐③✉❥→❝②❝❤ ♣r♦❣r❛♠②✳
❏✉➺ ♣♦✇st❛❥→ ❜✐❜❧✐♦t❡❦✐ ❦❧❛s ✭❞❛✇♥✐❡❥ ❜✐❜❧✐♦t❡❦✐ ♣r♦✲
❝❡❞✉r✮✳ ❖❝③❡❦✉❥❡♠② ➺❡ ❜➛❞→ ✐♠ t♦✇❛r③②s③②➣ ❞♦✲
✇♦❞② ♣♦♣r❛✇♥♦➧❝✐ ✇③❣❧➛❞❡♠ ♦❞♣♦✇✐❡❞♥✐❝❤ s♣❡❝②✜✲
❦❛❝❥✐✳ ❏❡➧❧✐ ❥❛❦❛➧ ❦❧❛s❛ ♠❛ ❜②➣ ✇ ❞♦♠❡♥✐❡ ♣✉❜❧✐❝③♥❡❥✱
t♦ ♥❛t✉r❛❧♥❡ ❥❡st ♦❝③❡❦✐✇❛♥✐❡✱ ➺❡ ♦♣ró❝③ ❥❡❥ tr❡➧❝✐ ♣♦✲
❞❛♥❡ ③♦st❛♥→ ❛r❣✉♠❡♥t② ✉③❛s❛❞♥✐❛❥→❝❡ ✉③♥❛♥✐❡ ❥❡❥ ③❛
♣♦♣r❛✇♥→ ✐ ❜❡③♣✐❡❝③♥→✳❙♣❡❝②✜❦❛❝❥❛ t♦ ❝♦➧ ✇✐➛❝❡❥ ♥✐➺
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✐♥t❡r❢❡❥s ✭❛♥❣✳ ✐♥t❡r❢❛❝❡✮✱ ③❛✇✐❡r❛ ♦♥❛ ♥✐❡ t②❧❦♦ ✇②✲
❧✐❝③❡♥✐❡ ❢✉♥❦❝❥✐ ✭❝③②❧✐ ♠❡t♦❞✮✱ ❛❧❡ t❛❦➺❡ ③❜✐ór ♣♦❞✲
st❛✇♦✇②❝❤ ✇➟❛s♥♦➧❝✐ t❥✳ ❛❦s❥♦♠❛tó✇ ✭③♦❜❛❝③ ♣r③②✲
❦➟❛❞② ✇ ❞r✉❣✐❡❥ ❝③➛➧❝✐ t❡❥ ❦s✐→➺❦✐✮✳ ❖❝③❡❦✉❥❡♠② t❡➺✱
➺❡ ♦♣ró❝③ s♣❡❝②✜❦❛❝❥✐ S ✐ s❛♠❡❥ ❦❧❛s② K ♣♦❥❛✇✐→ s✐➛
❞♦✇♦❞② ♣♦♣r❛✇♥♦➧❝✐ ❦❧❛s② K ✇③❣❧➛❞❡♠ s♣❡❝②✜❦❛❝❥✐
S✳ ❉♦✇♦❞② t❛❦✐❡ ❜➛❞→ ❣✇❛r❛♥❝❥→ ✭✇✐❡❝③②st→✦✮ ❥❛✲
❦♦➧❝✐ ♦❢❡r♦✇❛♥❡❣♦ ♣r③❡③ ❞❛♥→ ❦❧❛s➛ ♦♣r♦❣r❛♠♦✇❛♥✐❛✳
●✇❛r❛♥❝❥❛ t❛ st❛♥✐❡ s✐➛ ❥❡❞♥❛❦ ③❜➛❞♥❛✱ ❣❞② ♣♦r③✉✲
❝✐♠② st♦s♦✇❛♥✐❡ ❦❧❛s② K✳ ❏❡➧❧✐ ③❛♠✐❛st ❦❧❛s② K ③❛✲
❝③♥✐❡♠② st♦s♦✇❛➣ ♥♦✇→ ❦❧❛s➛ K ′ t♦ tr③❡❜❛ ✇②♣r♦❞✉✲
❦♦✇❛➣ ♥♦✇② ❞♦✇ó❞ ♣♦♣r❛✇♥♦➧❝✐✳ ❉♦ t❡❣♦ t❡♠❛t✉
✇ró❝✐♠② ✇ ❝③➛➧❝✐ ❞r✉❣✐❡❥ ♣r♦❣r❛♠✉❥ ③ ❦❧❛s→✳

➅✇✐❛t➟② ♣r♦❣r❛♠✐st❛ r♦③✉♠✐❡ ❥❛❦✐ ❡❢❡❦t ♣r③②♥✐❡s✐❡ ③❛✲
st♦s♦✇❛♥✐❡ ❞❛♥❡❥ ✐♥str✉❦❝❥✐ ✇ ♦❦r❡➧❧♦♥②♠♠✐❡❥s❝✉ ♣r♦✲
❣r❛♠✉✳ P♦tr❛✜ s❢♦r♠✉➟♦✇❛➣ ③❞❛♥✐❡ ❧✉❜ ✇✐➛❝❡❥ ③❞❛➠✱
♦r③❡❦❛❥→❝②❝❤ ♦ ✇➟❛s♥♦➧❝✐❛❝❤ s❡♠❛♥t②❝③♥②❝❤ ♣r♦❣r❛♠✉✳
Pr③②❦➟❛❞❡♠ ♠♦❣→ t✉ s➟✉➺②➣ ③❞❛♥✐❛ t②♣✉✿

✶➦ t❡♥ ♣r♦❣r❛♠ P ♥✐❡ ③❛♣➛t❧✐ s✐➛✱ ❧✉❜
✷➦ ❥❡➧❧✐ ❞❛♥❡ ❞♦st❛r❝③♦♥❡ ♣r♦❣r❛♠♦✇✐ ◗ s♣❡➟♥✐→
✇❛r✉♥❡❦ α✱ t♦ ♣r♦❣r❛♠ ③❛❦♦➠❝③② ♦❜❧✐❝③❡♥✐❛ ✐
❥❡❣♦ ✇②♥✐❦✐ s♣❡➟♥✐→ ✇❛r✉♥❡❦ β✱

✐ ✇✐❡❧❡ ✐♥♥②❝❤ ♣♦❞♦❜♥②❝❤ ③❞❛➠✳
P♦♥❛❞t♦✱ ✐ t♦ ❥❡st ❝❤②❜❛ ♥❛❥✐st♦t♥✐❡❥s③❡✱ ♣♦tr❛✜ ♦♥
♣r③❡❦♦♥❛➣ ✐♥♥②❝❤ ♦ s➟✉s③♥♦➧❝✐ s✇♦❥❡❥ ❡❦s♣❡rt②③②✳

❏❡➧❧✐ ♣♦tr❛✜s③ ♣r③❡❦♦♥❛➣ ✐♥♥②❝❤ ❧✉❞③✐ ❞♦ s✇♦❥❡❥
♦♣✐♥✐✐ ♥♣✳ t❡♥ ♣r♦❣r❛♠ ♥✐❡ ③❛✇✐❡r❛ ❜➟➛❞✉ ✐ ♥✐❡ ③❛♣➛✲
t❧✐ s✐➛✱ t♦ ③❛♣❡✇♥❡ ✐ ❦♦♠♣✉t❡r ❈✐➛ ♣♦s➟✉❝❤❛✳ ❇r③♠✐
t♦ ❥❛❦ ➺❛rt✱ ❛❧❡ ✇❝❛❧❡ ➺❛rt❡♠ ♥✐❡ ❥❡st✳ ❏❡➧❧✐ ❞♦❦♦♥❛➟❛➧
❡❦s♣❡rt②③② ♣r♦❣r❛♠✉✱ ♣r③❡❛♥❛❧✐③♦✇❛➟❛➧ ♥✐❡ t②❧❦♦ ❥❡❣♦
str✉❦t✉r➛ s❦➟❛❞♥✐♦✇→ ✭s②♥t❛❦t②❝③♥→✮✱ ❛❧❡ t❛❦➺❡ ③❜❛✲
❞❛➟❛➧ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥❡ ♣r♦❣r❛♠✉ ✐ ❥❡❣♦ s❦➟❛❞✲
♥✐❦ó✇✳ ❏❡➧❧✐ ❚✇♦❥❡ r♦③✉♠♦✇❛♥✐❡ ♥✐❡ ③❛✇✐❡r❛ ❜➟➛❞✉ t♦
③♥❛❝③② t♦ t②❧❡✱ ➺❡ ❦♦♠♣✉t❡r ✇➟❛➧♥✐❡ t❛❦ s✐➛ ③❛❝❤♦✇❛
❥❛❦ t♦ ♣r③❡✇✐❞③✐❛➟❛➧✳
◆♦ ❞♦❜r③❡✱ ❛❧❡ ❝♦ ❥❛ ③ t❡❣♦ ❜➛❞➛ ♠✐❛➟✭❛✮❄ ✕ ③❛♣②t❛s③✳
P✐❡♥✐→❞③❡✳ ❯③♥❛♥✐❡✳ ❆ t♦ ♥✐❡ ❥❡st ♠❛➟♦✳
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❏❛❦♦ ❡❦s♣❡rt ♣♦♠♦➺❡s③ ③❛♦s③❝③➛❞③✐➣ ❝③❛s ♣r③②❣♦t♦✲
✇❛♥✐❛ ♣r♦❣r❛♠✉ ❧✉❜ ✇✐➛❦s③❡❣♦ s②st❡♠✉ ♣r♦❣r❛♠✐✲
st②❝③♥❡❣♦✳ ❋✐r♠✐❡ ♦♣➟❛❝✐ s✐➛ ③❛tr✉❞♥✐➣ ❈✐➛ ✐ ❞♦❜r③❡
③❛♣➟❛❝✐➣ ❜♦ ❚✇♦❥❛ ♣r❛❝❛ ♠♦➺❡ ③❛♦s③❝③➛❞③✐➣ t②❣♦❞♥✐❡
♣r❛❝② ③❡s♣♦➟✉ ❧✉❞③✐✳✹

◆❛♣✐s❛➟❡➧ ♣r♦❣r❛♠ ✐ ✳✳✳ ❙❦→❞ s✐➛ ✇③✐→➟ ❚✇ó❥ ♣r♦✲
❣r❛♠❄ ◆✐❡✇✐❡❧❡ ❥❡st t❛❦✐❝❤ ♣r♦❣r❛♠ó✇✱ ❦tór❡ ✇③✐➛➟②
s✐➛ ✏③♥✐❦→❞✑✳ ◆❛ ♦❣ó➟ ♣r♦❣r❛♠ ♣♦✇st❛❥❡ ✇ ♦❞♣♦✇✐❡✲
❞③✐ ♥❛ ❝③②❥❡➧ ③❛♠ó✇✐❡♥✐❡ ❧✉❜ ♥❛ ③❛♣②t❛♥✐❡ ❝③② ❞❛ s✐➛
♦❜❧✐❝③②➣ ❝♦➧ ♣♦tr③❡❜♥❡❣♦❄ Pr♦❣r❛♠② ♣✐s❛♥❡ s→ ❞❧❛
❧✉❞③✐✱ ❛ ✇②❦♦♥②✇❛♥❡ ♣r③❡③ ❦♦♠♣✉t❡r✳ ❲✐❡❧❡ ✜r♠ ✐
✇✐❡❧✉ ❧✉❞③✐ ♠②➧❧✐ ❥❡❞♥❛❦ ✐♥❛❝③❡❥✳ Pr③❡❦♦♥❛♥✐❡ t❛❦✐❡
♣r♦✇❛❞③✐ ✇♣r♦st ❞♦ ♠②➧❧❡♥✐❛ ♠❛❣✐❝③♥❡❣♦✱ ♥✐❡r❛❝❥♦✲
♥❛❧♥❡❣♦✳ ❚r→❝✐ ❜♦✇✐❡♠ ♠❛❣✐→ ✇✐❛r❛ ✇ t♦✱ ➺❡ s❦♦r♦
❦♦♠♣✐❧❛t♦r ♥✐❡ ✇②❦r②➟ ❜➟➛❞✉ ✐ s❦♦r♦ ✇ ❦✐❧❦✉✱ ❦✐❧❦✉✲
❞③✐❡s✐➛❝✐✉✱ ❛ ♥❛✇❡t ❦✐❧❦✉ t②s✐→❝❛❝❤ ♣ró❜ ♣r♦❣r❛♠ ♥✐❡
♦❜❥❛✇✐➟ ③❛❝❤♦✇❛♥✐❛ ❜➟➛❞♥❡❣♦ t♦ ♠♦➺♥❛ ❣♦ ✉③♥❛➣ ③❛
♣r♦❣r❛♠ ♣♦♣r❛✇♥②✱ t❥✳ ❜❡③♣✐❡❝③♥② ✇ ❡❦s♣❧♦❛t❛❝❥✐✳ ❆
❝③➛st♦ s➟②s③②♠② ♦ ❜➟➛❞③✐❡ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✐ ♦ ❦♦s③✲
t❛❝❤ ♣♦♥♦s③♦♥②❝❤ ♣r③❡③ st♦s♦✇❛♥✐❡ ♦♣r♦❣r❛♠♦✇❛♥✐❛
❦r②❥→❝❡❣♦ ✇ s♦❜✐❡ ❜➟➛❞②✳ Pr♦❞✉❦❝❥❛ ♦♣r♦❣r❛♠♦✇❛♥✐❛
♣r③②♥♦s✐ ❞③✐➧ ♦❣r♦♠♥❡ ③②s❦✐ ✜r♠♦♠✱ ❦tór❡ ❥❡ s♣r③❡✲
❞❛❥→ ✭♥✐❡ ♠✉s✐♠② t❡❣♦ ❞♦✇♦❞③✐➣✳✮ ❩ ❞r✉❣✐❡❥ str♦♥②
♣♦s➟✉❣✐✇❛♥✐❡ s✐➛ ♦♣r♦❣r❛♠♦✇❛♥✐❡♠ ✇ ❦tór②♠ ✉❦r②✲
✇❛❥→ s✐➛ ❜➟➛❞②✱ ♠♦➺❡ ❦♦s③t♦✇❛➣ ❜❛r❞③♦ ✇✐❡❧❡✳ ❏❛❦
❝③➛st♦ ♦tr③②♠✉❥❡♠② ♣r♦❣r❛♠ ✇r❛③ ③ ❣✇❛r❛♥❝❥→ ❥❛❦♦✲
➧❝✐❄ ◆❛ ❝③②♠ t❛❦❛ ❣✇❛r❛♥❝❥❛ ♠✐❛➟❛❜② ♣♦❧❡❣❛➣❄ ▼♦➺❡
✇❛rt♦ ❥❡❞♥❛❦ ③❛st❛♥♦✇✐➣ s✐➛ ♥❛❞ ❦r②t❡r✐❛♠✐ ♣♦♣r❛✇✲
♥♦➧❝✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛✳

Pr♦❣r❛♠ ♥✐❡ ❥❡st ❝❡❧❡♠ s❛♠②♠ ✇ s♦❜✐❡✳ ❈③② ♠❛
♦♥ ❞♦ ❝③❡❣♦➧ s➟✉➺②➣❄ ❚✇♦r③②♠② ♣r♦❣r❛♠② ♣♦ ❝♦➧✳
❈③② ♣♦tr❛✜♠② s❢♦r♠✉➟♦✇❛➣ ♣♦ ❝♦ ♥❛♣✐s❛♥♦ ❞❛♥② ♣r♦✲
❣r❛♠❄ ❈③② ✉➺②t❦♦✇♥✐❦❛ ♠♦➺❡ s♣♦t❦❛➣ ♥✐❡s♣♦❞③✐❛♥❦❛❄
❉❧❛❝③❡❣♦ t❡st✉❥❡♠② ♣r♦❣r❛♠②❄ ❈③② ♥✐❡ ♠❛ ✐♥♥❡❥

✹◆✐❡ ❝❤❝❡♠② ❜♦✇✐❡♠ ❜②➧ ♣r③②♣♦♠✐♥❛➟ ♥❛♠ ♣❡✇♥❡❣♦ ③♥❛❥♦✲
♠❡❣♦✱ ❦tór② ✭✇✐❡❧❡ ❧❛t t❡♠✉✮ ♣r♦❣r❛♠♦✇❛➟ ✇ t❛❦✐ s♣♦só❜✿
✕ ♦✦ ❝♦➧ t✉ ♥✐❡ ❞③✐❛➟❛✦
✕ ✇②r③✉❝➛ t➛ ❧✐♥✐❥❦➛ st→❞✱ ❛ t✉ ✇st❛✇✐➛ t❛❦→ ✐♥str✉❦❝❥➛✱ ♣♦✇✐♥♥♦
❞③✐❛➟❛➣
✕ ③♥♦✇✉ ♥✐❡ ❞③✐❛➟❛❄ ✕ ❝♦❢❛ t❡♥ r✉❝❤ ✐ ✇st❛✇✐❛ ❝♦➧ ✐♥♥❡❣♦✱ ❣❞③✐❡
✐♥❞③✐❡❥✱ ❛ ♥✉➺ ♣♦♠♦➺❡✳✳✳
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❞r♦❣✐❄
❚✇✐❡r❞③✐♠②✱ ➺❡ ❞♦✇♦❞③❡♥✐❡ ❥❡st ❘❡❛❧♥→ ❛❧t❡r♥❛t②✇→
❞❧❛ t❡st♦✇❛♥✐❛✳ ❲ t❡❥ ❦s✐→➺❝❡ ③♥❛❥❞③✐❡s③ s♣♦r♦ ❛r❣✉✲
♠❡♥tó✇ ♣r③❡♠❛✇✐❛❥→❝②❝❤ ③❛ ♥❛s③→ t❡③→✳
❑tór→ ♠❡t♦❞➛ ✇❡r②✜❦❛❝❥✐ ✇②❜r❛➣❄ ❖tó➺ ♥✐❡ ♠✉s✐s③
✇②❜✐❡r❛➣✳ ❯✇❛➺❛♠② ❜♦✇✐❡♠✱ ➺❡ r❛③ ♥❛♣✐s❛♥② ❛❧❣♦✲
r②t♠ ♣♦✇✐♥✐❡♥ ❜②➣ ❛♥❛❧✐③♦✇❛♥② ③ ✇②❦♦r③②st❛♥✐❡♠
♥❛r③➛❞③✐ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳ ■♥❛❝③❡❥ ♠ó✇✐→❝✱ ♥❛✲
❧❡➺② ❢♦r♠✉➟♦✇❛➣ ♦❞♣♦✇✐❡❞♥✐❡ t✇✐❡r❞③❡♥✐❛ ♦ s❡♠❛♥✲
t②❝③♥②❝❤ ✇➟❛s♥♦➧❝✐❛❝❤ ❛❧❣♦r②t♠✉ ✐ ❥❡ ❞♦✇♦❞③✐➣✳ ◆✐❡
♥❛❧❡➺② ❥❡❞♥❛❦ ♦❞r③✉❝❛➣ t❡st♦✇❛♥✐❛✳ ❇❛r❞③♦ ♣r③②✲
❞❛t♥❡ ♦❦❛③✉❥❡ s✐➛ ♣r③❡♣r♦✇❛❞③❛♥✐❡ ❡❦s♣❡r②♠❡♥tó✇ ③
♥♦✇②♠ ♣r♦❣r❛♠❡♠✳ ❲②♥✐❦✐ ❡❦s♣❡r②♠❡♥tó✇ ♠♦❣→
❞♦st❛r❝③②➣ ✇✐❡❧❡ ❝✐❡❦❛✇②❝❤ ✐♥❢♦r♠❛❝❥✐✳ ❲ ➣✇✐❝③❡♥✐✉
♣♦❧❡❣❛❥→❝②♠ ♥❛ ♣♦ró✇♥❛♥✐✉ ♦➧♠✐✉ ró➺♥②❝❤ ❛❧❣♦r②t✲
♠ó✇ ♠♥♦➺❡♥✐❛ ♠❛❝✐❡r③② ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤ t♦ ❡❦s♣❡✲
r②♠❡♥t② ♣♦③✇♦❧→ ♥❛♠ ♦❜❧✐❝③②➣ ✇s♣ó➟❝③②♥♥✐❦✐ ✇ ✇✐❡✲
❧♦♠✐❛♥♦✇②❝❤ ❢✉♥❦❝❥❛❝❤ ❦♦s③t✉✱ ♣♦r ❄❄✳ ❈③❛s❡♠ ③❛➧
❡❦s♣❡r②♠❡♥t② ♠♦❣→ ♥❛s ③❛✐♥s♣✐r♦✇❛➣ ✐ ♦t✇♦r③②➣ ♦❝③②
♥❛ ♥♦✇❡ ♣r♦❜❧❡♠②✳ ❑❛r❧ ●❛✉ss ♥❛❥♣✐❡r✇ ❡❦s♣❡r②✲
♠❡♥t♦✇❛➟ t❥✳ ✇②❦♦♥②✇❛➟ ró➺♥❡ ♦❜❧✐❝③❡♥✐❛✱ ❜② ♣♦t❡♠
❢♦r♠✉➟♦✇❛➣ t✇✐❡r❞③❡♥✐❛ ✐ ❥❡ ❞♦✇♦❞③✐➣✳

Pr♦❣r❛♠♦✇❛♥✐❡ ③ ❦❧❛s→✳ ❈③② t❡♥ ③✇r♦t ❦r②❥❡ ❥❛✲
❦→➧ ③❛❣❛❞❦➛❄ ❈③②t❡❧♥✐❦ ♠♦➺❡ s✐➛ ❞♦♠②➧❧❛➣✱ ➺❡ ♥❛✲
s③②♠ ③❛♠✐❡r③❡♥✐❡♠ ❥❡st ♥❛✉❦❛ ♣r♦❣r❛♠♦✇❛♥✐❛ ♦❜✐❡❦✲
t♦✇❡❣♦✳ ❘③❡❝③②✇✐➧❝✐❡✱ ❥❡st t♦ ♣r❛✇❞❛✱ ❛❧❡ ♥✐❡ ❝❛➟❛
♣r❛✇❞❛✳
▼ó✇✐♠② ♣r♦❣r❛♠♦✇❛♥✐❡ ③ ❦❧❛s→ ♠❛❥→❝ ♥❛ ♠②➧❧✐ ♣r♦✲
❣r❛♠♦✇❛♥✐❡ ♣r♦❢❡s❥♦♥❛❧♥❡✱ ❦♦♠♣❡t❡♥t♥❡✳ ❈❤❝❡♠②
♣♦❦❛③❛➣✱ ➺❡ ♠♦➺❧✐✇❡ ❥❡st ♥✐❡ t②❧❦♦ ♣✐s❛♥✐❡ ♣r♦❣r❛✲
♠ó✇✱ ❛❧❡ ✐ ✐❝❤ ❛♥❛❧✐③♦✇❛♥✐❡✳ Pr♦❣r❛♠✉❥→❝ ③ ❦❧❛s→
♣♦tr❛✜s③ ♣r③❡✇✐❞③✐❡➣ ❡❢❡❦t② ❞③✐❛➟❛♥✐❛ ❚✇♦❥❡❣♦ ♣r♦✲
❣r❛♠✉ ✐ ❝♦ ✇✐➛❝❡❥ ♣♦tr❛✜s③ ♣r③❡❦♦♥❛➣ ✐♥♥②❝❤✱ ➺❡ ♠❛s③
r❛❝❥➛✳
Pr♦❣r❛♠ ♠❛ ♣r③②♥❛❥♠♥✐❡❥ ❥❡❞♥❡❣♦ ❝③②t❡❧♥✐❦❛ ✕ t♦
❛✉t♦r ♣r♦❣r❛♠✉✳ ❥❛❦➺❡ ❝③➛st❛ ❥❡❞♥❛❦ ❥❡st s②t✉❛❝❥❛✱
✇ ❦tór❡❥ tr③❡❜❛ ③r♦③✉♠✐❡➣ ♣r♦❣r❛♠ ♥❛♣✐s❛♥② ♣r③❡③
✐♥♥❡❣♦ ❝③➟♦✇✐❡❦❛✳
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❑❧❛s② ✐ ♣r♦❝❡❞✉r② ③ ❜✐❜❧✐♦t❡❦ ❦❧❛s s→ st♦s♦✇❛♥❡ ✇✐❡✲
❧♦❦r♦t♥✐❡✳ ❉③✐➧ ♥✐❡ t♦✇❛r③②s③② ✐♠ ➺❛❞❡♥ ❞♦✇ó❞ ♣♦✲
♣r❛✇♥♦➧❝✐✱ ➺❛❞♥❛ ❛♥❛❧✐③❛✳ ◆❛s③②♠ ③❞❛♥✐❡♠ ❜②➟♦❜②
③♥❛❝③♥✐❡ ❧❡♣✐❡❥✱ ❣❞②❜② ❦❧❛s❛ ✭❜→❞➵ ♣r♦❝❡❞✉r❛ ❧✉❜ ❢✉♥❦✲
❝❥❛✮ ✉❞♦st➛♣♥✐❛♥❛ ❞♦ ❦♦r③②st❛♥✐❛ ♣r③❡③ ✐♥♥②❝❤ ❜②➟❛
❛♥❛❧✐③♦✇❛♥❡ ✐ ❣❞②❜② ♠♦➺♥❛ ❜②➟♦ ♦❜❡❥r③❡➣ ✐ ③✇❡r②✜✲
❦♦✇❛➣ ❞♦✇ó❞ ♣❡✇♥❡❥ ✇➟❛s♥♦➧❝✐ t❛❦✐❡❥ ❦❧❛s②✳ ◆✐❡ ❥❡st
❦♦r③②st♥❡ ❞❧❛ s♣♦➟❡❝③♥♦➧❝✐ ✐ ♣r③❡♠②s➟✉ ✐♥❢♦r♠❛t②❝③✲
♥❡❣♦ ♣❛t❡♥t♦✇❛♥✐❡ ♦♣r♦❣r❛♠♦✇❛♥✐❛✳ ❆ ✇✐❡❧❡ ❦r❛❥ó✇
♣♦♣✐❡r❛ ♣❛t❡♥t♦✇❛♥✐❡ ♦♣r♦❣r❛♠♦✇❛♥✐❛✳ ❘♦③✇ó❥ ♣♦✲
✇✐♥✐❡♥ ♦❞❜②✇❛➣ s✐➛ ♥❛ ③❛s❛❞③✐❡ ♣r③②❥➛t❡❥ ✇ ♥❛✉❦❛❝❤
♠❛t❡♠❛t②❝③♥②❝❤✳
❲ ♣❡➟♥✐ ③❣❛❞③❛♠② s✐➛ ③ t❡③❛♠✐ ❘✐❝❤❛r❞❛ ❙t❛❧❧♠❛♥❛
❬❙t❛❪✳ ❙♣♦➟❡❝③♥♦➧➣ ♣♦✇✐♥♥❛ ♠✐❡➣ ❞♦st➛♣ ❞♦ ❦♦❞ó✇
➵ró❞➟♦✇②❝❤✺✳ ❖❞ s✐❡❜✐❡ ❞♦❞❛❥❡♠② ❦♦❧❡❥♥② ♣♦st✉❧❛t✿
♣✉❜❧✐❦❛❝❥✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ♣♦✇✐♥♥❛ t♦✇❛r③②s③②➣ ♣✉✲
❜❧✐❦❛❝❥❛ ♣r③❡❞st❛✇✐❛❥→❝❛ ❛r❣✉♠❡♥t② ♥❛ r③❡❝③ t❡③②✱ ➺❡
♦♣r♦❣r❛♠♦✇❛♥✐❡ t♦ ♣♦s✐❛❞❛ ③❛❦➟❛❞❛♥❡ ❝❡❝❤②✳ ❙♣♦✲
➟❡❝③♥♦➧➣ ✐♥❢♦r♠❛t②❝③♥❛ ❜②➟❛❜② ✇ st❛♥✐❡ ✇❡r②✜❦♦✇❛➣
t❛❦✐❡ ❞♦✇♦❞② ✐ ❡✇❡♥t✉❛❧♥✐❡ ❥❡ ❦♦r②❣♦✇❛➣✳ ❚❛❦ ❥❛❦
t♦ ❝③②♥✐ s♣♦➟❡❝③♥♦➧➣ ♠❛t❡♠❛t②❝③♥❛✳ ❲ ♥❛✉❦❛❝❤ ❞❡✲
❞✉❦❝②❥♥②❝❤ ❜❛❞❛❝③ ♣♦s➟✉❣✉❥❡ s✐➛ t✇✐❡r❞③❡♥✐❛♠✐ ♦♣✉✲
❜❧✐❦♦✇❛♥②♠✐ ♣r③❡③ ✐♥♥②❝❤ ❛✉t♦ró✇✳
▼✐❧✐❛r❞② ✉➺②t❦♦✇♥✐❦ó✇ ♣♦s➟✉❣✉❥→ s✐➛ ♣r♦❣r❛♠❛♠✐✱ ♦
❦tór②❝❤ ♥✐❝ ♥✐❡ ✇✐❛❞♦♠♦✳ ❑t♦ ③♥❛ ✐❝❤ tr❡➧➣❄ ❑t♦
③♥❛ ❛r❣✉♠❡♥t②✱ ❦tór❡ ✉③❛s❛❞♥✐❛➟②❜② ♣♦♣r❛✇♥♦➧➣✭❧✉❜
✐♥♥→ ❝❡❝❤➛✮ ✇②❦♦r③②st②✇❛♥❡❣♦ ♣r♦❣r❛♠✉❄ ❈③② ③❞❛✲
❥❡s③ s♦❜✐❡ s♣r❛✇➛✱ ➺❡ t③✇✳ ❣✇❛r❛♥❝❥❛ ❥❛❦♦➧❝✐ ♣r♦✲
❞✉❦t✉ ♣r♦❣r❛♠✐st②❝③♥❡❣♦✱ t♦ s③t✉❝③❦❛ ♣♦❧❡❣❛❥→❝❛ ♥❛
t②♠✱ ➺❡ t♦ ❚② ♣➟❛❝✐s③ ③❛ ✉❜❡③♣✐❡❝③❡♥✐❡ ♣r♦❞✉❝❡♥t❛
♦♣r♦❣r❛♠♦✇❛♥✐❛✳ Pr♦❞✉❝❡♥t ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✉❜❡③✲
♣✐❡❝③❛ s✇♦❥→ ✜r♠➛ ♦❞ ♦❞♣♦✇✐❡❞③✐❛❧♥♦➧❝✐ ③❛ ❡✇❡♥✲
t✉❛❧♥❡ s③❦♦❞② ♣♦♥✐❡s✐♦♥❡ ♣r③❡③ ✉➺②t❦♦✇♥✐❦❛✭✲❦ó✇✮✳
❑♦s③t t❡❣♦ ✉❜❡③♣✐❡❝③❡♥✐❛ ❥❡st ✇❧✐❝③♦♥② ✇ ❝❡♥➛ ♣r♦✲
❞✉❦t✉✳
❏❡st❡➧♠② ♣r③❡❦♦♥❛♥✐✱ ➺❡ ✜r♠② ✐♥❢♦r♠❛t②❝③♥❡✱ ❦tór❡
③❛❝③♥→ st♦s♦✇❛➣ ♠❡t♦❞② ❞❡❞✉❦❝②❥♥❡ ✇②❣r❛❥→✱ ♣♦♥✐❡✲
✇❛➺ ✐❝❤ ♣r♦❞✉❦t② ❜➛❞→ t❛➠s③❡✳

✺◆❛ ♣❡✇♥♦ ♦❞♥♦s✐ s✐➛ t♦ ❞♦ ✉♣✉❜❧✐❝③♥✐❛♥②❝❤ ❦❧❛s ✐ ✐♥♥❡❣♦
♦♣r♦❣r❛♠♦✇❛♥✐❛✳ ❏❡➧❧✐ ♦♣r♦❣r❛♠♦✇❛♥✐❡ ♠❛ ❜②➣ ✇②❦♦r③②st②✲
✇❛♥❡ ♣r③❡③ ❥❡❞♥→ t②❧❦♦ ✜r♠➛✱ t♦ ♥✐❡ ♦❝③❡❦✉❥♠② ♣✉❜❧✐❦❛❝❥✐ ❦♦❞✉✳
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❉❧❛❝③❡❣♦ ✇❛rt♦ ♣r③❡❝③②t❛➣ t❡♥ ♣♦❞r➛❝③♥✐❦❄ ❚❡♥
t❡❦st✱ t♦ ♣✐❡r✇s③② ♣♦❞r➛❝③♥✐❦✱ ③ ❦tór❡❣♦ ♠♦➺❡s③ s✐➛
♥❛✉❝③②➣ ♥✐❡ t②❧❦♦ ♣✐s❛♥✐❛ ♣r♦❣r❛♠ó✇✱ ❦s✐→➺❦❛ t❛ ♣♦✲
♠♦➺❡ ❈✐ ✇ r♦③✉♠✐❡♥✐✉ ❝♦ ❚✇ó❥ ♣r♦❣r❛♠ ♥❛♣r❛✇❞➛
r♦❜✐✱ ♠♦➺❡s③ t❡➺ ♥❛✉❝③②➣ s✐➛ ♣r③❡❦♦♥②✇❛♥✐❛ ✐♥♥②❝❤✱
➺❡ ❚✇♦❥❡ r♦③✇✐→③❛♥✐❡ ❥❡st ♣♦♣r❛✇♥❡✳ ❩❛❝❤➛❝❛♠② ❈✐➛
❜②➧ ♣♦ró✇♥❛➟ t➛ ❦s✐→➺❦➛ ③ ✭♥✐❡❧✐❝③♥②♠✐ ❥❛❦ ❞♦t→❞✮
♣ró❜❛♠✐ ♦s✐→❣♥✐➛❝✐❛ ♣♦❞♦❜♥❡❣♦ ❝❡❧✉✱ ✭♣♦r✳❆❧❛❣✐➣ ✐
❆r❜✐❜❬❆❆✽✷❪✱ ❆♣t✱ ❞❡ ❇♦❡r ✐ ❖❧❞❡r♦❣❬❆❞❇❖✶✵❪✱ ❍♦❛r❡❬❍❏✾✽❪✱
❉✐❥❦str❛❬❉✐❥✼✽❪✮✳

Pr❛❝✉❥→❝ ③ t→ ❦s✐→➺❦→ ♠♦➺❡s③ ♥❛✉❝③②➣ s✐➛ ❞♦✇♦❞③❡✲
♥✐❛ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥②❝❤ ♣r♦❣r❛♠✉✳ ◆♦ t❛❦✱ ③❛✲
♣②t❛s③✿ ❝♦ t♦ ❥❡st s❡♠❛♥t②❝③♥❛ ✇➟❛s♥♦➧➣ ♣r♦❣r❛♠✉❄
❈✐❡r♣❧✐✇♦➧❝✐✱ ③❛ ❝❤✇✐❧➛ s✐➛ ❞♦✇✐❡s③✳ ◆❛ r❛③✐❡ ✇②✲
st❛r❝③② ♣r③②❥→➣✱ ➺❡ s→ t♦ ♠✳ ✐♥✳ ♣♦♣r❛✇♥♦➧➣ ❛❧❣♦✲
r②t♠✉ ✇③❣❧➛❞❡♠ ✇❛r✉♥❦ó✇✱ ♣♦❝③→t❦♦✇❡❣♦ ✐ ❦♦➠❝♦✲
✇❡❣♦✱ ❦♦➠❝③❡♥✐❡ ♦❜❧✐❝③❡➠✱ ③❛♣➛t❧❛♥✐❡ s✐➛ ♣r♦❣r❛♠✉✱
③❣➟♦s③❡♥✐❡ ✇②❥→t❦✉✱ ✳✳✳

❩♥❛❥❞③✐❡s③ t✉ ✇✐❡❧❡ ♣r③②❦➟❛❞ó✇ ♣r♦❣r❛♠ó✇✳ ❲s③②st✲
❦✐❡ s→ ♥❛♣✐s❛♥❡ ✇ ❥➛③②❦✉ ♣r♦❣r❛♠♦✇❛♥✐❛ ♦❜✐❡❦t♦✇❡❣♦
✐ r♦③♣r♦s③♦♥❡❣♦ ▲♦❣❧❛♥✳ ❖ ♣r♦❥❡❦❝✐❡ ▲♦❣❧❛♥ ♣✐s③❡♠②
♥✐❡❝♦ ❞❛❧❡❥✳ ❲ t②♠ ♠✐❡❥s❝✉ ♣r❛❣♥✐❡♠② s✐➛ ✇②t➟✉♠❛✲
❝③②➣ ③ ❞♦❦♦♥❛♥❡❣♦ ✇②❜♦r✉✿ ♦tó③ ❥❡st t♦ ❥❡❞②♥② ③♥❛♥②
♥❛♠ ❥➛③②❦✱ ✇ ❦tór②♠ ③♥❛❥❞✉❥→ s✐➛ ♣♦tr③❡❜♥❡ ♥❛♠ ♥❛✲
r③➛❞③✐❛ ♣r♦❣r❛♠♦✇❛♥✐❛✳ ❖❝③②✇✐➧❝✐❡ ♠♦➺❡s③ t✇♦r③②➣
s✇♦❥❡ ♣r③②❦➟❛❞② ✇ ❚✇♦✐♠ ✉❧✉❜✐♦♥②♠ ❥➛③②❦✉ ♣r♦❣r❛✲
♠♦✇❛♥✐❛✱ ❛ r❛❝③❡❥ ✇ ❦✐❧❦✉ ❥➛③②❦❛❝❤✳❲ ♣❡✇♥②♠ ❥➛✲
③②❦✉ ♥✐❡ ③♥❛❥❞③✐❡s③ ✇s♣ó➟♣r♦❣r❛♠ó✇✱ ✇ ✐♥♥②♠ ♠♦✲
❞✉➟ó✇ ♣r♦❝❡s✱ ❡t❝✳

❇②❧✐➧♠② ③❛♣②t②✇❛♥✐ ❝③② ▲♦❣❧❛♥ ♠❛ ③✇✐→③❡❦ ③ ❧♦❣✐❦→
❛❧❣♦r②t♠✐❝③♥→ ✐ ❝③② ♣♦❞❛♠② ❛❦s❥♦♠❛t②❝③♥→ ❞❡✜♥✐❝❥➛
▲♦❣❧❛♥✉✳ ❩❛✇s③❡ ③❞❛✇❛❧✐➧♠② s♦❜✐❡ s♣r❛✇➛ ③ t❡❣♦✱ ➺❡
st✇♦r③❡♥✐❡ ❛❦s❥♦♠❛t②❝③♥❡❥ ❞❡✜♥✐❝❥✐ ❝❛➟♦➧❝✐ ▲♦❣❧❛♥✉
❥❡st tr✉❞♥❡ ③❡ ✇③❣❧➛❞✉ ♥❛ ❥❡❣♦ r♦③♠✐❛r ✕ ❥➛③②❦ ③❛✲
✇✐❡r❛ ♥✐❡♠❛❧ ❦♦♠♣❧❡t ③♥❛♥②❝❤ ♥❛r③➛❞③✐ ♣r♦❣r❛♠♦✲
✇❛♥✐❛ ♠✳✐♥✳ ❦❧❛s② ✐ ♦❜✐❡❦t②✱ ✇s♣ó➟♣r♦❣r❛♠②✱ ♣r♦❝❡s②
✐ ♦❜✐❡❦t② ❛❦t②✇♥❡ ♣r♦❝❡só✇✱ ♠♦❞✉➟② ♦❜s➟✉❣✐ ✇②❥→t✲
❦ó✇✱ ❡t❝✳
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❚❛ ❦s✐→➺❦❛ ♥✐❡ ♣r③②♥♦s✐ ❛❦s❥♦♠❛t②❝③♥❡❥ ❞❡✜♥✐❝❥✐
s❡♠❛♥t②❦✐ ❥➛③②❦❛ ▲♦❣❧❛♥✳ ❏❡st t♦ ♣♦❞r➛❝③♥✐❦ ♣r♦❣r❛✲
♠♦✇❛♥✐❛ ✇ ❦tór②♠ ♠ó✇✐ s✐➛ ♦ s❦➟❛❞♥✐✱ s❡♠❛♥t②❝❡ ✐ ♦
♣r❛❣♠❛t②❝❡✳ ▼ó✇✐♠② t❡➺ ♦ s♣❡❝②✜❦❛❝❥❛❝❤ ✐ ♦ ❞♦✇♦✲
❞❛❝❤✳ ❈③②t❡❧♥✐❦ ♣♦③♥❛❥❡ ❦♦❧❡❥♥❡ ❝♦r❛③ ❜❛r❞③✐❡❥ s❦♦♠✲
♣❧✐❦♦✇❛♥❡ ♥❛r③➛❞③✐❛ ♣r♦❣r❛♠♦✇❛♥✐❛✳ Pr♦❝❡s t❡♥ ✇②✲
❦♦r③②st✉❥❡ s♦❧✐❞♥❡ ❢✉♥❞❛♠❡♥t② ❥➛③②❦❛ ▲♦❣❧❛♥✳ ❯✇❛✲
➺❛♠②✱ ➺❡ ✉❝③❡♥✐❡ ♣r♦❣r❛♠♦✇❛♥✐❛ ♥✐❡ ♠♦➺❡ ♦❣r❛♥✐❝③❛➣
s✐➛ ❞♦ ♣r③❡❞st❛✇✐❡♥✐❛ s❦➟❛❞♥✐ ✐ ♣❡✇♥❡❣♦ ③❜✐♦r✉ ♣r③②✲
❦➟❛❞ó✇✳ ❆ t❛❦ s✐➛ ❞③✐❡❥❡ ❞♦ ❞③✐s✐❛❥✳ ◆✐❡❦tór③② ❛❞❡♣❝✐
♥✐❡ ♣♦tr❛✜→ t❡❣♦ ③❛❛❦❝❡♣t♦✇❛➣✳ ■♥♥✐ ❥❛❦♦➧ ❞❛❥→ s♦❜✐❡
r❛❞➛ ✐ ✇②❝✐→❣❛❥→ ♣r❛✇✐❞➟♦✇❡ ✇♥✐♦s❦✐✳

▲✉❦❛✳ ❖❞ ✇✐❡❧✉ ❧❛t ✭✻✵✰✮ ♣r♦✇❛❞③✐♠② ✇②❦➟❛❞② ✐
❜❛❞❛♠② r♦③♠❛✐t❡ ♣r♦❜❧❡♠② ✇✐→➺→❝❡ s✐➛ ③ s❡♠❛♥t②❦→
♣r♦❣r❛♠ó✇✳ ❈♦r❛③ ✇②r❛➵♥✐❡❥ ❞♦str③❡❣❛♠② ❞✉➺→ ❧✉❦➛
✇ ♣r♦❣r❛♠❛❝❤ st✉❞✐ó✇ ✐♥❢♦r♠❛t②❝③♥②❝❤✱ ❛ t❛❦➺❡ ✇
♦❢❡r❝✐❡ ♣♦❞r➛❝③♥✐❦ó✇ ♣✉❜❧✐❦♦✇❛♥②❝❤ ③ ♠②➧❧→ ♦ ✐♥➺②✲
♥✐❡r❛❝❤ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✐ s➟✉❝❤❛❝③❛❝❤ st✉❞✐ó✇ ✐♥❢♦r✲
♠❛t②❝③♥②❝❤✳ ✳✳✳

▼❛♠② ♥❛❞③✐❡❥➛✱ ➺❡ ❦s✐→➺❦❛ ❥❛❦→ ♣r❡③❡♥t✉❥❡♠② ♣♦✲
♠♦➺❡ t②♠✱ ❦tór③② ❞♦str③❡❣❛❥❛ ❧✉❦➛ ✇ ❦s③t❛➟❝❡♥✐✉ ✐♥✲
❢♦r♠❛t②❦ó✇✳ ❩❣♦❞③✐s③ s✐➛✱ ➺❡ ✇ ♦❜❡❝♥②♠ ❝✉rr✐❝✉❧✉♠✱
♣r③②s③➟② ✐♥❢♦r♠❛t②❦ ✉❝③② s✐➛ ♣✐s❛♥✐❛ ♣r♦❣r❛♠ó✇✱ ♣♦✲
t❡♠ ♣♦③♥❛❥❡ ❛❧❣♦r②t♠✐❦➛ t③♥✳ ✐st♦t♥❡ ❛❧❣♦r②t♠② ✐
✇❛③♥❡ str✉❦t✉r② ❞❛♥②❝❤✳ P♦❞❝③❛s ❦✉rs✉ ❛❧❣♦r②t♠✐❦✐
s➟✉❝❤❛❝③❡ ✐ ✇②❦➟❛❞♦✇❝② ♣♦s➟✉❣✉❥❛ s✐➛ ♣s❡✉❞♦❦♦❞❡♠
✐ ✐♥t✉✐❝②❥♥②♠✐ ❞❡✜♥✐❝❥❛♠✐ str✉❦t✉r ❞❛♥②❝❤✳ ❲ t❡❥
❦s✐→➺❝❡ ♦st❛r❝③❛♠② ♥❛r③➛❞③✐ ♠♦t②✇✉❥→❝②❝❤ ♣r♦❣r❛✲
♠✐st➛ ❞♦ ❛♥❛❧✐③♦✇❛♥✐❛ s♣❡❝②✜❦❛❝❥ ✐ ❞♦✇♦❞ó✇✱ ✐♥❢♦r✲
♠❛t②❦❛ t❡♦r❡t②❦❛ ❞♦ ♣r❛❝② ③ ❦♦❞❡♠✳ ◆❛ ♣r③②❦➟❛❞✱
✇✐❡❧✉ ❛✉t♦ró✇ ♣♦s➟✉❣✉❥❡ s✐➛ ♣♦❥➛❝✐❡♠ ❞❛❣✬ó✇✱ ♥✐❦t
♥✐❡ ❦♦r③②st❛ ③ ❛❧❣♦r②t♠✐❝♥②❝❤ ❛❦s❥♦♠❛tó✇ str✉❦t✉r
❞❛♥②❝❤✳ ◆❛ ❞❛❧s③②❝❤ str♦♥❛❝❤ ③♥❛❥❞③✐❡s③ ❦♦♠♣❧❡t♥❡
❞❡✜♥✐❝❥❡ st♦só✇✱ ❦♦❧❡❥❡❦✱ ❦♦♣❝ó✇✱ ❞r③❡✇ ❇❙❚ ✐ ✐♥✳ ❩
♥❛s③❡❥ ❦s✐→➺❦✐ ❞♦✇✐❡s③ s✐➛ ♥❛ ❝③② ♣♦❧❡❣❛❥❛ ♣r♦t♦❦♦➟②✿
❝❛❧❧ ✕ ✇②✇♦➟❛♥✐❛ ♣r♦❝❡❞✉r② ❧✉❜ ❢✉♥❦❝❥✐✱ ❛❧✐❡♥ ✕ ♦❜✲
❝❡❣♦ ✇②✇♦➟❛♥✐❛ ♠❡t♦❞② ❥❡❞♥❡❣♦ ✭♦❜✐❡❦t✉✮ ♣r♦❝❡s✉ ③
✐♥♥❡❣♦ ♦❜✐❡❦t✉ ♣r♦❝❡s✉✱ r❛✐s❡ ✕ ♣r♦t♦❦ó➟ ♦❜s➟✉❣✐ s②✲
t✉❛❝❥✐ ✇②❥❛t❦♦✇❡❥✱ ✐ ✐♥✳ ◆✐❦t ❣♦ ♥✐❡
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❏❛❦ ❦♦r③②st❛➣ ③ t❡❥ ❦s✐→➺❦✐❄ ❚♦ ❥❡st ❞♦➧➣ ❣r✉❜❛
❦s✐→➺❦❛ ✐ ♠♦➺❡ ❜②➣ ✇②❦♦r③②st❛♥❛ ❞♦ ró➺♥②❝❤ ✇②❦➟❛✲
❞ó✇ ♦❜❡❝♥✐❡ ♦❜♦✇✐→③✉❥→❝❡❣♦ ❝✉rr✐❝✉❧✉♠✳ ❲✐❡❧❡ ❧❛t
t❡♠✉ ♣r♦✇❛❞③✐❧✐➧♠② ❦✉rs ❝❛➟♦r♦❝③♥② ▲✐✶ ✑Pr♦❣r❛♠✲
♠❛t✐♦♥ ♦❜❥❡t✱ s❡♠❛♥t✐q✉❡ ❡t ❛❧❣♦r✐t❤♠❡s✏ ♥❛ ♣✐❡r✇✲
s③②♠ r♦❦✉ st✉❞✐ó✇ ❧✐❝❡♥❝❥❛❝❦✐❝❤ ♥❛ ❲②❞③✐❛❧❡ ■♥❢♦r✲
♠❛t②❦✐ ❯♥✐✇❡rs②t❡t✉ ✇ P❛✉✳ ❑✉rs ♦❦✳ ✶✷✵ ❣♦❞③✐♥♥②
♦❜❡❥♠♦✇❛➟ ♠❛t❡r✐❛➟ ③❜❧✐➺♦♥② ❞♦ ♣r③❡❞st❛✇✐♦♥❡❣♦ ✇
t❡❥ ❦s✐→➺❝❡✳ ❙t❛r❛❧✐➧♠② s✐➛ ✇t❡❞② ♣r③❡❞st❛✇✐➣ tr③②
♣r③❡♣❧❛t❛❥→❝❡ s✐➛ ✇→t❦✐✿ ♣r♦❣r❛♠♦✇❛♥✐❡ ♦❜✐❡❦t♦✇❡ ✐
r♦③♣r♦s③♦♥❡✱ ❛♥❛❧✐③➛ ♣r♦❣r❛♠ó✇ ♦r❛③ ✇②❜r❛♥❡ ❛❧❣♦✲
r②t♠② ✐ str✉❦t✉r② ❞❛♥②❝❤✳ ❯③✉♣❡➟♥✐❡♥✐❡♠ t❡❣♦ ❦✉rs✉
❜②➟♦ ✶✷✵ ❣♦❞③✐♥ ③❛❥➛➣ ❧❛❜♦r❛t♦r②❥♥②❝❤ ✐ t❛❜❧✐❝♦✇②❝❤✳

❲ ♣♦❧s❦✐❝❤ ✇❛r✉♥❦❛❝❤ ♥✐♥✐❡❥s③❛ ❦s✐→➺❦❛ ♠♦➺❡ ❜②➣
✉➺②t❛ ❥❛❦♦ ♣♦❞r➛❝③♥✐❦ ♣♦❞❝③❛s ♥❛st➛♣✉❥→❝②❝❤ ③❛❥➛➣✿
✇st➛♣ ❞♦ ♣r♦❣r❛♠♦✇❛♥✐❛✱ ♣r♦❣r❛♠♦✇❛♥✐❡ ♦❜✐❡❦t♦✇❡✱
✇st➛♣ ❞♦ ✐♥❢♦r♠❛t②❦✐ ■ ✐ ■■ ✭❞❧❛ ♠❛t❡♠❛t②❦ó✇✮✱ ♣r♦✲
❣r❛♠♦✇❛♥✐❡ ✇s♣ó➟❜✐❡➺♥❡ ✐ r♦③♣r♦s③♦♥❡✱ s❡♠❛♥t②❦❛ ✐
✇❡r②✜❦❛❝❥❛ ♦♣r♦❣r❛♠♦✇❛♥✐❛✱ ❥➛③②❦✐ ✐ ♥❛r③➛❞③✐❛ ♣r♦✲
❣r❛♠♦✇❛♥✐❛✱ ✐♥➺②♥✐❡r✐❛ ♦♣r♦❣r❛♠♦✇❛♥✐❛✱ ❧♦❣✐❦❛ ❞❧❛
✐♥❢♦r♠❛t②❦ó✇ ✐ ✐♥✳

❉♦ ✇②❦➟❛❞♦✇❝ó✇✳ ❑s✐→➺❦❛ ♠♦➺❡ ❜②➣ ♣♦♠♦❝♥❛ ✇
♣r③❡♣r♦✇❛❞③❡♥✐✉ ❝❛➟♦r♦❝③♥②❝❤ ③❛❥➛➣ ❲st➛♣ ❞♦ ✐♥❢♦r✲
♠❛t②❦✐ ✭✶✷✵ ❣♦❞③✐♥ ✇②❦➟❛❞✉ ✰ ✶✺✵ ❣♦❞③✐♥ ♣r❛❝② ✇
❧❛❜♦r❛t♦r✐✉♠ ✐ ♣r③② t❛❜❧✐❝②✮✳ P♦♥❛❞t♦✱ ✇②❜r❛♥❡ ❡❧❡✲
♠❡♥t② t❡❥ ❦s✐→➺❦✐ ♠♦❣→ ✇♥✐❡➧➣ ♥♦✇❡ tr❡➧❝✐ ❞♦ ✇②❦➟❛✲
❞ó✇✿

• ♣r♦❣r❛♠♦✇❛♥✐❡ ♦❜✐❡❦t♦✇❡ ✕ r❡❣✉➟❛ ❦♦♥❦❛t❡✲
♥❛❝❥✐ ❦❧❛s ♣♦③✇❛❧❛ ③r♦③✉♠✐❡➣ ❞③✐❡❞③✐❝③❡♥✐❡ ❦❧❛s✱
♠♦❞✉➟② ✇s♣ó➟♣r♦❣r❛♠✉ ✭❛♥❣✳ ❝♦r♦✉t✐♥❡✮ ✐
♣r♦❝❡s✉ ✭❛♥❣✳ ♣r♦❝❡ss✮
• s❡♠❛♥t②❦❛ ✐ ✇❡r②✜❦❛❝❥❛ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✕ ✳✳✳
• ♣r♦❣r❛♠♦✇❛♥✐❡ ✇s♣ó➟❜✐❡➺♥❡ ✐ ♦❜✐❡❦t♦✇❡ ✕ ♠♦✲
❞✉➟② ♣r♦❝❡ss ✐ ♦❜✐❡❦t② ♣r♦❝❡só✇✱ ♣r♦t♦❦ó➟ ♦❜✲
❝❡❣♦ ✇♦➟❛♥✐❛ ♠❡t♦❞ ♦❜✐❡❦tó✇ ♣r♦❝❡só✇✱
• ♠❡t♦❞② r❡❛❧✐③❛❝❥✐ ❥➛③②❦ó✇ ♣r♦❣r❛♠♦✇❛♥✐❛ ✲
❜❡③♣✐❡❝③♥② ✐ ❡❢❡❦t②✇♥② s②st❡♠ ③❛r③→❞③❛♥✐❛
♣❛♠✐➛❝✐→ ♦❜✐❡❦tó✇ ✭t③✇✳ st❡rt❛✮✱ ❛❧❣♦r②t♠
✇②③♥❛❝③❛♥✐❛ ❦❧❛s② ❞③✐❡❞③✐❝③♦♥❡❥ ✭r♦③s③❡r③❛✲
♥❡❥✮ ✇ ❏❛✈✐❡ ✐ ✳✳✳✱
• ❛❧❣♦r②t♠② ✐ str✉❦t✉r② ❞❛♥②❝❤ ✕
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✕ ❛❦s❥♦♠❛t②❝③♥❡ ❞❡✜♥✐❝❥❡ str✉❦t✉r ❞❛♥②❝❤
♥♣✳ st♦s② ③♦❜✳ r♦③❞③✐❛➟ ✶✻✱ ❦♦❧❡❥❦✐ ❋■❋❖✱
❦♦♥t❡♥❡r② ✭❞✐❝t✐♦♥❛r✐❡s✮✱ ❦♦❧❡❥❦✐ ♣r✐♦r②✲
t❡t♦✇❡✱ ❞r③❡✇❛ ❇❙❚ ③♦❜✳ r♦③❞③✐❛➟ ✷✶✱
❡t❝✳✱

✕ ❞♦✇♦❞② s❡♠❛♥t②❝③♥②❝❤ ✇➟❛s♥♦➧❝✐ ❛❧❣♦✲
r②t♠ó✇ ♣♦r✳✼✳✷✱

• ✐ ✐♥✳

❉♦ st✉❞❡♥tó✇ ✐ ❞♦❦t♦r❛♥tó✇✳ ❙t✉❞❡♥❝✐ ③❡❝❤❝→ ♣r③❡✲
❦♦♥❛➣ s✐➛✱ ➺❡ ♦❢❡r♦✇❛♥❛ ♣r③❡③ ♥❛s ❦s✐→➺❦❛ ♠♦➺❡ ❜②➣
♣r③②❞❛t♥❛ ✇ ❝❛➟②♠ ♦❦r❡s✐❡ st✉❞✐ó✇✳
◆✐❡❦tór❡ ③ ♦♠ó✇✐♦♥②❝❤ ♣r♦❜❧❡♠ó✇ ✐ ③❛❞❛➠ ♠♦❣→ ③❛✲
✐♥s♣✐r♦✇❛➣ ❈✐➛ ❞♦ s❛♠♦❞③✐❡❧♥❡❥ ♣r❛❝② ✐ ③❛♦✇♦❝♦✇❛➣
♦♣✉❜❧✐❦♦✇❛♥✐❡♠ ✇②♥✐❦ó✇ ✇ ❝③❛s♦♣✐➧♠✐❡ ♥❛✉❦♦✇②♠✳

✵✳✵✳✶✳ ❉♦ ✐♥❢♦r♠❛t②❦ó✇ ♣r❛❝✉❥→❝②❝❤ ③❛✇♦❞♦✇♦✳ ❖
✐❧❡ ♥❛♠ ✇✐❛❞♦♠♦✱ ➺❛❞♥❛ ✉❝③❡❧♥✐❛ ♥✐❡ ♠❛ ✇ ♣r♦❣r❛✲
♠✐❡ tr❡➧❝✐ ♣r③❡❞st❛✇✐♦♥②❝❤ ✇ t❡❥ ❦s✐→➺❝❡✳ ◆✐❡ ③♥❛♠②
t❡➺ ✐♥♥❡❥ ❦s✐→➺❦✐ ③❛✇✐❡r❛❥→❝❡❥ ♣♦❞♦❜♥❡ ♣r③❡s➟❛♥✐❡✳
◆❛✇❡t ♣♦❜✐❡➺♥❡ ♣r③❡❝③②t❛♥✐❡ ♥❛s③❡❥ ❦s✐→➺❦✐ ♠♦➺❡ ③❛✲
❝❤➛❝✐➣ ❈✐➛ ❞♦ ♣r③❡♠②➧❧❡♥✐❛ ❚✇❡❣♦ ➧✇✐❛t♦♣♦❣❧→❞✉ ✐♥✲
❢♦r♠❛t②❝③♥❡❣♦✳ ✇②❧✐❝③ ❦✐❧❦❛ ♣②t❛➠ ❉♦❥r③❛➟② ✐ ➧✇✐❛✲
t➟② ✐♥❢♦r♠❛t②❦ ♣♦✇✐♥✐❡♥ r♦③♣♦③♥❛✇❛➣ ♣②t❛♥✐❛ ❥❛❦✐❡
s✐➛ ♣♦❥❛✇✐❛❥→ ✇ ❥❡❣♦ ♣r❛❝② ③❛✇♦❞♦✇❡❥ ♥♣✳ ❝③② ♠♦❥❛
✜r♠❛ ♣♦✇✐♥♥❛ st♦s♦✇❛➣ ✐♠♣❡r❛t②✇♥② ❝③② r❛❝③❡❥ ❢✉♥❦✲
❝②❥♥② ❥➛③②❦ ♣r♦❣r❛♠♦✇❛♥✐❛❄ ❥❛❦ ♦❦r❡➧❧✐➣ ❢✉♥❞❛♠❡♥✲
t❛❧♥→ ró➺♥✐❝➛ ♣♦♠✐➛❞③② ❥❡❞♥②♠ ❛ ❞r✉❣✐♠ ♣❛r❛❞②❣✲
♠❛t❡♠ ♣r♦❣r❛♠♦✇❛♥✐❛❄ ❞❧❛❝③❡❣♦ r❡❦♦♠❡♥❞✉❥➛ ♣❛✲
r❛❞②❣♠❛t P❄
❚r♦❝❤➛ ♣♦✇❛➺♥✐❡❥s③❡ ♣r♦❜❧❡♠② ♣♦❥❛✇✐❛❥→ s✐➛ ❣❞② ✜r♠❛
③❛♠✐❡r③❛ ③❛❦✉♣✐➣ ♦♣r♦❣r❛♠♦✇❛♥✐❡ r❡❦❧❛♠✉❥→❝❡ s✐➛✱
➺❡ ♣r③② ♣♦♠♦❝② ♠❡t♦❞ s③t✉❝③♥❡❥ ✐♥t❡❧✐❣❡♥❝❥✐ ♦♣r♦✲
❣r❛♠♦✇❛♥✐❡ t♦ ❜➛❞③✐❡ ✇ st❛♥✐❡ ✇②❦r②➣ ❜➟➛❞② ③❛♣➛✲
t❧❛♥✐❛ s✐➛ ♣r♦❣r❛♠✉ ❧✉❜ ❜➟➛❞② ✇✐s③→❝②❝❤ r❡❢❡r❡♥❝❥✐✳
◆✐❡ ③❛♠✐❡r③❛♠② ✉❞③✐❡❧❛➣ ♦❞♣♦✇✐❡❞③✐ ♥❛ t❡ ✐ ♣♦❞♦❜♥❡
♣②t❛♥✐❛✳ ❚♦ ❞♦ ❈✐❡❜✐❡ ♥❛❧❡➺② ✐❝❤ r♦③♣♦③♥❛♥✐❡✱ s❢♦r✲
♠✉➟♦✇❛♥✐❡ ✐ ③❛❥➛❝✐❡ st❛♥♦✇✐s❦❛✳
▼❛♠② ♥❛❞③✐❡❥➛✱ ➺❡ ❦s✐→➺❦❛ t❛ ♥✐❡ ❝③②♥✐→❝ ③ ❈✐❡❜✐❡
❧❡♣s③❡❣♦ s♣❡❝❥❛❧✐st② ♣♦③✇♦❧✐ ❈✐ ❥❡❞♥❛❦ st❛➣ s✐➛ s♣❡✲
❝❥❛❧✐st❛ ❜❛r❞③✐❡❥ ➧✇✐❛❞♦♠②♠✳
❑s✐→➺❦❛ t❛ ♠♦➺❡ st❛➣ ♥❛ ❚✇❡❥ ♣ó➟❝❡ ❜②➧ ♠ó❣➟ s✐➛❣♥→➣
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✇ r❛③✐❡ ♣♦tr③❡❜② ♥♣✳ ❣❞② tr③❡❜❛ ✉❞♦✇♦❞♥✐➣✱ ➺❡ ❚✇ó❥
♣r♦❣r❛♠ ♥✐❡ ③❛✇✐❡r❛ ❜➟➛❞✉✱ ✳✳✳

✐♥♥✐ ♣♦t❡♥❝❥❛❧♥✐ ❝③②t❡❧♥✐❝②
❶✇✐❝③❡♥✐❛✳ ▼♦➺❡s③ ♣♦ ♣r♦st✉ ❝③②t❛➣ ❧✉❜ ❦❛rt❦♦✲

✇❛➣✱ t➛ ❦s✐→➺❦➛ ✐ ♠❛♠② ♥❛❞③✐❡❥➛✱ ➺❡ ♦❦❛➺❡ s✐➛ t♦ ♣♦✲
➺②t❡❝③♥❡✳ ❏❡➧❧✐ ❥❡❞♥❛❦ ❝❤❝❡s③ ♦♣❛♥♦✇❛➣ ✉♠✐❡❥➛t♥♦➧➣
❛♥❛❧✐③♦✇❛♥✐❛ ✐ ❞♦✇♦❞③❡♥✐❛ t♦ ❦♦♥✐❡❝③♥✐❡ r♦③✇✐→③✉❥
③❛❞❛♥✐❛ ❥❛❦✐❡ ③❛♠✐❡➧❝✐❧✐➧♠②✳ ✳✳✳ ♣r③❡♥✐❡➧ ❞❛❧❡❥

❯✇❛➺❛♠②✱ ➺❡ ✇❛rt♦ ③❛st❛♥♦✇✐➣ s✐➛ ✐ ♦♣r❛❝♦✇❛➣ ♣r♦✲
❣r❛♠ ♦s♦❜♥②❝❤ ③❛❥➛➣ ❧❛❜♦r❛t♦r②❥♥②❝❤✱ ✐♥t❡❣r✉❥→❝②❝❤
♠❛t❡r✐❛➟ ③ ✇s③②st❦✐❝❤ ♣r③❡❞♠✐♦tó✇ ♦❢❡r♦✇❛♥②❝❤ ♥❛
♣✐❡r✇s③②♠ ✭✐ ♦❞♣♦✇✐❡❞♥✐♦ ♥❛ ❞r✉❣✐♠✮ r♦❦✉ st✉❞✐ó✇
✐♥❢♦r♠❛t②❝③♥②❝❤✳ ❏❡❞♥♦ ③ ♥❛s ♣❛♠✐➛t❛✱ ➺❡ ♥❛ ♣✐❡r✇✲
s③②♠ r♦❦✉ st✉❞✐ó✇ ♠❛t❡♠❛t②❝③♥②❝❤ ♣♦❞❝③❛s ➣✇✐❝③❡➠
③ ❛♥❛❧✐③② ♠❛t❡♠❛t②❝③♥❡❥ ♥❛❧❡➺❛➟♦ ♦❜❧✐❝③②➣ ❝❛➟❦➛ ♦③♥❛✲
❝③♦♥→ st♦s✉❥→❝ ♠❡t♦❞➛ ♣r♦st♦❦→tó✇✳ ❇②➟♦ t♦ ♣♦♥❛❞
✻✵ ❧❛t t❡♠✉✱ ♣r③❡❞ ❡♣♦❦→ ❦♦♠♣✉t❡ró✇✳ ❲ t❡♥ s♣♦só❜
st✉❞❡♥❝✐ ③❞♦❜②✇❛❧✐ ♣❡✇♥❡ ❞♦➧✇✐❛❞❝③❡♥✐❡ ③ ♦❜❧✐❝③❡✲
♥✐❛♠✐✳ ❖❝③②✇✐➧❝✐❡✱ ➺❛❞❡♥ ③ ♥❛s ♥✐❡ ✇✐❡❞③✐❛➟ ♦ t②♠✱
❥❛❦ ❞♦s❦♦♥❛➟②♠ r❛❝❤♠✐str③❡♠ ❜②➟ ❈❛r❧ ●❛✉ss✳ ❏❡st❡✲
➧♠② ♣r③❡❦♦♥❛♥✐✱ ➺❡ ♥❛♣✐s❛♥✐❡ ♣r♦❝❡❞✉r② ♦❜❧✐❝③❛❥→❝❡❥
❝❛➟❦➛ ♦③♥❛❝③♦♥→ ♣r③②♥♦s✐ ❣➟➛❜s③→ ✐♥t✉✐❝❥➛ ✐ ✇✐❡❞③➛
♥❛ t❡♠❛t ❝❛➟❦♦✇❛♥✐❛ ♥✐➺ t②❧❦♦ ➣✇✐❝③❡♥✐❛ t❛❜❧✐❝♦✇❡ ③
r❛❝❤✉♥❦✉ ❝❛➟❦♦✇❡❣♦✳ ❆❞❡♣t♦✇✐ ✐♥❢♦r♠❛t②❦✐✱ ♥❛♣✐s❛✲
♥✐❡ ♦❞♣♦✇✐❡❞♥✐❡❥ ♣r♦❝❡❞✉r② ♠♦➺❡ ♣r③②♥✐❡➧➣ ♥✐❡❥❡❞♥♦
♦❞❦r②❝✐❡ ✕ ❥❡➧❧✐ ③❡❝❤❝❡ ♦♥ ❞♦❜r③❡ ③r♦③✉♠✐❡➣ ③❛❞❛♥✐❡✳
P♦❞♦❜♥✐❡ ❥❡st ③ ❛❧❣❡❜r→ ✐ ❣❡♦♠❡tr✐→✳ ■❧❡ ♣✐➛❦♥②❝❤ ③❛✲
❞❛➠ ♠♦➺♥❛ s❢♦r♠✉➟♦✇❛➣✳ ❉③✐➧ ▲❛❜♦r❛t♦r✐✉♠ ✐♥❢♦r✲
♠❛t②❝③♥❡ ♠♦❣➟♦❜② ❜②➣ ♣r♦✇❛❞③♦♥❡ ♣r③❡③ ♦❞♣♦✇✐❡❞✲
♥✐♦ ❧✐❝③♥② ③❡s♣ó➟ ❛s②st❡♥tó✇ ♣♦❞ ❦✐❡r✉♥❦✐❡♠ ♣r♦❢❡✲
s♦r❛ ✐ ♦❜❡❥♠♦✇❛➣ ③❛❞❛♥✐❛ ③ ❛♥❛❧✐③②✱ ❛❧❣❡❜r② ❧✐♥✐♦✇❡❥
③ ❣❡♦♠❡tr✐→✱ ✇st➛♣✉ ❞♦ ♠❛t❡♠❛t②❦✐✱ ♣r♦❣r❛♠♦✇❛♥✐❛
✳✳✳

P♦❞③✐➛❦♦✇❛♥✐❛✳ ❑s✐→➺❦❛ t❛ ♠❛ ❞✇❛ ➵ró❞➟❛✿ ❧♦❣✐❦➛
❛❧❣♦r②t♠✐❝③♥→ ❝③②❧✐ r❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ♦r❛③ ▲♦❣❧❛♥
✲ ♣r♦❥❡❦t ❜❛❞❛✇❝③②✱ ❦tór② ③❛♦✇♦❝♦✇❛➟ ❥➛③②❦✐❡♠ ♣r♦✲
❣r❛♠♦✇❛♥✐❛ ♦❜✐❡❦t♦✇❡❣♦ ✐ r♦③♣r♦s③♦♥❡❣♦ ♦r❛③ ❥❡❣♦
❦♦♠♣✐❧❛t♦r❡♠✳ ▼ó✇✐→❝ ♦❜r❛③♦✇♦✱ ♦♠❛✇✐❛♠② ③❛st♦✲
s♦✇❛♥✐❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ✐❧✉str✉❥→❝ ❥❡ ♣r♦❣r❛♠✲
♠❛♠✐ ♥❛♣✐s❛♥②♠✐ ✇ ▲♦❣❧❛♥✐❡✳ ❆❧❡ t♦ ♥✐❡❝❛➟❛ ♣r❛✇❞❛✳
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Pr③❡❞st❛✇✐❛♠② t❡➺ ❧✐❝③♥❡ ♣r♦❜❧❡♠② ❥❛❦✐❡ ♣♦❥❛✇✐❛❥→
s✐➛ ♣♦❞❝③❛s ♣r♦❥❡❦t♦✇❛♥✐❛ ❥➛③②❦❛ ♣r♦❣r❛♠♦✇❛♥✐❛✳ ❈③➛➧➣
③ t②❝❤ ♣r♦❜❧❡♠ó✇ ③♦st❛➟❛ r♦③✇✐→③❛♥❛ ♣r③❡③ ❡❦✐♣➛ ▲♦✲
❣❧❛♥✉✳ ❖❜❛ ♣r♦❥❡❦t② ❜❛❞❛✇❝③❡ ♥❛❞❛❧ s→ ➺②✇❡ ✐ ♦t✇❛rt❡✿
✇❝✐→➺ ♥❛♣♦t②❦❛♠② ♥♦✇❡ ♣r♦❜❧❡♠② ✐ ✭♦❞ ❝③❛s✉ ❞♦
❝③❛s✉✮ ✉③②s❦✉❥❡♠② ♥♦✇❡ ✇②♥✐❦✐✳

❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇✳ ❈❡❧❡♠ ♣r♦❥❡❦t✉ ❜❛❞❛✇❝③❡❣♦
r❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ❥❡st ❞♦st❛r❝③❡♥✐❡ ♥❛r③➛❞③✐ ♣r③②✲
❞❛t♥②❝❤ ✐♥➺②♥✐❡r♦♠ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✇ ✐❝❤ ♣r❛❝② ♥❛❞
♣r♦❥❡❦t♦✇❛♥✐❡♠ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✭s♣❡❝②✜❦❛❝❥❛ ❝③②❧✐
s❢♦r♠✉➟♦✇❛♥✐❡ ✇②♠❛❣❛➠✮ ✐ ♣ó➵♥✐❡❥✱ ♣♦❞❝③❛s ♣r❛❝②
♣♦❧❡❣❛❥→❝❡❥ ♥❛ s♣r❛✇❞③❡♥✐✉ ❝③② st✇♦r③♦♥❡ ♦♣r♦❣r❛✲
♠♦✇❛♥✐❡ ❥❡st ③❣♦❞♥❡ ③ ♣r♦❥❡❦t❡♠ ✭✇❡r②✜❦❛❝❥❛✮✳ ❚♦
❥❡st ♥❛❥❦róts③② ♦♣✐s ③❛❞❛➠ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✱ ❝③②❧✐
❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥✳ Pr③❡❦♦♥❛❧✐➧♠② s✐➛✱ ➺❡ r❛❝❤✉✲
♥❡❦ ♣r♦❣r❛♠ó✇ ♠❛ ❥❡s③❝③❡ ✐♥♥❡ ③❛st♦s♦✇❛♥✐❛✱ ró✇✲
♥✐❡➺ ✇ ♠❛t❡♠❛t②❝❡✳ ❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ s➟✉➺② ♥✐❡
t②❧❦♦ ♣r♦❣r❛♠✐st♦♠✱ ❧❡❝③ t❛❦➺❡ ♣r❛❝♦✇♥✐❦♦♠ ❞③✐➧ r③❛❞✲
❦✐❝❤ ③❛✇♦❞ó✇✿ ❛✉❞②t♦r ♦♣r♦❣r❛♠♦✇❛♥✐❛✱ ❛r❝❤✐t❡❦t ✕
♣r♦❥❡❦t❛♥t ♦♣r♦❣r❛♠♦✇❛♥✐❛✳ P✐❡r✇s③❡ ♣r❛❝❡ ♥t✳ ❧♦✲
❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥ ③♦st❛➟② ♦♣✉❜❧✐❦♦✇❛♥❡ ✇ ❲❛rs③❛✲
✇✐❡ ♥❛ ♣♦❝③→t❦✉ ❧❛t ✼✵ ✉❜✐❡❣➟❡❣♦ ✇✐❡❦✉✳

❲ ❦♦❧❡❥♥♦➧❝✐ ❝❤r♦♥♦❧♦❣✐❝③♥❡❥ ♥❛❧❡➺② ✇②♠✐❡♥✐➣ ♥❛✲
st➛♣✉❥→❝②❝❤ ❛✉t♦ró✇✿ ❆✳ ❙❛❧✇✐❝❦✐ ✭s❢♦r♠✉➟♦✇❛♥✐❡ ♣r♦✲
❣r❛♠✉ ❜❛❞❛✇❝③❡❣♦✱ ✇♣r♦✇❛❞③❡♥✐❡ ❦✇❛♥t②✜❦❛t♦ró✇
✐t❡r❛❝❥✐✮✱ ●✳ ▼✐r❦♦✇s❦❛ ✭t✇✐❡r❞③❡♥✐❡ ♦ ♣❡➟♥♦➧❝✐ ❧♦✲
❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥✮✱ ♣r♦❢✳ ❆✳ ❑r❡❝③♠❛r ✭✶✾✹✺✕✶✾✾✻✮
✭✉♠✐❡s③❝③❡♥✐❡ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥ ✇ ❤✐❡r❛r❝❤✐✐ ❑❧❡❡♥❡✲
▼♦st♦✇s❦✐❡❣♦✱ ❜❛❞❛♥✐❛ ♣r♦❣r❛♠♦✇❛❧♥♦➧❝✐ ✇ ❝✐❛➟❛❝❤✮✱
♣r♦❢✳ ▲✳ ❇❛♥❛❝❤♦✇s❦✐ ✭③❛st♦s♦✇❛♥✐❡ ❧♦❣✐❦✐ ❛❧❣♦r②t✲
♠✐❝③♥❡❥ ❞♦ ❜❛❞❛♥✐❛ ❝③➛➧❝✐♦✇❡❥ ♣♦♣r❛✇♥♦➧❝✐ ♣r♦❣r❛✲
♠ó✇✱ ❛❧❣♦r②t♠✐❝③♥❛ ❛❦s❥♦♠❛t②③❛❝❥❛ ❞r③❡✇ ❜✐♥❛r♥②❝❤✮✱
♣r♦❢✳ ❍✳ ❘❛s✐♦✇❛ ✭✇✐❡❧♦✇❛rt♦➧❝✐♦✇❛ ❧♦❣✐❦❛ ❛❧❣♦r②t✲
♠✐❝③♥❛✮✳
P♦❞③✐➛❦♦✇❛♥✐❛ ❦✐❡r✉❥❡♠② t❛❦➺❡ ❞♦ ❞r ❆♥❞r③❡❥❛ ❇✐❡❧✐
✭❯♥✐✇❡rs②t❡t ➅❧→s❦✐✮ ✐ ♣r♦❢❡s♦r❛ ❲✐❦t♦r❛ ❉❛➠❦♦ ✭P♦✲
❧✐t❡❝❤♥✐❦❛ ❇✐❛➟♦st♦❝❦❛✮✳ Pr♦❢✳ ❍❛♥♥❛ ❖❦t❛❜❛ ✭❯♥✐✲
✈❡rs✐❞❛❞ ▼❡①✐❝♦✮✱ ❞r ❲✐❡s➟❛✇❛ ▼✳ ❇❛rt♦❧✱ ♣r♦❢✳ ❆♥✲
❞r③❡❥ ❙③❛➟❛s ✭❯♥✐✇❡rs②t❡t ❲❛rs③❛✇s❦✐✮ ✐ ♣r♦❢✳ ❯✇❡
P❡t❡r♠❛♥♥ ✭❍❚❲❑ ▲❡✐♣③✐❣✮ ✇ s✇♦✐❝❤ r♦③♣r❛✇❛❝❤
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❞♦❦t♦rs❦✐❝❤ r♦③✇✐♥➛❧✐ ❛❧❣♦r②t♠✐❝③♥❡ t❡♦r✐❡ ❝✐❡❦❛✇②❝❤
str✉❦t✉r ❞❛♥②❝❤ ❬❄❪❜✐❜ ✐ ✇♥✐❡➧❧✐ ③♥❛❝③→❝② ✇❦➟❛❞ ✇
♣r♦❥❡❦t ❜❛❞❛✇❝③② ▲♦❣❧❛♥✱ ♦ ❝③②♠ ♣♦♥✐➺❡❥✳
Pr♦❥❡❦t ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛ ❝③②❧✐ r❛❝❤✉♥❡❦ ♣r♦❣r❛✲
♠ó✇ ✇✐❡❧❡ ③❛✇❞③✐➛❝③❛ ♣r♦❢❡s♦r♦♠ ❍❡❧❡♥✐❡ ❘❛s✐♦✇❡❥✱
❆♥❞r③❡❥♦✇✐ ●r③❡❣♦r❝③②❦♦✇✐ ✐ ❆♥❞r③❡❥♦✇✐ ▼♦st♦✇s❦✐❡♠✉✳
❖❜❡❝♥✐ ❛✉t♦r③② s➟✉❝❤❛❧✐ ✐❝❤ ✇②❦➟❛❞ó✇ ③ ❧♦❣✐❦✐ ♠❛t❡✲
♠❛t②❝③♥❡❥ ✐ ✉❝③➛s③❝③❛❧✐ ♥❛ ✐❝❤ s❡♠✐♥❛r✐❛✳
Pr❡❦✉rs♦r❛♠✐ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ❜②❧✐ ♠✐➛❞③② ✐♥✲
♥②♠✐✿

• ❏✉r✐❥ ❏❛♥♦✇❬✶✾✺✽❪ ✭❯♥✐✇❡rs②t❡t ✇ ❑❛③❛♥✐✉✮
✕ st✇♦r③②➟ r❛❝❤✉♥❡❦ s❝❤❡♠❛tó✇ ♣r♦❣r❛♠ó✇✱
❬❨❛♥✺✽❪
• ❊r✇✐♥ ❊♥❣❡❧❡r❬✶✾✻✼❪✭❊❚❍ ❩ür✐❝❤✮ ✕ ✇s❦❛③❛➟
♥❛ ❢❛❦t✱ ➺❡ ✇➟❛s♥♦➧➣ st♦♣✉ ♣r♦❣r❛♠✉ ❥❡st ✇②✲
r❛➺❛❧♥❛ ✇ ❥➛③②❦✉ Lω1ω ❧♦❣✐❦✐ ③ ♥✐❡s❦♦➠❝③♦♥②♠✐
❛❧t❡r♥❛t②✇❛♠✐✱ ❬❊♥❣✻✼❪
• ❍❡❧♠✉t ❚❤✐❡❧❡❬✶✾✻✻❪✭❍✉♠❜♦❧❞t ❯♥✐✈❡rs✐tät ❇❡r✲
❧✐♥✮ ✕ t✇ór❝❛ s②st❡♠✉ ➟→❝③→❝❡❣♦ r❛❝❤✉♥❡❦ λ ③
❧♦❣✐❦→ ♣✐❡r✇s③❡❣♦ r③➛❞✉✱ ❬❚❤✐✻✻❪

r❛❝❤✉♥❡❦ ③❞❛➠ ▲❩ ✕ ❧♦❣✐❦❛ ③❞❛♥✐♦✇❛
WFFLZ = {FLZ}

r❛❝❤✉♥❡❦ ♣r❡❞②❦❛tó✇ ▲P❘
WFFLPR = {TLPR ∪ FLPR}

r❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ❆▲ ✕ ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛
WFFAL = {TAL ∪ FAL ∪ PAL}
FLPR  FAL

r❛❝❤✉♥❡❦ s❝❤❡♠❛tó✇ ♣r♦❣r❛♠ó✇ P❆▲
WFFPAL = {FPAL ∪ PPAL}

❘②s✉♥❡❦ ✶✳ P♦ró✇♥❛♥✐❡ r❛❝❤✉♥❦ó✇ ❧♦❣✐❝③♥②❝❤ ✐ ✐❝❤ ❥➛③②❦ó✇ t❥✳ ③❜✐♦ró✇

✇②st➛♣✉❥→❝②❝❤ ✇ ♥✐❝❤ ✇②r❛➺❡➠ ♣♦♣r❛✇♥✐❡ ③❜✉❞♦✇❛♥②❝❤ WFF✳ ❙tr③❛➟❦✐

♣r♦✇❛❞③→ ♦❞ ✉❜♦➺s③❡❣♦ r❛❝❤✉♥❦✉ R ❞♦ ③❛✇✐❡r❛❥→❝❡❣♦ ❣♦✱ ❜♦❣❛ts③❡❣♦

✐ ❜❛r❞③✐❡❥ s❦♦♠♣❧✐❦♦✇❛♥❡❣♦ r❛❝❤✉♥❦✉ R′✳ ❩♥❛❦ F✱ ③ ♦❞♣♦✇✐❡❞♥✐♠ ✐♥✲

❞❡❦s❡♠✱ ♦③♥❛❝③❛ ③❜✐ór ❢♦r♠✉➟✭✇②r❛➺❡➠ ❇♦♦❧♦✇s❦✐❝❤✮✱ ③♥❛❦ T ♦③♥❛❝③❛
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③❜✐ór ✇②r❛➺❡➠ ♥♣✳ ✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤✱ ③♥❛❦ P ♦③♥❛❝③❛ ③❜✐ór ♣r♦✲

❣r❛♠ó✇✱ ❧✉❜ s❝❤❡♠❛tó✇ ♣r♦❣r❛♠ó✇✳

❩✇ró➣ ✉✇❛❣➛ ♥❛ ❘②s✉♥❡❦ ✶ ♣♦❦❛③✉❥→❝② ③✇✐→③❦✐ ♣♦✲
♠✐➛❞③② ró➺♥②♠✐ r❛❝❤✉♥❦❛♠✐ ❧♦❣✐❝③♥②♠✐✳ Pr♦❣r❛♠✐✲
st❛ ✉➺②✇❛ ❦✐❧❦✉ ❦♦♥str✉❦❝❥✐ ♣r♦❣r❛♠♦t✇ór❝③②❝❤✿ ③➟♦✲
➺❡♥✐❡ ✭❝③②❧✐ ➧r❡❞♥✐❦ ❀✮✱ ✐❢✱ ✇❤✐❧❡✱✳ ✳ ✳ ♣♦③✇❛❧❛❥→❝②❝❤ t✇♦✲
r③②➣ ✇✐➛❦s③❡ ♣r♦❣r❛♠② ③ ♠♥✐❡❥s③②❝❤✳ Pr♦❣r❛♠❛♠✐
❛t♦♠♦✇②♠✐ s→ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛ ✐ ❦✐❧❦❛ ✐♥♥②❝❤
✇❣ ✉③♥❛♥✐❛ t✇ór❝② ❥➛③②❦❛ ♣r♦❣r❛♠♦✇❛♥✐❛✳ ❲ ♦❞✲
ró➺♥✐❡♥✐✉ ♦❞ ❢♦r♠✉➟ ✭✇②r❛➺❡➠ ❧♦❣✐❝③♥②❝❤✮✱ ♣r♦❣r❛♠②
♥✐❡ ✇②r❛➺❛❥→ ♣r❛✇❞③✐✇♦➧❝✐ ❧✉❜ ♥✐❡✳ ◆❛t♦♠✐❛st ♠♦✲
➺❡♠② ♣♦tr❛❦t♦✇❛➣ ♣r♦❣r❛♠ ❥❛❦♦ ♠♦❞❛❧♥♦➧➣✿ ♣♦ ③❛✲
❦♦➠❝③❡♥✐✉ ♦❜❧✐❝③❡➠ ♣r♦❣r❛♠✉ K ③❛❝❤♦❞③✐ ✇❛r✉♥❡❦ ✳✳✳✳
❲②r❛➺❡♥✐❡ ♣♦st❛❝✐ ❁Pr♦❣r❛♠ K❃ ❁❢♦r♠✉➟❛ α❃
❥❡st ❢♦r♠✉➟→✱ ❦tór❛ ♣r③②❥♠✉❥❡ ✇❛rt♦➧➣ ♣r❛✇❞❛ ❥❡➧❧✐✿
♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦❣r❛♠✉ K✱ s♣❡➟♥✐♦♥❛ ❥❡st ✇➟❛s♥♦➧➣
✇②r❛➺♦♥❛ ♣r③❡③ ❢♦r♠✉➟➛ α✳

Pr♦❥❡❦t ▲♦❣❧❛♥✳ ❈❡❧❡♠ ♣r♦❥❡❦t✉ ▲♦❣❧❛♥ ❜②➟♦ ③♥❛✲
❧❡③✐❡♥✐❡ ♦❞♣♦✇✐❡❞③✐ ♥❛ ♣②t❛♥✐❡✿ ❝③② ♠♦➺♥❛ s❦♦♥str✉✲
♦✇❛➣ ❥➛③②❦ ♣r♦❣r❛♠♦✇❛♥✐❛ ♦❜✐❡❦t♦✇❡❣♦✱ ❦tór② ✉♠♦➺✲
❧✐✇✐❛➟❜② t❛❦➺❡ ♣r♦❣r❛♠♦✇❛♥✐❡ ✇s♣ó➟❜✐❡➺♥❡ ✐ ❜②➟❜②
✇♦❧♥② ♦❞ r♦③♠❛✐t②❝❤ ♣r♦❜❧❡♠ó✇ ❥❛❦✐❡ ❦r②➟② s✐➛ ✇ ❥➛✲
③②❦✉ ❙✐♠✉❧❛✻✼ ❬❙❛❧❜❪✳ ❯❞❛➟♦ s✐➛ ♦♣✐s❛➣ t❛❦✐ ❥➛③②❦ ✐ ✇
r♦❦✉ ✶✾✽✷ s❦♦♥str✉♦✇❛➣ ❦♦♠♣✐❧❛t♦r ♥❛ ♠✐♥✐❦♦♠♣✉✲
t❡r② ▼❡r❛✹✵✵✱ ♣r♦❞✉❦♦✇❛♥❡ ✇t❡❞② ✇ P♦❧s❝❡✳ ▲♦❣❧❛♥
✇②♣r③❡❞③✐➟ ❥➛③②❦✐ ❈✰✰✱ ❏❛✈❛✱ ❡t❝✳ ✐ ♥❛❞❛❧ ❥❡ ✇②♣r③❡✲
❞③❛✳ Pr③❡❦♦♥❛s③ s✐➛ ♦ t②♠ ❝③②t❛❥→❝ ♠✳✐♥✳ ♦ ❜❡③♣✐❡❝③✲
♥❡❥ ❞❡❛❧♦❦❛❝❥✐ ♦❜✐❡❦tó✇ ❦❧❛s✱ ♦ ✇s♣ó➟♣r♦❣r❛♠❛❝❤✱ ♦
♦❜✐❡❦t❛❝❤ ♣r♦❝❡só✇ ✐ ♣r♦t♦❦♦❧❡ ❛❧✐❡♥ ❝❛❧❧ ✇s♣ó➟♣r❛❝②
♣♦♠✐➛❞③② ♦❜✐❡❦t❛♠✐ ❦❧❛s r♦③♣r♦s③♦♥②♠✐ ✇ s✐❡❝✐ ❦♦♠✲
♣✉t❡r♦✇❡❥✱ ✐ ✐♥✳✳

❲ ♣r❛❝❛❝❤ ♥❛❞ ❥➛③②❦✐❡♠ ▲♦❣❧❛♥ ❜r❛❧✐ ✉❞③✐❛➟✿ ♣r♦❢✳
❆♥t♦♥✐ ❑r❡❝③♠❛r✱ ❞r ❲✐❡s➟❛✇❛ ❇❛rt♦❧✱ ♣r♦❢✳ ❍❛♥♥❛
❖❦t❛❜❛✱ ♣r♦❢✳ ❚♦♠❛s③ ▼ü❧❞♥❡r✭❆❝❛❞✐❛ ❯♥✐✈❡rs✐t②✮✱
❞r ▼❛r❡❦ ▲❛♦✱ ❆♥❞r③❡❥ ❙❛❧✇✐❝❦✐ ✐ ✐♥✳
❑♦♠♣✐❧❛t♦r ▲♦❣❧❛♥✉ ♣♦✇st❛➟ ❞③✐➛❦✐ ✉s✐❧♥❡❥ ♣r❛❝② ③❡✲
s♣♦➟✉ ❦✐❡r♦✇❛♥❡❣♦ ♣r③❡③ ❆♥t♦♥✐❡❣♦ ❑r❡❝③♠❛r❛✿ ❞r
❉❛♥✉t② ❙③❝③❡♣❛➠s❦✐❡❥✲❲❛s❡rs③tr✉♠✱ ❞r ❆♥❞r③❡❥❛ ▲✐✲
t✇✐♥✐✉❦❛✱ ❲♦❥t❦❛ ◆②❦♦✇s❦✐❡❣♦✱ ▼❛r❦❛ ▲❛♦✱ ♣r♦❢✳ P❛✇➟❛
●❜✉r③②➠s❦✐❡❣♦ ✭❯♥✐✈❡rs✐t② ♦❢ ❆❧❜❡rt❛✮✳
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❉✇✉❦r♦t♥✐❡ ✇②♠✐❡♥✐❧✐➧♠② ❆♥t❦❛ ❑r❡❝③♠❛r❛ ✭✶✾✹✺ ✕
✶✾✾✻✮✳ ❇❡③ ♥✐❡❣♦ ♥✐❡ ♦s✐→❣♥➛❧✐❜②➧♠② ♥✐❝③❡❣♦✳ ❏❡st
♦♥ ♣♦st❛❝✐→ ♥✐❡❞♦❝❡♥✐♦♥→ ❛ ❜❛r❞③♦ ✇❛➺♥→ ❞❧❛ ♣♦❧✲
s❦✐❡❥ ✐♥❢♦r♠❛t②❦✐✳ ❲❝✐→➺ ♥✐❡ ♠♦➺❡♠② ♣r③❡❜♦❧❡➣ ❥❡❣♦
♣r③❡❞✇❝③❡s♥❡❥ ➧♠✐❡r❝✐✳
Pr❛❣♥✐❡♠② ♣♦❞❦r❡➧❧✐➣ r♦❧➛ ❥❛❦→ ✇ ♣r♦❥❡❦❝✐❡ ▲♦❣❧❛♥
♦❞❡❣r❛➟ ♣r♦❢✳ ❆♥❞r③❡❥ ❏❛♥✐❝❦✐✳ ❖❞ ♣♦❝③→t❦✉ ✉✇✐❡✲
r③②➟✱ ➺❡ ♣♦tr❛✜♠② ♦s✐→❣♥→➣ ♣♦st❛✇✐♦♥❡ ❝❡❧❡✳ ❉♦♣r♦✲
✇❛❞③✐➟ ❞♦ ③❛✇❛r❝✐❛ ✉♠♦✇② ♣♦♠✐➛❞③② ❩❥❡❞♥♦❝③❡♥✐❡♠
✑▼❊❘❆✏✱ ♣r♦❞✉❝❡♥t❡♠ ❦♦♠♣✉t❡ró✇ ▼❡r❛ ✹✵✵ ✐ ■♥✲
st②t✉t❡♠ ■♥❢♦r♠❛t②❦✐ ❯❲✱ ❝③②❧✐ ✉❞③✐❡❧✐➟ ♥❛♠ ❣r❛♥t✉
♥❛ ❜❛❞❛♥✐❛ ✭✶✾✼✽✲✶✾✽✷✮✳

❲❦➟❛❞ ❞♦❦t♦r❛♥tó✇✳ ❲✐❡❧❡ ♣r♦❜❧❡♠ó✇ ③❛✐♥s♣✐r♦✲
✇❛♥②❝❤ ♣r③❡③ ▲♦❣❧❛♥ ③♥❛❧❛③➟♦ r♦③✇✐→③❛♥✐❡ ✇ r♦③♣r❛✲
✇❛❝❤ ❞♦❦t♦rs❦✐❝❤✿
❉❛♥✉t❛ ❙③❝③❡♣❛➠s❦❛ ✲ s②st❡♠ ③❣➟❛s③❛♥✐❛ ✇②❥→t❦ó✇ ✐
s②❣♥❛➟ó✇ ♦r❛③ ✐❝❤ ♦❜s➟✉❣✐ ✭✇❞r♦➺❡♥✐❡ ✇ ✶✾✽✷✱ ❞♦❦t♦✲
r❛t ✶✾✾✵✮✱
P❛✇❡➟ ●❜✉r③②➠s❦✐ ✲ ❙②st❡♠ ❛✉t♦♠❛t②❝③♥❡❣♦ ❞♦✇♦✲
❞③❡♥✐❛ t✇✐❡r❞③❡➠ r❛❝❤✉♥❦✉ ♣r❡❞②❦❛tó✇ ✭③r❡❛❧✐③♦✇❛♥②
✇ ▲♦❣❧❛♥✐❡ ✶✾✽✷✮✱
❍❛♥♥❛ ❖❦t❛❜❛ ✲ ❛❧❣♦r②t♠✐❝③♥❛ t❡♦r✐❛ r❡❢❡r❡♥❝❥✐ ♦r❛③
t❡♦r✐❛ s②st❡♠✉ ❜❡③♣❡❝③♥❡❣♦ ③❛r③→❞③❛♥✐❛ ♦❜✐❡❦t❛♠✐
✭✶✾✽✷✮✱
❆♥❞r③❡❥ ❙③❛➟❛s ✲ ③❜❛❞❛♥✐❡ ♥❛ ✐❧❡ ▲♦❣❧❛♥ ♠♦➺❡ ❜②➣ st♦✲
s♦✇❛♥② ❥❛❦♦ ❥➛③②❦ t✇♦r③❡♥✐❛ s②st❡♠ó✇ ❝③❛s✉ r③❡❝③②✲
✇✐st❡❣♦✱♣r♦♣♦③②❝❥❡ ❦♦♥str✉❦❝❥✐ ❥➛③②❦♦✇②❝❤ r♦③s③❡r③❛✲
❥→❝②❝❤ ▲♦❣❧❛♥ ✐ ③❜❛❞❛♥②❝❤ ❡❦s♣❡r②♠❡♥t❛❧♥✐❡✳ P♦✲
❞❛♥❡ ③♦st❛➟② t❡➺ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛ ❞❧❛ t②❝❤ ❦♦♥✲
str✉❦❝❥✐ ✭✶✾✽✽✮✳
❲✐❡s➟❛✇❛ ▼✳ ❇❛rt♦❧ ✲ ③❜❛❞❛➟❛ ✇➟❛s♥♦➧❝✐ s②st❡♠✉ ✇s♣ó➟✲
♣r♦❣r❛♠ó✇ ✭✶✾✽✹✮✱
❯✇❡ P❡t❡r♠❛♥♥ ✲ ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛ ③ ♦♣❡r❛❝❥❛♠✐
❝③➛➧❝✐♦✇②♠✐✱ ❦♦♥❝❡♣❝❥❛ ❦♦♠✉♥✐❦❛❝❥✐ ♣r♦❝❡só✇ ♣r③❡③
♣r③❡r✇❛♥✐❛ ✭✶✾✽✽✮✱
❖s❦❛r ➅✇✐❞❛ ✲ ✇✐❡❧♦♣r♦❝❡s♦r♦✇②✱ r♦③♣r♦s③♦♥②✱ ✇✐rt✉✲
❛❧♥② ♣r♦❝❡s♦r ❧♦❣❧❛♥♦✇s❦✐ ❱▲P ✐ ➧r♦❞♦✇✐s❦♦ ✭✶✾✾✻✮✱❬❙✇✐✵✷❪
▼❛r❡❦ ❲❛r♣❡❝❤♦✇s❦✐ ✲ ❛❧❣♦r②t♠② ✇②③♥❛❝③❛♥✐❛ ❜❡③✲
♣♦➧r❡❞♥✐❡❥ s✉♣❡r❦❧❛s② ✇ ❏❛✈✐❡ ✐ ❥➛③②❦❛❝❤ ♣♦❞♦❜♥②❝❤✱
❆♥❞r③❡❥ ❩❛❞r♦➺♥② ✲ ✇➟♦➺②➟ ✇✐❡❧❡ ♣r❛❝② ✇ st✇♦r③❡✲
♥✐❡ ➧r♦❞♦✇✐s❦❛ ❞❧❛ r❡♣♦③②t♦r✐✉♠ ❧❡♠✶✷✳✉❦s✇✳❡❞✉✳♣❧
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✐ r❡♣♦③②t♦r✐✉♠ ➵ró❞❡➟ ❦♦♠♣✐❧❛t♦r❛ ▲♦❣❧❛♥✬✽✷ ♥❛ str♦✲
♥❛❝❤ s♦✉r❝❡❢♦r❣❡✳♥❡t✳
❚❛ ❧✐st❛ ♥✐❡ ❥❡st ♣❡➟♥❛✳

❲❦➟❛❞ st✉❞❡♥tó✇✳ ▲♦❣❧❛♥ ♣r③②❝✐→❣❛➟ ③❛✐♥t❡r❡s♦✲
✇❛♥✐❡ st✉❞❡♥tó✇✳ ❲✐❡❧✉ ③ ♥✐❝❤ ✇♥✐♦s➟♦ ✇❦➟❛❞ ✇
❥❡❣♦ ❞❛❧s③② r♦③✇ó❥✳ ◆❛ ♣✐❡r✇s③②♠ ♠✐❡❥s❝✉ ❝❤❝❡♠②
✇②♠✐❡♥✐➣ ❇♦❧❦❛ ❈✐❡s✐❡❧s❦✐❡❣♦ ✭✶✾✽✽✮ ✕ ✇②♠②➧❧✐➟ ♦❞
♥♦✇❛ ❦♦♥❝❡♣❝❥➛ ♣r♦❝❡só✇ ✐ ✐❝❤ ♦❜✐❡❦tó✇✱ ❛ ♣r③❡❞❡
✇s③②st❦✐♠ ✇②♠②➧❧✐➟ ♣r♦t♦❦ó➟ ✇s♣ó➟♣r❛❝② ♣♦♠✐➛❞③②
♦❜✐❡❦t❛♠✐ ♣r♦❝❡só✇ ③♥❛♥② ❥❛❦♦ ✑♦❜❝❡ ✇♦➟❛♥✐❡✏ ♠❡✲
t♦❞ ♦❜✐❡❦t✉ ❛❦t②✇♥❡❣♦ ✭❛♥❣✳ ❛❧✐❡♥ ❝❛❧❧✮✳
❙t✉❞❡♥❝✐ ▼✳ ❇❡♥❦❡ ✐ ●✳ ●r✉❞③✐➠s❦✐ ♣r③❡♥✐❡➧❧✐ ❦♦♠✲
♣✐❧❛t♦r ▲♦❣❧❛♥✉ ♥❛ ❦♦♠♣✉t❡r② P❈✳ P❛✇❡➟ ❙✉s✐❝❦✐ ③❛✲
✐♥st❛❧♦✇❛➟ ❦♦♠♣✐❧❛t♦r ▲♦❣❧❛♥✉ ♥❛ ♠❛s③②♥❛❝❤ ❯♥✐①♦✲
✇②❝❤✱ ♣♦➵♥✐❡❥ ▲✐♥✉①♦✇②❝❤✳
❲♦❥t❡❦ ◆②❦♦✇s❦✐ ♥❛♣✐s❛➟ ♣❛rs❡r ❞♦ ❦♦♠♣✐❧❛t♦r❛ ▲♦✲
❣❧❛♥✉ ✭✶✾✽✶✮✳
❚❡r❡s❛ Pr③②t②❝❦❛ ✭❞③✐➧ s❡♥✐♦r r❡s❡❛r❝❤❡r ✐♥ ◆■❍✮ ❞♦✲
❞❛➟❛ ❞♦ ▲♦❣❧❛♥✉ ❞❡❜✉❣❣❡r ✭✶✾✽✹✮✳
P❛✇❡➟ ❙✉s✐❝❦✐ ♣r③❡♥✐ós➟ ❦♦♠♣✐❧❛t♦r ▲♦❣❧❛♥✉ ❞♦ s②s✲
t❡♠✉ ❯♥✐① ✭✶✾✾✶✳
❙❡❜❛st✐❡♥ ❇❡r♥❛r❞ ✭❯♥✐✈❡rs✐t❡ ❞❡ P❛✉ ✶✾✾✷✮ ♣r③❡✲
♥✐ós➟ ▲♦❣❧❛♥ ♥❛ ❦♦♠♣✉t❡r② ❆t❛r✐✱
❋r❡❞❡r✐❝ P❛t❛✉❞ ✭❯♥✐✈❡rs✐t❡ ❞❡ P❛✉ ✶✾✾✺✮ ♣r③❡♥✐ós➟
▲♦❣❧❛♥ ❞♦ ➧r♦❞♦✇✐s❦❛ ❲✐♥❞♦✇s✾✺ ♥❛ ♠❛s③②♥② ✸✷ ❜✐✲
t♦✇❡✱ ✶✾✾✺✳
❑❛♠✐❧ ❇✉r③②➠s❦✐ ✭✷✵✶✹✮ ♣r③❡♥✐ós➟ ➧r♦❞♦✇✐s❦♦ ❱▲P
♥❛ ♣❧❛t❢♦r♠➛ ❲✐♥❞♦✇s ❳P ✐ ✼✳
◆❛❧❡➺② ✇s♣♦♠♥✐❡❝ ♦ ❆✳ ❆❞❛♠s❦✐♠✱ P✳ ❋✐❧✐♣❦♦✇s❦✐♠✱
❆✳ ❈❤✇❡❞♦r✉❦✉✱ ❏✳ ▲❛rr✐❡✉✱ ❘✳ ❇❡❝♦✉rt ✐ ✇✐❡❧✉ ✐♥✲
♥②❝❤✳✳ ◆✐❡ ✇②♠✐❡♥✐❧✐➧♠② t✉ ✇s③②st❦✐❝❤✱ ❦tór③② ♣r③②✲
❝③②♥✐❧✐ s✐➛ ❞♦ r♦③✇♦❥✉ ▲♦❣❧❛♥✉✳

❲s♣ó➟♣r❛❝❛ ♠✐➛❞③②♥❛r♦❞♦✇❛✳ ❇❛r❞③♦ ✇✐❡❧❡ ③❛✇❞③✐➛✲
❝③❛♠② ♣r♦❢❡s♦r♦✇✐ ❍❛♥s♦✇✐ ▲❛♥❣♠❛❛❝❦♦✇✐ ✭■♥st✐t✉t
❢ür ■♥❢♦r♠❛t✐❦✱ ❯♥✐✈❡rs✐tät ③✉ ❑✐❡❧✮✿ ③❛✉✇❛➺②➟ ♦♥ ✐
♣♦♠ó❣➟ ♣♦♣r❛✇✐➣ ♥✐❡♣r❛✇✐❞➟♦✇♦➧➣ ✇ s❡♠❛♥t②❝❡ ✇✐❡❧✲
❦♦➧❝✐ ♥✐❡❧♦❦❛❧♥②❝❤✱ ♣♦♠ó❣➟ ✇ ✐♥st❛❧❛❝❥✐ ▲♦❣❧❛♥✉ ♥❛
♠✳❝✳ ❙✐❡♠❡♥s ✭♦❞♣♦✇✐❡❞♥✐❦ ♠❛✐♥❢r❛♠❡✬❛ ■❇▼✮✱
❞r ●✐❛♥♥❛ ❈✐♦♥✐ ✭■❆❙■ ❈◆❘ ❘♦♠❛✮ ✲ ❦✐❡r♦✇❛➟❛ ❣r✉♣→
♣r③❡♥♦s③→❝→ ❦♦♠♣✐❧❛t♦r ▲♦❣❧❛♥✉ ♥❛ ❦♦♠♣✉t❡r② ❱❆❳✴❱▼❙✳
♣r♦❢✳ ●✐♦r❣✐♦ ❆✉s✐❡❧❧♦ ✭❯♥✐✈❡rs✐t❛ ✏▲❛ ❙❛♣✐❡♥③❛✑ ❘♦♠❛✮
✲ ✐♥s♣✐r❛t♦r ✇s♣ó➟♣r❛❝② ✇➟♦s❦♦✲♣♦❧s❦✐❡❥✱

①①✐



Pr❛❣♥✐❡♠② t❡➺ ♣♦❞③✐➛❦♦✇❛➣ ❦♦❧❡❣♦♠ ✇ ✐♥♥②❝❤ ✉❝③❡❧✲
♥✐❛❝❤✿ ❚ü❜✐♥❣❡♥✱ ❇♦r❞❡❛✉①✱ ❈❛❡♥✳

❑s✐→➺❦❛✱ ❦tór→ ❈✐ ♦❞❞❛❥❡♠②✱ st❛♥♦✇✐ ✇❦➟❛❞ ✇ ❦♦✲
❧❡❥♥② ♣r♦❥❡❦t ❜❛❞❛✇❝③② ❙♣❡❝❱❡r✱ ③♦❜❛❝③ ✇✐➛❝❡❥ ♥❛
t❡♥ t❡♠❛t ✇ r❡♣♦③②t♦r✐✉♠ ❤tt♣✿✴✴❧❡♠✶✷✳✉❦s✇✳❡❞✉✳♣❧✴✇✐❦✐✴❙♣❡❝❱❡r✳

❶✇✐❝③❡♥✐❛✳

✶✳✶✳ ◆❛♣✐s③ ♦❞♣♦✇✐❡❞♥✐ ❛❧❣♦r②t♠ r❡❛❧✐③✉❥→❝② ♣♦❧❡✲
❝❡♥✐❡✿ ✇❡➵ ♥❛st➛♣♥→ ❝③✇ór❦➛ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤✳
❲s❦❛③ó✇❦❛✳ ❑❛➺❞❛ ♣❛r❛ 〈i, j]rangle ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤
♦tr③②♠✉❥❡ s✇ó❥ ✉♥✐❦❛❧♥② ♥✉♠❡r ✇ ♥✐❡s❦♦➠❝③♦♥❡❥ t❛✲
❜❧✐❝②

✶ ✸ ✺ ✼ ✾ ✶✶ ✶✸ ✶✺ ✶✼ ✶✾ ✷✶ ✳ ✳ ✳
✷ ✻ ✶✵ ✶✹ ✶✽ ✷✷ ✷✻ ✸✵ ✸✹ ✸✽ ✹✷ ✳ ✳ ✳
✹ ✶✷ ✷✵ ✷✽ ✸✻ ✹✹ ✺✷ ✻✵ ✻✽ ✼✻ ✽✹ ✳ ✳ ✳
✽ ✷✹ ✹✵ ✺✻ ✳ ✳ ✳ ✳ ✳ ✳
✶✻ ✹✽ ✽✵ ✶✶✷ ✳ ✳ ✳ ✳ ✳ ✳
✸✷ ✾✻ ✶✻✵ ✳ ✳ ✳ ✳ ✳ ✳
✻✹ ✶✾✷ ✸✷✵ ✳ ✳ ✳ ✳ ✳ ✳
✶✷✽ ✳ ✳ ✳ ✳ ✳ ✳

①①✐✐



❚❡st✳

Pr③❡❝③②t❛❥ ♣♦♥✐➺s③② ♣r♦❣r❛♠ ✐ ♦❞♣♦✇✐❡❞③ ♥❛ ❞✇❛
♣②t❛♥✐❛✳
✶➦ ❈③② ♣r♦❣r❛♠ ③❛❦♦➠❝③② ♦❜❧✐❝③❡♥✐❡❄ ❈③② ♣♦✲
tr❛✜s③ ♦♣✐s❛➣ ❝♦ ❥❡st ✇②♥✐❦✐❡♠ t❡❣♦ ♣r♦❣r❛♠✉❄
❲str③②♠❛❥ s✐➛ ③ ✇②❦♦♥❛♥✐❡♠ ♣r♦❣r❛♠✉ t❛❦ ❞➟✉❣♦
❥❛❦ ♣♦tr❛✜s③✦
✷➦ ❈③② ♣♦tr❛✜s③ ♣♦❞❛➣ ❛r❣✉♠❡♥t② ✭♣r③❡❦♦♥❛➣✮✱ ➺❡
tr❛❢♥✐❡ ♦❞❣❛❞➟❡➧❄

♣r♦❣r❛♠ P❛✇❡❧●✿
✈❛r ❆✿ ❛rr❛②♦❢ ✐♥t❡❣❡r❀
✈❛r ♥✱✐✱ ❦✿ ✐♥t❡❣❡r ❀
✉♥✐t ❉r✉❦✉❥❆✿ ♣r♦❝❡❞✉r❡❀

✈❛r ❥✿ ✐♥t❡❣❡r
❜❡❣✐♥

❢♦r ❥✿❂❧ t♦ ✉ ❞♦ ✇r✐t❡✭ ❆✭❥✮✮ ♦❞❀
✇r✐t❡❧♥

❡♥❞ ❉r✉❦✉❥❆❀
✉♥✐t ❋✿ ♣r♦❝❡❞✉r❡❀

✈❛r ✐✿ ✐♥t❡❣❡r❀
❜❡❣✐♥

✐❢ ❦❂✉✰✶ t❤❡♥

❝❛❧❧ ❉r✉❦✉❥❆
❡❧s❡

❢♦r ✐✿❂ ❧ t♦ ✉
❞♦

✐❢ ❆✭✐✮❂✵ t❤❡♥

❆✭✐✮ ✿❂ ❦❀ ❦ ✿❂ ❦✰✶❀
❝❛❧❧ ❋❀
❦ ✿❂ ❦✲✶❀ ❆✭✐✮✿❂✵

✜❀
♦❞❀

✜❀
❡♥❞ ❋❀

❜❡❣✐♥

r❡❛❞❧♥♥❀
❛rr❛② ❆ ❞✐♠✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ❆✭✐✮ ✿❂ ✵ ♦❞❀
❦ ✿❂✶❀
❝❛❧❧ ❋❀
✇r✐t❡❧♥✭✑❈③②t❛❥ ❞❛❧❡❥✏✮

❡♥❞ P❛✇❡❧●❀

❲s♣❛r❝✐❡ t❡❥ ❦s✐→➺❦✐ ♥❛ str♦♥✐❡ ❲❲❲✳ ◆❛ str♦♥✐❡

❤tt♣✿✴✴✳✳✳
①①✐✐✐



③♥❛❥❞③✐❡s③ r♦③✇✐→③❛♥✐❛ ✇②❜r❛♥②❝❤ ③❛❞❛➠✱ ❡rr❛t➛ ❞♦✲
str③❡➺♦♥②❝❤ ❜➟➛❞ó✇✱ ♠❛t❡r✐❛➟② ✉③✉♣❡➟♥✐❛❥→❝❡ ✐ ♣♦✲
♠♦❝♥✐❝③❡ ❡t❝✳

❏❛❦ ③❛✐♥st❛❧♦✇❛➣ ➧r♦❞♦✇✐s❦♦ ❞♦ ♣r❛❝② ③ ▲♦❣❧❛♥❡♠❄
❏❡➧❧✐ ❝❤❝❡s③ ❡❦s♣❡r②♠❡♥t♦✇➣ ✐ t✇♦r③②➣ ✇➟❛s♥❡ ♣r♦✲
❣r❛♠② ✇ ❥➛③②❦✉ ▲♦❣❧❛♥ t♦ ♣♦✇✐♥✐❡♥❡➧ ✇②❦♦♥❛➣ ♥✐❡✲
③❜②t s❦♦♠♣❧✐❦♦✇❛♥→ ✐♥st❛❧❝❥➛✳✻

▲✐♥✉①✳ ❲❡rs❥❛ ❞❧❛ s②st❡♠✉ ♦♣❡r❛❝②❥♥❡❣♦ ▲✐♥✉① ③
r✳ ✷✵✶✼✱ ❥❡st ❞♦st➛♣♥❛ ③❡ str♦♥②

❤tt♣s✿✴✴s♦✉r❝❡❢♦r❣❡✳♥❡t✴♣r♦❥❡❝ts✴❧♦❣❧❛♥✽✷✴
❲②❜✐❡r③ ❉♦✇♥❧♦❛❞ ✐ ♣✐♥❣✇✐♥❛✳

❲✐♥❞♦✇s✳ ■st♥✐❡❥→❝❡ ✇❡rs❥❡ ▲♦❣❧❛♥✉ ❞❧❛ s②st❡♠✉
♦♣❡r❛❝②❥♥❡❣♦ ❲✐♥❞♦✇s ✼ ✐ ❳P ♥✐❡ ③❛❞♦✇❛❧❛❥→ ♥❛s✳
❆❧❡ ❞③✐❛➟❛❥→✳
◆✐❡ ♠❛♠② ♦❢❡rt② ❞❧❛ s②st❡♠✉ ❲✐♥❞♦✇s ✶✵✳
▼❛s③ ❞✇✐❡ ♠♦➺❧✐✇♦➧❝✐✳
✶✮ Pr③❡❝③②t❛❥ ✐♥str✉❦❝❥➛ ❞❧❛ ✐♥st❛❧❛❝❥✐✐ ♥❛ ❲✐♥❞♦✇s✳

❤tt♣✿✴✴❧❡♠✶✷✳✉❦s✇✳❡❞✉✳♣❧✴✐♠❛❣❡s✴✾✴✾❜✴■♥st❛❧✉❥❴▲♦❣❧❛♥❴♥❛✲
❴❲✐♥❞♦✇s✳♣❞❢
✷✮ ❙♣ró❜✉❥ ❦♦♠♣✐❧❛t♦r❛ ✐ ✇②❦♦♥❛✇❝② ♣♦❞♦❜♥❡❣♦ ❞♦
✐♥st❛❧❛❝❥✐ ▲✐♥✉①♦✇❡❥✳
❖❜✐❡ ✇❡rs❥❡ s→ ❞♦st➛♣♥❡ ③❡ str♦♥② s♦✉r❝❡❢♦r❣❡✳♥❡t✳
❤tt♣s✿✴✴s♦✉r❝❡❢♦r❣❡✳♥❡t✴♣r♦❥❡❝ts✴❧♦❣❧❛♥✽✷✴
❲②❜✐❡r③ ❉♦✇♥❧♦❛❞ ✐ ✇✐♥❞♦✇s✳

➍ró❞➟❛✳ ❏❡➧❧✐ ♣♦tr❛✜s③✱ t♦ ♠♦➺❡s③ ❡❦s♣❡r②♠❡♥t♦✲
✇❛➣ ✐♥st❛❧✉❥→❝ ▲♦❣❧❛♥ ✇ ♥♦✇②♠ ➧r♦❞♦✇✐s❦✉✿ ♥♣✳ ♥❛
❘❛s♣❜❡rr② ♣✐ ❧✉❜ ♥❛ ♠❛s③②♥② ❆♣♣❧❡✳
➍ró❞➟❛ s→ ❞♦st➛♣♥❡ ♥❛
❤tt♣s✿✴✴s♦✉r❝❡❢♦r❣❡✳♥❡t✴♣r♦❥❡❝ts✴❧♦❣❧❛♥✽✷✴
❲②❜✐❡r③ ❈♦❞❡✳

✻❲ ♠✐♥✐♦♥②❝❤ tr③②❞③✐❡st✉ ❧❛t❛❝❤ ♣✐➛❝✐♦❦r♦t♥✐❡ ✉❜✐❡❣❛❧✐➧♠②
s✐➛ ♦ ❣r❛♥t✳ ❇❡③ s❦✉t❦✉✳ ❩ ♣♦♠♦❝→ ❦♦❧❡❣ó✇ ✐ st✉❞❡♥tó✇ ✉tr③②✲
♠②✇❛❧✐➧♠② ❦♦♠♣✐❧❛t♦r ✐ ♣r③❡♥♦s✐❧✐➧♠② ♥❛ ♥♦✇s③❡ ♣❧❛t❢♦r♠②✱
♠♥✐❡❥ ✇✐➛❝❡❥ ❞♦ r✳ ✷✵✶✼✳ ❚❡r❛③ ❥✉③ ♥✐❡ ❞❛❥❡♠② r❛❞② ❛❦t✉✲
❛❧✐③♦✇❛➣ s②st❡♠ ❞♦ ✇❝✐→➺ ③♠✐❡♥✐❛❥→❝②❝❤ s✐➛ ♣❧❛t❢♦r♠ ▲✐♥✉① ✐
❲✐♥❞♦✇s✳

①①✐✈



❙♣✐s tr❡➧❝✐

❘♦③❞③✐❛➟ ✶✳ Pr③❡❞♠♦✇❛ ✐✐✐

❘♦③❞③✐❛➟ ✷✳ ❲♣r♦✇❛❞③❡♥✐❡ ✶

❈③➛➧➣ ✶✳ ❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ✶✺

❘♦③❞③✐❛➟ ✸✳ L1 ❲②r❛➺❡♥✐❛ ✶✼
✶✳ Pr③②❦➟❛❞② ♣r♦❣r❛♠ó✇ ✷✷
✷✳ ❚②♣② ♣✐❡r✇♦t♥❡ ✷✷
✸✳ ❙❦➟❛❞♥✐❛ ✇②r❛➺❡➠ ✷✺
✹✳ ❙❡♠❛♥t②❦❛ ✇②r❛➺❡➠ ✸✶
✺✳ ❑♦♠♣✉t❡r K1 ✸✽
✻✳ ❆♥❛❧✐③❛ ✹✵
✼✳ ❆❦s❥♦♠❛t② t②♣ó✇ ♣✐❡r✇♦t♥②❝❤ ✹✵
❶✇✐❝③❡♥✐❛ ✺✵

❘♦③❞③✐❛➟ ✹✳ L2 Pr♦❣r❛♠② ❧✐♥✐♦✇❡ ✺✶
✶✳ Pr③②❦➟❛❞ ♣r♦❣r❛♠✉ ✐ ❥❡❣♦ ♦❜❧✐❝③❡♥✐❛ ✺✶
✷✳ ❙❦➟❛❞♥✐❛ ✺✹
✸✳ ❙❡♠❛♥t②❦❛ ✺✺
✹✳ ❑♦♠♣✉t❡r K2 ✐ ♣♦❥➛❝✐❡ ♦❜❧✐❝③❡♥✐❛ ✺✻
✺✳ Pr❛✇❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ✺✽
✻✳ ❑✐❧❦❛ ♣r③②❦➟❛❞ó✇ ✻✶
✼✳ Pó➟❣r✉♣❛ ♣♦❞st❛✇✐❡➠ ✐ s✐❡❝✐ ✼✵
✽✳ ❈♦ ✇❛rt♦ ③❛♣❛♠✐➛t❛➣❄ ✼✻
❶✇✐❝③❡♥✐❛ ✼✼

❘♦③❞③✐❛➟ ✺✳ L3 Pr♦❣r❛♠② ❡❧❡♠❡♥t❛r♥❡ ✽✶
✶✳ ❙❦➟❛❞♥✐❛ ✽✶
✷✳ ❙❡♠❛♥t②❦❛ ✽✸
✸✳ ❆❜str❛❦❝②❥♥❛ ✇✐rt✉❛❧♥❛ ♠❛s③②♥❛ K3 ✽✹

①①✈



✹✳ ❆❦s❥♦♠❛t② ✽✹
✺✳ ❆♥❛❧✐③❛ ♣r♦❣r❛♠ó✇ ✽✺
✻✳ ❑✇❛♥t②✜❦❛t♦r ♦❣r❛♥✐❝③♦♥② ✾✶
✼✳ ❋✉♥❦❝❥❡ ♣✐❡r✇♦t♥✐❡ r❡❦✉r❡♥❝②❥♥❡ ✾✷
✽✳ P♦❞s✉♠♦✇❛♥✐❡ ✾✹

❘♦③❞③✐❛➟ ✻✳ Pr♦❣r❛♠♦✇❛♥✐❡ ③ t❛❜❧✐❝❛♠✐ ✾✾
✶✳ ❚❛❜❧✐❝❡ ✶✵✵
✷✳ ❙❦➟❛❞♥✐❛ ❥➛③②❦❛ L4 ✶✵✸
✸✳ ❑♦♠♣✉t❡r K4 ✶✵✺
✹✳ ❙❡♠❛♥t②❦❛ ✶✵✾
✺✳ ❚❛❜❧✐❝❡ ❞✇✉✇s❦❛➵♥✐❦♦✇❡✳ ✶✶✵
✻✳ ❘♦③✇✐→③②✇❛♥✐❡ ✉❦➟❛❞✉ ró✇♥❛➠ ✶✶✷
✼✳ ▼♥♦➺❡♥✐❡ ♠❛❝✐❡r③② ✶✶✹
✽✳ ◆❛♠❛✇✐❛♠② ❞♦ ♥♦t❛❝❥✐ ♠❛t❡♠❛t②❝③♥❡❥ ✶✷✺
✾✳ ❖❜✐❡❦t② t❛❜❧✐❝♦✇❡ ✕ P♦❞s✉♠♦✇❛♥✐❡ ✶✷✻
❶✇✐❝③❡♥✐❛ ✶✷✼

❘♦③❞③✐❛➟ ✼✳ L5 Pr♦❣r❛♠♦✇❛♥✐❡ ③ ✇❤✐❧❡ ✶✷✾
✶✳ Pr♦❣r❛♠② ✐t❡r❛❝②❥♥❡ ✶✷✾
✷✳ ❑♦♠♣✉t❡r K5 ✶✸✶
✸✳ ❆❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ✇❤✐❧❡ ✐ r❡❣✉➟❛

✇♥✐♦s❦♦✇❛♥✐❛ ✶✸✶
✹✳ Pr♦❣r❛♠♦✇❛♥✐❡ ③ ✐♥str✉❦❝❥→ ✇❤✐❧❡ ✶✸✷
✺✳ ❲➟❛s♥♦➧❝✐ ✐♥str✉❦❝❥✐ ✇❤✐❧❡ ✶✸✹
✻✳ ❆❧❣♦r②t♠✐❝③♥❡ t❡♦r✐❡ t②♣ó✇ ♣✐❡r✇♦t♥②❝❤ ✶✸✻
✼✳ Pr③②❦➟❛❞② ✶✸✼

❘♦③❞③✐❛➟ ✽✳ ❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ✶✺✶
✶✳ ❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ✶✺✶
✷✳ ❑✐❧❦❛ ♣r③②❦➟❛❞ó✇ ✶✺✻
✸✳ P❡➟♥♦➧➣ ❆▲ ✶✺✻
✹✳ ❆▲ ❞❡✜♥✐✉❥❡ s❡♠❛♥t②❦➛ ♣r♦❣r❛♠ó✇ ✇❤✐❧❡ ✶✺✼
✺✳ ❉❡✜♥✐❝❥❡ ✶✻✷
❶✇✐❝③❡♥✐❛ ✶✻✻

❘♦③❞③✐❛➟ ✾✳ L6 ❇❧♦❦✐ ✶✻✼
✶✳ ❙❦➟❛❞♥✐❛ ✶✻✼
✷✳ ❑♦♠♣✉t❡r K6 ✶✻✾
✸✳ ❙❡♠❛♥t②❦❛ ✶✼✹
✹✳ ❚❡♦r✐❛ T6 ✶✼✼

❘♦③❞③✐❛➟ ✶✵✳ L8 ❋✉♥❦❝❥❡ ✶✼✾
①①✈✐



✶✳ ♣r③②❦➟❛❞② ✶✽✶
✷✳ ◆✐❡✐st♦t♥♦➧➣ ❞❡✜♥✐❝❥✐ ✶✽✷
✸✳ ❋✉♥❦❝❥♦♥❛➟② ✶✽✺
❶✇✐❝③❡♥✐❛ ✶✽✺

❘♦③❞③✐❛➟ ✶✶✳ L7 Pr♦❝❡❞✉r② ✶✽✼
✶✳ Pr③②❦➟❛❞② ♣r♦❝❡❞✉r ✶✽✽
✷✳ ❙❦➟❛❞♥✐❛ ✶✾✸
✸✳ ❑♦♠♣✉t❡r K7 ✶✾✹
✹✳ ❙❡♠❛♥t②❦❛ ✶✾✺
✺✳ ❉♦✇ó❞ ♣r♦❣r❛♠✉ P❛✇❡❧● ✷✵✹

❘♦③❞③✐❛➟ ✶✷✳ Le ❙②❣♥❛➟② ✐ ✐❝❤ ♦❜s➟✉❣❛ ✷✶✼
✶✳ ❙❦➟❛❞♥✐❛ ✷✷✷
✷✳ ❙❡♠❛♥t②❦❛ ✷✷✹
✸✳ Pr③②❦➟❛❞② ✷✸✵
✹✳ P♦r❛❞② ✐ ✇♥✐♦s❦✐ ✷✸✵

❈③➛➧➣ ✷✳ Pr♦❣r❛♠✉❥ ③ ❦❧❛s→
❧✉❜
♣r♦❣r❛♠♦✇❛♥✐❡ ♦❜✐❡❦t♦✇❡ ✷✸✸

❘♦③❞③✐❛➟ ✶✸✳ ❑❧❛s② ✐ ♦❜✐❡❦t② L7 ✷✸✺
✶✳ ❑❧❛s❛ ✷✸✺
✷✳ ❖❜✐❡❦t② ✷✸✼
✸✳ ❙❝❡♥❛r✐✉s③ ♦❜✐❡❦t✉ ✷✹✶
✹✳ ❑❧❛s② ♠♦❣→ ❜②➣ ③❛❣♥✐❡➺❞➺❛♥❡ ✷✹✹
✺✳ ❯✇❛❣✐ ♦ ♦❞➧♠✐❡❝❛♥✐✉ ✐ ❞❡❢r❛❣♠❡♥t❛❝❥✐ ✷✹✹
❑❧❛s❛ ●❛✉ss❈ ✕ ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤ ❝❛➟❦♦✇✐t②❝❤ ✷✹✺
✻✳ ▼♥♦➺❡♥✐❡ ♠❛❝✐❡r③② ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤ ✷✹✻
✼✳ ❑❧❛s❛ ❣❡♦♠❡tr✐❛ ❈②r❦❧❛ ✐ ▲✐♥✐❥❦✐ ✷✹✼
✽✳ ❑♦❧❡❥❦✐ ✷✹✾
✾✳ ●❞② tr③❡❜❛ ③❛❞❡❦❧❛r♦✇❛➣ ❢✉♥❦❝❥➛ f ❥❛❦♦

✇②♥✐❦ ✐♥♥❡❥ ❢✉♥❦❝❥✐ h ✷✺✹
✶✵✳ ●s♦rt ✷✺✹
✶✶✳ ❑♦♠♣✉t❡r K7 ✷✺✺
❶✇✐❝③❡♥✐❛ ✷✺✻

❘♦③❞③✐❛➟ ✶✹✳ ❉③✐❡❞③✐❝③❡♥✐❡ ❛❧❜♦ r♦③s③❡r③❛♥✐❡
❦❧❛s L8✳ ✷✺✼

✶✳ ❘❡❣✉➟❛ ❦♦♥❦❛t❡♥❛❝❥✐ ✷✺✼
✷✳ ❘♦③s③❡r③❛♥✐❡ ✐♥♥②❝❤ ♠♦❞✉➟ó✇ ✷✻✼
❖❜✐❡t♥✐❝❡ ✷✻✼

①①✈✐✐



✸✳ Pr♦t♦❦♦➟② ❝❛❧❧ ✐ ♥❡✇ ✷✻✽
✹✳ ❙t❛t②❝③♥❛ str✉❦t✉r❛ ♣r♦❣r❛♠✉ ✷✻✾
✺✳ ❉②♥❛♠✐❝③♥❛ str✉❦t✉r❛ ✷✼✵
❶✇✐❝③❡♥✐❛ ✷✼✶

❈③➛➧➣ ✸✳ ❚❡♦r✐❡ ❛❧❣♦r②t♠✐❝③♥❡
♥✐❡❦tór②❝❤
str✉❦t✉r ❞❛♥②❝❤ ✷✼✸

❘♦③❞③✐❛➟ ✶✺✳ ❲♣r♦✇❛❞③❡♥✐❡ ✷✼✺
▼♦t②✇❛❝❥❡ ✷✼✺
❉❧❛❝③❡❣♦ t❛❦✐ t②t✉➟❄ ✷✼✺
❈♦ t✉ ③♥❛❥❞➛❄ ✷✼✻
❙tr✉❦t✉r② ♥✐❡s❦♦➠❝③♦♥❡ ❞❡✜♥✐♦✇❛♥❡ ♣r③❡③

❦❧❛s② ✷✼✻

❘♦③❞③✐❛➟ ✶✻✳ ❙t♦s② ✷✼✾
✶✳ ❙♣❡❝②✜❦❛❝❥❛ st♦só✇ ✷✼✾
✷✳ ■♠♣❧❡♠❡♥t❛❝❥❡ st♦só✇ ✷✽✼
✸✳ ❆❜str❛❦❝②❥♥❛ ❦❧❛s❛ st♦s② ③ ❦♦♥❦r❡t♥→ ❦❧❛s→

▼❊❧❡♠ ✷✾✶
✹✳ Pr③②❦➟❛❞ ❞♦✇♦❞✉ ♣r♦❣r❛♠✉ ♥❛ st♦s✐➛ ✷✾✷
❶✇✐❝③❡♥✐❛ ✷✾✸

❘♦③❞③✐❛➟ ✶✼✳ ❑♦❧❡❥❦✐ ❋■❋❖ ✷✾✺
❶✇✐❝③❡♥✐❛ ✷✾✽

❘♦③❞③✐❛➟ ✶✽✳ ❩❜✐♦r② s❦♦➠❝③♦♥❡ ❝③②❧✐ ❦♦♥t❡♥❡r② ✷✾✾
✶✳ ❙♣❡❝②✜❦❛❝❥❛ ❦♦♥t❡♥❡ró✇ ✷✾✾
✷✳ ❉❡✜♥✐❝❥❛ ✐♥str✉❝❥✐ ❢♦r❛❧❧ ✸✵✷
❶✇✐❝③❡♥✐❛ ✸✵✹

❘♦③❞③✐❛➟ ✶✾✳ ❩❛r③→❞③❛♥✐❡ st❡rt→ ♦❜✐❡❦tó✇ ✸✵✺
✶✳ ❙♣❡❝②✜❦❛❝❥❛ ✸✵✽
✷✳ ▼♦❞❡❧ ❆❑ ✸✶✸
✸✳ P♦ró✇♥❛♥✐❛ ✐ ③❛st♦s♦✇❛♥✐❛ ✸✶✺
❶✇✐❝③❡♥✐❛ ✸✶✼

❘♦③❞③✐❛➟ ✷✵✳ ❑♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡ ✸✶✾
✶✳ P♦❥➛❝✐❡ ❦♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡❥ ✸✶✾
✷✳ ◆✐❡s♣r③❡❝③♥♦➧➣✱ t✇✳ ♦ r❡♣r❡③❡♥t❛❝❥✐✱

♠♦❞❡❧❡ ✸✷✵
✸✳ ❩❛st♦s♦✇❛♥✐❛ ✸✷✶
❶✇✐❝③❡♥✐❛ ✸✷✶

①①✈✐✐✐



❘♦③❞③✐❛➟ ✷✶✳ ❉r③❡✇❛ ❇❙❚ ✸✷✸
✶✳ ❙tr✉❦t✉r❛ ❞r③❡✇ ❇❙❚❄ ✸✷✸
✷✳ ▼♦❞❡❧❡✳ ❚✇✳ ♦ ♥✐❡s♣r③❡❝③♥♦➧❝✐ ✸✷✻
✸✳ ❘♦③s③❡r③❡♥✐❡ str✉❦t✉r② ❇❙❚ ✸✷✽
✹✳ ■♠♣❧❡♠❡♥t❛❝❥❛ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ✸✸✸

❘♦③❞③✐❛➟ ✷✷✳ ❑♦♣❝❡ ✸✸✾
✶✳ ❉❡✜♥✐❝❥❛ ✸✸✾
✷✳ ❍❡❛♣s♦rt ✲ s♦rt♦✇❛♥✐❡ ✇ ❦♦♣❝✉ ✸✹✶
✸✳ ❈③② t♦ ❥❡st ❦♦❧❡❥❦❛ ♣r✐♦r②t❡t♦✇❛❄ ✸✹✼

❘♦③❞③✐❛➟ ✷✸✳ ❩❜✐♦r② ♥✐❡s❦♦➠❝③♦♥❡ ✸✻✾

❈③➛➧➣ ✹✳ Pr♦❣r❛♠♦✇❛♥✐❡ ③ ❛❣❡♥t❛♠✐ ✸✼✶

❘♦③❞③✐❛➟ ✷✹✳ L9 ❲s♣ó➟♣r♦❣r❛♠② ✸✼✸
✶✳ ▼♦❞✉➟② ✐ ♦❜✐❡❦t② ✇s♣ó➟♣r♦❣r❛♠ó✇ ✸✼✸
✷✳ Pr♦❞✉❝❡♥t ✐ ❦♦♥s✉♠❡♥t ✸✽✸
✸✳ ■♥str✉❦❝❥❛ ❞❡t❛❝❤ ✸✽✼
✹✳ ▲✐❝③♥✐❦ ✲ ❞②♥❛♠✐❝③♥❛ t❛❜❧✐❝❛ ♦❜✐❡❦tó✇

✇s♣ó➟♣r♦❣r❛♠✉✳ ✸✽✾
✺✳ ❙❝❛❧❛♥✐❡ ❞r③❡✇ ❇❙❚ ✕ ➟❛➠❝✉❝❤ ❞②♥❛♠✐❝③♥②✸✾✵
✻✳ ❛tt❛❝❤ ③❛st➛♣✉❥❡ ❝❛❧❧ ✸✾✷
✼✳ ❲✐❡➺❡ ❍❛♥♦✐ ✸✾✻
✽✳ ❚r❡❡❣❡♥ ✹✵✶
✾✳ Pr③❡s③✉❦✐✇❛♥✐❡ ③ ♥❛✇r♦t❛♠✐ ✹✶✶
✶✵✳ ❙②♠✉❧❛❝❥❛✳ ✹✶✽
✶✶✳ P♦♣r❛✇♥♦➧➣ ❦❧❛s② ❙✐♠✉❧❛t✐♦♥ ✹✶✽
✶✷✳ ❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❙✐♠✉❧❛t✐♦♥ ❝❧❛ss ✹✷✵

❘♦③❞③✐❛➟ ✷✺✳ L10 Pr♦❝❡s② ✹✸✶
✶✳ Pr♦❣r❛♠♦✇❛♥✐❡ ✇s♣ó➟❜✐❡➺♥❡ ✐ r♦③♣r♦s③♦♥❡ ✹✸✶
✷✳ ❙❦➟❛❞♥✐❛ ✐ s❡♠❛♥t②❦❛ ✹✸✻
✸✳ Pr♦❣r❛♠ ❘♦③♠♦✇❛ ✹✹✶
✹✳ Pr♦❞✉❝❡♥❝✐ ✐ ❦♦♥s✉♠❡♥❝✐ ✹✹✻
✺✳ ❈③②t❡❧♥✐❝② ✐ ♣✐s❛r③❡ ✹✺✸
✻✳ ❲s♣ó➟♣r❛❝❛ ③ ❜❛③→ ❞❛♥②❝❤ ✹✻✷
✼✳ ❘♦③♠❛✐t❡ ♠♦❞❡❧❡ ♦❜❧✐❝③❡➠ ✹✻✻
❶✇✐❝③❡♥✐❛ ✹✼✶

❉♦❞❛t❡❦ ✕ ❇➟➛❞② ❝③❛s✉ ✇②❦♦♥❛♥✐❛ ✹✼✸

❇✐❜❧✐♦❣r❛✜❛ ✹✼✸

❉♦❞❛t❡❦✳ ❇✐❜❧✐♦❣r❛✜❛ ✹✼✸
①①✐①



■♥❞❡① ✹✼✼

❉♦❞❛t❡❦✳ ■♥❞❡❦s ✹✼✼

①①①



❘❖❩❉❩■❆➟ ✷

❲♣r♦✇❛❞③❡♥✐❡

❈❡❧❡✳ ❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ AL ❥❡st r♦③✇✐❥❛♥② ♦❞
♣✐➛➣❞③✐❡s✐➛❝✐✉ ❧❛t ③ ♦❦➟❛❞❡♠✳ ◆❛s③②♠ ③❛♠✐❡r③❡♥✐❡♠
❜②➟♦ st✇♦r③❡♥✐❡ ♥❛r③➛❞③✐ ✉➺②t❡❝③♥②❝❤ ✇ ♣r❛❝❛❝❤ ♥❛❞✿

✶➦ t✇♦r③❡♥✐❡♠ s♣❡❝②✜❦❛❝❥✐ t❥✳ ✇②♠❛❣❛➠✱
✷➦ ❜✉❞♦✇❛♥✐❡♠ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✐♠♣❧❡♠❡♥t✉❥→✲
❝❡❣♦ t❡ ✇②♠❛❣❛♥✐❛✱ ♦r❛③

✸➦ s♣r❛✇❞③❛♥✐❡♠ ♣♦♣r❛✇♥♦➧❝✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛
③ ❥❡❣♦ s♣❡❝②✜❦❛❝❥→✳

❉♦ ♦③♥❛❝③❡♥✐❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ➺②✇❛♠② t❡➺ ♥❛✲
③✇② ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛✳ ❖❜❛ t❡r♠✐♥②✿ r❛❝❤✉♥❡❦
♣r♦❣r❛♠ó✇ ✐ ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛ ❜➛❞③✐❡♠② st♦s♦✲
✇❛➣ ③❛♠✐❡♥♥✐❡✳
P♦❦❛➺❡♠②✱ ➺❡✿

• r❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ❥❡st ✇➟❛➧❝✐✇②♠ ♥❛r③➛✲
❞③✐❡♠ ❞♦ ✇②r❛➺❛♥✐❛ s❡♠❛♥t②❝③♥②❝❤ ✇➟❛s♥♦✲
➧❝✐ ❛❧❣♦r②t♠ó✇ ✐ str✉❦t✉r ❞❛♥②❝❤ ✭✇ s❦ró❝✐❡✱
t✇♦r③❡♥✐❛ s♣❡❝②✜❦❛❝❥✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛✮✳
• r❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ❥❡st ♦❞♣♦✇✐❡❞♥✐♠ ♥❛✲
r③➛❞③✐❡♠ s➟✉➺→❝②♠ ❞♦ ♣r③❡♣r♦✇❛❞③❛♥✐❛ ❛♥❛✲
❧✐③② ③❣♦❞♥♦➧❝✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ③ ③❛❞❛♥→ s♣❡✲
❝②✜❦❛❝❥→✳

❲ t❡❥ ❦s✐→➺❝❡ ♣r③❡❞st❛✇✐♠② ✇✐❡❧❡ ♣r③②❦➟❛❞ó✇ t❛❦✐❝❤
❛♥❛❧✐③✳ ❈③❛s❛♠✐ s♣♦t②❦❛♥② ❥❡st t❡r♠✐♥ ✇❡r②✜❦❛❝❥❛
♦♣r♦❣r❛♠♦✇❛♥✐❛✳
❖ ✇❡r②✜❦♦✇❛♥✐✉ ♣r♦❣r❛♠ó✇ ♠ó✇✐ s✐➛✱ ➺❡ ❥❡st r③❡❝③→
♣♦➺→❞❛♥→✱ ❛❧❡ ♥✐❡r❡❛❧♥→✱ ③❜②t tr✉❞♥→✳ Pr③❡❦♦♥❛♠②
❈✐➛✱ ➺❡ ♣♦❣❧→❞ t❡♥ ♥✐❡ ♠❛ ✉③❛s❛❞♥✐❡♥✐❛✳ ▼♦➺❡ tr❛❢✲
♥✐❡❥ ❥❡st ✉③♥❛➣ t♦ ③❛ ♣r③❡s→❞✳

• P♦❦❛③✉❥❡♠② ❥❛❦ s♣❡❝②✜❦❛❝❥❛ ♠♦➺❡ ❜②➣ ✇②r❛✲
➺♦♥❛ ✇ ♣♦st❛❝✐ ③❜✐♦r✉ ❢♦r♠✉➟ r❛❝❤✉♥❦✉ ♣r♦✲
❣r❛♠ó✇✳ ❖❞♥♦s✐ s✐➛ t♦ ❞♦ ❛❧❣♦r②t♠ó✇✱ ❛ t❛❦➺❡
❞♦ str✉❦t✉r ❞❛♥②❝❤✳

✶



• Pr③❡❞st❛✇✐♠② ♣r③②❦➟❛❞② ❞♦✇♦❞ó✇ ♣♦♣r❛✇✲
♥♦➧❝✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✇③❣❧➛❞❡♠ ③❛❞❛♥❡❥ s♣❡✲
❝②✜❦❛❝❥✐✳
• Pr③❡❞st❛✇✐♠② t❡➺ ❛❦s❥♦♠❛t②❝③♥→ ❞❡✜♥✐❝❥➛ ❥➛✲
③②❦❛ ♣r♦❣r❛♠ó✇ ✐t❡r❛❝②❥♥❝❤✱ ❞❡t❡r♠✐♥✐st②❝③✲
♥②❝❤✳
✳

❆ ❞♦❦➟❛❞♥✐❡❥✱ ❜➛❞③✐❡♠② ♦♠❛✇✐❛➣ ❝✐→❣ ❝♦r❛③ ❜♦❣❛t✲
s③②❝❤ ❥➛③②❦ó✇ Li ♣r♦❣r❛♠♦✇❛♥✐❛ ♦❜✐❡❦t♦✇❡❣♦ ✐ r♦③✲
♣r♦s③♦♥❡❣♦✳ ❩❛ ❦❛➺❞②♠ r❛③❡♠ ❜➛❞③✐❡♠② ♣r③❡❞st❛✲
✇✐❛➣ ❛❦s❥♦♠❛t② ♥♦✇②❝❤ ❦♦♥str✉❦❝❥✐✐ ♣r♦❣r❛♠✐st②❝③✲
♥②❝❤ ❥❛❦✐❡ ♣♦❥❛✇✐❛➟→ s✐➛ ✇ ❥➛③②❦✉ Li✳
❑rót❦♦ ♠ó✇✐→❝ ❝❤❝❡♠② ❈✐➛ ♣r③❡❦♦♥❛➣ ❞♦ t❡③②✱ ➺❡ r❛✲
❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ t♦ ♥❛r③➛❞③✐❡✱ ❥❛❦✐❡❣♦ ♣♦tr③❡❜✉✲
❥❡s③✳
◆✐❡ ♠♦➺❡♠② ♦❜✐❡❝❛➣✱ ➺❡ st♦s✉❥→❝ r❛❝❤✉♥❡❦ ♣r♦❣r❛✲
♠ó✇ r♦③✇✐→➺❡s③ ❦❛➺❞② ♣r♦❜❧❡♠ ♣♦❥❛✇✐❛❥→❝② s✐➛ ✇
♣r♦❥❡❦❝✐❡ ♥❛❞ ❥❛❦✐♠ ♣r❛❝✉❥❡s③✳ P♦✇✐♥✐❡♥❡➧ ❥❡❞♥❛❦
✉③②s❦❛➣ ❧❡♣s③② ✇❣❧→❞ ✇ ♥❛t✉r➛ t②❝❤ ♣r♦❜❧❡♠ó✇ ✐
♣❡✇♥→ ❜✐❡❣➟♦➧➣ ✇ st♦s♦✇❛♥✐✉ ♥❛r③➛❞③✐ r❛❝❤✉♥❦✉ ♣r♦✲
❣r❛♠ó✇✳
❲ ♣❡✇♥②♠ ♠♦♠❡♥❝✐❡ ❞♦❥❞③✐❡s③ ❞♦ ♣r③❡❦♦♥❛♥✐❛✱ ➺❡
♣r❛❝✉❥→❝ ♥❛❞ ❚✇♦✐♠ ♣r♦❥❡❦t❡♠ ♣♦r✉s③❛s③ s✐➛ ✇ ♦❜✲
r➛❜✐❡ ✇✐❡❧✉ ró③♥②❝❤ t❡♦r✐✐ ❛❧❣♦r②t♠✐❝③♥②❝❤✳ ❏❡st✲
t❛❦✱ ♣♦♥✐❡✇❛➺ ✇ ❦❛➺❞②♠ ♠♦❞✉❧❡ ♠♦❣→ s✐➛ ♣♦❥❛✇✐➣
♥♦✇❡ ❞❡✜♥✐❝❥❡ ❝③②❧✐ ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐✱ ♣r❡❞②❦❛tó✇
✭t❥✳ ❢✉♥❦❝❥✐ ❜♦♦❧♦✇s❦✐❝❤✮✱ ✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤ t❥
♥♦✇②❝❤ ♣r♦❝❡❞✉r✳ ❉♦ t❡❣♦ ❞♦❝❤♦❞③→ ❥❡s③❝③❡ ♠♦❞✉➟②
❦❧❛s✱ ✇s♣ó➟♣r♦❣r❛♠ó✇ ✐ ♣r♦❝❡só✇ ♦r❛③ r❡❧❛❝❥❛ ❞③✐❡✲
❞③✐❝③❡♥✐❛✳ P♦❞s✉♠♦✇✉❥→❝✱ ❞r♦❣✐ ❝③②t❡❧♥✐❦✉ ❥❡st❡➧ ✇
s②t✉❛❝❥✐ ♣❛♥❛ ❏♦✉r❞❛✐♥✱ ❦tór② ③❛s❦♦❝③♦♥② ③♦st❛➟ ✐♥✲
❢♦r♠❛❝❥❛✱ ➺❡ ♠ó✇✐ ♣r♦③→✳ ❆❜② ♥❛❧❡➺②❝✐❡ ♦❝❡♥✐➣ ❚✇→
♣r❛❝➛ ❚✇ó❥ s③❡❢ ✐✴❧✉❜ ❚✇ó❥ ❦❧✐❡♥t ♠✉s③→ ③❞❛➣ s♦❜✐❡
s♣r❛✇➛ ③ ♦❣r♦♠✉ ❚✇♦✐❝❤ ❦✇❛❧✐✜❦❛❝❥✐✳
❏❡st t❛❦ ❞❧❛t❡❣♦✱ ➺❡ ❦❛➺❞② ♣r♦❣r❛♠ ③❛✇✐❡r❛❥→❝② ❞❡✲
❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐ ✭❧✉❜ ♣r♦❝❡❞✉r② ❧✉❜ ❦❧❛s②✮ ♣♦✇✐♥✐❡♥
❜②➣ ❛♥❛❧✐③♦✇❛♥② ✇ s✇♦❥❡❥ ✇➟❛s♥❡❥ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦✲
r✐✐✳ P✐s③❡♠② ♦ t②♠ ♦❜s③❡r♥✐❡❥ ✇ ♣♦❞r♦③❞③✐❛❧❡ ❄❄ ♦
❞❡✜♥✐♦✇❛♥✐✉ ❢✉♥❦❝❥✐✳
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❈③②♠ ❥❡st ♣r♦❣r❛♠❄ ❩❣♦❞③✐♠② s✐➛ ③❛♣❡✇♥❡✱ ➺❡
❥❡st t♦ ♥❛♣✐s✳ ❆❧❡ ♥❛ t②♠ s♣r❛✇❛ s✐➛ ♥✐❡ ❦♦➠❝③②✳
Pr♦❣r❛♠ ❥❡st ♦♣✐s❡♠ ♣❡✇♥❡❥ ❢✉♥❦❝❥✐ ♣r③❡❦s③t❛➟❝❛❥→✲
❝❡❥ ❞❛♥❡ ✇ ✇②♥✐❦✐✳ P❡✇♥❡ ❝❡❝❤② ♣r♦❣r❛♠✉ ❦♦❥❛✲
r③②♠② ③ ♠❛t❡♠❛t②❦→✱ ♥♣✳ ✇ ♣r♦❣r❛♠✐❡ ✇②st➛♣✉❥→
✇②r❛➺❡♥✐❛ ❛r②t♠❡t②❝③♥❡ ✐ ❜♦♦❧♦✇s❦✐❡✳ ❆❧❡ ✉✇❛❣❛ ✐♥✲
➺②♥✐❡r❛ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ❦♦♥❝❡♥tr✉❥❡ s✐➛ ♥❛ ✐♥str✉❦✲
❝❥❛❝❤✳ P❡✇♥❡ ✐♥str✉❦❝❥❡ s→ ♥✐❡♣♦❞③✐❡❧♥❡ t❥✳ ❛t♦♠♦✇❡✳
Pr③②❦➟❛❞❛♠✐ t❛❦✐❝❤ ✐♥str✉❦❝❥✐ s→ ✐♥str✉❦❝❥❛ ♣r③②♣✐✲
s❛♥✐❛ ✭③♠✐❡♥♥❡❥ ✇❛rt♦➧❝✐ ✇②r❛➺❡♥✐❛✮✱ ✐♥str✉❦❝❥❛ ❞r✉✲
❦♦✇❛♥✐❛✱ ✐♥str✉❦❝❥❛ ❝③②t❛♥✐❛✱ ✐ ✐♥✳ Pr♦❣r❛♠✐st❛ ♠❛
❞♦ ❞②s♣♦③②❝❥✐ ❦✐❧❦❛ ♦♣❡r❛t♦ró✇ ♣r♦❣r❛♠♦t✇ór❝③②❝❤✿
③➟♦➺❡♥✐❡✱ ✐♥str✉❦❝❥❛ ✇❛r✉♥❦♦✇❛✱ ✐♥str✉❦❝❥❛ ♣♦✇t❛r③❛✲
♥✐❛ ❢♦r✱ ✐♥str✉❦❝❥❛ ✐t❡r❛❝❥✐ ✇❤✐❧❡✳ ❑❛➺❞❡♠✉ ♣r♦❣r❛✲
♠♦✇✐ P ♣r③②♣✐s✉❥❡♠② ❥❡❣♦ ③♥❛❝③❡♥✐❡ ❞➛❞→❝❡ ❢✉♥❦❝❥→
③❡ ③❜✐♦r✉ W ✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤ ✇ t❡♥ s❛♠ ③❜✐ór
W ✳ ◆❛❦♣✐❡r✇ ❥❡❞♥❛❦ tr③❡❜❛ ♦❦r❡s❧✐➣ ❝③②♠ ❥❡st ♦❜❧✐✲
❝③❡♥✐❡ ♣r♦❣r❛♠✉✳
■♥♥❡ ✇②♠❛❣❛♥✐❛ ♥❛❦➟❛❞❛♥❡ ♥❛ ♣r♦❣r❛♠✱ t♦ ✇②❦♦♥②✲
✇❛❧♥♦➧➣ ✭✐♥❛❝③❡❥ ❡❢❡❦t②✇♥♦➧➣✮ ♣r♦❣r❛♠✉✳ t❥✳ s❡♥s
♣r♦❣r❛♠✉✱ ❥❡❣♦ ③♥❛❝③❡♥✐❡ ❥❡st ♥❛♠ ❞❛♥❡ ♣♦♣r③❡③ ♦❜✲
❧✐❝③❡♥✐❡✳ ❖❜❧✐❝③❡♥✐❡ ♦♣❡r✉❥❡ ♥❛ ❞❛♥②❝❤ ❥❛❦✐❡ ✐ ♠② ✐
❦♦♠♣✉t❡r ♠♦➺❡♠② ✏✇③✐→➣ ❞♦ r➛❦✐✑✳ ❖③♥❛❝③❛ t♦ t②❧❡✱
➺❡ ♥✐❡ ♠♦➺❡♠② ❞③✐❛➟❛➣ ♥❛ ♥✐❡s❦♦➠❝③♦♥②❝❤ ❝✐→❣❛❝❤
r♦③✇✐♥✐➛➣ ❧✐❝③❜ ♥✐❡✇②♠✐❡r♥②❝❤✱ ♥✐❡ ♠♦➺❡♠② ♦♣❡r♦✲
✇❛➣ ♥❛ ③❜✐♦r❛❝❤ ♥✐❡s❦♦➠❝③♦♥②❝❤✳ ❈♦ ✇✐➛❝❡❥✱ ❦♦❧❡❥♥❡
✇②♠❛❣❛♥✐❡ ♣♦✇✐❛❞❛ ❦❛➺❞❛ ♦♣❡r❛❝❥❛ ♠✉s✐ ❜②➣ ❡❢❡❦✲
t②✇♥❛✳ ■♥❛❝③❡❥ ♠ó✇✐→❝✱ ♥✐❡ ♠♦➺❡s③ ♠❛❣✐❝③♥✐❡✱ ✇②✲
❝✐→❣♥→➣ ❦ró❧✐❦❛ ③ ❦❛♣❡❧✉s③❛✳ ❖❜❧✐❝③❡♥✐❛ ♠❛❥→ ♠✐❡➣
t➛ s❛♠→ ❝❡❝❤➛ ❝♦ ❞♦✇ó❞ ♠❛t❡♠❛t②❝③♥② ✕ ♠✐❛♥♦✇✐❝✐❡
♠✉s③→ ❜②➣ s♣r❛✇❞③❛❧♥❡✱ ✐♥t❡rs✉❜✐❡❦t②✇♥❡✱ ❥❛❦ ♣♦✲
✇✐❛❞❛➟ ♣r♦❢✳ ●r③❡❣♦r❝③②❦✳

❆❧❡ ♣♦ ❝♦ ♥❛♣✐s❛♥♦ ♣r♦❣r❛♠❄ ▲✉❜ ✐♥❛❝③❡❥ ♠ó✇✐→❝
❥❛❦✐❡ ✇➟❛s♥♦➧❝✐ ♠❛ ♠✐❡➣ ♣r♦❣r❛♠❄ ❈③② ✇②st❛r❝③❛
♥❛♠✱➺❡ ♣r♦❣r❛♠ ❥❡st ♥❛♣✐s❡♠ ❛❦❝❡♣t♦✇❛♥②♠ ♣r③❡③
❦♦♠♣✐❧❛t♦r❄ ❈③② ③❛❞♦✇❛❧❛♠② s✐➛ t②♠✱ ➺❡ ♣r♦❣r❛♠
❞③✐❛➟❛❄ ■ ❝♦ t♦ ✇➟❛➧❝✐✇✐❡ ③♥❛❝③②❄ ❖tó➺ ♣r♦❣r❛♠
♠❛ ♣❡✇♥❡ ✇➟❛s♥♦➧❝✐ s②♥t❛❦t②❝③♥❡ ✐ ❜❛r❞③✐❡❥ ♥❛s ✐♥✲
t❡r❡s✉❥→❝❡✱ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥❡✳ ❲➟❛s♥♦➧❝✐❛ s②♥✲
t❛❦t②❝③♥→ ♣❡✇♥❡❣♦ ♣r♦❣r❛♠✉ P ♠♦➺❡ ❜②➣✿ ✇s③②st❦✐❡
✐❞❡♥t②✜❦❛t♦r② ✇ ♣r♦❣r❛♠✐❡ s→ ✇ ♥✐♠ ③❛❞❡❦❧❛r♦✇❛♥❡✱
❧✉❜ ✇②st➛♣✉❥❡ ✐❞❡♥t②✜❦❛t♦r id ✐ ♥✐❡ ♠❛ ❞❡❦❧❛r❛❝❥✐ t❡❣♦
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✐❞❡♥t②✜❦❛t♦r❛✱ ❡t❝✳ ❲➟❛s♥♦➧❝✐ s②♥t❛❦t②❝③♥❡ ♦❞♥♦s③→
s✐➛ ❞♦ t❡❦st✉ ♣r♦❣r❛♠✉✳ ▼♦➺♥❛ ♦ ♥✐❝❤ ♣♦✇✐❡❞③✐❡➣✱ ➺❡
s→ ✇➟❛s♥♦➧❝✐❛♠✐ st❛t②❝③♥②♠✐ ♣r♦❣r❛♠✉✳

❆ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥❡❄ ❲②♠✐❡➠♠② ❦✐❧❦❛ ♣♦❞✲
st❛✇♦✇②❝❤ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥②❝❤✿ ③❛tr③②♠②✇❛✲
♥✐❡ s✐➛ ♣r♦❣r❛♠✉ ❝③②❧✐ s❦♦➠❝③♦♥♦➧➣ ♦❜❧✐❝③❡➠✱ ♣♦♣r❛✇✲
♥♦➧➣✱ ró✇♥♦✇❛➺♥♦➧➣ ♣r♦❣r❛♠ó✇✱ ❡t❝✳ ❲➟❛s♥♦➧❝✐ s❡✲
♠❛♥t②❝③♥❡ ♦❞♥♦s③→ s✐➛ ❞♦ ♦❜❧✐❝③❡➠ ♣r♦❣r❛♠✉✳ ❙→ t♦
✇➟❛s♥♦➧❝✐ ❞②♥❛♠✐❝③♥❡✱ ✇②st➛♣✉❥→ ♣♦❞❝③❛s ❞②♥❛♠✐❝③✲
♥✐❡ ③♠✐❡♥✐❛❥→❝❡❥ s✐➛ ❦♦♥✜❣✉r❛❝❥✐✿ 〈 ❧✐st❛ ✐♥str✉❦❝❥✐ ♣♦✲
③♦st❛❥→❝②❝❤ ❞♦ ✇②❦♦♥❛♥✐❛✱ st❛♥ ♣❛♠✐➛❝✐ ❦♦♠♣✉t❡r❛
〉✳

P♦❥➛❝✐❡ ❛❧❣♦r②t♠✉✳ ❈③➟♦✇✐❡❦ ♣♦s➟✉❣✉❥❡ s✐➛ ❛❧❣♦✲
r②t♠❛♠✐ ♦❞ t②s✐→❝❧❡❝✐✳ ❩❞③✐✇✐❡♥✐❡ ❝③②t❡❧♥✐❦❛ ♠♦➺❡
✇②✇♦➟❛➣ ❢❛❦t✱ ➺❡ ✇ st❛r♦➺②t♥②♠ ❇❛❜✐❧♦♥✐❡ ③♥❛♥♦ ✐
st♦s♦✇❛♥♦ s❦♦♠♣❧✐❦♦✇❛♥❡ ❛❧❣♦r②t♠② ♣r③❡❞st❛✇✐❛♥❛
❧✐❝③❜ ✉➟❛♠❦♦✇②❝❤ ✇ ♣♦st❛❝✐ s✉♠② ✉➟❛♠❦ó✇ ♦ ❧✐❝③✲
♥✐❦✉ ✶✱ ♥♣✳ ③❛♠✐❛st ✉➟❛♠❦❛ 3

5
st♦s♦✇❛♥♦ ✇②r❛➺❡♥✐❡

1
2
+ 1

10
✳ ❖❞❦r②t♦ ✐ ❝♦❞③✐❡♥♥✐❡ ✉➺②✇❛♥♦ ✭✦✮ ❛❧❣♦r②t♠②

♥✐❡③❜➛❞♥❡ ❞♦ ❞♦❞❛✇❛♥✐❛✱ ♠♥♦➺❡♥✐❛✱ ❡t❝✳ ✉➟❛♠❦ó✇✳
❆❧❡ ♣♦tr③❡❜❛ ♣♦❞❛♥✐❛ ♣r❡❝②③②❥♥❡❥ ❞❡✜♥✐❝❥✐ ♣♦❥➛❝✐❛ ❛❧✲
❣♦r②t♠✉ ③❛✐st♥✐❛➟❛ ❞♦♣✐❡r♦ ✇ ❳❳ ✇✐❡❦✉✱ ❣❞② tr③❡❜❛
❜②➟♦ r♦③str③②❣♥→➣ ♣r♦❜❧❡♠ ✐st♥✐❡♥✐❛ ❧✉❜ ♥✐❡✐st♥✐❡♥✐❛
❛❧❣♦r②t♠✉ r♦③str③②❣❛❥→❝❡❣♦ ♦ ✇➟❛s♥♦➧❝✐ t❛❦✐❡❥ ❥❛❦✿
✧❢♦r♠✉➟❛ α ❥❡st t✇✐❡r❞③❡♥✐❡♠ ❛r②t♠❡t②❦✐✏ ✐t♣✳ ❲
③✇✐→③❦✉ ③ t②♠ st✇♦r③♦♥♦ ✇✐❡❧❡ ró➺♥②❝❤ ❞❡✜♥✐❝❥✐ ❛❧✲
❣♦r②t♠✉ ❬❪✳
❩ ❞r✉❣✐❡❥ str♦♥②✱ ❣❞② ✇ ❧❛t❛❝❤ ❝③t❡r❞③✐❡st②❝❤ ❞✇✉✲
❞③✐❡st❡❣♦ ✇✐❡❦✉ s❦♦♥str✉♦✇❛♥♦ ♣r♦❣r❛♠♦✇❛♥❡ ♠❛✲
s③②♥② ❧✐❝③→❝❡ ✭❦♦♠♣✉t❡r②✮ ❦♦♥✐❡❝③♥❡ st❛➟♦ s✐➛ ♦❦r❡✲
➧❧❡♥✐❡ ❥❛❦✐❡ ♣r♦❣r❛♠② ❦♦♠♣✉t❡r ♣♦tr❛✜ ✇②❦♦♥②✇❛➣✳
■ ♦t✇❛r➟❛ s✐➛ ♣✉s③❦❛ P❛♥❞♦r②✱ ♥✐❡♠❛❧ ❦❛➺❞② ❝❤❝❡ st✇♦✲
r③②➣ s✇ó❥ ❥➛③②❦ ♣r♦❣r❛♠♦✇❛♥✐❛✳
P♦✇st❛➟♦ t②s✐→❝❡ ❥➛③②❦ó✇ ♣r♦❣r❛♠♦✇❛♥✐❛✳
❩❛✉✇❛➺♠②✱ ③❡ ♥✐❡✇✐❡❧❡ ❥➛③②❦ó✇ ♣r♦❣r❛♠♦✇❛♥✐❛ st✇♦✲
r③♦♥♦ ③ ♠②➧❧→ ♦ t②♠✱ ❜② ③❛♣✐s②✇❛➣ ✇ ♥✐❝❤ ♣r♦❣r❛♠②
❝③②t❡❧♥❡ ❞❧❛ ❝③➟♦✇✐❡❦❛✳ ❲ ✇✐➛❦s③♦➧❝✐ ♣r③②♣❛❞❦ó✇
❛✉t♦r③② ❥➛③②❦❛ ❦♦♥❝❡♥tr✉❥→ s✐➛ ♥❛ t②♠ ❜② ♠♦➺♥❛ ❜②➟♦

✹



③❜✉❞♦✇❛➣ ❦♦♠♣✐❧❛t♦r✳ ✶

Pr♦♣♦♥✉❥❡♠②✱ ❜② ➟❛t✇♦➧➣ ❦♦♠✉♥✐❦❛❝❥✐ ♣♦♠✐➛❞③② ❝③➟♦✲
✇✐❡❦✐❡♠ ✕ ❛✉t♦r❡♠ ♣r♦❣r❛♠✉ ✐ ❞r✉❣✐♠ ❝③➟♦✇✐❡❦✐❡♠
✕ ❝③②t❡❧♥✐❦✐❡♠ ♣r♦❣r❛♠✉ st❛➟❛ s✐➛ ❣➟ó✇♥②♠ ❝❡❧❡♠
♣r③❡♠②s➟✉ s♦❢t✇❛r♦✇❡❣♦✳
❚❡③❛ ❈❤✉r❝❤❛✲❚✉r✐♥❣❛ ♣♦✇✐❛❞❛✱ ➺❡ ♣♦♠✐♠♦ ró➺♥✐❝
✇s③②st❦✐❡ ③♥❛♥❡ ❞❡✜♥✐❝❥❡ ❛❧❣♦r②t♠✉ ♦♣✐s✉❥→ t➛ s❛♠❛
❦❧❛s➛ ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛❧♥②❝❤✳ ♣♦♣r❛✇ ▼❛❥→❝ ♥❛ ✇③❣❧➛✲
❞③✐❡ ❜♦❣❛❝t✇♦ ❥➛③②❦ó✇ ♣r♦❣r❛♠♦✇❛♥✐❛ ✐ ✇✐❡❧♦➧➣ ❦♦♥✲
❝❡♣❝❥✐ ♦❜❧✐❝③❛❧♥♦➧❝✐ ③❛♥✐❡❝❤❛♠② ♣ró❜ ♣♦❞❛♥✐❛ ❞❡✜♥✐✲
❝❥✐ ♣♦❥➛❝✐❛ ❛❧❣♦r②t♠✉✳
◆❛t♦♠✐❛st ✇❛rt♦ ♣r③②♣♦♠♥✐❡➣ ✐st♦t♥❡ ❝❡❝❤② ❛❧❣♦r②t♠✉✳
❲ ♣r❛❝② ❑♦➟♠♦❣♦r♦✇❛ ✐ ❯s♣✐❡♥s❦✐❡❣♦ ❬❑❯✺✽❪ ③❛✇❛rt♦
✇ ♠✐❛r➛ ♣r❡❝②③②❥♥❡ ✇②❧✐❝③❡♥✐❡ ❝❡❝❤ ♣♦❥➛❝✐❛ ❛❧❣♦r②t♠✉✱
♥❛ t②❧❡ ❥❡❞♥❛❦ s③❡r♦❦✐❡ ❜② ♦❜❡❥♠♦✇❛➟♦ ✇✐❡❧❡ r♦③♠❛✲
✐t②❝❤ ❦♦♥❝❡♣❝❥✐ ❥❛❦✐❡ ♣♦❥❛✇✐❛➟② s✐➛ ♦❞ ♣♦❝③→t❦✉ ❳❳
✇✐❡❦✉✳

❛✮ ❆❧❣♦r②t♠ ✲ ✇②③♥❛❝③❛ ❝✐→❣ st❛♥ó✇ ✭t❥✳ ❛❧❣♦✲
r②t♠ ❞③✐❛➟❛ ❞②s❦r❡t♥✐❡✮

❜✮ P♦✇t❛r③❛❥→❝ ♦❜❧✐❝③❡♥✐❡ ❛❧❣♦r②t♠✉ ③ t②♠✐ s❛✲
♠②♠✐ ❞❛♥②♠✐ ♣♦❝③→t❦♦✇②♠✐ ♦t③②♠❛♠② t❡ s❛♠❡
✇②♥✐❦✐✳✭❛❧❣♦r②t♠ ❞③✐❛➟❛ ❞❡t❡r♠✐♥✐st②❝③♥✐❡✮

❝✮ ✭❦r♦❦✐ ❛❧❣♦r②t♠✉ s→ ❞③✐❛➟❛♥✐❛♠✐ ❡❧❡♠❡♥t❛r✲
♥②♠✐✮

❞✮ ◆✐❡ ❥❡st ❛❧❣♦r②t♠❡♠ ♣r③❡♣✐s✱ ❦tór② ♥✐❡ ❣✇❛✲
r❛♥t✉❥❡ ♦s✐→❣♥✐➛❝✐❛ ✇②♥✐❦✉✳✭✇②♥✐❦ ❛❧❣♦r②t♠✉
❥❡st ♦❦r❡➧❧♦♥②✮✳ ❲ t❡♦r✐✐ ♣r③❡♣➟②✇ó✇ ✇ s✐❡✲
❝✐❛❝❤ s♣♦t②❦❛♠② ♠❡t♦❞➛ ❋♦r❞❛✲❋✉❧❦❡rs♦♥❛✱ ❦tór❛
♠♦➺❡ ③❛♣♦❝③→t❦♦✇❛❝ ♦❜❧✐❝③❡♥✐❡ ♥✐❡s❦♦➠❝③♦♥❡
✐ ❛❧❣♦r②t♠ ❊❞♠♦♥❞s❛✲❑❛r♣❛✱ ❦tór② ③❛✇s③❡ ③✇r❛❝❛
✇②♥✐❦❛✳ ❲ t②♠ ♣r③②♣❛❞❦✉ ró➺♥✐❝❛ ✇ t❡❦➧❝✐❡✲
❛❧❣♦r②t♠✉ ❥❡st ♥✐❡✇✐❡❧❦❛✳

❡✮ ❆❧❣♦r②t♠ ♦♣✐s✉❥❡ ♦❞✇③♦r♦✇❛♥✐❡ ③❡ ③❜✐♦r✉ ❞❛✲
♥②❝❤ ✇ ③❜✐ór ✇②♥✐❦ó✇ ✭♣♦✇t❛r③❛❧♥♦➧➣✱ ✉♥✐✲
✇❡rs❛❧♥♦➧➣ ③❛st♦s♦✇❛➠✮

✶❙♣ró❜✉❥ ♣r③❡❝③②t❛➣ ♣r♦❣r❛♠ ♥❛♣✐s❛♥② ✇ ❥➛③②❦✉ P♦sts❝r✐♣t
❧✉❜ ❋♦rt❤✳

✺



◆✐❡❝♦ ❤✐st♦r✐✐✳ ❇❛r❞③♦ ✐st♦t♥❡ ❞❧❛ ❤✐st♦r✐✐ ✐♥❢♦r♠❛✲
t②❦✐ ❜②➟♦ st✇✐❡r❞③❡♥✐❡✱ ➺❡ ♣♦tr③❡❜✉❥❡♠② ✇②r❛➺❡➠ ✇②✲
r❛➺❛❥→❝②❝❤ ✇➟❛s♥♦➧❝✐ s❡♠❛♥②❝③♥❡ ♣r♦❣r❛♠ó✇✳ ◆❛❥✲
✇❝③❡➧♥✐❡❥ ♣♦❥❛✇✐➟② s✐➛ ♣r❛❝❡ ❛♥❛❧✐③✉❥→❝❡ ró✇♥♦✇❛➺✲
♥♦➧➣ ♣r♦❣r❛♠ó✇✳ ◆❛❧❡➺② t✉ ✇②♠✐❡♥✐➣ ❏✳ ❨❛♥♦✈❛❬❪ ✐
❙❤✳ ■❣❛r❛s❤✐✳ ◆✐❡st❡t②✱ ♥✐❡ ✉❞❛➟♦ s✐➛ ✇ ♣❡➟♥✐ s❝❤❛r❛❦✲
t❡r②③♦✇❛➣ ró✇♥♦✇❛➺♥♦➧❝✐ ♣r♦❣r❛♠ó✇✱ ❛♥✐ ró✇♥♦✇❛➺✲
♥♦➧➣ ✭♣r♦❣r❛♠ó✇✮ ♥✐❡ ❞❡t❡r♠✐♥✉❥❡ s❡♠❛♥t②❦✐ ♣r♦❣r❛✲
♠ó✇✳ ◆✐❡✇✐❡❧❡ ✉❞❛➟♦ s✐➛ ♦s✐→❣♥→➣ ♣r③② t❛❦✐♠ ♣♦❞❡❥✲
➧❝✐✉✳
❲ ✶✾✻✼ ♣♦❥❛✇✐➟❛ s✐➛ ♣r❛❝❛ ❊✳ ❊♥❣❡❧❡r❛✱ ✇ ❦tór❡❥ ✇②✲
❦❛③❛➟ ♦♥✱ ➺❡ ✇➟❛s♥♦➧➣ st♦♣✉ ♣r♦❣r❛♠✉ ✇②r❛➺❛ s✐➛ ❢♦r✲
♠✉➟→ ✕ ♥✐❡s❦♦➠❝③♦♥→ ❛❧t❡r♥❛t②✇→✳
◆✐❡❝♦ ✐♥❛❝③❡❥ ♣♦❞s③❡❞➟ ❞♦ s❡♠❛♥t②❦✐ ♣r♦❣r❛♠ó✇ ❘✳
❋❧♦②❞❬❪✳
❚✇ór❝② ❥➛③②❦❛ ❆❧❣♦❧ ✻✵ ③❛♠✐❡r③❛❧✐ ❞♦ ♦♣✐s✉ s❦➟❛❞♥✐
❞♦❞❛➣ ♦♣✐s s❡♠❛♥t②❦✐ ♣♦s③❝③❡❣ó❧♥②❝❤ ❦♦♥str✉❦❝❥✐ ❥➛✲
③②❦♦✇②❝❤✳ ❩❛♠✐❛r t❡♥ ❥❡❞♥❛❦ ♥✐❡ ♣♦✇✐ó❞➟ s✐➛✳
❖❞ ♣♦❝③→t❦ó✇ ❳■❳ ✇✐❡❦✉ ♣r♦✇❛❞③♦♥♦ ♣r❛❝❡ ③♠✐❡r③❛✲
❥→❝❡ ❞♦ ✉♣♦r③→❞❦♦✇❛♥✐❛ ♣♦❞st❛✇ ♠❛t❡♠❛t②❦✐✳ Pr③②✲
♣♦♠♥✐❥♠②✱ ➺❡ ✇ r❛❝❤✉♥❦✉ ró➺♥✐❝③❦♦✇②♠ ♠ó✇✐♦♥♦ ♦
✇✐❡❧❦♦➧❝✐❛❝❤ ♥✐❡s❦♦➠❝③❡♥✐❡ ♠❛➟②❝❤✱ ❛❧❡ ❥❡❞♥❛❦ ró➺✲
♥②❝❤ ♦❞ ③❡r❛✱ ✐t♣✳ ●♦tt❧♦❜ ❋r❡❣❡ ♣♦❞❛➟ ❩❞❛♥✐❛ ♦③♥❛❥✲
♠✉❥→❝❡ ✐ r♦❧❛ ❋r❡❣❡❣♦ ♦r❛③ ❇♦♦❧❡✬❛✳
❲ ❧❛t❛❝❤ ✸✵ ❳❳ ✇✐❡❦✉ ❆❧❢r❡❞ ❚❛rs❦✐ ❬❪ ♣♦❞❛➟ ❞❡✜✲
♥✐❝❥➛ ♣♦❥➛❝✐❛ ♣r❛✇❞③✐✇♦➧❝✐ ❢♦r♠✉➟②✱ ♦❞ró➺♥✐➟ ✇②r❛✲
➺❡♥✐❡ ③❞❛♥✐♦✇❡ ✭❢♦r♠✉➟❛✮ ♦❞ ✇②r❛➺❡♥✐❛ ♥❛③✇♦✇❡❣♦
✭t❡r♠✮✳
❉❡✜♥✐❝❥❛ ♣r❛✇❞③✐✇♦➧❝✐✱ r♦③✉♠✐❡♥✐❡ t❡r♠✉ ❥❛❦♦ ♥❛✲
③✇② ❢✉♥❦❝❥✐ ✇ ♦❞♣♦✇✐❡❞♥✐❡❥ str✉❦t✉r③❡ ❛❧❣❡❜r❛✐❝③♥❡❥✱
❢♦r♠✉➟② ❥❛❦♦ ❢✉♥❦❝❥✐ ③❡ ③❜♦r✉ ✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥✲
♥②❝❤ ✇ ③❜✐ór ✇❛rt♦➧❝✐ ❧♦❣✐❝③♥②❝❤ ✉❞❡r③❛ ♣r♦❣r❛♠✐✲
st➛✿ ✑♣r③❡❝✐❡➺ t♦ ♠♦✇❛ ♦ ♣r♦❣r❛♠♦✇❛♥✐✉✏✳ ◆✐❡st❡t②✱
❚❛rs❦✐ ♥✐❡ r♦③✇✐♥→➟ s✇♦❥❡❥ ❦♦♥❝❡♣❝❥✐ ♥❛ ❛❧❣♦r②t♠②✳
❉③✐s✐❛❥ ③❣❛❞③❛♠② s✐➛ ③ t②♠✱ ➺❡ ❥❡❣♦ ✇♣➟②✇ ♥❛ s❡✲
♠❛♥t②❦➛ ✇②r❛➺❡➠ ✭✇ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛✮ ❜②➟
❞❡❝②❞✉❥→❝②✱ ❛❧❡ ♥✐❡ ♣♦❞❥→➟ ♦♥ ✇②③✇❛♥✐❛ ❜② ♦♣✐s❛➣ s❡✲
♠❛♥t②❦➛ ❛❧❣♦r②t♠ó✇✳ ❇❛❞❛❝③❡ ♣r❛❝✉❥→❝② ✇ ♣♦❞st❛✲
✇❛❝❤ ♠❛t❡♠❛t②❦✐ ③❛❥♠♦✇❛❧✐ s✐➛ ♣♦❥➛❝✐❡♠ ♦❜❧✐❝③❛❧♥♦✲
➧❝✐✳ ❈❤❛r❛❦t❡r②③♦✇❛❧✐ ③❜✐ór ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛❧♥②❝❤✳ ◆✐❡
③❛❥♠♦✇❛❧✐ s✐➛ ❥➛③②❦✐❡♠ ✇ ❦tór②♠ ❢✉♥❦❝❥❡ ♦❜❧✐❝③❛❧♥❡
♠♦➺♥❛❜② ③❛♣✐s❛➣✳
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▼➟♦❞② ❛❞❡♣t ✧❡❧❡❦tr♦♥✐❝③♥❡❥ t❡❝❤♥✐❦✐ ♦❜❧✐❝③❡♥✐♦✇❡❥✲
✲ t❛❦✐ t❡r♠✐♥ ❢✉♥❦❝❥♦♥♦✇❛➟ ③❛♥✐♠ ✇②♠②➧❧♦♥♦ s➟♦✇♦
✐♥❢♦r♠❛t②❦❛ ✕ ♠ó❣➟ ♣♦❞③✐✇✐❛➣ ❥❛❦ ♣♦❥➛❝✐❛ s♣❡➟♥✐❛✲
♥✐❛ ✐ ♣r❛✇❞③✐✇♦➧❝✐ ♦❞♣♦✇✐❛❞❛➟② t❡♠✉ ❝♦ ♥❛♣♦t②❦❛➟
✇ s✇❡❥ ♣r❛❝② ③ ✧♠❛s③②♥❛ ♠❛t❡♠❛t②❝③♥→✧✐ ♣r♦❣r❛✲
♠❛♠✐ ❞❧❛ ♥✐❡❥✳ ❘ó✇♥♦❝③❡➧♥✐❡ ♦❞❝③✉✇❛➟ ♣❡✇♥✐❡♥ ♥✐❡✲
❞♦s②t ✉❝③→❝ s✐➛ ♦ ❢✉♥❦❝❥❛❝❤ ♦❜❧✐❝③❛❧♥②❝❤✭t❥✳ r❡❦✉r❡♥✲
❝②❥♥②❝❤✮ ✐ ♣♦ró✇♥✉❥→❝ t♦ ♣♦❥➛❝✐❡ ③ ♣r❛❦t②❦→ ♦❜❧✐❝③❡➠
♥❛ ❦♦♠♣✉t❡r③❡ ✭t❛ ♥❛③✇❛ ♣♦✇st❛➟❛ ❞✉➺♦ ♣ó➵♥✐❡❥✮✳

❆❧❢r❡❞ ❚❛rs❦✐ ✐ ❑✉rt ●♦❡❞❡❧ ③♥❛❧✐ s✐➛ ✐ s♣♦t②❦❛❧✐✳
▼♦➺♥❛ ♣r③②♣✉s③❝③❛➣✱ ➺❡ ❣❞②❜② ♣♦➟→❝③②❧✐ s✇❡ ✇②s✐➟❦✐✱
t♦ ❥❡s③❝③❡ ♣r③❡❞ ■■ ✇♦❥♥→ ➧✇✐❛t♦✇→✱ ♠♦❣➟❛❜② ♣♦✇st❛➣
t❡♦r✐❛ ♣r♦❣r❛♠ó✇ ❦♦♠♣✉t❡r♦✇②❝❤✳ ❈ó➺✱ ♥✐❡ ✐st♥✐❛➟②
✇t❡❞② ❦♦♠♣✉t❡r②✳

❏➛③②❦ t❡r♠ó✇ ✭✇②r❛➺❡➠ ♥❛③✇♦✇②❝❤✮ ✐ ❢♦r♠✉➟ ✭✇②✲
r❛➺❡➠ ③❞❛♥✐♦✇②❝❤✮ ✇②♠❛❣❛ ✉③✉♣❡➟♥✐❡♥✐❛ ♦ ♣r♦❣r❛♠②
✭❛❧❣♦r②t♠②✮✳

❩❞❛♥✐❛ ♦ ♣r♦❣r❛♠❛❝❤✳

❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ❝③②❧✐ ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛

❉③✐❛➟❛♥✐❛ ♥✐❡s❦♦➠❝③♦♥❡ ✇ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ✕
♣➛t❧❛ ✇❤✐❧❡ ✐ ❦✇❛♥t②✜❦❛t♦r② ✐t❡r❛❝❥✐✳

❚❛rs❦✐ ✕ ♣♦❥➛❝✐❡ s♣❡➟♥✐❛♥✐❛✳

❘ó➺♥❡ ❞❡✜♥✐❝❥❡ ❛❧❣♦r②t♠✉✱ t❡③❛ ❈❤✉r❝❤❛ ✐ ❜r❛❦
❢♦r♠✉➟ ③❞❛♥✐♦✇②❝❤ ✇②r❛➺❛❥→❝②❝❤ ✇➟❛s♥♦➧❝✐ ❛❧❣♦r②t✲
♠ó✇✳

❙✳ ❑❧❡❡♥❡ ❜②➟ ❜❧✐s❦♦✳ ❚✇✐❡r❞③❡♥✐❡ ♦ ♣♦st❛❝✐ ♥♦r✲
♠❛❧♥❡❥ ✳✳✳ ❩✇✐→③❡❦ ♦♣❡r❛❝❥✐ ♠✐♥✐♠✉♠ ③ ❦♦♥str✉❦❝❥→
✇❤✐❧❡ ❥❡st ♦❝③②✇✐st②✳

●❛r➧➣ ♣②t❛➠✳ ❩❜✐❡r❛♠② t✉ ♣②t❛♥✐❛ ③ ❥❛❦✐♠✐ ✐♥❢♦r✲
♠❛t②❝② ♣♦✇✐♥♥✐ ❜②➣ ♦❜❡③♥❛♥✐✳ ❑❛➺❞② ♣♦✇✐♥✐❡♥ s❛✲
♠♦❞③✐❡❧♥✐❡ ✇②r♦❜✐➣ s♦❜✐❡ ♣♦❣❧→❞ ❥❛❦ ♦❞♣♦✇✐❡❞③✐❡➣ ♥❛
t❡ ♣②t❛♥✐❛✳ ❲ t❡♥ s♣♦só❜ ❝❤❝❡♠② ③❛❝❤➛❝✐➣ ❞♦ ✇②r♦✲
❜✐❡♥✐❛ s♦❜✐❡ ➧✇✐❛t♦♣♦❣❧→❞✉ ✐♥❢♦r♠❛t②❝③♥❡❣♦✳
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• ❈③② ❦♦♠♣✐❧❛t♦r ♣r③❡❦s③t❛➟❝✐ ✐♥str✉❦❝❥➛ ♣r③②✲
♣✐s❛♥✐❛ ❞♦ ♥❛❥❧❡♣s③❡❥ ♠♦➺❧✐✇❡❥ ♣♦st❛❝✐❄
• ❈③② ♣♦✇st❛♥→ ❦♦♠♣✐❧❛t♦r② s②❣♥❛❧✐③✉❥→❝❡ ❜➟→❞
③❛♣➛t❧❡♥✐❛ s✐➛ ♦❜❧✐❝③❡➠ ♣r♦❣r❛♠✉❄
• ■♥str✉❦❝❥❛ ❢♦r ✭♣r③② s♣❡➟♥✐❡♥✐✉ ❦✐❧❦✉ ♥❛t✉r❛❧✲
♥②❝❤ ♦❣r❛♥✐❝③❡➠✮ ♠❛ ♦❜❧✐❝③❡♥✐❡ s❦♦➠❝③♦♥❡✳ ■♥✲
str✉❦❝❥❛ ✇❤✐❧❡ ♠♦➺❡ ♠✐❡➣ ♦❜❧✐❝③❡♥✐❛ ♥✐❡s❦♦➠✲
❝③♦♥❡✳ ❈③② ♠♦➺♥❛ s✐➛ ♣♦③❜②➣ t❡❥ ✐♥str✉❦❝❥✐ ③
❥➛③②❦❛❄
• ❈③②♠ s→ ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐ ✐ ♣r♦❝❡❞✉r ✇②st➛✲
♣✉❥→❝❡ ✇ ♣r♦❣r❛♠✐❡❄
• ❩❜✐ór ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛❧♥②❝❤ ❂ ❩❜✐ór ❢✉♥❦❝❥✐ ♣r♦✲
❣r❛♠♦✇❛❧♥②❝❤✳
❈♦ ③ t❡❣♦ ✇②♥✐❦❛❄
• ❈③② t✇ór❝② ❥➛③②❦❛ ❏❛✈❛ s➟✉s③♥✐❡ ♣♦st→♣✐❧✐ ③❛✲
❜r❛♥✐❛❥→❝ ✐♥str✉❦❝❥✐ ❞❡❛❧♦❦❛❝❥✐ ♦❜✐❡❦t✉❄ ❈③②
❞❡❝②③❥❛ ♣r③②❥➛t❛ ♣r③❡③ ❛✉t♦r❛ ❥➛③②❦❛ ❈✰✰ ❜②
♣♦③✇♦❧✐➣ ♥❛ ✉➺②✇❛♥✐❡ ✐♥str✉❦❝❥✐ ❞❡❧❡t❡ ❥❡st
❧❡♣s③❛❄
• ❉②♥❛♠✐❝③♥❛ ❝③② st❛t②❝③♥❛ s❡♠❛♥t②❦❛ ✇✐❡❧❦♦✲
➧❝✐ ♥✐❡❧♦❦❛❧♥②❝❤❄
• ❈③② ♣r♦t♦❦ó➟ ❛❧✐❡♥ ❝❛❧❧ ♠♦➺♥❛ ③❛✐♠♣❧❡♠❡♥t♦✲
✇❛➣ ✇ ❏❛✈✐❡❄
• ❈③② ❦♦♠♣✉t❡r② ✇✐❡❧♦r❞③❡♥✐♦✇❡ ✐ ♣r♦t♦❦ó➟ ❛❧✐❡♥
❝❛❧❧ ♣❛s✉❥→ ❞♦ s✐❡❜✐❡❄

❈❡❧❡ t❡❥ ❦s✐→➺❦✐✳
• ♥❛✉❝③②➣ t✇♦r③❡♥✐❛ ♣r♦❣r❛♠ó✇ ✇ ▲♦❣❧❛♥✐❡✱
• ♥✐❡ ♠♦➺❡♠② ♦❣r❛♥✐❝③❛➣ s✐➛ ❞♦ ♥❛✉❦✐ s❦➟❛❞♥✐✱
❦♦♥✐❡❝③♥❡ ❥❡st r♦③✉♠✐❡♥✐❡ s❦✉t❦ó✇ ✉♠✐❡s③❝③❡✲
♥✐❛ t❡❥ ❛ ♥✐❡ ✐♥♥❡❥ ❧✐♥✐❥❦✐ t❡❦st✉ ✇ ♣r♦❣r❛♠✐❡✱
• ❛ ✇✐➛❝ ♠✉s✐♠② ♦♣❛♥♦✇❛➣ s❡♠❛♥t②❦➛ ✱
• ♥❛ t②♠ ♥✐❡ ❦♦➠❝③② s✐➛ ♥❛s③❡ ③❛❞❛♥✐❡ ✕ ♣r♦✲
❣r❛♠ ♣♦✇st❛❥❡ ♣♦ ❝♦➧✱ ♣r♦❣r❛♠ ♠❛ r♦③✇✐→③❛➣
❥❛❦✐❡➧ ③❛❞❛♥✐❡✱
• ♥❛✉❝③♠② s✐➛ ❛r❣✉♠❡♥t♦✇❛♥✐❛✱ ➺❡ ♥❛s③ ♣r♦✲
❣r❛♠ ❞♦❜r③❡ r♦③✇✐→③✉❥❡ ♣♦st❛✇✐♦♥❡ ③❛❞❛♥✐❡✱
♣♦✇✐♥♥✐➧♠② ♣♦s✐❛❞❛➣ ✉♠✐❡❥➛t♥♦➧➣ ♦❝❡♥② ❦♦s③✲
tó✇✱ ❛ t❛❦➺❡ ✉♠✐❡❥➛t♥♦➧❝✐ ♦❜♥✐➺❛♥✐❛ ❦♦s③tó✇
❡❦s♣❧♦❛t❛❝❥✐ ♥❛s③❡❣♦ ♦♣r♦❣r❛♠♦✇❛♥✐❛✱ ✉♠✐❡✲
❥➛t♥♦➧➣ ♦♣t②♠❛❧✐③❛❝❥✐ ♦♣r♦❣r❛♠♦✇❛♥✐❛✳

✽



❖ s❦➟❛❞♥✐ ❏➛③②❦ ♣r♦❣r❛♠♦✇❛♥✐❛ ❥❡st ❥➛③②❦✐❡♠ s❢♦r✲
♠❛❧✐③♦✇❛♥②♠✱ ♣♦♥✐❡✇❛➺ t❡❣♦ ✇②♠❛❣❛ ❦♦♠♣✐❧❛t♦r✳ ❋♦r✲
♠❛❧✐③❛❝❥❛ t❛ ♥✐❡ ♠♦➺❡ ♣r③❡s③❦❛❞③❛➣ ❝③➟♦✇✐❡❦♦✇✐ ✇ r♦✲
③✉♠✐❡♥✐✉ ✐ ❛♥❛❧✐③♦✇❛♥✐✉ ♣r♦❣r❛♠✉✳ ❇➛❞③✐❡♠② st❛r❛❧✐
s✐➛ tr③②♠❛➣ ♣♦✇②➺s③❡❣♦ ✕ ✇ ❝❡❧❛❝❤ ❞②❞❛❦t②❝③♥②❝❤✱
❛❧❡ ♥✐❡ t②❧❦♦✳ ❩➟♦➺♦♥♦➧➣ ❥➛③②❦❛ ▲♦❣❧❛♥ ✭♣♦♠✐♠♦ ③✇✐➛✲
③➟❡❥ s❦➟❛❞♥✐✮ ❥❡st t❛❦ ❞✉➺❛✱ ➺❡ ♥✐❡ ♣♦tr❛✜♠② ❞③✐➧ ♣♦✲
❞❛➣ ❛❦s❥♦♠❛t②❝③♥❡❥ ❞❡✜♥✐❝❥✐ s❡♠❛♥t②❦✐ ▲♦❣❧❛♥✉✳

✵✳✶✳ Pr❡③❡♥t❛❝❥❛ tr❡➧❝✐✳ Pr③❡❞st❛✇✐♠② r♦s♥→❝② ❝✐→❣
♣♦❞❥➛③②❦ó✇ ❥➛③②❦❛ ▲♦❣❧❛♥✳ ✐ ❞❧❛ ❦❛➺❞❡❣♦ ③ ♥✐❝❤ ♣♦✲
st❛r❛♠② s✐➛ ♦❦r❡➧❧✐➣ s❦➟❛❞♥✐➛✱ s❡♠❛♥t②❦➛ ✐ ✇✐rt✉❛❧♥②
❦♦♠♣✉t❡r r❡❛❧✐③✉❥→❝② ♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠ó✇ ♥❛♣✐s❛✲
♥②❝❤ ✇ t②♠ ❥➛③②❦✉✳ ❙❡♠❛♥t②❦➛ ❜➛❞③✐❡♠② ❞❡✜♥✐♦✇❛➣
♣♦❞❛❥→❝ ♦❞♣♦✇✐❡❞♥✐→ ❞❡✜♥✐❝❥➛ ♦❜❧✐❝③❡♥✐❛✳ P♦❞❛♠②
t❡➺ ❛❦s❥♦♠❛t② r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ♦❞♣♦✇✐❡❞♥✐❡ ❞❧❛
❦♦❧❡❥♥❡❣♦ ♣♦❞❥➛③②❦❛ Li✳
❲ ❦❛➺❞②♠ r♦③❞③✐❛❧❡ ③♥❛❥❞→ s✐➛ ♣r③②❦➟❛❞② ❞♦✇♦❞ó✇
♣♦♣r❛✇♥♦➧❝✐ ♣r♦❣r❛♠ó✇✳

❋♦r♠❛❧✐③♠ ♦♣❛rt② ❜➛❞③✐❡ ♥❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇
❝③②❧✐ ❧♦❣✐❝❡ ❛❧❣♦r②t♠✐❝③♥❡❥✳

P♦③♥❛✇❛➣ ❜➛❞③✐❡♠② r♦s♥→❝② ❝✐→❣ ♣♦❞❥➛③②❦ó✇ ❥➛✲
③②❦❛ ▲♦❣❧❛♥✬✽✷✳

L0 ⊂ L1 ⊂ L2 ⊂ L3 ⊂ . . .L10 ⊂ ▲♦❣❧❛♥
✐ ❝✐→❣ ❝♦r❛③ ♠♦❝♥✐❡❥s③②❝❤ ❛❜str❛❦❝②❥♥②❝❤ ❦♦♠♣✉t❡✲
ró✇

K0 ⊏ K1 ⊏ K2 ⊏ K3 ⊏ . . .K10 ⊏❱▲P
❛ t❛❦➺❡ ❝✐→❣ t❡♦r✐✐ ❛❧❣♦r②t♠✐❝③♥②❝❤

T0 ⊂ T1 ⊂ T2 ⊂ T3 ⊂ . . . T10.
❆ ♦t♦ ❦✐❧❦❛ ♣✐❡r✇s③②❝❤ ♣♦❞❥➛③②❦ó✇ ❥➛③②❦❛ ▲♦❣❧❛♥✳

• L0 ✕ ❥➛③②❦ ✐♥str✉❦❝❥✐ ❞r✉❦♦✇❛♥✐❛✱
• L1 ✕ ❥➛③②❦ ✇②r❛➺❡➠ ✭❛r②t♠❡t②❝③♥②❝❤✱ ③♥❛❦♦✲
✇②❝❤✱ ❜♦♦❧♦✇s❦✐❝❤✱ ✮
• L2 ✕ ❥➛③②❦ ♣r♦❣r❛♠ó✇ ❧✐♥✐♦✇②❝❤✱ ✭❝✐→❣✐ ✭s❦♦➠✲
❝③♦♥❡✮ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✮
• L3 ✕ ❥➛③②❦ ♣r♦❣r❛♠ó✇ ❡❧❡♠❡♥t❛r♥②❝❤ ✭✐♥str✉❦✲
❝❥❡ ❢♦r ♦r❛③ ✐❢✮✱
• L4 ✕ ❥➛③②❦ ♣r♦❣r❛♠ó✇ ③ t❛❜❧✐❝❛♠✐✱
• L5 ✕ ❥➛③②❦ ♣r♦❣r❛♠ó✇ ✐t❡r❛❝②❥♥②❝❤ ✭✐♥str✉❦❝❥❡
✇❤✐❧❡✮✱

✾



• ✳ ✳ ✳
• ▲♦❣❧❛♥

❑❛➺❞❡♠✉ ❥➛③②❦♦✇✐ Li ♦❞♣♦✇✐❛❞❛ ❛❜str❛❦❝②❥♥② ❦♦♠✲
♣✉t❡r Ki✱ ❦tór② ♣♦tr❛✜ ✇②❦♦♥②✇❛➣ ♣r♦❣r❛♠② ③❛♣✐✲
s❛♥❡ ✇ t②♠ ❥➛③②❦✉✳
❲✐rt✉❛❧♥② ❦♦♠♣✉t❡r Ki ♣♦tr❛✜ ✇②❦♦♥②✇❛➣ ♣r♦❣r❛♠②
♥❛♣✐s❛♥❡ ✇ ❥➛③②❦✉ Li✳ ➅✇✐❛t➟② ♣r♦❣r❛♠✐st❛ ♣♦tr❛✜
✇②❦♦r③②st❛➣ ✇✐❡❞③➛ ③❛✇❛rt→ ✇ t❡♦r✐✐ Ti ❜② ♣r③❡❞st❛✲
✇✐➣ ❞♦✇ó❞✱ ➺❡ ♣r♦❣r❛♠ ♥❛♣✐s❛♥② ✇ ❥➛③②❦✉ Li ♠❛ t❛❦✐❡
❛ ♥✐❡ ✐♥♥❡ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥❡✳
❇➛❞③✐❡♠② s✐➛ st❛r❛➣✱ ❜② ró✇♥♦❝③❡➧♥✐❡ ③ ❞❡✜♥✐❝❥→ ❦♦✲
❧❡❥♥❡❣♦ ♣♦❞❥➛③②❦❛ Li ♣♦❞❛➣ ❞❡✜♥✐❝❥➛ ❛❧❣♦r②t♠✐❝③♥❡❥
t❡♦r✐✐ Ti✳ ❚❡♦r✐❛ Ti ♠❛ ❞♦st❛r❝③❛➣ ❛❦s❥♦♠❛t② ✐ r❡❣✉➟②
✇♥✐♦s❦♦✇❛♥✐❛ ♥✐❡③❜➛❞♥❡ ❞♦ ❛♥❛❧✐③♦✇❛♥✐❛ s❡♠❛♥t②❝③✲
♥②❝❤ ✇➟❛s♥♦➧❝✐ ♣r♦❣r❛♠ó✇ ③ ❥➛③②❦❛ Li✳ ❩❛♠✐❛r t❡♥
❜➛❞③✐❡♠② r❡❛❧✐③♦✇❛➣ ❞❧❛ ❥➛③②❦ó✇ ♦♣✐s❛♥②❝❤ ✇ ♣✐❡r✇✲
s③❡❥ ❝③➛➧❝✐ ♥❛s③❡❥ ❦s✐→➺❦✐✳ ❩❛♣r❛s③❛♠② ♥❛t♦♠✐❛st ❞♦
✇s♣ó➟♣r❛❝② ♥❛❞ ❛❦s❥♦♠❛t②③❛❝❥→ ❥➛③②❦ó✇ ③❛✇❛rt②❝❤
✇ ❝③➛➧❝✐❛❝❤ ♥❛st➛♣♥②❝❤✳

❑❛➺❞② ♣r♦❣r❛♠ P ✇②❦♦r③②st✉❥❡ ♣❡✇✐❡♥ ③❡st❛✇ ♥❛✲
r③➛❞③✐ ♣r♦❣r❛♠♦✇❛♥✐❛ ✐ ✇ t❡♥ s♣♦só❜ ♣❧❛s✉❥❡ s✐➛ ✇
♣❡✇♥②♠ ❥➛③②❦✉ Li✳ Pr♦❣r❛♠② ③ ❥➛③②❦❛ Li ✇②❦♦♥✉❥❡
❦♦♠♣✉t❡r Ki✳ Pr♦❣r❛♠ ♠♦➺❡ ❜②➣ ✇②❦♦♥②✇❛♥② ③ ró➺✲
♥②♠✐ ❞❛♥②♠✐✳ ❩❜✐ór ❞❛♥②❝❤ ❥❡st ♥✐❡s❦♦➠❝③♦♥②✳ ❈③②
♠♦➺♥❛ ③❛✇❝③❛s✉ ✭③❛♥✐♠ ♦❞❞❛♠② ♣r♦❣r❛♠ ✉➺②t❦♦✇✲
♥✐❦♦✇✐✮ s♣r❛✇❞③✐➣ ❝③② ❥❡st ♦♥ ♣♦♣r❛✇♥②❄ ◆■❊✦ ♣✐s❛➟♦
♦ t②♠ ✇✐❡❧✉ ❛✉t♦ró✇ ♣♦r✳ ❄❄✳
❆❧❡ ♠♦➺❡♠② ♣♦❞❥→➣ s✐➛ ♣ró❜② ✉❞♦✇♦❞♥✐❡♥✐❛✱ ➺❡ ♣r♦✲
❣r❛♠ ♠❛ ♣♦➺→❞❛♥❡ ✇➟❛➧❝✐✇♦➧❝✐✳ ❲➟❛➧❝✐✇♦➧❝✐ s❡♠❛♥✲
t②❝③♥❡ ✲ t♦ ♥❛s ✐♥t❡r❡s✉❥❡✦

P❡➟♥♦➧➣✳ ▼♦➺♥❛ s♦❜✐❡ ③❛❞❛✇❛➣ ♣②t❛♥✐❛✿ ❝③② ✇➟❛✲
s♥♦➧➣ s❡♠❛♥t②❝③♥❛ W ♣r❛✇❞③✐✇❛ ✇ r❡❛❧✐③❛❝❥✐ ♥❛ ❦♦♠✲
♣✉t❡r③❡ K ♣♦s✐❛❞❛ ❞♦✇ó❞❄ ♣♦♣r❛✇✦❖❦❛③✉❥❡ s✐➛✱ ➺❡
❜❛❞❛♥✐❡ ✇➟❛➧❝✐✇♦➧❝✐ ♣r♦❣r❛♠✉ P ∈ Li ♠♦➺♥❛ ♣r③❡♣r♦✲
✇❛❞③❛➣ ✇ t❡♦r✐✐ Ti ❧✉❜ ✇ ❥❡❥ ♣❡✇♥②♠ r♦③s③❡r③❡♥✐✉ T Pi ✳
❚❡♦r✐❛ T Pi ❥❡st ✇ ♣♦ró✇♥❛♥✐✉ ③ t❡♦r✐→ Ti ❜♦❣❛ts③❛ ♦
♥♦✇❡ ❛❦s❥♦♠❛t② ③❞❡✜♥✐♦✇❛♥❡ ♣r③❡③ ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦✲
❝❥✐ ③❛✇❛rt❡ ✇ ♣r♦❣r❛♠✐❡ P ✳ ❲ ❞r✉❣✐❡❥ ❝③➛➧❝✐ ③♦❜❛✲
❝③②♠②✱ ➺❡ ✇③❜♦❣❛❝❡♥✐❡ ♠♦➺❡ t❡③ ♣♦❧❡❣❛➣ ♥❛ ❞♦❞❛♥✐✉

✶✵



❝❛➟②❝❤ ♥♦✇②❝❤ t❡♦r✐✐ ✕ ❞③✐❡❥❡ s✐➛ t❛❦ ✱ ❣❞② ✇ ♣r♦❣r❛✲
♠✐❡ ♣♦❥❛✇✐❛❥→ s✐➛ ❞❡❦❧❛r❛❝❥❡ ❦❧❛s✳ P♦r✳ ❝③➛➧➣ ❞r✉❣→
Pr♦❣r❛♠✉❥ ③ ❦❧❛s→✳
❚②♠✱ ❦tór③② ❧✉❜✐→ ✇②③✇❛♥✐❛ ♣r♦♣♦♥✉❥❡♠② ❜② ✇③✐➛❧✐
✉❞③✐❛➟ ✇ ♣r♦❣r❛♠✐❡ ❜❛❞❛♥✐❛ ❥❛❦✐❡ t❡♦r✐❡ ♦♣✐s✉❥→ ♣r♦✲
❣r❛♠♦✇❛♥✐❡ ③ ✇s♣ó➟♣r♦❣r❛♠❛♠✐ ✐ ♣r♦❝❡s❛♠✐✳ ◆❛❧❡➺②
s♣♦❞③✐❡✇❛➣ s✐➛ ❝③❡❣♦➧ ♥♦✇❡❣♦✳

❲ ❦❛➺❞❡❥ ✇❛rst✇✐❡ ♦❜♦✇✐→③✉❥❡ t❛ s❛♠❛ ❞❡✜♥✐❝❥❛
♣♦❥➛❝✐❛ ♣r♦❣r❛♠✉✳ Pr♦❣r❛♠ ❥❡st s♣❡❝②✜❝③♥②♠ ❜❧♦✲
❦✐❡♠✳ ◆❛ ❜❧♦❦ s❦➟❛❞❛❥→ s✐➛ ③❜✐ór ✭❛ ❞♦❦➟❛❞♥✐❡❥✱ ❝✐→❣✮
❞❡❦❧❛r❛❝❥✐ D ✐ ❝✐→❣ ✐♥str✉❦❝❥✐ I✳ ❑♦❧❡❥♥❡ ❡❧❡♠❡♥t② t②❝❤
❝✐→❣ó✇ s→ ♦❞❞③✐❡❧♦♥❡ ♦❞ s✐❡❜✐❡ ③♥❛❦✐❡♠ ➧r❡❞♥✐❦❛❀ P♦✲
❥➛❝✐❛ t❡ ❜➛❞③✐❡♠② ❞❡✜♥✐♦✇❛➣ ♥❛ ♥♦✇♦ ✇ ❦❛➺❞②♠ ❦♦✲
❧❡❥♥②♠ ❥➛③②❦✉ Li✳

❉❡✜♥✐❝❥❛ ✷✳✶✳ ◆✐❡❝❤ D ♦③♥❛❝③❛ ❝✐→❣ ❞❡❦❧❛r❛❝❥✐✱ ♥✐❡❝❤ I

♦③♥❛❝③❛ ❝✐→❣ ✐♥str✉❦❝❥✐✳
Pr♦❣r❛♠❡♠ ❥❡st ✇②r❛➺❡♥✐❡ ♦ ♥❛st➛♣✉❥→❝❡❥ str✉❦t✉r③❡

♣r♦❣r❛♠ Nazwa❴programu❀
D

❜❡❣✐♥
I

❡♥❞
✶✶



❙➟♦✇❛ ♣r♦❣r❛♠✱ ❜❡❣✐♥✱ ❡♥❞ s→ s➟♦✇❛♠✐
❦❧✉❝③♦✇②♠✐ ❥➛③②❦❛✳
◆✐❡ ✉➺②✇❛❥ ✐❝❤ ❞♦ ♦③♥❛❝③❛♥✐❛ ❝③❡❣♦✲
❦♦❧✇✐❡❦✳ ❩❛♠✐❛st ♣❛r② s➟ó✇✿ ♣r♦❣r❛♠
♥❛③✇❛❴♣r♦❣r❛♠✉❀ ♠♦➺❡s③ ♥❛♣✐s❛➣
❦rót❦♦ ❜❧♦❝❦✳ ❚❛❦✱ ♣r♦❣r❛♠ ❥❡st ❜❧♦✲
❦✐❡♠✳ ❖ ❜❧♦❦❛❝❤ ♣✐s③❡♠② ♦❜s③❡r♥✐❡❥ ✇
r♦③❞③✐❛❧❡ ✾✱ str✳ ✶✻✼✳
⌈ ❯✇❛❣❛ ❞♦t②❝③→❝❛ s♣♦s♦❜✉ ♣✐s❛♥✐❛ s➟ó✇
❦❧✉❝③♦✇②❝❤✳
❉❛✇♥♦ t❡♠✉ ✇②♠②➧❧♦♥♦ ♥❛st➛♣✉❥→❝→ ③❛✲
s❛❞➛✿ s➟♦✇❛ ❦❧✉❝③♦✇❡ ✇ ❞r✉❦✉ ♣♦❥❛✇✐❛❥→
s✐➛ ❥❛❦♦ ♣ó➟❣r✉❜❡✱ ♥❛ t❛❜❧✐❝② ♣✐s❛♥❡ s→
③❛➧ ❥❛❦♦ ♣♦❞❦r❡➧❧♦♥❡✳
❦♦♥✐❡❝ ✉✇❛❣✐✳ ⌋
❙➟ó✇ ❦❧✉❝③♦✇②❝❤ ✉➺②✇❛♠② ❞♦ ♦r❣❛♥✐③♦✲
✇❛♥✐❛ str✉❦t✉r② ♣r♦❣r❛♠✉✳ ❚✉t❛❥ s→ t♦
♥❛✇✐❛s ♦t✇✐❡r❛❥→❝② ♣r♦❣r❛♠✱ ➧ró❞♥❛✇✐❛s
❜❡❣✐♥✱ ♥❛✇✐❛s ③❛♠②❦❛❥→❝② ❡♥❞✳ ❙➟ó✇
t②❝❤ ♥✐❡ ❢♦r♠❛t✉❥❡♠② ✇ ♣❧✐❦✉ ➵ró❞➟♦✲
✇②♠ ♣r♦❣r❛♠✉✱ ❛❧❡ ♥❛r③➛❞③✐❛ ❡❞②t✉❥→❝❡
♠♦❣→ ❥❡ ♣♦❦❛③②✇❛➣ ✇ ❦♦❧♦r③❡✳

❩❜✐ór ✇②r❛➺❡➠ ♣♦♣r❛✇♥✐❡ ③❜✉❞♦✇❛♥②❝❤ WFF ❦❛➺❞❡❣♦
r♦③✇❛➺❛♥❡❣♦ ♣♦❞❥➛③②❦❛ Li ❥➛③②❦❛ ▲♦❣❧❛♥ ❥❡st s✉♠→
❦✐❧❦✉ ③❜✐♦ró✇✿ ③❜✐♦r✉ ✇②r❛➺❡➠ W✱ ③❜✐♦r✉ ❞❡❦❧❛r❛❝❥✐
D✱ ③❜✐♦r✉ ✐♥str✉❦❝❥✐ I ✐ ③❜✐♦r✉ ♣r♦❣r❛♠ó✇ WP✳

WFF =W ∪D ∪ I ∪WP

❖♠❛✇✐❛♥② ✇ t②♠ r♦③❞③✐❛❧❡ ③❜✐ór ✇②r❛➺❡➠ W s❦➟❛❞❛
s✐➛ ③ ❦✐❧❦✉ r♦③➟→❝③♥②❝❤ ♣♦❞③❜✐♦ró✇✿ ③❜✐♦r✉ ✇②r❛✲
➺❡➠ ❛r②t♠❡t②❝③♥②❝❤ t②♣✉ ❝❛➟❦♦✇✐t♦❧✐❝③❜♦✇❡❣♦ WI✱
③❜✐♦r✉ ✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤ t②♣✉ r③❡❝③②✇✐st❡❣♦
✕ r❡❛❧ WR ✭✐♥❛❝③❡❥✱ t❡r♠ó✇✮✱ ③❜✐♦r✉ ❢♦r♠✉➟ ✭✐♥❛❝③❡❥
③❜✐♦r✉ ✇②r❛➺❡➠ ❜♦♦❧♦✇s❦✐❝❤✮ WB✱ ③❜✐♦r✉ ✇②r❛➺❡➠ ③♥❛✲
❦♦✇②❝❤ WC✱ ③❜✐♦r✉ ✇②r❛➺❡➠ t②♣✉ str✐♥❣ WS✳

W =WI ∪WR∪WB ∪WC ∪WS

❩ ❦❛➺❞②♠ ❥➛③②❦✐❡♠ Li ③✇✐→➺❡♠② ♦❞♣♦✇✐❡❞♥✐ ❛❜s✲
tr❛❦❝②❥♥② ❦♦♠♣✉t❡r Ki✳ ❏❡st t♦ ❛❜str❛❦❝②❥♥❛ ♠❛s③②♥❛
✇✐rt✉❛❧♥❛✳ ◆✐❡ ③❛st❛♥❛✇✐❛♠② s✐➛ ♥❛❞ ❥❡❥ r❡❛❧✐③❛❝❥→ ✇

✶✷



❦♦♠♣✉t❡r③❡✳ ❩ ❞r✉❣✐❡❥ str♦♥② ❥❡st ♦❝③②✇✐st❡✱ ➺❡ ♦♣❡✲
r❛❝❥❡ ❥❛❦✐❡ ✇②❦♦♥✉❥❡ t❛ ♠❛s③②♥❛ s→ ❡❢❡❦t②✇♥❡ ✭t❥✳
♦❜❧✐❝③❛❧♥❡✮✳ r♦③✇✐➠ ❇➛❞③✐❡♠② t❡➺ ♠ó✇✐➣ ✇✐rt✉❛❧♥②
♣r♦❝❡s♦r ❧♦❣❧❛♥♦✇s❦✐ ✕ ❱▲P✳ ❑♦♠♣✉t❡r② Ki t✇♦r③→
❝✐→❣ ♠❛s③②♥ ❝♦r❛③ ♠♦❝♥✐❡❥s③②❝❤ ✐ ♣r③②❜❧✐➺❛❥→ ❧♦❣❧❛✲
♥♦✇s❦✐ ♣r♦❝❡s♦r ✇✐rt✉❛❧♥② ❱▲P✳

Pr♦❣r❛♠ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥✳ ▲✉❜ ✐♥❛❝③❡❥✱ ❦♦✲
❧❡❥♥❡ ♣②t❛♥✐❛ ✐ ③❛❞❛♥✐❛ ❥❛❦✐❡ ♣r♦✇❛❞③→ ❞♦ s❦♦♥str✉✲
♦✇❛♥✐❛ ✐ ③❛st♦s♦✇❛➠ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳ ❘❛❝❤✉♥❡❦
♣r♦❣r❛♠ó✇ t♦ ✐♥♥❛ ♥❛③✇❛ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥✳

✭✶✮ ❈③② ✭❛❧❣♦r②t♠✮ ♣r♦❣r❛♠ ❥❡st t❡❦st❡♠❄
✭✷✮ ❈③② ♦❜❧✐❝③❡♥✐❡ ❛❧❣♦r②t♠✉ ❥❡st ✇②③♥❛❝③♦♥❡ ♣r③❡③

❥❡❣♦ t❡❦st❄ ◆■❊✳ ❙→ ❝✐❡❦❛✇❡ ♣r③②❦➟❛❞② ❛❧❣♦✲
r②t♠ó✇ ♦ ③✉♣❡➟♥✐❡ ró➺♥②❝❤ ♦❜❧✐❝③❡♥✐❛❝❤ ❣❞②
③❛st♦s♦✇❛♥♦ ❥❡ ✇ ró➺♥②❝❤ str✉❦t✉r❛❝❤ ❞❛♥②❝❤

✭✸✮ ❖❞ró➺♥✐❛♠② ✇➟❛s♥♦➧❝✐ s②♥t❛❦t②❝③♥❡ ♣r♦❣r❛✲
♠ó✇ ✭❛❧❣♦r②t♠ó✇✮ ♦❞ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③✲
♥②❝❤✳ ❚❡ ♣✐❡r✇s③❡ s→ ♥✐❡❝✐❡❦❛✇❡✱ ♥✐❡tr✉❞♥❡ ✇
❛♥❛❧✐③✐❡✳ ◆♣✳ ✳ ✳ ✳❲➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥❡ s→
♥✐❡❜❛♥❛❧♥❡✳ ❚❆❑✦✳ P♦♥✐❡✇❛➺ ✳ ✳ ✳

✭✹✮ ❈③② ♠♦➺♥❛ ❞♦✇♦❞③✐➣ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥❡
♣r♦❣r❛♠ó✇✳ ❚❆❑✦

✭✺✮ ❲ t②♠ ❝❡❧✉ ♥❛❧❡➺② ✇②r❛③✐➣ ✇➟❛s♥♦➧➣ s❡♠❛♥✲
t②❝③♥→ ♣r③❡③ ♦❞♣♦✇✐❡❞♥✐→ ❢♦r♠✉➟➛✳

✭✻✮ ❲②❦❛③❛♥✐❡✱ ➺❡ ❢♦r♠✉➟❛ t❛ ❥❡st ♣r❛✇❞③✐✇❛ t♦
t♦ s❛♠♦ ❝♦ ✇②❦❛③❛♥✐❡✱ ➺❡ ♣r❛✇❞→ ❥❡st ✐➺ ✇➟❛✲
s♥♦➧➣ s❡♠❛♥t②❝③♥❛ ♣r♦❣r❛♠✉ ③❛❝❤♦❞③✐✳

✭✼✮ ❲②♠❛❣❛ t♦ ✇②❥➧❝✐❛ ♣♦③❛ ❥➛③②❦ ♣✐❡r✇s③❡❣♦ r③➛❞✉✳
❲♣r♦✇❛❞③❛♠② ❢♦r♠✉➟② ❛❧❣♦r②t♠✐❝③♥❡✳

✭✽✮ ❏➛③②❦ ③❛✇✐❡r❛ tr③② r♦❞③❛❥❡ ♥❛♣✐só✇✿ t❡r♠②✱
❢♦r♠✉➟② ✐ ♣r♦❣r❛♠②

✭✾✮ ◆❛❧❡➺② s❦♦♥str✉♦✇❛➣ s②st❡♠ ❛❦s❥♦♠❛tó✇ ✐ r❡✲
❣✉➟ ✇♥✐♦s❦♦✇❛♥✐❛ ♣♦③✇❛❧❛❥→❝② ♣r③❡♣r♦✇❛❞③❛➣
❞♦✇♦❞② ❢♦r♠✉➟ ❛❧❣♦r②t♠✐❝③♥②❝❤✱ ❛ ✇✐➛❝ s❡✲
♠❛♥t②❝③♥②❝❤ ✇➟❛s♥♦➧❝✐ ♣r♦❣r❛♠ó✇✳

✭✶✵✮ ❩❜❛❞❛➣ t❛❦✐ s②st❡♠✱ ❝③② ♥✐❡ ③❛✇✐❡r❛ s♣r③❡❝③✲
♥♦➧❝✐ ✐ ❝③② ❥❡st ❦♦♠♣❧❡t♥②✳

✭✶✶✮ ●r♦♠❛❞③✐➣ ❞♦➧✇✐❛❞❝③❡♥✐❛ ✇ st♦s♦✇❛♥✐✉ ♥❛✲
r③➛❞③✐❛ ❥❛❦✐♠ ❥❡st r❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇✳
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❈③➛➧➣ ✶

❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇





❘❖❩❉❩■❆➟ ✸

L1 ❲②r❛➺❡♥✐❛

L1  L2  L3  L4  L5  L6  L7  L8  L9  L10

❚❡♥ r♦③❞③✐❛➟ ♣♦➧✇✐➛❝♦♥② ❥❡st ✇②r❛➺❡♥✐♦♠✳ ❲②✲
r❛➺❡♥✐❛✱ ♣♦t♦❝③♥✐❡ ♥❛③②✇❛♥❡ ✇③♦r❛♠✐✱ s→ ♥✐❡③❜➛❞✲
♥②♠ s❦➟❛❞♥✐❦✐❡♠ ❦❛➺❞❡❣♦ ❥➛③②❦❛ ♣r♦❣r❛♠♦✇❛♥✐❛✳ ❈♦
✇❛➺♥✐❡❥s③❡✱ ♥✐❡ s♣♦só❜ ③r♦③✉♠✐❡➣ ❥❛❦ ❞❛♥② ♣r♦❣r❛♠
❞③✐❛➟❛✱ ❜❡③ ③r♦③✉♠✐❡♥✐❛ s❡♠❛♥t②❝③♥❡❥ tr❡➧❝✐ ✇②r❛➺❡➠
✇ ♥✐♠ ✇②st➛♣✉❥→❝②❝❤✳ P❡✇♥❡ ✇②r❛➺❡♥✐❛ ♠♦➺♥❛ ③❛✲
st→♣✐➣ ✐♥♥②♠✐✱ ró✇♥♦✇❛➺♥②♠✐✳ ❚♦ ❥❡st ❦❧✉❝③ ❞♦ ✉❧❡♣✲
s③❛♥✐❛ ♣r♦❣r❛♠✉✳
❩ ❞r✉❣✐❡❥ str♦♥②✱ ❥❡❞♥♦ ✐ t♦ s❛♠♦ ✇②r❛➺❡♥✐❡ ♠♦➺❡
♠✐❡➣ ③✉♣❡➟♥✐❡ ✐♥♥② s❡♥s ✇ ró➺♥②❝❤ ♠✐❡❥s❝❛❝❤ t❡❣♦
s❛♠❡❣♦ ♣r♦❣r❛♠✉✳ ❲❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ③❛❧❡➺② ♦❞ ❦♦♥✲
t❡❦st✉ ✇ ❥❛❦✐♠ ✇②st➛♣✉❥❡✳

❑❛➺❞② ❥➛③②❦ ♣r♦❣r❛♠♦✇♥✐❛ L ❥❡st ✉❦➟❛❞❡♠ ❞✇✉
③❜✐♦ró✇✿ ❛❧❢❛❜❡t✉ A ♦r❛③ ③❜✐♦r✉ ♥❛♣✐só✇ ♣♦♣r❛✇♥✐❡
③❜✉❞♦✇❛♥②❝❤ W

L = 〈A,W〉.
❩ ❦♦❧❡✐ ③❜✐ór W = E ∪ I ∪ D✳ ❩❜✐ór E ❥❡st ③❜✐♦r❡♠
✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤✱ ❇♦♦❧♦✇s❦✐❝❤✱ ③♥❛❦♦✇②❝❤✱
♥❛♣✐s♦✇②❝❤ ✐ ✐♥♥②❝❤✱ ♦ ❦tór②❝②❝❤ ♦♣♦✇✐❡♠② ✇ ❞❛❧✲
s③②❝❤ r♦③❞③✐❛➟❛❝❤✳ ❩❜✐ór I✱ t♦ ③❜✐ór ✐♥str✉❦❝❥✐✳ ❩❜✐ór
D ❥❡st ③❜✐♦r❡♠ ❞❡❦❧❛r❛❝❥✐✳ ❏➛③②❦ L1 r♦③s③❡r③❛ ❥➛✲
③②❦ L0 ✐ ✇♣r♦✇❛❞③❛ ✇②r❛➺❡♥✐❛ ♦r❛③ ✐♥str✉❦❝❥❡ ❝③②t❛✲
♥✐❛ r❡❛❞✳ ❖♠ó✇✐♠② ♥✐❡ t②❧❦♦ s❦➟❛❞♥✐➛ ✇②r❛➺❡➠✱ ❛❧❡
t❛❦➺❡ ♣r③②♣✐s❛♥❡ ✐♠ ③♥❛❝③❡♥✐❡✱ t③♥✳ ✐❝❤ s❡♠❛♥t②❦➛✳
P♦❞r➛❝③♥✐❦✐ ♣r♦❣r❛♠♦✇❛♥✐❛✱ ♥❛ ♦❣ó➟✱ ♥✐❡ ♣♦➧✇✐➛❝❛❥→
♦❞♣♦✇✐❡❞♥✐❡❥ ✉✇❛❣✐ ✇②r❛➺❡♥✐♦♠ ✐ ♦❣r❛♥✐❝③❛❥→ s✐➛ ❞♦
♣r③❡❞st❛✇✐❡♥✐❛ s❦➟❛❞♥✐ ✇②r❛➺❡➠✳
❲ t②♠ r♦③❞③✐❛❧❡ ♦♠❛✇✐❛♠② ✇②r❛➺❡♥✐❛ ♣✐➛❝✐✉ t②♣ó✇
♣✐❡r✇♦t♥②❝❤✱ ✐❝❤ s❡♠❛♥t②❦➛ ♦r❛③ ✇➟❛s♥♦➧❝✐ ❞③✐❛➟❛➠
♥❛ ❡❧❡♠❡♥t❛❝❤ t②❝❤ t②♣ó✇ ✐ r❡❧❛❝❥✐ ❥❛❦✐❡ ③❛❝❤♦❞③→
♣♦♠✐➛❞③② ❡❧❡♠❡♥t❛♠✐✳ ❚②♣② ♣✐❡r✇♦t♥❡ t♦ ✐♥t❡❣❡r✱
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r❡❛❧✱ ❇♦♦❧❡❛♥✱ ❝❤❛r ✭③♥❛❦✮✱ str✐♥❣ ✭♥❛♣✐s✮✳ ❲②r❛➺❡✲
♥✐♦♠ t②♣ó✇ ✐♥t❡❣❡r ♦r❛③ r❡❛❧ ♥❛❞❛❥❡ s✐➛ ✇s♣ó❧♥→ ♥❛✲
③✇➛✿ ✇②r❛➺❡♥✐❛ ❛r②t♠❡t②❝③♥❡✳ ❩♥❛❝③❡♥✐❡♠ ✇②r❛➺❡✲
♥✐❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡❣♦ ✐♥t❡❣❡r ❥❡st ❦✲❛r❣✉♠❡♥t♦✇❛
❢✉♥❦❝❥❛ ③❡ ③❜✐♦r✉ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ Z ✇ ③❜✐ór Z✳ ◆♣✳
❩♥❛❝③❡♥✐❡♠ ✇②r❛➺❡♥✐❛ ax2+bx+c ❥❡st ❝③t❡r♦✲❛r❣✉♠❡♥t♦✇❛
❢✉♥❦❝❥❛

(ax2 + bx+ c)Z : Z
4 → Z.

❙♣♦só❜ ♦❜❧✐❝③❛♥✐❛ ✇❛rt♦➧❝✐ t❡❥ ❢✉♥❦❝❥✐ ❥❡st ♦❝③②✇✐st②✳
❩❛✉✇❛➺ ró➺♥✐❝➛

(ax2 + bx+ c)R : R
4 → R.

❚❡♥ s❛♠ ♥❛♣✐s ♠♦➺❡ ♦③♥❛❝③❛➣ ③✉♣❡➟♥✐❡ ✐♥♥→ ❢✉♥❦❝❥➛✳
P♦♥❛❞t♦ r♦➺♥❡ ♥❛♣✐s② ♠♦❣→ ♦③♥❛❝③❛➣ t➛ s❛♠→ ❢✉♥❦❝❥➛

((ax+ b)x+ c)R : R
4 → R.

❚♦ s♣♦str③❡➺❡♥✐❡ ✉♣r③②t❛♠♥✐❛ ♥❛♠ ❥❛❦ ✇✐❡❧❡ ♠♦➺♥❛
③②s❦❛➣✱ ❧✉❜ str❛❝✐➣✱ ❥❡➧❧✐ ♣♦tr❛✜♠② ✉♠✐❡❥➛t♥✐❡ ✇②✲
❦♦r③②st❛➣ ✇➟❛s♥♦➧❝✐ ❞③✐❛➟❛➠✳ ❲②r❛➺❡♥✐❛ ❇♦♦❧♦✇s❦✐❡
❝③②❧✐ ❢♦r♠✉➟② ❧♦❣✐❝③♥❡ ❜❡③❦✇❛♥t②✜❦❛t♦r♦✇❡ t♦ t❛❦➺❡
♦♣✐s② ❢✉♥❦❝❥✐✳ ❚②♠ r❛③❡♠ ✇❛rt♦➧❝✐ ❢✉♥❦❝❥✐ t♦ ♣r❛✇❞❛
❧✉❜ ❢❛➟s③✳ P♦♣r③❡❞♥✐❡ ✉✇❛❣✐ st♦s✉❥→ s✐➛ ❞♦ ✇②r❛✲
➺❡➠ ❜♦♦❧♦✇s❦✐❝❤✳ ❲②r❛➺❡♥✐❛ ❛r②t♠❡t②❝③♥❡ st❛♥♦✇✐→
✇❛➺♥② s❦➟❛❞♥✐❦ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ✭♦ t②♠ ♣✐s③❡♠②
✇ ♥❛st➛♣♥②♠ r♦③❞③✐❛❧❡✮ ❛ t❛❦➺❡ st❛♥♦✇✐→ ❝③s❦➟❛❞♥✐❦
✇②r❛➺❡➠ ❇♦♦❧♦✇s❦✐❝❤✳ ❲②r❛➺❡♥✐❛ ❜♦♦❧♦✇s❦✐❡ st❛♥♦✲
✇✐→ ✇❛➺♥② s❦➟❛❞♥✐❦ ✐♥str✉❦❝❥✐ ✇❛r✉♥❦♦✇②❝❤ ✐❢♦r❛③
✐♥str✉❦❝❥✐ ✐t❡r❛❝❥✐ ✇❤✐❧❡✳
P♦③♦st❛➟❡ ❞✇❛ t②♣② ✇②r➺❡➠ t❡➺ s→ ✇❛➺♥❡✳
❲✐➛❝ ❥❡➧❧✐ ❝❤❝❡s③ ♥✐❡ t②❧❦♦ ♥❛♣✐s❛➣ ♣r♦❣r❛♠✱ ❛❧❡ ✐
③r♦③✉♠✐❡➣ ❥❛❦ ♦♥ ❞③✐❛➟❛❄ ❏❡➧❧✐ ❝❤❝❡s③ s✇❡♠✉ ♣r♦✲
❣r❛♠♦✇✐ ♥❛❞❛➣ ♦♣t②♠❛❧♥→ ♣♦st❛➣✱ ❜② ❞③✐❛➟❛➟ ❜❛r✲
❞③✐❡❥ ✇②❞❛❥♥✐❡✱ t♦ ♠✉s✐s③ ♦♣❛♥♦✇❛➣ ✉♠✐❡❥➛t♥♦➧➣ ③❛✲
st➛♣♦✇❛♥✐❛ ❥❡❞♥❡❣♦ ✇②r❛➺❡♥✐❛ ✐♥♥②♠ ró✇♥♦✇❛➺♥②♠✱
♦ ♠♥✐❡❥s③②♠ ❦♦s③❝✐❡✳ Pr❡❝②③②❥♥→ ❞❡✜♥✐❝❥➛ s❡♠❛♥t②❦✐
✇②r❛➺❡➠ ③❛✇❞③✐➛❝③❛♠② ❆❧❢r❡❞♦✇✐ ❚❛rs❦✐❡♠✉ ❬❚❛r✸✸❪✳

❲②r❛➺❡♥✐❛ s→ ❜❛r❞③♦ ✇❛➺♥②♠ s❦➟❛❞♥✐❦✐❡♠ ③❜✐♦r✉
♥❛♣✐só✇ ♣♦♣r❛✇♥✐❡ ③❜✉❞♦✇❛♥②❝❤✱ t❥✳ ♥❛♣✐só✇✱ ❦tór❡
♥❛❧➛→ ❞♦ ❥➛③②❦❛✳ ❲❛➺♥❡ ❥❡st ❜②✱ ♣r♦❣r❛♠✐st❛ ✉♠✐❛➟
✉❞③✐❡❧❛➣ ♦❞♣♦✇✐❡❞③✐ ♥❛ ♣②t❛♥✐❛ ❞♦t②❝③→❝❡ s❦➟❛❞♥✐✱
s❡♠❛♥t②❦✐ ✐ ❛♥❛❧✐③② ✇②r❛➺❡➠✱ ♣♦❞♦❜♥❡ ❞♦ ✇②♠✐❡♥✐♦✲
♥②❝❤ ♣♦♥✐➺❡❥✿
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❙❦➟❛❞♥✐❛ ❈③② ❞❛♥② ♥❛♣✐s ω ❥❡st ♣♦♣r❛✇♥✐❡ ♥❛♣✐s❛♥②♠
✇②r❛➺❡♥✐❡♠❄
❖❞♣♦✇✐❡❞③✐ ♥❛ t♦ ♣②t❛♥✐❡ ✉❞③✐❡❧✐ ❦♦♠♣✐❧❛t♦r✳
❉③✐➛❦✐ ♥✐❡♠✉✱ ♥❛✉❦❛ t✇♦r③❡♥✐❛ ♣♦♣r❛✇♥②❝❤
✇②r❛➺❡➠ ♣r③②❝❤♦❞③✐ ♥❛♠ ➟❛t✇♦✳ ◆✐❡ ♠✉s✐s③
s✐➛ ♠❛rt✇✐➣✳ ❏❡➧❧✐ ♣♦♣❡➟♥✐➟❡➧ ❜➟→❞✱ t♦ ❦♦♠♣✐✲
❧❛t♦r ✇s❦❛➺❡ ❈✐ ♠✐❡❥s❝❡ ✐ r♦❞③❛❥ ❜➟➛❞✉✳

❙❡♠❛♥t②❦❛ ❈③② ✇❛rt♦➧❝✐ ✇②r❛➺❡➠ ω ✐ θ s→ ró✇♥❡ ✭t❥✳ ❝③②
❥❡❞♥♦ ✇②r❛➺❡♥✐❡ ♠♦➺♥❛ ③❛st→♣✐➣ ❞r✉❣✐♠❄
❏❛❦✐ ❥❡st ❦♦s③t ❞❛♥❡❣♦ ✇②r❛➺❡♥✐❛❄
❈③② ❥❡st ❞♦ ♣♦♠②➧❧❡♥✐❛ ✇②r❛➺❡♥✐❡ ♦ ♠♥✐❡❥✲
s③②♠ ❦♦s③❝✐❡ ✐ ró✇♥❡ ❞❛♥❡♠✉❄
P♦❞♦❜♥❡ ♣②t❛♥✐❡ t♦ ♣②t❛♥✐❡ ♣♦ró✇♥✉❥→❝❡ ❞✇❛
✇②r❛➺❡♥✐❛ ❛r②t♠❡t②❝③♥❡✱ ❝③② ❢♦r♠✉➟❛ ✭ω < θ✮
❥❡st ♣r❛✇❞③✐✇❛❄

❆♥❛❧✐③❛ ❈③② ♣♦tr❛✜s③ ♣♦❞❛➣ ❛r❣✉♠❡♥t② ✭❞♦✇ó❞✮ ✉③❛✲
s❛❞♥✐❛❥→❝❡ ❚✇ó❥ ♦s→❞❄ ❈③② ♥❛♣✐s❛♥② ♣r③❡③
❦♦❣♦➧ ❞♦✇ó❞ ró✇♥♦➧❝✐ ω = θ ❥❡st ♣♦♣r❛✇♥②❄
❈③② ❛r❣✉♠❡♥t② ✇ ♥✐♠ ✉➺②t❡ s→ tr❛❢♥❡❄
❩ ❥❛❦✐❝❤ ✇➟❛s♥♦➧❝✐✭t❥✳ ❛❦s❥♦♠❛tó✇✮ t②♣✉ ♣✐❡r✲
✇♦t♥❡❣♦ ✭❧✉❜ ♦❜✐❡❦t♦✇❡❣♦✮ ✇②♣r♦✇❛❞③♦♥♦ ♣♦✲
❞❛♥② ❞♦✇ó❞❄

P②t❛♥✐❛ ③ ❞r✉❣✐❡❥ ✐ tr③❡❝✐❡❥ ❣r✉♣② s→ tr✉❞♥✐❡❥s③❡ ✐
♣r③②❞❛ s✐➛ ♠✐❡➣ ♣❡✇✐❡♥ tr❡♥✐♥❣ ♠❛t❡♠❛t②❝③♥②✳
❲ ❦❛➺❞②♠ ❥➛③②❦✉ ♣r♦❣r❛♠♦✇❛♥✐❛ ③❜✐ór ✇②r❛➺❡➠ ♣❡➟♥✐
✇❛➺♥→ r♦❧➛✳ ❑❛➺❞② ❥➛③②❦ ♣r♦❣r❛♠♦✇❛♥✐❛ ❞❡✜♥✐✉❥❡
t❡♥ ③❜✐ór ✇ ♥✐❡❝♦ ✐♥♥② s♣♦só❜✳ ❘ó➺♥✐❝❡ ♣♦♠✐➛❞③②
✇②r❛➺❡♥✐❛♠✐ ✇ ❥❡❞♥②♠ ✐ ✇ ❞r✉❣✐♠ ❥➛③②❦✉ ♣r♦❣r❛✲
♠♦✇❛♥✐❛ ♥✐❡ s→ ❛♥✐ ❞✉➺❡ ❛♥✐ ✐st♦t♥❡✳

❲ r♦③❞③✐❛❧❡ ✶✵ ③♦❜❛❝③②♠②✱ ➺❡ ❦❛➺❞② ♣r♦❣r❛♠ ♠♦➺❡
❞❡✜♥✐♦✇❛➣ ③❜✐ór ✇②r❛➺❡➠ ♥❛ s✇ó❥ s♣♦só❜✳ ❈♦ ✇✐➛❝❡❥✱
♣r③❡❝❤♦❞③→❝ ♦❞ ❥❡❞♥❡❣♦ ❞♦ ❞r✉❣✐❡❣♦ ♠♦❞✉➟✉ ♣r♦✲
❣r❛♠✉ ③♠✐❡♥✐❛♠② ➧r♦❞♦✇✐s❦♦ ✐ ③❜✐ór ✇②r❛➺❡➠ ❞♦✲
♣✉s③❝③❛❧♥②❝❤ ✇ t②♠ ♠♦❞✉❧❡✳ ❲ t②♠ r♦③❞③✐❛❧❡ ♥✐❡ ❜➛✲
❞③✐❡♠② ♣r③②❦➟❛❞❛➣ ✇✐➛❦s③❡❥ ✇❛❣✐ ❞♦ ró➺♥✐❝ ♣♦♠✐➛❞③②
❞❡✜♥✐❝❥❛♠✐ ✇②r❛➺❡➠ ✇ r♦③♠❛✐t②❝❤ ❥➛③②❦❛❝❤✱ ✐ ♣r③②❥✲
♠✐❡♠②✱ ✭❜❡③ ③♠♥✐❡❥s③❡♥✐❛ ♦❣ó❧♥♦➧❝✐ ♥❛s③②❝❤ r♦③✇❛✲
➺❛➠✱✮ ✉♣r♦s③❝③♦♥❡ ❞❡✜♥✐❝❥❡ ✇②r❛➺❡➠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②❝❤
✐ ✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤ t②♣✉ r❡❛❧✳ ❲ ❞❛❧s③②❝❤ r♦③✲
❞③✐❛➟❛❝❤ ❞❡✜♥✐❝❥❛ ✇②r❛➺❡♥✐❛ ❜➛❞③✐❡ s✐➛ ③♠✐❡♥✐❛➣✳ ◆✐❡
♣♦✇✐♥♥♦ ❈✐➛ t♦ ③❛s❦❛❦✐✇❛➣✳
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❲②r❛➺❡♥✐❛ ✇②st➛♣✉❥→ t❡➺ ✇ ♠❛t❡♠❛t②❝❡ ✐ ✇❡ ✇s③②st✲
❦✐❝❤ ❞③✐❡❞③✐♥❛❝❤ ✇ ❦tór②❝❤ ♠❛t❡♠❛t②❦❛ ❥❡st st♦s♦✲
✇❛♥❛✳ ❙③❡r③❡❥ ✉➺②✇❛♥❛ ♥❛③✇❛ ✇③♦r② ❥❡st ❜❛r❞③♦ ❝③➛✲
st♦ s♣♦t②❦❛♥②♠ ♦❞♣♦✇✐❡❞♥✐❦✐❡♠ ♣♦❥➛❝✐❛ ✇②r❛➺❡♥✐❛✳
❲ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ③❜✐ór ✇②r❛➺❡➠ ❞③✐❡❧✐ s✐➛
♥❛ ③❜✐ór ✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤✱ ③♥❛❦♦✇②❝❤ ✐ t❡❦✲
st♦✇②❝❤ ✐ ③❜✐ór ✇②r❛➺❡➠ ❜♦♦❧♦✇s❦✐❝❤✳ ❲ ♣♦❞r➛❝③♥✐✲
❦❛❝❤ ❧♦❣✐❦✐ ✭♠❛t❡♠❛t②❝③♥❡❥✮ ③❜✐ór ✇②r❛➺❡➠ ❞③✐❡❧✐ s✐➛
♥❛ ③❜✐ór t❡r♠ó✇ t❥✳ ✇②r❛➺❡➠ ♥❛③✇♦✇②❝❤ ✐ ③❜✐ór ❢♦r✲
♠✉➟ t❥✳ ✇②r❛➺❡➠ ③❞❛♥✐♦✇②❝❤✳ ❋♦r♠✉➟② ❜❡③ ❦✇❛♥t②✲
✜❦❛t♦ró✇ ✭t❥✳ ❢♦r♠✉➟② ♦t✇❛rt❡✮ ✐ ✇②r❛➺❡♥✐❛ ❜♦♦❧♦✇✲
s❦✐❡ t♦ ♠♥✐❡❥ ✇✐➛❝❡❥ t♦ s❛♠♦✳
❲ ❧❛t❛❝❤ tr③②❞③✐❡st②❝❤ ❳❳ ✇✐❡❦✉ ❆❧❢r❡❞ ❚❛rs❦✐ ♦♣✉✲
❜❧✐❦♦✇❛➟ ♣r❛❝➛ ❬❚❛r✸✸❪✱ ✇ ❦tór❡❥ ③❛♣r♦♣♦♥♦✇❛➟ ❜②
✇②r❛➺❡♥✐❛ ♣♦❥♠♦✇❛➣ ❥❛❦♦ ♦♣✐s② ❢✉♥❦❝❥✐ ③❡ ③❜✐♦r✉ ✇❛r✲
t♦➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤ ✇ ③❜✐ór ♦❞♣♦✇✐❡❞♥✐❝❤ ✇❛rt♦✲
➧❝✐✳ ❲ t❡♥ s♣♦só❜ ③❛♣♦❝③→t❦♦✇❛♥❛ ③♦st❛➟❛ ♥♦✇♦✲
❝③❡s♥❛ s❡♠❛♥t②❦❛ ✇②r❛➺❡➠✳ ❉❧❛ ♣r♦❣r❛♠✐stó✇ t❡♥
s♣♦só❜ ♠②➧❧❡♥✐❛ ❥❡st ♥❛t✉r❛❧♥②✿ ❲ ♣r♦❣r❛♠✐❡ ✇②st➛✲
♣✉❥→ ③♠✐❡♥♥❡✳ ❲ ❞❛♥❡❥ ❝❤✇✐❧✐ ③♠✐❡♥♥❡ t❡ ♠❛❥→ ❥❛❦✐❡➧
✇❛rt♦➧❝✐ ✲ ❥❡st t♦ ✇❛rt♦➧❝✐♦✇❛♥✐❡ ❧✉❜ ✐♥❛❝③❡❥ st❛♥ ♣❛✲
♠✐➛❝✐✳ ❲ ✇②r❛➺❡♥✐✉ ✇②st➛♣✉❥→ t❛❦➺❡ ③♥❛❦✐ ❞③✐❛➟❛➠
♥♣✳ ③♥❛❦ ✰ r❡♣r❡③❡♥t✉❥→❝② ❞③✐❛➟❛♥✐❡ ❞♦❞❛✇❛♥✐❛ ⊕
✐ ③♥❛❦ ✴ ♦③♥❛❝③❛❥→❝② ❞③✐❛➟❛♥✐❛ ❞③✐❡❧❡♥✐❛ ⊘✳ ❩♥❛❝③❡✲
♥✐❡♠ ✇②r❛➺❡♥✐❛ a + b · c ❥❡st ✇✐➛❝ tró❥✲❛r❣✉♠❡♥t♦✇❛
❢✉♥❦❝❥❛✱ ❦tór❛ ❦❛➺❞❡♠✉ ✇❛rt♦➧❝✐♦✇❛♥✐✉ ③♠✐❡♥♥②❝❤
v :

a b c

va vb vc
♣r③②♣♦r③→❞❦♦✇✉❥❡ ✇❛rt♦➧➣ va ⊕ (vb ⊙ vc)✳ P♦✲

♥✐➺❡❥ ♣♦❞❛❥❡♠② ❞♦❦➟❛❞♥→ ❞❡✜♥✐❝❥➛ ③♥❛❝③❡♥✐❛ ♣r③②♣✐✲
s❛♥❡❣♦ ✇②r❛➺❡♥✐✉✳ ◆❛ r❛③✐❡✱ ③❛♣❛♠✐➛t❛❥♠②✱ ➺❡ ❞❧❛
t②♣✉ ♣✐❡r✇♦t♥❡❣♦ A ✇②r❛➺❡♥✐✉ ω ♣r③②♣♦r③→❞❦♦✇❛♥❡
❥❡st ♦❞✇③♦r♦✇❛♥✐❡ ωA ③❡ ③❜✐♦r✉ ✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥✲
♥②❝❤ ✇ ✉♥✐✇❡rs✉♠ t②♣✉ A

ωA : A
V → A.

❲s♣♦♠♥✐❥♠② ✇ t②♠ ♠✐❡❥s❝✉✱ ➺❡ s③❝③❡❣ó❧♥→ r♦❧➛
✇ ♣r❛❝② ❚❛rs❦✐❡❣♦ ♦❞❣r②✇❛ ♥❛❞③❜✐ór ③❜✐♦r✉ ✇②r❛➺❡➠
❜♦♦❧♦✇s❦✐❝❤ t❥✳ ❢✉♥❦❝❥❡ ③❞❛♥✐♦✇❡✳ ❲ ✇②r❛➺❡♥✐❛❝❤
t②❝❤ ❞♦♣✉s③❝③❛ s✐➛ ❦✇❛♥t②✜❦❛t♦r② ∀ ✲ ❞❧❛ ❦❛➺❞❡❣♦
♦r❛③ ∃ ✲✐st♥✐❡❥❡✳ ❚❛rs❦✐ ♣♦❞❛➟ ❞❡✜♥✐❝❥❡ s♣❡➟♥✐❛♥✐❛ ✐
♣r❛✇❞③✐✇♦➧❝✐ ✇②r❛➺❡➠ ❧♦❣✐❝③♥②❝❤✳
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❩❜✐ór V ③♠✐❡♥♥②❝❤ ❥❡st ✇②❧✐❝③♦♥② ✇ ❞❡❦❧❛r❛❝❥❛❝❤
♣r♦❣r❛♠✉ ✐ ❥❡st s❦♦➠❝③♦♥②✳ ❲❛rt♦➧❝✐♦✇❛♥✐❡ v ❥❡st ♦❞✲
✇③♦r♦✇❛♥✐❡♠ ③❡ ③❜✐♦r✉ ③♠✐❡♥♥②❝❤ V ✇ ③❜✐ór ✇❛rt♦➧❝✐
A t❥✳ ❡❧❡♠❡♥tó✇ ✉st❛❧♦♥❡❣♦ t②♣✉✱ v ∈ AV ✳

Pr♦❣r❛♠② ✇ ❥➛③②❦✉ L1 ❞♦♣✉s③❝③❛❥→ ❞❡❦❧❛r❛❝❥❡ ③♠✐❡♥✲
♥②❝❤ ✐ st❛➟②❝❤ ♣✐➛❝✐✉ t②♣ó✇ ♣✐❡r✇♦t♥②❝❤✳ ■♥str✉❦✲
❝❥❛♠✐ s→ ✐♥str✉❦❝❥❡ ❞r✉❦♦✇❛♥✐❛✳ ❩❛✉✇❛➺ ❥❡❞♥❛❦✱ ➺❡
t❡r❛③ ✇ ✐♥str✉❦❝❥❛❝❤ ❥➛③②❦❛ L1✱ ♠♦➺❡♠② st♦s♦✇❛➣ ❜♦✲
❣❛ts③② r❡♣❡rt✉❛r ✇②r❛➺❡➠ ♥✐➺ ❜②➟♦ t♦ ♠♦➺❧✐✇❡ ✇ ❥➛✲
③②❦✉ L0✳
■♥str✉❦❝❥❡ ❞r✉❦♦✇❛♥✐❛ s→ ❡❧❡♠❡♥t❡♠ ♣r♦❣r❛♠✉ ♥✐❡✲
③❜➛❞♥②♠ ❞♦ ✉❥❛✇♥✐❡♥✐❛ ♦❜❧✐❝③♦♥②❝❤ ✇❛rt♦➧❝✐ ✇②r❛✲
➺❡➠✳ ❘❛③ ♥❛♣✐s❛♥② ♣r♦❣r❛♠ ♠♦➺♥❛ ✇②❦♦♥②✇❛➣ ✇✐❡✲
❧♦❦r♦t♥✐❡✳ ❏❡➧❧✐ ✇ ♣r♦❣r❛♠✐❡ ✇②st→♣✐→ ✐♥str✉❦❝❥❡ ❝③②✲
t❛♥✐❛ ✭r❡❛❞✮ t♦ ✉➟❛t✇✐ t♦ ♥❛♠ ❡❦s♣❡r②♠❡♥t♦✇❛♥✐❡ ③
③♠✐❡♥❥→❝②♠✐ s✐➛ ❞❛♥②♠✐ ♣♦❝③→t❦♦✇②♠✐✳ ❲ ♣r③❡❝✐✇✲
♥②♠ ♣r③②♣❛❞❦✉ ♣♦✇t❛r③❛♥❡ ♦❜❧✐❝③❡♥✐❛ ❜➛❞❛ ❞❛✇❛➟②
♣♦✇t❛r③❛❥→❝❡ s✐➛ ✇②♥✐❦✐✳

P♦ ❦♦❧❡✐ ♦♠ó✇✐♠② ró➺♥❡ r♦❞③❛❥❡ ✇②r❛➺❡➠✿ ✇②r❛➺❡♥✐❛
❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡ WZ✱ ✇②r❛➺❡♥✐❛ t②♣✉ r❡❛❧ ✭③ ❧✐❝③✲
❜❛♠✐ r③❡❝③②✇✐st②♠✐✮ WA ✱ ✇②r❛➺❡♥✐❛ ❜♦♦❧♦✇s❦✐❡ WB✱
✇②r❛➺❡♥✐❛ ③♥❛❦♦✇❡ WC✱ ✇②r❛➺❡♥✐❛ t❡❦st♦✇❡ ✭❛♥❣✳ str✐♥❣
❡①♣r❡ss✐♦♥✮ WS✱ ✇②r❛➺❡♥✐❛ t❛❜❧✐❝♦✇❡ WT ✱ ✇②r❛➺❡♥✐❛
♦❜✐❡❦t♦✇❡ WO✳
❩❜✐ór ✇②r❛➺❡➠ W ❥❡st ✉♥✐→ ③❜✐♦ró✇

W = {WZ ∪WA∪WB ∪WC ∪WS ∪WT ∪WO}

❖♠ó✇✐❡♥✐❡ ✇②r❛➺❡➠ t❛❜❧✐❝♦✇②❝❤ ✐ ♦❜✐❡❦tó✇ t❛❜❧✐❝
♦❞❦➟❛❞❛♠② ♥❛ ♣ó➵♥✐❡❥✳ ❲②r❛➺❡♥✐♦♠ ♦❜✐❡❦t♦✇②♠ ✐
♦❜✐❡❦t♦♠ ♣♦➧✇✐➛❝✐♠② ✇✐❡❧❡ ♠✐❡❥s❝❛ ✇ ❞r✉❣✐❡❥ ❝③➛✲
➧❝✐ t❡❥ ❦s✐→➺❦✐✳ ❙③❝③❡❣ó❧♥❡ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠ ♦❜✐❡❦t♦✲
✇②❝❤ t♦ ♦❜✐❡❦t② ✇s♣ó➟♣r♦❣r❛♠ó✇ ♦r❛③ ♦❜✐❡❦t② ♣r♦✲
❝❡só✇✳ ❖ t②♠ ❜➛❞③✐❡ ♠♦✇❛ ✇ ❝③➛➧❝✐ tr③❡❝✐❡❥✳
◆❛❥♣r♦sts③②♠✐ ✇②r❛➺❡♥✐❛♠✐ s→ st❛➟❡ ✭s♣♦t❦❛❧✐➧♠② ❥❡
✇❝③❡➧♥✐❡❥✮ ✐ ③♠✐❡♥♥❡✳ ❩♠✐❡♥♥❛ x ③❛❞❡❦❧❛r♦✇❛♥❛ ❥❛❦♦
t②♣✉ ✐♥t❡❣❡r ❥❡st ✇②r❛➺❡♥✐❡♠ t②♣✉ ✐♥t❡❣❡r✳ ❖③♥❛❝③❛
t♦ t②❧❡✱ ➺❡ ✇❛rt♦➧❝✐→ t❡❥ ③♠✐❡♥♥❡❥ ❥❡st ❧✐❝③❜❛ ❝❛➟❦♦✲
✇✐t❛✱ ❛ t❛❦③❡ ➺❡ ✇❛rt♦➧ t❡❥ ③♠✐❡♥♥❡❥ ♠♦➺❡ ❜②➣ ❛r❣✉✲
♠❡♥t❡♠ ❞③✐❛➟❛♥✐❛ ❞♦♣✉s③❝③❛❧♥❡❣♦ ✇ str✉❦t✉r③❡ ❛❧✲
❣❡❜r❛✐❝③♥❡❥ ✐♥t❡❣❡r ❝③②❧✐ t②♣✐❡ ♣✐❡r✇♦t♥②♠ ✐♥t❡❣❡r✳

✷✶



♣♦❞❜♥✐❡ ❥❡st ③ ❞❡❦❧❛r❛❝❥❛♠✐ ✐♥♥②❝❤ ③♠✐❡♥♥②❝❤✱ ❜②➣
♠♦➺❡ ✐♥♥❡❣♦ t②♣✉✳ ❑❛

✶✳ Pr③②❦➟❛❞② ♣r♦❣r❛♠ó✇

❖❜❡❥r③②❥ t❡ tr③② ♣r③②❦➟❛❞②✳ ❩❛st❛♥ó✇ s✐➛ ❝♦ ♠♦➺❡
③♦st❛➣ ✇②❞r✉❦♦✇❛♥❡✳ ❯r✉❝❤♦♠ t❡ ♣r♦❣r❛♠② ✐ s♣r❛✇❞➵
❝③② tr❛❢♥✐❡ ♦❞❣❛❞➟❡➧✳

Pr③②❦➟❛❞ ✸✳✶✳ ❚❡ tr③② ♣r♦❣r❛♠② ró➺♥✐→ s✐➛✳ ❲✐❡✲
❧♦❦r♦t♥❡ ✇②❦♦♥❛♥✐❡ ♣r♦❣r❛♠✉ ❉❡❧t❛✶ ③❛✇s③❡ ③✇r❛❝❛
t❡♥ s❛♠ ✇②♥✐❦✳ Pr♦❣r❛♠ ❉❡❧t❛✷ ♠♦➺❡ ❜②➣ ❜❛r❞③✐❡❥
✉➺②t❡❝③♥②✳ ❑❛➺❞❡ ✇②❦♦♥❛♥✐❡ t❡❣♦ ♣r♦❣r❛♠✉ ✇②♠❛❣❛
♣♦❞❛♥✐❛ ✇✐❡❧❦♦➧❝✐ ❛✱❜✱❝ ③ ❦❧❛✇✐❛t✉r②✳ ❆❧❡ ❝③✉➺②t❦♦✇✲
♥✐❦ ❜➛❞③✐❡ ✇✐❡❞③✐❛➟ ❝③❡❣♦ ♣r♦❣r❛♠ ♦❝③❡❦✉❥❡❄✱ ❚r③❡❝✐
♣r♦❣r❛♠ ❉❡❧t❛✸ ♥❛✇✐→③✉❥❡ ❞✐❛❧♦❣ ③ ✉➺t❦♦✇♥✐❦✐❡♠ ✐
❢♦r♠✉➟✉❥❡ s✇♦❥❡ ♦❝③❡❦✐❛♥✐❛✳ ✳

♣r♦❣r❛♠ ❉❡❧t❛✶❀
❝♦♥st ❛❂✷✱ ❜❂✺✱ ❝❂✶

❜❡❣✐♥

✇r✐t❡❧♥✭✏❞❡❧t❛❂✑✱
❜✯❜✲✹✯❛✯❝✮

❡♥❞

♣r♦❣r❛♠ ❉❡❧t❛✷❀
✈❛r ❛✒ ❜✱ ❝ ✿ r❡❛❧

❜❡❣✐♥

r❡❛❞❧♥✭❛✱❜✱❝✮❀
✇r✐t❡❧♥✭✏❞❡❧t❛❂✑✱

❜✯❜✲✹✯❛✯❝✮
❡♥❞

♣r♦❣r❛♠ ❉❡❧t❛✸❀
✈❛r ❛✒ ❜✱ ❝ ✿ r❡❛❧

❜❡❣✐♥

✇r✐t❡❧♥✭✧♣♦❞❛❥ ✇❛rt♦➧❝✐ ❛✱ ❜✱❝ ✧✮❀
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✇r✐t❡❧♥✭✏❞❡❧t❛❂✑✱

❜✯❜✲✹✯❛✯❝✮
❡♥❞

■ ❥❡s③❝③❡ ❥❡❞❡♥ ♣r③②❦➟❛❞✳ ❏❛❦→ r♦❧➛ ♦❞❣r②✇❛❥→ ❞❡✲
❦❧❛r❛❝❥❡ ✈❛r ③♠✐❡♥♥②❝❤ x ✐ y❄

Pr③②❦➟❛❞ ✸✳✷✳ ❲ t②♠ ♣r③②❦➟❛❞③✐❡ ✇②st➛♣✉❥→ ✇②r❛➺❡✲
♥✐❛ t②♣✉ ③♥❛❦♦✇❡❣♦ ✐ ③❞❛♥✐♦✇❡❣♦✳

♣r♦❣r❛♠ ③♥❛❦✐❀
✈❛r ①✿ r❡❛❧✱ ②✿ ✐♥t❡❣❡r❀
❝♦♥st ❛❂✬❛✬✱ ❜❂✺✱ ❝❂✏❲✐t❛❥✑

❜❡❣✐♥

✇r✐t❡❧♥✭❝✱✬ ✬✱ ❛✱ ❜✯❜✰①✰②✮
❡♥❞

✷✳ ❚②♣② ♣✐❡r✇♦t♥❡

❚②♣② ♣✐❡r✇♦t♥❡✿ ❇♦♦❧❡❛♥ B0✱ ✐♥t❡❣❡r Z✱ r❡❛❧ R✱ ❝❤❛r
✭③♥❛❦✮ C✱ str✐♥❣✭♥❛♣✐s✳ t❡❦st✮ S s→ str✉❦t✉r❛♠✐ ❛❧❣❡✲
❜r❛✐❝③♥②♠✐✳ ▼❛ t♦ ❞❧❛ ♥❛s ③♥❛❝③❡♥✐❡ ♦ t②❧❡✱ ➺❡ str✉❦✲
t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛ t♦ ♥✐❡ t②❧❦♦ ③❜✐ór ✇❛rt♦➧❝✐✱ ❧❡❝③
t❛❦➺❡ ❞③✐❛➟❛♥✐❛ ♥❛ ✇❛rt♦➧❝✐❛❝❤ ✕ ❡❧❡♠❡♥t❛❝❤ str✉❦✲
t✉r②✳ Pr♦❣r❛♠✐➧❝✐ st♦s✉❥→ ♥❛③✇➛ str✉❦t✉r② ❞❛♥②❝❤✱

✷✷



♠❛❥→❝ ♥❛ ♠②➧❧✐ t②♣② ③➟♦➺♦♥❡ ❞❡✜♥✐♦✇❛♥❡ ♣r③② ♣♦✲
♠♦❝② ❦❧❛s ✐ ✇s❦❛➵♥✐❦ó✇✳ ❲❛rt♦ t→ ♥❛③✇→ ♦❜❥→➣ t❛❦➺❡
t②♣② ♣✐❡r✇♦t♥❡✳
❩❛❦➟❛❞❛ s✐➛✱ ➺❡ ✇✐rt✉❛❧♥② ❦♦♠♣✉t❡r ♣♦tr❛✜ r❡❛❧✐③♦✲
✇❛➣ ❞③✐❛➟❛♥✐❛ ♦♣✐s❛♥❡ ✇ ✇②➺❡❥ ✇②♠✐❡♥✐♦♥②❝❤ str✉❦✲
t✉r❛❝❤✶✳

✷✳✶✳ ❚②♣ ✐♥t❡❣❡r✳ ❚②♣ ✐♥t❡❣❡r ❥❡st str✉❦t✉r→ ❛❧❣❡✲
❜r❛✐❝③♥→

Z = 〈Z,⊕,⊖,⊛,÷,♠♦❞✉❧♦,❂©,❁© 〉
❡❧❡♠❡♥t❛♠✐ str✉❦t✉r② Z s→ ❧✐❝③❜② ❝❛➟❦♦✇✐t❡✳ ❉③✐❛➟❛✲
♥✐❛♠✐ t❡❥ str✉❦t✉r② s→ ❞♦❞❛✇❛♥✐❡ ⊕✱ ♦❞❡❥♠♦✇❛♥✐❡ ⊖✱
♠♥♦➺❡♥✐❡ ⊛✱ ❞③✐❡❧❡♥✐❡ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡ ÷ ✐ r❡s③t❛ ③
❞③✐❡❧❡♥✐❛ t❥✳ ♦♣❡r❛❝❥❛ ♠♦❞✉❧♦✳ ❲ str✉❦t✉r③❡ Z ♠❛♠②
❞✇✐❡ r❡❧❛❝❥❡ ❂© ró✇♥♦➧❝✐ ✐ ❁© ♠♥✐❡❥s③♦➧❝✐✳
❑❛➺❞❛ ③ ♣✐➛❝✐✉ ♦♣❡r❛❝❥✐ ❥❡st ❞✇✉❛r❣✉♠❡♥t♦✇❛

⊕ : Z × Z → Z ❞♦❞❛✇❛♥✐❡
⊖ : Z × Z → Z ♦❞❡❥♠♦✇❛♥✐❡
⊛ : Z × Z → Z ♠♥♦➺❡♥✐❡
÷ : Z × {Z \ {0}} → Z ❞③✐❡❧❡♥✐❡ ❝❛➟❦♦✇✐t♦❧✐❝③❜♦✇❡

♠♦❞✉❧♦ : Z × {Z \ {0}} → Z r❡s③t❛ ③ ❞③✐❡❧❡♥✐❛ ❝❛➟❦♦✇✐t♦ ❧✐❝③❜♦✇❡❣♦
✐ ❞✇✐❡ ❞✇✉❛r❣✉♠❡♥t♦✇❡ r❡❧❛❝❥❡ ✭❧✉❜ ❥❡➧❧✐ ✇♦❧✐s③ ❞✇✐❡
❢✉♥❦❝❥❡ ❝❤❛r❛❦t❡r②st②❝③♥❡ r❡❧❛❝❥✐✮

❂© : Z × Z → {✵,✶} ró✇♥♦➧➣
❁© : Z × Z → {✵,✶} ♠♥✐❡❥s③♦➧➣

✷✳✷✳ ❚②♣ ❇♦♦❧❡❛♥✳ ❚❡♥ t②♣ t♦ ③♥❛♥❛ ❞✇✉✲❡❧❡♠❡♥t♦✇❛
❛❧❣❡❜r❛ ❇♦♦❧❡✬❛✳ ❯♥✐✇❡rs✉♠ s❦➟❛❞❛ s✐➛ ③ ❞✇✉ ❡❧❡✲
♠❡♥tó✇ 0 ✐ 1✱ ♦③♥❛❝③❛❥→❝②❝❤ ♦❞♣♦✇✐❡❞♥✐♦ ✇❛rt♦➧❝✐
❢❛➟s③ ✐ ♣r❛✇❞❛✳ ❲ ❛❧❣❡❜r③❡ t❡❥ r♦③✇❛➺❛♠② ❞③✐❛➟❛♥✐❛
❞✇✉❛r❣✉♠❡♥t♦✇❡✿ ❦r❡s✉ ❣ór♥❡❣♦ ∪ ✐ ❦r❡s✉ ❞♦❧♥❡❣♦
∩ ♦r❛③ ❥❡❞♥♦❛r❣✉♠❡♥t♦✇❡ ❞③✐❛➟❛♥✐❡ ✉③✉♣❡➟♥✐❡♥✐❛ −✳
■♥♥❡ ♦♣❡r❛❝❥❡ ♠♦❣→ ❜②➣ ③❞❡✜♥✐♦✇❛♥❡ ♣r③② ♣♦♠♦❝②
t②❝❤ tr③❡❝❤✳

B0 = 〈{0,1},∪,∩,−〉

✶❇②➣ ♠♦➺❡ ③❛st❛♥❛✇✐❛s③ s✐➛ ❞❧❛❝③❡❣♦ ♥✐❡ ♠ó✇✐♠② ♦ ✐♥♥②❝❤
t②♣❛❝❤ ♣✐❡r✇♦t♥②❝❤ ♥♣✳ ❧♦♥❣ ✐♥t✱ ❡t❝✳ P♦ ♣♦❡r✇s③❡ ③♥❛❝③❡♥✐❡
t②❝❤ ♥❛③✇ ③♠✐❡♥✐❛ s✐➛ ❞♦➧➣ s③②❜❦♦✳ ❈♦ ✇❛➺♥✐❡❥s③❡ ♣r❛❣♥✐❡♠②
♦♠ó✇✐➣ ✇➟❛s♥♦➧❝✐ ❞③✐❛➟❛➠✱ ❜♦ t♦ ❥❡st ✇➺♥✐❡❥s③❡✳

✷✸



∪ ✵ ✶
✵ ✵ ✶
✶ ✶ ✶

∩ ✵ ✶
✵ ✵ ✵
✶ ✵ ✶

✵ ✶
− ✶ ✵

Pr③② ♣♦♠♦❝② ♣♦✇②➺s③②❝❤ t❛❜❧✐❝ ♠♦➺❡♠② ♦❦r❡➧❧✐➣ t❛✲
❜❡❧❦➛ ❞③✐❛➟❛♥✐❛ r❡❧❛t②✇♥❡❣♦ ♣s❡✉❞♦✉③✉♣❡➟♥✐❡♥✐❛ →✱
❦tór❡ ❞❡✜♥✐✉❥❡♠② ✇ t❡♥ s♣♦só❜

a→ b
df
= −a ∪ b.

✲ ∪ ✵ ✶
✵ ✶ ✶ ✶
✶ ✵ ✵ ✶

❝③②❧✐
→ ✵ ✶
✵ ✶ ✶
✶ ✵ ✶

✷✳✸✳ ❚②♣ r❡❛❧✳ ❚❛ str✉❦t✉r❛ ❞❛♥②❝❤ t♦ ③❜✐ór R ❧✐❝③❜
r③❡❝③②✇✐st②❝❤ ✭✇ ❚✇♦✐♠ ❦♦♠♣✉t❡r③❡ ❜➛❞③✐❡ t♦ ♣❡✲
✇✐❡♥ ♣♦❞③❜✐ór ③❜✐♦r✉ ❧✐❝③❜ ✇②♠✐❡r♥②❝❤✮✳ ❉❧❛ ♥❛✲
s③②❝❤ r♦③✇❛➺❛➠ ♠♦➺❡♠② ❥❡❞♥❛❦ ♣r③②❥→➣✱ ➺❡ ♠❛♠②
❞♦ ❝③②♥✐❡♥✐❛ ③❡ ③❜✐♦r❡♠ ❧✐❝③❜ r③❡❝③②✇✐st②❝❤ ✇r❛③ ③
♦❞♣♦✇✐❡❞♥✐♠✐ ❞③✐❛➟❛♥✐❛♠✐ ✐ r❡❧❛❝❥❛♠✐✳

R = 〈R,⊕,⊖,⊛,⊘,❂©,❁© 〉
▼❛♠② t✉ ❝③t❡r② ❞③✐❛➟❛♥✐❛ ❞✇✉❛r❣✉♠❡♥t♦✇❡✿

⊕ : R×R→ R ❞♦❞❛✇❛♥✐❡
⊖ : R×R→ R ♦❞❡❥♠♦✇❛♥✐❡
⊛ : R×R→ R ♠♥♦➺❡♥✐❡
⊘ : R× {R \ {0}} → R ❞③✐❡❧❡♥✐❡.

❩✇ró➣ ✉✇❛❣➛ ♥❛ ❞③✐❡❞③✐♥➛ ♦♣❡r❛❝❥✐ ❞③✐❡❧❡♥✐❛✳ ❲②✲
♥✐❦ ❞③✐❡❧❡♥✐❛ ♥✐❡ ❥❡st ♦❦r❡➧❧♦♥② ❣❞② ❞③✐❡❧♥✐❦ ❥❡st ró✇♥②
✵✳
P♦♥❛❞t♦ ♠❛♠②✱ ❞✇✐❡ ❞✇✉❛r❣✉♠❡♥t♦✇❡ r❡❧❛❝❥❡ ✭❧✉❜
❥❡➧❧✐ ✇♦❧✐s③ ❞✇✐❡ ❢✉♥❦❝❥❡ ❝❤❛r❛❦t❡r②st②❝③♥❡ r❡❧❛❝❥✐✮

❂© : R×R→ {✵,✶} ró✇♥♦➧➣
❁© : R×R→ {✵,✶} ♠♥✐❡❥s③♦➧➣

✷✳✹✳ ❚②♣ ③♥❛❦♦✇② ✲ ❝❤❛r✳ ❚❡♥ t②♣ t♦ s❦♦➠❝③♦♥②
③❜✐ór ③♥❛❦ó✇ ❥❛❦✐❡ ♠♦❣→ ❜②➣ ✇♣r♦✇❛❞③❛♥❡ ③ ❦❧❛✇✐❛✲
t✉r② ❧✉❜ ✇②➧✇✐❡t❧❛♥❡ ♥❛ ❡❦r❛♥✐❡✳

C = 〈A, ...z, 0, 1..., 9,+,−, ), (, ∗,&,%, $,#, !, 〉.
◆✐❡ ♠❛ ➺❛❞♥②❝❤ ♦♣❡r❛❝❥✐ ♥❛ ③♥❛❦❛❝❤✳ ❑❛➺❞② ③♥❛❦
❥❡st ❛t♦♠❡♠✳ ❏❡❞②♥→ r❡❧❛❝❥❛ t♦ r❡❧❛❝❥❛ ró✇♥♦➧❝✐ ③♥❛✲
❦ó✇✳

✷✹



❯✇❛❣❛✳ ❲ ❦♦❧❡❥♥②❝❤ r♦③❞③✐❛➟❛❝❤ ✇♣r♦✇❛❞③✐♠② ❢✉♥❦✲
❝❥❡ ord ✐ char✳

ord : C → Z

chr : Z → C

■ ♣r③② ✐❝❤ ♣♦♠♦❝② ♦❦r❡➧❧✐♠② r❡❧❛❝❥➛ ♠♥✐❡❥s③♦➧❝✐ ✇
③❜✐♦r③❡ ③♥❛❦ó✇✳
❑♦♥✐❡❝ ✉✇❛❣✐

✷✳✺✳ ❚②♣ t❡❦st♦✇② ✲ str✐♥❣✳ ❊❧❡♠❡♥t❛♠✐ t❡❣♦ t②♣✉
s→ s❦♦➠❝③♦♥❡ ❝✐→❣✐ ③♥❛❦ó✇✳ ❲ ❥➛③②❦✉ ♣r♦❣r❛♠♦✇❛✲
♥✐❛ ▲♦❣❧❛♥✬✽✷ ♣r♦❣r❛♠✐st❛ ♥✐❡ ♠❛ ✇✐❡❧❦✐❡❣♦ ✇②❜♦r✉✱
♠♦➺❡ ③❛❞❡❦❧❛r♦✇➣ st❛➟→ t②♣✉ str✐♥❣✳ Pr♦❣r❛♠ ♥✐❡
♠♦➺❡ ✇②❦♦♥②✇❛➣ ➺❛❞♥②❝❤ ❞③✐❛➟❛➠ ♥❛ str✐♥❣❛❝❤✳ ❏❡✲
❞②♥✐❡ ♣♦❞❝③❛s ❞r✉❦♦✇❛♥✐❛ ✭✐♥str✉❦❝❥❛ ✇r✐t❡✮ ❞♦❦♦♥②✲
✇❛♥❛ ❥❡st ❦♦♥❦❛t❡♥❛❝❥❛ t❡❦stó✇✳ Pr♦❣r❛♠ ♥✐❡ ♠♦➺❡
✇②❦♦r③②st❛➣ ✇②♥✐❦✉ ❦♦♥❦❛t❡♥❛❝❥✐ t❡❦stó✇✳
❲✐❡❧❡ ❥➛③②❦ó✇✱ ♥♣✳ ❈✱ ❈✰✰✱ ❏❛✈❛ ✐ ✐♥✳ ③❡③✇❛❧❛ ♥❛
♣r③②♣✐s②✇❛♥✐❡ ③♠✐❡♥♥②♠ t❡❦st♦✇②♠ ✇②♥✐❦✉ ❦♦♥❦❛✲
t❡♥❛❝❥✐ ❞✇✉ t❡❦stó✇ ✐ ❞♦♣✉s③❝③❛ ✐♥♥❡ ❞③✐❛➟❛♥✐❛ ♥❛
t❡❦st❛❝❤✳
❲ ▲♦❣❧❛♥✐❡ ♣r♦❣r❛♠✐st❛ ♠♦➺❡ ♣r③②♣✐s❛➣ ③♠♠✐❡♥♥❡❥
t②♣✉ str✐♥❣ ✇❛rt♦➧➣ ♣❡✇♥❡❥ st❛➟➛❥ t❡❦st♦✇❡❥✳

✸✳ ❙❦➟❛❞♥✐❛ ✇②r❛➺❡➠

❲ ❥➛③②❦✉ L1 ③❛❝❤♦✇❛♥❛ ③♦st❛❥❡ ♦♣✐s❛♥❛ ✇❝③❡➧♥✐❡❥
str✉❦t✉r❛ ♣r♦❣r❛♠✉✳ ❩❜✐ór ❞❡❦❧❛r❛❝❥✐ ③❛✇✐❡r❛ ❞❡❦❧❛✲
r❛❝❥❡ ③♠✐❡♥♥②❝❤ ✐ st❛➟②❝❤ t②♣ó✇ ♣✐❡r✇♦t♥②❝❤✳ ❩❜✐ór
✇②r❛➺❡➠ ❥➛③②❦❛ L1 ❥❡st ③♥❛❝③♥✐❡ ❜♦❣❛ts③② ♦❞ ③❜✐♦r✉
✇②r❛➺❡➠ ❞♦♣✉s③❝③❛❧♥②❝❤ ✇ ❥➛③②❦✉ L0✳ ❩❜✐ór ✐♥str✉❦✲
❝❥✐ ✐♥str✉❦❝❥❡ ❞r✉❦♦✇❛♥✐❛✱ ❛❧❡ ③❛✉✇❛➺✱ ✇②st➛♣✉❥→❝❡
✇ ♥✐❝❤ ✇②r❛➺❡♥✐❛ s→ t❡r❛③ ❜❛r❞③✐❡❥ ③➟♦➺♦♥❡✳ ❉❧❛ ✇②✲
❣♦❞② ❡❦s♣❡r②♠❡♥t❛t♦r❛ ♦♣✐s✉❥❡♠② t❡➺ ✐♥str✉❦❝❥❡ r❡❛❞
✕ ✇❝③②t②✇❛♥✐❛ ✇❛rt♦➧❝✐ ③♠✐❡♥♥②❝❤✳

✸✳✶✳ ❉❡❦❧❛r❛❝❥❡ ③♠✐❡♥♥②❝❤ ✐ st❛➟②❝❤✳

❉❡✜♥✐❝❥❛ ✸✳✶✳ ◆✐❡❝❤ ν ♦③♥❛❝③❛ ✐❞❡♥t②✜❦❛t♦r✱ ω ♥✐❡❝❤
❜➛❞③✐❡ ♥❛③✇→ ♣❡✇♥❡❣♦ t②♣✉ ♣✐❡r✇♦t♥❡❣♦✱ ω ∈ ④❇♦✲
♦❧❡❛♥✱ ✐♥t❡❣❡r✱ r❡❛❧✱ ❝❤❛r✱ str✐♥❣⑥✳ ❉❡❦❧❛r❛❝❥❛ ③♠✐❡♥✲
♥❡❥ ♠❛ ♥❛st➛♣✉❥→❝❛ ♣♦st❛➣

var ν : ω

✷✺



▼ó✇✐♠②✿ ③♠✐❡♥♥❛ ν ❥❡st ③❛❞❡❦❧❛r♦✇❛♥❛✱ ❛ t❛❦➺❡✱
③♠✐❡♥♥❛ ν ❥❡st t②♣✉ ω✳
Pr③②❦➟❛❞② ✐ s❦rót②

✈❛r ①✿ ✐♥t❡❣❡r❀
✈❛r ❜✶✷✿ ❇♦♦❧❡❛♥❀
✈❛r ❝✷✿ ❝❤❛r❀
✈❛r ②✿ r❡❛❧❀
✈❛r ♥✿ str✐♥❣❀

❉❡❦❧❛r❛❝❥❡ ③♠✐❡♥♥②❝❤ ♣♦✇✐♥♥② ❜②➣ ♦❞❞③✐❡❧❛♥❡ ③♥❛✲
❦✐❡♠ ➧r❡❞♥✐❦❛✳
▼♦➺♥❛ ➟→❝③②➣ ❞❡❦❧❛r❛❝❥❡ ♥♣✳

✈❛r ❝✷✿❝❤❛r✱ ②✿ r❡❛❧✱ ♥✿ str✐♥❣❀

◆❛③✇❛ t②♣✉ ♣✐❡r✇♦t♥❡❣♦ ❇♦♦❧❡❛♥ ♠♦➺❡ r♦③♣♦❝③②♥❛➣
s✐❡ ♦❞ ♠❛➟❡❥ ❧✐t❡r②✳
❖❜✐❡ ❞❡❦❧❛r❛❝❥❡ s→ ♣♦♣r❛✇♥❡

✈❛r ❜✶✷✿ ❜♦♦❧❡❛♥❀ ✈❛r ❜✶✸✿ ❇♦♦❧❡❛♥❀

▼♦➺❡♠② t❡➺ ♥❛♣✐s❛➣
✈❛r ❜✶✷✱ ❜✶✸✿ ❜♦♦❧❡❛♥❀

P♦❞♦❜♥✐❡ ✇②❣❧→❞❛ ❞❡❦❧❛r❛❝❥❛ st❛➟❡❥✳ ◆✐❡❝❤ ν ❜➛❞③✐❡
✐❞❡♥t②✜❦❛t♦r❡♠✳ ◆✐❡❝❤ τ ❜➛❞③✐❡ ✇②r❛➺❡♥✐❡♠ t②♣✉
♣✐❡r✇♦t♥❡❣♦✳

❉❡✜♥✐❝❥❛ ✸✳✷✳ ◆❛♣✐s ♣♦st❛❝✐

const ν = τ

❥❡st ❞❡❦❧❛r❛❝❥→ st❛➟❡❥ ν✳ ❚②♣❡♠ st❛➟❡❥ ν ❥❡st t②♣ ✇②✲
r❛➺❡♥✐❛ τ ✳

Pr③②❦➟❛❞②
❝♦♥st ❝✶❂✶✼❀
❝♦♥st ❝✷❂✶✼✳✵✶❀
❝♦♥st ❝✸❂✬✈✬❀
❝♦♥st ❝✹❂✏❲✐t❛❥ s✇✐❡❝✐❡✑❀
❝♦♥st ❝✶✺❂ ✭❝✶✰❝✷✮✴✷❀

❚②♣② st❛➟②❝❤ ❝✶✱ ❝✷✱❝✸✱❝✹ s→ ➟❛t✇❡ ❞♦ ♦❞❣❛❞♥✐➛❝✐❛✳
❈③② ♣♦tr❛✜s③ ✇s❦❛③❛➣ t②♣ st❛➟❡❥ ❝✶✺❄

✸✳✷✳ ❲②r❛➺❡♥✐❛ t②♣ó✇ ♣✐❡r✇♦t♥②❝❤✳ ❩♠✐❡♥♥❡ ✐ st❛➟❡
s→ ♥❛❥♣r♦sts③②♠✐ ✭❛t♦♠♦✇②♠✐✮ ✇②r❛➺❡♥✐❛♠✐✳ ◆✐❡❝❤
T ❜➛❞③✐❡ ❥❡❞♥②♠ ③ ♣✐➛❝✐✉ t②♣ó✇ ♣✐❡r✇♦t♥②❝❤✳ ❑❛➺❞②
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③ ♣✐➛❝✐✉ ③❜✐♦ró✇ ✇②r❛➺❡➠ t②♣✉ ♣✐❡r✇♦t♥❡❣♦ T ❥❡st ❛❧✲
❣❡❜r→ AT ✳ ❉③✐❛➟❛♥✐❛♠✐ t❡❥ ❛❧❣❡❜r② s→ ❢✉♥❦t♦r② ❞③✐❛➟❛➠
✇ t②♣✐❡ T ✳❄❄

✸✳✷✳✶✳ ❲②r❛➺❡♥✐❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡ WZ✳ P♦❞❛♥❛
♣♦♥✐➺❡❥ ❞❡✜♥✐❝❥❛ ✇②r❛➺❡♥✐❛ ❝❛➟❦♦✇✐t♦✲✐❝③❜♦✇❡❣♦ ró➺♥✐
s✐➛ ♦❞ ❞❡✜♥✐❝❥✐ ❥❛❦→ ③♥❛❥❞③✐❡s③ ✇ ▲♦❣❧❛♥✐❡ ✐ ✇✐➛❦s③♦✲
➧❝✐ ✐♥♥②❝❤ ❥➛③②❦ó✇ ♣r♦❣r❛♠♦✇❛♥✐❛✳ ◆❛ ✐❧❡ ✐st♦t♥❛
❥❡st t❛ ró➺♥✐❝❛❄ ❙♣ró❜✉❥ ♦❞♣♦✇✐❡❞③✐❡➣ ♥❛ t♦ ♣②t❛♥✐❡
r♦③✇✐→③✉❥→❝ ➣✇✐❝③❡♥✐❡ ✳✳✳

❉❡✜♥✐❝❥❛ ✸✳✸✳ ❩❜✐ór ✇②r❛➺❡➠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②❝❤
❥❡st t♦ ♥❛❥♠♥✐❡❥s③② ③❜✐ór ♥❛♣✐só✇ WZ t❛❦✐✱ ➺❡

✭✐✮ ❦❛➺❞❛ ③❛❞❡❦❧❛r♦✇❛♥❛ ③♠✐❡♥♥❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❛
z ♥❛❧❡➺② ❞♦ ③❜✐♦r✉ WZ✱ z ∈ WZ✱ ❦❛➺❞❛ ❧✐❝③❜❛
❝❛➟❦♦✇✐t❛ c ♥❛❧❡➺② ❞♦ ③❜✐♦r✉ WZ✱ c ∈ WZ✱ ❦❛➺❞❛
③❛❞❡❦❧❛r♦✇❛♥❛ st❛➟❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❛ ♥❛✲
❧❡➺② ❞♦ ③❜✐♦r✉ WZ✱

✭✐✐✮ ❥❡➧❧✐ ❞♦ ③❜✐♦r✉ WZ ♥❛❧❡➺→ ♥❛♣✐s② τ1 ♦r❛③ τ2✱ t♦
❞♦ ③❜✐♦r✉ WZ ♥❛❧❡➺→ t❡➺ ♥❛♣✐s②

(τ1 + τ2), (τ1 − τ2), (τ1 ∗ τ2), (τ1 ❞✐✈ τ2), (τ1 ♠♦❞ τ2).

Pr③②❦➟❛❞② ✇②r❛➺❡➠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②❝❤
✳ ✳ ✳ ❉❧❛ ❞❛❧s③②❝❤ r♦③✇❛➺❛➠ ✐st♦t♥❡ ❥❡st ♥❛st➛♣✉❥→❝❡
s♣♦str③❡➺❡♥✐❡

▲❡♠❛t ✸✳✶✳ ❩❜✐órWZ ✇②r❛➺❡➠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②❝❤
❥❡st ❛❧❣❡❜r→ ③ ❞③✐❛➟❛♥✐❛♠✐

+: WZ ×WZ →WZ
− : WZ ×WZ →WZ
∗ : WZ ×WZ →WZ

div : WZ ×WZ →WZ
mod : WZ ×WZ →WZ

♦❦r❡➧❧♦♥②♠✐ ✇ ♥❛st➛♣✉❥→❝② s♣♦só❜✿
• ❞❧❛ ❦❛➺❞❡❣♦ ❢✉♥❦t♦r❛ ❞✇✉❛r❣✉♠❡♥t♦✇❡❣♦ {+,−, ∗,div,mod}✱
✇②❧✐❝③♦♥❡❣♦ ♣♦✇②➺❡❥ ✐ ❦❛③❞❡❥ ♣❛r② t❡r♠ó✇ τ1
✐ τ2 ✇②♥✐❦✐❡♠ ❞③✐❛➟❛♥✐❛ + ❥❡st t❡r♠ (τ1 + τ2)✱ ✳✳✳
✇②♥✐❦✐❡♠ ❞③✐❛➟❛♥✐❛ mod ❥❡st t❡r♠ (τ1modτ2)✱
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• ❦❛➺❞❛ ❧✐❝③❜❛ ✐ ❦❛➺❞❛ st❛➟❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❛
❥❡st ✇②♥✐❦✐❡♠ ❞③✐❛➟❛♥✐❛ ③❡r♦✲❛r❣✉♠❡♥t♦✇❡❣♦✳

❩❜✐ór ③♠✐❡♥♥②❝❤ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②❝❤ ❥❡st ③❜✐♦✲
r❡♠ ❣❡♥❡r❛t♦ró✇ t❡❥ ❛❧❣❡❜r②✳ ❖③♥❛❝③❛ t♦ t②❧❡✱ ➺❡

▲❡♠❛t ✸✳✷✳ ❉♦✇♦❧♥❡ ♦❞✇③♦r♦✇❛♥✐❡

v : V → J

♠♦➺❡ ❜②➣ r♦③s③❡r③♦♥❡ ❞♦ ❤♦♠♦♠♦r✜③♠✉

h : WZ → J

❘③❡❝③②✇✐➧❝✐❡✱ ❢✉♥❦❝❥➛ h ❞❡✜♥✐✉❥❡♠② ♣r③❡③ ✐♥❞✉❦✲
❝❥➛✿

✶✮ ❞❧❛ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥ ❝❛➟❦♦✇✐t♦ ❧✐❝③❜♦✇❡❥ x✱ h(x) =
v(x)✱

✷✮ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ✐ ❦❛➺❞❡❥ st❛➟❡❥ h(c) = c✱
✸✮ ♣r③②♣✉➧➣♠②✱ ➺❡ t❡r♠ τ ❥❡st ♣♦st❛❝✐ (τ1 ⊙ τ2)✱

③♥❛❦ ⊙ ♦③♥❛❝③❛ ❥❡❞❡♥ ③ ♣✐➛❝✐✉ ❢✉♥❦t♦ró✇ ❞✇✉✲
❛r❣✉♠❡♥t♦✇②❝❤✱ ✐ ③❛➟ó♠② ➺❡ ❢✉♥❦❝❥❛ h ❥❡st
♦❦r❡➧❧♦♥❛ ❞❧❛ t❡r♠ó✇ τ1 ✐ τ2✱ ❦➟❛❞③✐❡♠②

h(τ1 ⊙ τ2) = h(τ1)⊙ h(τ2).

❙③❝③❡❣ó❧♥② ♣r③②♣❛❞❡❦✱ ✇❛rt② r♦③✇❛③❡♥✐❛ t♦ r♦③s③❡✲
r③❡♥✐❡ ❢✉♥❦❝❥✐

s : s : V →WZ.
❩❣♦❞♥✐❡ ③ ♣♦✇②➺s③②♠✐ ✉✇❛❣❛♠✐ ❢✉♥❦❝❥➛ s ♠♦➺❡♠②

r♦③s③❡r③②❝ ♥❛ ❝❛➟② ③❜✐ór WZ ✇②st❛r❝③② ♣r③②❥→➣

s(τ1 ⊙ τ2) df
=
(
s(τ1)⊙ s(τ2)

)

Pr③②❦➟❛❞②
❑❛➺❞❡ ✇②r❛➺❡♥✐❡ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡ τ ♠♦➺❡ ❜②➣ ♣r③❡❞✲
st❛✇✐♦♥❡ ❥❛❦♦ ❞r③❡✇♦✳ ❯✇❛❣❛ ♦ r♦③s③❡r③❡♥✐✉ ❢✉♥❦❝❥✐
s s♣r♦✇❛❞③❛ s✐➛ ❞♦ ➟❛t✇❡❥ ♦❜s❡r✇❛❝❥✐✿❉❧❛ ❦❛➺❞❡❣♦ ✇②✲
r❛➺❡♥✐❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡❣♦ τ ✱ ③❜✐ór ❧✐➧❝✐ ❞r③❡✇❛ Dτ

t❡❣♦ ✇②r❛➺❡♥✐❛ ❥❡st ró✇♥② ③❜✐♦r♦✇✐ ③♠✐❡♥♥②❝❤ ♦r❛③
st❛➟②❝❤ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②❝❤ ✇②st➛♣✉❥→❝②❝❤ ✇ t②♠
✇②r❛➺❡♥✐✉✳
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✸✳✷✳✷✳ ❲②r❛➺❡♥✐❛ ❜♦♦❧♦✇s❦✐❡✳ ❲②r❛➺❡♥✐❛ ❜♦♦❧♦✇✲
s❦✐❡ ♦❞❣r②✇❛❥→ ❜❛r❞③♦ ✇❛➺♥→ r♦❧➛ ✇ ♣r♦❣r❛♠♦✇❛✲
♥✐✉ ✕ ❞✇✐❡ ✇❛➺♥❡ ❦♦♥str✉❦❝❥❡ ♣r♦❣r❛♠♦t✇ór❝③❡✿ ✐♥✲
str✉❦❝❥❛ ✇❛r✉♥❦♦✇❛ ✐ ✐♥str✉❦❝❥❛ ✐t❡r❛❝❥✐✱ ✇②♠❛❣❛❥→
♥❛♣✐s❛♥✐❛ ✇②r❛➺❡♥✐❛ ❜♦♦❧♦✇s❦✐❡❣♦✳ P♦♥❛❞t♦✱ ♣r③②
♣♦♠♦❝② ✇②r❛➺❡➠ ❜♦♦❧♦✇s❦✐❝❤ ❞❡✜♥✐✉❥❡ s✐➛ ❜✉❞♦✇➛
❦♦♠♣✉t❡r❛ ✐ s♣♦só❜ r❡❛❧✐③❛❝❥✐ ❞③✐❛➟❛➠ ♥❛ ❧✐❝③❜❛❝❤ ❝❛➟✲
❦♦✇✐t②❝❤✳

❉❡✜♥✐❝❥❛ ✸✳✹✳ ❩❜✐ór ✇②r❛➺❡➠ ❜♦♦❧♦✇s❦✐❝❤ t♦ ♥❛❥✲
♠♥✐❡❥s③② ③❜✐ór ♥❛♣✐só✇ WB t❛❦✐✱ ➺❡

✭✐✮ ❩♠✐❡♥♥❛ q ③❛❞❡❦❧❛r♦✇❛♥❛ ❥❛❦♦ ❜♦♦❧❡❛♥✱ ♥❛✲
❧❡➺② ❞♦ ③❜✐♦r✉ WB✱ st❛➟❛ c ③❛❞❡❦❧❛r♦✇❛♥❛ ❥❛❦♦
❜♦♦❧❡❛♥✱ ♥❛❧❡➺② ❞♦ ③❜✐♦r✉ WB✱ ♥❛♣✐s② ✏tr✉❡✏
♦r❛③ ✑❢❛❧s❡✏ ♥❛❧❡➺→ ❞♦ ③❜✐♦r✉ WB✳

✭✐✐✮ ❥❡➧❧✐ ♥❛♣✐s② τ ♦r❛③ ν s→ ✇②r❛➺❡♥✐❛♠✐ ❛r②t♠❡✲
t②❝③♥②♠✐✱ t♦ ❞♦ ③❜✐♦r✉ WB ♥❛❧❡➺→ t❡➺ ♥❛♣✐s②
♣♦st❛❝✐

(τ = ν), (τ 6= ν), (τ < ν), (τ > ν), (τ ≤
ν), (τ ≥ ν)✳

✭✐✐✐✮ ❥❡➧❧✐ ♥❛♣✐s② α ✐ β ♥❛❧❡➺→ ❞♦ ③❜✐♦r✉ WB✱ t♦ ❞♦
③❜✐♦r✉ WB ♥❛❧❡➺→ t❡➺ ♥❛♣✐s② ♣♦st❛❝✐

(α or β), (α and β), not α

✸✳✷✳✸✳ ❲②r❛➺❡♥✐❛ ❛r②t♠❡t②❝③♥❡ t②♣✉ r❡❛❧✳

❉❡✜♥✐❝❥❛ ✸✳✺✳ ❩❜✐ór ✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤ t②♣✉
r❡❛❧ ❥❡st t♦ ♥❛❥♠♥✐❡❥s③② ③❜✐ór ♥❛♣✐só✇ WR t❛❦✐✱ ➺❡

✭✐✮ ❦❛➺❞❛ ③♠✐❡♥♥❛ x ❦tór→ ③❛❞❡❦❧❛r♦✇❛♥♦ ❥❛❦♦
t②♣✉ r❡❛❧ ♥❛❧❡➺② ❞♦ ③❜✐♦r✉ WR✱ x ∈ WR✱ ❦❛➺❞❛
❧✐❝③❜❛ r③❡❝③②✇✐st❛ c ♥❛❧❡➺② ❞♦ ③❜✐♦r✉ WR✱ c ∈
WR✱ ❦❛➺❞❛ ③❛❞❡❦❧❛r♦✇❛♥❛ st❛➟❛ t②♣✉ r❡❛❧ ♥❛✲
❧❡➺② ❞♦ ③❜✐♦r✉ WR✱

✭✐✐✮ ❥❡➧❧✐ ❞♦ ③❜✐♦r✉ WR ♥❛❧❡➺→ ♥❛♣✐s② τ1 ♦r❛③ τ2✱ t♦
❞♦ ③❜✐♦r✉ WR ♥❛❧❡➺→ t❡➺ ♥❛♣✐s②

(τ1 + τ2), (τ1 − τ2), (τ1 ∗ τ2), (τ1 / τ2).
Pr③②❦➟❛❞② ✇②r❛➺❡➠ t②♣✉ r❡❛❧✿
①✱ ② ❣❞② ③♠✐❡♥♥❡ ① ✐ ② s→ ③❛❞❡❦❧❛r♦✇❛♥❡ t②♣✉
r❡❛❧✱
✶✳✷✸✱ ✲✷✳✸✹✱ ✹✳✵❊✹
✭①✰✭✼✳✽✲②✮✮

✷✾



❯✇❛❣❛✳ ❆♥✐ t❡ ♣r③②❦➟❛❞②✱ ❛♥✐ ♣♦❞❛♥❛ ♣♦✇②➺❡❥ s❦➟❛❞✲
♥✐❛ ♥✐❡ ✇②❝③❡r♣✉❥→ ❞❡✜♥✐❝❥✐ ✇②r❛➺❡➠ ❛r②t♠❡t②①③♥②❝❤
t②♣✉ r❡❛❧✦

✸✳✷✳✹✳ ❲②r❛➺❡♥✐❛ ③♥❛❦♦✇❡✳

❉❡✜♥✐❝❥❛ ✸✳✻✳ ❲②r❛➺❡♥✐❡♠ ③♥❛❦♦✇②♠ ❥❡st ③♠✐❡♥♥❛
③❛❞❡❦❧❛r♦✇❛♥❛ ❥❛❦♦ ③♠✐❡♥♥❛ t②♣✉ ③♥❛❦♦✇❡❣♦ ❧✉❜ st❛➟❛
③♥❛❦♦✇❛✳

Pr③②❦➟❛❞②✳

✸✳✷✳✺✳ ❲②r❛➺❡♥✐❛ t❡❦st♦✇❡✳

❉❡✜♥✐❝❥❛ ✸✳✼✳ ❲②r❛➺❡♥✐❡♠ t❡❦st♦✇②♠ ❥❡st ③♠✐❡♥♥❛
③❛❞❡❦❧❛r♦✇❛♥❛ ❥❛❦♦ str✐♥❣ ❧✉❜ st❛➟❛ t❡❦st♦✇❛✳

Pr③②❦➟❛❞②✳
✏❲✐t❛❥ s♠✉t❦✉✑
s
●❞③✐❡ s ❥❡st ③♠✐❡♥♥→ ③❛❞❡❦❧❛r♦✇❛♥→ ❥❛❦♦ str✐♥❣✳
❞r③❡✇❛ ✇②r❛➺❡➠
❜✐❣s❦✐♣
❑❛➺❞❡ ✇②r❛➺❡♥✐❡✱ ♥✐❡③❛❧❡➺♥✐❡ ♦❞ ❥❡❣♦ t②♣✉✱ ♠♦➺❡ ❜②➣
♣r③❡❞st❛✇✐♦♥❡ ✇ ♣♦st❛❝✐ ❞r③❡✇❛✳
Pr③②❦➟❛❞②✳

✸✳✸✳ ■♥str✉❦❝❥❡✳ ■♥str✉❦❝❥❛♠✐ ❥➛③②❦❛ s→ ♣♦❧❡❝❡♥✐❛
❞r✉❦♦✇❛♥✐❛✿ ✇r✐t❡✱ ♣♦r✳ s❡❦❝❥❛ ✼✳✻ ✐ ♣♦❧❡❝❡♥✐❛ r❡❛❞✱
③♦❜✳ ♣♦♥✐➺❡❥✳

✸✳✹✳ ■♥str✉❦❝❥❛ r❡❛❞✳ ❲ t②♠ ♣♦❞r♦③❞③✐❛❧❡ ♣♦③♥❛♠②
✐♥str✉❦❝❥➛ r❡❛❞✳ ❚❛ ❛t♦♠♦✇❛ ✐♥str✉❦❝❥❛ ♣♦③✇❛❧❛ ♣r③②✲
♣✐s❛➣ ③♠✐❡♥♥❡❥ ✇❛rt♦➧➣ ✇♣r♦✇❛❞③❛♥→ ③ ❦❧❛✇✐❛t✉r②
❦♦♠♣✉t❡r❛✳
Pr③②❦➟❛❞②
❙❦➟❛❞♥✐❛
P♦❧❡❝❡♥✐❡ ✇❝③②t❛❥ ✇❛rt♦➧➣ w ✐ ♣r③②♣✐s③ ❥→ ③♠✐❡♥♥❡❥
♠❛ ♥❛st➛♣✉❥→❝→ ♣♦st❛➣

r❡❛❞✭z✮
❩♠✐❡♥♥❛ z ♠♦➺❡ ❜②➣ ③♠✐❡♥♥→ t②♣✉ ✐♥t❡❣❡r✱ r❡❛❧✱ ❝❤❛r
❧✉❜ str✐♥❣✷✳ Pr③②♣❛❞❡❦ ❣❞② ③♠✐❡♥♥❛ z ❥❡st t②♣✉ ❝❤❛r

✷Pr③②♣♦♠✐♥❛♠②✱ ✇ ♦❜❡❝♥❡❥ ✇❡rs❥✐ ❥➛③②❦❛ ▲♦❣❧❛♥ ③♠✐❡♥♥❛
t②♣✉ str✐♥❣ ♥✐❡ ♠♦➺❡ ❜②➣ ❛r❣✉♠❡♥t❡♠✐♥str✉❦❝❥✐ r❡❛❞

✸✵



❥❡st ♥❛❥♣r♦sts③②✿ ❥❡❞❡♥ ③♥❛❦ c ♥❛❝✐➧♥✐➛t② ♥❛ ❦❧❛✇✐❛t✉✲
r③❡ ③♦st❛❥❡ ♣r③②♣✐s❛♥② ③♠✐❡♥♥❡❥ z✳ P♦❧❡❝❡♥✐❡ r❡❛❞✭③✮
❣❞② ③ ❥❡st ③♠✐❡♥♥→ t②♣✉ ✐♥t❡❣❡r ❧✉❜ r❡❛❧ s♣♦✇♦❞✉❥❡
♦❞❝③②t❛♥✐❡ ♠❛❦s②♠❛❧♥✐❡ ❞➟✉❣✐❡❥ s❡❦✇❡♥❝❥✐ ③♥❛❦ó✇✱
❦tór❛ r❡♣r❡③❡♥t✉❥❡ ❧✐❝③❜➛ t②♣✉ ③❣♦❞♥❡❣♦ ③ t②♣❡♠ ③♠✐❡♥✲
♥❡❥ z✳ P♦❧❡❝❡♥✐❡ r❡❛❞❧♥ ✳✳✳
■♥str✉❦❝❥❡ r❡❛❞ ♣♦③✇❛❧❛❥→ ♥❛ ③❛✐♥✐❝❥❛❧✐③♦✇❛♥✐❡ ♣♦✲
❝③→t❦♦✇❡❣♦ ✇❛rt♦➧❝✐♦✇❛♥✐❛ ③♠✐❡♥♥②❝❤✳

✹✳ ❙❡♠❛♥t②❦❛ ✇②r❛➺❡➠

❩♥❛❝③❡♥✐❡♠ ✇②r❛➺❡♥✐❛ ❥❡st ♦❞✇③♦r♦✇❛♥✐❡✱ ❦tór❡
❞❛♥❡♠✉ ✇❛rt♦➧❝✐♦✇❛♥✐✉ v ③♠✐❡♥♥②❝❤ ♣r③②♣✐s✉❥❡ ❡❧❡✲
♠❡♥t ③❡ ③❜✐♦r✉ ✇❛rt♦➧❝✐ U✳ ◆✐❡❝❤ ω ❜➛❞③✐❡ ✇②r❛➺❡✲
♥✐❡♠✱ v ✇❛rt♦➧❝✐♦✇❛♥✐❡♠ ③♠✐❡♥♥②❝❤ ✕ v : V → U✳

ωA : UV → U

✹✳✶✳ ❲②r❛➺❡♥✐❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡✳ ❩♥❛❝③❡♥✐❡♠ ✇②✲
r❛➺❡♥✐❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡❣♦ τ ❥❡st ❢✉♥❦❝❥❛ τZ ③❡ ③❜✐♦r✉
ZV ✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤ ✇ ③❜✐ór ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤

τZ : Z
V → Z.

❖❜❧✐❝③❛♥✐❡ ✇❛rt♦➧❝✐ ✇②r❛➺❡♥✐❛
❲❛rt♦➧➣ τ(v) ✇②r❛➺❡♥✐❛ τ ❞❧❛ ✉st❛❧♦♥❡❣♦ ✇❛rt♦➧❝✐♦✇❛✲
♥✐❛ v ✇②③♥❛❝③❛ s✐➛ ③❣♦❞♥✐❡ ③ ♥❛st➛♣✉❥→❝→ ♣r♦❝❡❞✉r→✿

✸✶



❲②r❛➺❡♥✐❡ τ ✇❛rt♦➧➣ τ(v) ✇②♥♦s✐

τ ❥❡st ❧✐❝③❜→ l τ(v)
df
= l

τ ❥❡st st❛➟→ l τ(v)
df
= l

τ ❥❡st ③♠✐❡♥♥→ z τ(v)
df
= v(z)

(τ1 + τ2) (τ1 + τ2)(v)
df
= (τ1(v)⊕ τ2(v))

(τ1 − τ2) (τ1 − τ2)(v) df
= (τ1(v)⊖ τ2(v))

(τ1 ∗ τ2) (τ1 ∗ τ2)(v) df
= (τ1(v)⊗ τ2(v))

(τ1 div τ2) (τ1 div τ2)(v)
df
=

{

τ1(v) ÷ τ2(v)) ❣❞② τ2(v) 6= 0

♥✐❡♦❦r❡➧❧♦♥❡ ✇✳♣✳♣✳

(τ1 mod τ2) (τ1 mod τ2)(v)
df
=

{

τ1(v)modulo τ2(v)) ❣❞② τ2(v) 6= 0

♥✐❡♦❦r❡➧❧♦♥❡ ✇✳♣✳♣✳

✸

P♦❞❛♥❛ ♣♦✇②➺❡❥ ❞❡✜♥✐❝❥❛ ③♥❛❝③❡♥✐❛ ❝✐❡s③② s✐➛ ❞✇♦♠❛
❜❛r❞③♦ ✇❛➺♥②♠✐ ✇➟❛s♥♦➧❝✐❛♠✐

▲❡♠❛t ✸✳✸✳ ❉❧❛ ❦❛➺❞❡❣♦ ✇②r❛➺❡♥✐❛ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡❣♦
τ ✐ ❞❧❛ ❦❛➺❞❡❣♦ ✇❛rt♦➧❝✐♦✇❛♥✐❛ ③♠✐❡♥♥②❝❤ ✐st♥✐❡❥❡ ♦❜✲
❧✐❝③❡♥✐❡ s❦♦➠❝③♦♥❡ ✇❛rt♦➧❝✐ ✇②r❛➺❡♥✐❛ τ(v) ✱ ❦tór❡ ♠❛
♥✐❡ ✇✐➛❝❡❥ ❦r♦❦ó✇ ♥✐➺ ❞➟✉❣♦➧➣ ✇②r❛➺❡♥✐❛ τ ✳

❉♦✇ó❞✳ ❑r♦❦ ♦❜❧✐❝③❡♥✐❛ ♣♦❧❡❣❛ ❛❧❜♦ ♥❛ ♦❞❝③②❝✐❡
✇❛rt♦➧❝✐ ③♠✐❡♥♥❡❥ x ✇ ✇❛rt♦➧❝✐♦✇❛♥✐✉ v✱ ❛❧❜♦ ♥❛ ✇②✲
❦♦♥❛♥✐✉ ♦❞♣♦✇✐❡❞♥✐❡❥ ♦♣❡r❛❝❥✐ ♥❛ ♦tr③②♠❛♥②❝❤ ✇❝③❡✲
➧♥✐❡❥ ✇❛rt♦➧❝✐❛❝❤ ♣♦❞✇②r❛➺❡➠ τ1(v) ✐ τ2(v)✳ ❉❧❛ t❡r♠ó✇
♦ ❞➟✉❣♦➧❝✐ ✶ t❡③❛ ❥❡st ♦❝③②✇✐➧❝✐❡ ♣r❛✇✇❞③✐✇❛✳ ❩❛✲
➟ó➺♠② ✱ ➺❡ t❡③❛ ❥❡st ♣❛✇❞③✐✇❛ ❞❧❛ ✇s③②st❦✐❝❤ t❡r♠ó✇
♦ ❞➟✉❣♦➧❝✐ ♥✐❡ ✇✐➛❦s③❡❥ ♥✐➺ k ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ♣r③❡③
✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉ ♥❛ ❞➟✉❣♦➧➣ ✇②r❛➺❡♥✐❛ �

▲❡♠❛t ✸✳✹✳ ✭♦ ❥❡❞♥♦③♥❛❝③♥♦➧❝✐✮ ❲❛rt♦➧➣ ✇②r❛➺❡✲
♥✐❛ ❥❡st ✇②③♥❛❝③♦♥❛ ❥❡❞♥♦③♥❛❝③♥✐❡✳ ❏❡➧❧✐ ✐st♥✐❡❥→ ❞✇❛
ró➺♥❡ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦➧❝✐ t❡r♠✉ τ ❞❧❛ ✇❛rt♦➧❝✐♦✇❛♥✐❛
③♠✐❡♥♥②❝❤ v✱ t♦ ✇②♥✐❦✐ ♦❜❧✐❝③❡➠ s→ ró✇♥❡✳

Pr③②❦➟❛❞②
♣♦❦❛③ ❥❡❞♥♦③♥❛❝③♥♦➧➣ ▼♦➺♥❛ ♦❜❧✐❝③❛➣ ✇ ró➺♥②❝❤ ♣♦✲
r③→❞❦❛❝❤✳ ❖❜❧✐❝③❡♥✐❡ ♦❞✇✐❡❞③❛ ✇✐❡r③❝❤♦➟❦✐ ❞r③❡✇❛

✸✇ r③❡❝③②✇✐st♦➧❝✐ ✇✐rt✉❛❧♥② ❦♦♠♣✉t❡r ✇②❦r②❥❡ t❛❦→ s②t✉❛❝❥➛
✐ ③❣➟♦s✐ s②❣♥❛➟ ❜➟➛❞✉ ✧❞✐✈✐s✐♦♥ ❜② ③❡r♦✧

✸✷



✇②r❛➺❡♥✐❛ ✳✳✳ ❲②r❛➺❡♥✐❛ τ : ((4 ∗ (x ∗ x)) − (9x + 5)) ✐
η : ((4 ∗ x− 9) ∗ x) + 5 ♠❛❥→ t➛ s❛♠→ ✇❛rt♦➧➣✱ ✇②③♥❛❝③❛❥→
t➛ s❛♠→ ❢✉♥❦❝❥➛ τN : N → N
✳✳✳
❩❛✉✇❛➺✱ ➺❡ ❝❛➟❦✐❡♠ ró➺♥❡ ✇②r❛➺❡♥✐❛ ♠♦❣→ ♠✐❡➣ ró✇♥❡
✇❛rt♦➧❝✐ ❞❧❛ ✇s③②st❦✐❝❤ ✇❛rt♦➧❝✐♦✇❛➠✱ ♥♣✳ x+y ✐ y+x✳
❚❡ s♣♦str③❡➺❡♥✐❛ ♠❛❥→ r❡❛❧♥→ ✇❛rt♦➧➣✳ P♦♠♦❣❛ ♥❛♠
✇ s❦r❛❝❛♥✐✉ t❡❦st✉ ♣r♦❣r❛♠✉ ✐ ✇ ♣r③②➧♣✐❡s③❛♥✐✉ ❥❡❣♦
♦❜❧✐❝③❡➠✳
❖❣ó❧♥❡ ③❛❞❛♥✐❡✿ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ✇②r❛➺❡♥✐❛ ❝❛➟❦♦✇✐t♦✲
❧✐❝③❜♦✇❡❣♦ ω ③♥❛❥❞➵ ♥❛❥❜❛r❞③✐❡❥ ♦♣t②♠❛❧♥❡ ró✇♥♦✲
✇❛➺♥❡ ✇②r❛➺❡♥✐❡✱ ♠♦➺❡ ♦❦❛③❛➣ s✐➛ ❜❛r❞③♦ tr✉❞♥❡✳
❈♦ ✇✐➛❝❡❥✱ ✉♠✐❡❥➛t♥♦➧➣ ✉❞♦✇♦❞♥✐❡♥✐❛✱ ➺❡ ♣❡✇♥❡ ✇②✲
r❛➺❡♥✐❛ ω ✐ θ s→ ró✇♥❡✱ t❥✳ ❢✉♥❦❝❥❡ ωA ✐ θA ♦♣✐s②✇❛♥❡
♣r③❡③ t❡ ✇②r❛➺❡♥✐❛ s→ ró✇♥❡✱ ♠❛ ③❛s❛❞♥✐❝③→ ✇❛r✲
t♦➧➣ ✇ ♣r♦❝❡s✐❡ ❛♥❛❧✐③♦✇❛♥✐❛ s❡♠❛♥t②❝③♥②❝❤ ✇➟❛s♥♦✲
➧❝✐ ♣r♦❣r❛♠✉✳ ❩♦❜❛❝③②♠② t♦ ✇✐❡❧♦❦r♦t♥✐❡ ✇ ❞❛❧s③②♠
❝✐→❣✉✳
❩❛❞❛♥✐❛

❲➟❛s♥♦➧❝✐ ✭❛❦s❥♦♠❛t②✮ str✉❦t✉r② ✐♥t❡❣❡r✱ str✉❦✲
t✉r② r❡❛❧✳

✹✳✷✳ ❲②r❛➺❡♥✐❛ ❛r②t♠❡t②❝③♥❡ t②♣✉ r❡❛❧✳ ❖❜❧✐❝③❛✲
♥✐❡ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤ t②♣✉ r❡❛❧ ❞❡✜✲
♥✐✉❥❡♠② ✇ s♣♦só❜ ❛♥❛❧♦❣✐❝③♥② ✳✳✳ ❩♥❛❝③❡♥✐❡♠ ✇②r❛✲
➺❡♥✐❛ τ t②♣✉ r❡❛❧ ❥❡st ❢✉♥❦❝❥❛ τR ③❡ ③❜✐♦r✉ RV ✇❛rt♦✲
➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤ ✇ ③❜✐ór ❧✐❝③❜ r③❡❝③②✇✐st②❝❤ R

τR : R
V → R.

❖❜❧✐❝③❛♥✐❡ ✇❛rt♦➧❝✐ ✇②r❛➺❡♥✐❛
❲❛rt♦➧➣ τ(v) ✇②r❛➺❡♥✐❛ τ ❞❧❛ ✉st❛❧♦♥❡❣♦ ✇❛rt♦➧❝✐♦✇❛✲
♥✐❛ v ✇②③♥❛❝③❛ s✐➛ ③❣♦❞♥✐❡ ③ ♥❛st➛♣✉❥→❝→ ♣r♦❝❡❞✉r→✿

✸✸



❲②r❛➺❡♥✐❡ τ ✇❛rt♦➧➣ τ(v) ✇②♥♦s✐

τ ❥❡st ❧✐❝③❜→ l τ(v)
df
= l

τ ❥❡st st❛➟→ l τ(v)
df
= l

τ ❥❡st ③♠✐❡♥♥→ z τ(v)
df
= v(z)

(τ1 + τ2) (τ1 + τ2)(v)
df
= (τ1(v)⊕ τ2(v))

(τ1 − τ2) (τ1 − τ2)(v) df
= (τ1(v)⊖ τ2(v))

(τ1 ∗ τ2) (τ1 ∗ τ2)(v) df
= (τ1(v)⊗ τ2(v))

(τ1 / τ2) (τ1 / τ2)(v)
df
=

{

τ1(v) ⊘ τ2(v)) ❣❞② τ1(v) 6= 0

♥✐❡♦❦r❡➧❧♦♥❡ ✇✳♣✳♣✳

P♦❞❛♥❛ ♣♦✇②➺❡❥ ❞❡✜♥✐❝❥❛ ③♥❛❝③❡♥✐❛ ❝✐❡s③② s✐➛ ❞✇♦♠❛
❜❛r❞③♦ ✇❛➺♥②♠✐ ✇➟❛s♥♦➧❝✐❛♠✐

▲❡♠❛t ✸✳✺✳ ❉❧❛ ❦❛➺❞❡❣♦ ✇②r❛➺❡♥✐❛ τ t②♣✉ r❡❛❧ ✐ ❞❧❛
❦❛➺❞❡❣♦ ✇❛rt♦➧❝✐♦✇❛♥✐❛ ③♠✐❡♥♥②❝❤ ♦❜❧✐❝③❡♥✐❡ ✇❛rt♦✲
➧❝✐ τ(v) ✐st♥✐❡❥❡ ♦❜❧✐❝③❡♥✐❡ s❦♦➠❝③♦♥❡✱ ❦tór❡ ♠❛ ♥✐❡
✇✐➛❝❡❥ ❦r♦❦ó✇ ♥✐➺ ❞➟✉❣♦➧➣ ✇②r❛➺❡♥✐❛ τ ✳

❉♦✇ó❞✳ ❑r♦❦ ♦❜❧✐❝③❡♥✐❛ ♣♦❧❡❣❛ ❛❧❜♦ ♥❛ ♦❞❝③②❝✐❡
✇❛rt♦➧❝✐ ③♠✐❡♥♥❡❥ x ✇ ✇❛rt♦➧❝✐♦✇❛♥✐✉ v✱ ❛❧❜♦ ♥❛ ✇②✲
❦♦♥❛♥✐✉ ♦❞♣♦✇✐❡❞♥✐❡❥ ♦♣❡r❛❝❥✐ ♥❛ ♦tr③②♠❛♥②❝❤ ✇❝③❡✲
➧♥✐❡❥ ✇❛rt♦➧❝✐❛❝❤ ♣♦❞✇②r❛➺❡➠ τ1(v) ✐ τ2(v)✳ ❉❧❛ t❡r♠ó✇
♦ ❞➟✉❣♦➧❝✐ ✶ t❡③❛ ❥❡st ♦❝③②✇✐➧❝✐❡ ♣r❛✇✇❞③✐✇❛✳ ❩❛✲
➟ó➺♠② ✱ ➺❡ t❡③❛ ❥❡st ♣❛✇❞③③✐✇❛ ❞❧❛ ✇s③②st❦✐❝❤ t❡r✲
♠ó✇ ♦ ❞➟✉❣♦➧❝✐ ♥✐❡ ✇✐➛❦s③❡❥ ♥✐➺ k ❉♦✇ó❞ ♣r③❡❜✐❡❣❛
♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉ ♥❛ ❞➟✉❣♦➧➣ ✇②r❛➺❡♥✐❛ �

▲❡♠❛t ✸✳✻✳ ✭♦ ❥❡❞♥♦③♥❛❝③♥♦➧❝✐✮ ❲❛rt♦➧➣ ✇②r❛➺❡✲
♥✐❛ ❥❡st ✇②③♥❛❝③♦♥❛ ❥❡❞♥♦③♥❛❝③♥✐❡✳ ❏❡➧❧✐ ✐st♥✐❡❥→ ❞✇❛
ró➺♥❡ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦➧❝✐ t❡r♠✉ τ ❞❧❛ ✇❛rt♦➧❝✐♦✇❛♥✐❛
③♠✐✐❡♥♥✐❝❤ v✱ t♦ ✇②♥✐❦✐ ♦❜❧✐❝③❡➠ s→ ró✇♥❡✳

Pr③②❦➟❛❞②
❲②r❛➺❡♥✐❛ τ : ((4 ∗ (x ∗ x)) − (9x + 5)) ✐ η : ((4 ∗ x − 9) ∗ x) + 5
♠❛❥→ t➛ s❛♠→ ✇❛rt♦➧➣✱ ✇②③♥❛❝③❛❥→ t➛ s❛♠→ ❢✉♥❦❝❥➛
τN : N → N
✳✳✳
❩❛✉✇❛➺✱ ➺❡ ❝❛➟❦✐❡♠ ró➺♥❡ ✇②r❛➺❡♥✐❛ ♠♦❣→ ♠✐❡➣ ró✇♥❡
✇❛rt♦➧❝✐ ❞❧❛ ✇s③②st❦✐❝❤ ✇❛rt♦➧❝✐♦✇❛➠✱ ♥♣✳ x+y ✐ y+x✳
❚❡ s♣♦str③❡➺❡♥✐❛ ♠❛❥→ r❡❛❧♥→ ✇❛rt♦➧➣✳ P♦♠♦❣❛ ♥❛♠

✸✹



✇ s❦r❛❝❛♥✐✉ t❡❦st✉ ♣r♦❣r❛♠✉ ✐ ✇ ♣r③②➧♣✐❡s③❛♥✐✉ ❥❡❣♦
♦❜❧✐❝③❡➠✳
❖❣ó❧♥❡ ③❛❞❛♥✐❡✿ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ✇②r❛➺❡♥✐❛ ❝❛➟❦♦✇✐t♦
❧✐❝③❜♦✇❡❣♦ ω ③♥❛❥❞➵ ♥❛❥❜❛r❞③✐❡❥ ♦♣t②♠❛❧♥❡ ró✇♥♦✲
✇❛➺♥❡ ✇②r❛➺❡♥✐❡✱ ♠♦➺❡ ♦❦❛③❛➣ s✐➛ ❜❛r❞③♦ tr✉❞♥❡✳

✹✳✸✳ ❲②r❛➺❡♥✐❛ ❇♦♦❧♦✇s❦✐❡✳ ❩♥❛❝③❡♥✐❡♠ ✇②r❛➺❡✲
♥✐❛ ❜♦♦❧♦✇s❦✐❡❣♦ α ❥❡st ❢✉♥❦❝❥❛ αB0 ③❡ ③❜✐♦r✉ ✇❛rt♦✲
➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤ ✇ ❞✇✉❡❧❡♠❡♥t♦✇② ③❜✐ór B0

αB0 : B
V
0 −→ B0

❋✉♥❦❝❥❛ t❛ ❥❡st ♦❦r❡➧❧♦♥❛ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉
♥❛ ❞➟✉❣♦➧➣ ✇②r❛➺❡♥✐❛ ✇ ♥❛st➛♣✉❥→❝② s♣♦só❜✿ ◆✐❡❝❤
V ♦③♥❛❝③❛ ③❜✐ór ③♠✐❡♥♥②❝❤✳ ❲❛rt♦➧❝✐❛♠✐ ③♠✐❡♥♥②❝❤
❜♦♦❧♦✇s❦✐❝❤ s❛ ❛❧❜♦ tr✉❡ ❛❧❜♦ ❢❛❧s❡✳ ❈③❛s❛♠✐ ③❛♠✐❛st
tr✉❡ ❜➛❞③✐❡♠② ♣✐s❛➣ ✶✱ ❛ ③♠✐❛st ❢❛❧s❡ ♥❛♣✐s③❡♠② ✵✳

❲❛rt♦➧❝✐♦✇❛♥✐❡♠ ③❜✐♦r✉ ③♠✐❡♥♥②❝❤ ❜♦♦❧♦✇s❦✐❝❤
♥❛③②✇❛♠② ♦❞✇③♦r♦✇❛♥✐❡ v : V → B0 ♣r③②♣✐s✉❥→❝❡ ❦❛➺✲
❞❡❥ ③♠✐❡♥♥❡❥ ❜♦♦❧♦✇s❦✐❡❥ ✇❛rt♦➧❝ ❜♦♦❧♦✇s❦→ ③❡ ③❜✐♦r✉
B0 = {true, false}✳

▲✐t❡r❛ W ♦③♥❛❝③❛➣ ❜➛❞③✐❡ ③❜✐ór ✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥✲
♥②❝❤ ❜♦♦❧♦✇s❦✐❝❤ W = B0

V ✳
❑❛➺❞❡ ✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇s❦✐❡ α ③❜✉❞♦✇❛♥❡ ✇❡❞➟✉❣

r❡❣✉➟ ✭✐✮ ✲ ✭✐✐✮ ✇②③♥❛❝③❛ ❢✉♥❦❝❥➛ αB0 ③❡ ③❜✐♦r✉ W ✇
③❜✐ór B0✳ ◆✐❡❝❤ v ♦③♥❛❝③❛ ✇❛rt♦➧❝✐♦✇❛♥✐❡ ③♠✐❡♥♥②❝❤
❜♦♦❧♦✇s❦✐❝❤✳

❲②r❛➺❡♥✐❡ ❲❛rt♦➧➣
tr✉❡ ✶
❢❛❧s❡ ✵
(τ ≤ ν) val((τ ≤ ν), v) = val(τ, v)❁©val(ν, v)
q ∈ VBoolean val(q, v) = v(q)
¬α val((¬α), v) = −val(α, v)
(α ∨ β) val((α ∨ β), v) = val(α, v) ∪ val(β, v)
(α ∧ β) val((α ∧ β), v) = val(α, v) ∩ val(β, v)

❩✇ró➣ ✉✇❛❣➛ ♥❛ ró➺♥✐❝➛ ♣♦♠✐➛❞③② ③♥❛❦❛♠✐ ∨ ✐ ∪✳
P✐❡r✇s③② ❥❡st ❡❧❡♠❡♥t❡♠ ❛❧❢❛❜❡t✉ r♦③♣❛tr②✇❛♥❡❣♦ ❥➛✲
③②❦❛✱ ❞r✉❣✐ ♦③♥❛❝③❛ ♦♣❡r❛❝❥➛ ❛❧t❡r♥❛t②✇② ✇ ❞✇✉❡❧❡✲
♠❡♥t♦✇❡❥ ❛❧❣❡❜r③❡ ❇♦♦❧❡✬❛ B0✳ P♦❞♦❜♥✐❡ ✳✳✳
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❋✉♥❦❝❥➛ val r♦③s③❡r③②♠② ♥❛ ♣♦③♦st❛➟❡ ✇②r❛➺❡♥✐❛ ❜♦✲
♦❧♦✇s❦✐❡ ✇②❦♦r③②st✉❥→❝ ✇❝③❡➧♥✐❡❥ ♦❦r❡➧❧♦♥❡ ③♥❛❝③❡✲
♥✐❡ ✇②r❛➺❡➠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②❝❤✳
❏❡➧❧✐ ✇❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛ ❜♦♦❧♦✇s❦✐❡❣♦ α ❞❧❛ ✇❛rt♦✲
➧❝✐♦✇❛♥✐❛ ③♠✐❡♥♥②❝❤ v ❥❡st tr✉❡✱ t♦ ♠ó✇✐♠②✱ ➺❡ ✇❛r✲
t♦➧❝✐♦✇❛♥✐❡ v s♣❡➟♥✐❛ ✇❛r✉♥❡❦ α✳ ❏❡➧❧✐ ❦❛➺❞❡ ✇❛rt♦✲
➧❝✐♦✇❛♥✐❡ v s♣❡➟♥✐❛ ✇❛r✉♥❡❦ α✱ t♦ ♠ó✇✐♠② ✇❛r✉♥❡❦
✭❢♦r♠✉➟❛✮ α ❥❡st ♣r❛✇❞③✐✇②✳

❄❄ ◆❛♣✐s❛➣ ♣r③②❦➟❛❞ ❞➟✉❣✐❡❣♦ ✇②r❛➺❡♥✐❛ ❜♦♦❧♦✇✲
s❦✐❡❣♦ ✐ ❥❡s③❝③❡ ❥❡❞♥❡❣♦ ✇②r❛➺❡♥✐❛ ✐ ③❛♣②t❛➣ ♦ ✐❝❤
ró✇♥♦✇❛➺♥♦➧➣✳

❖♣t②♠❛❧✐③❛❝❥❛❄ ❉❧❛ ❞❛❧s③②❝❤ r♦③✇❛➺❛➠ ✐st♦t♥❡ ❥❡st
♥❛st➛♣✉❥→❝❡ s♣♦str③❡➺❡♥✐❡

▲❡♠❛t ✸✳✼✳ ❩❜✐ór WB ✇②r❛➺❡➠ ❜♦♦❧♦✇s❦✐❝❤ ❥❡st ❛❧✲
❣❡❜r→ ③ ❞③✐❛➟❛♥✐❛♠✐

and : WZ ×WZ →WZ
or : WZ ×WZ →WZ

not : WZ ×WZ →WZ

♦❦r❡➧❧♦♥②♠✐ ✇ ♥❛st➛♣✉❥→❝② s♣♦só❜✿
• ❞❧❛ ❦❛➺❞❡❣♦ ❢✉♥❦t♦r❛ ❞✇✉❛r❣✉♠❡♥t♦✇❡❣♦ {and,or,not}✱
✇②❧✐❝③♦♥❡❣♦ ♣♦✇②➺❡❥ ✐ ❦❛③❞❡❥ ♣❛r② ✇②r❛➺❡➠
❜♦♦❧♦✇s❦✐❝❤ α ✐ β✱ ✇②♥✐❦✐❡♠ ❞③✐❛➟❛♥✐❛ and ❥❡st
✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇s❦✐❡ (α and β)✱ ✇②♥✐❦✐❡♠ ❞③✐❛✲
➟❛♥✐❛ or ❥❡st ✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇s❦✐❡ (α or β)✱ ✇②✲
♥✐❦✐❡♠ ❞③✐❛➟❛♥✐❛ not ❥❡st ✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇✲
s❦✐❡ (notα)✳
• st❛➟❡ ❜♦♦❧♦✇s❦✐❡ tr✉❡ ✐ ❢❛❧s❡ s→ ✇②♥✐❦❛♠✐ ♦❞✲
♣♦✇✐❡❞♥✐❡❣♦ ❞③✐❛➟❛♥✐❛ ③❡r♦✲❛r❣✉♠❡♥t♦✇❡❣♦✳

❩❜✐ór ③♠✐❡♥♥②❝❤ ❜♦♦❧♦✇s❦✐❝❤ ✐ ③❜✐ór ❡❧❡♠❡♥t❛r✲
♥②❝❤ ✇②r❛➺❡➠ ❜♦♦❧♦✇s❦✐❝❤ ♣♦st❛❝✐ (τ1⊙ τ2) ✭③♥❛❦ ⊙ r❡✲
♣r❡③❡♥t✉❥❡③♥❛❦ ❡ó✇♥♦➧➣✐✱ ③♥❛❦ ♠♥✐❡❥s③♦➧❝✐ ③♥❛❦ ✇✐➛❦✲
s③♦➧❝✐ ❧✉❜ ③♥❛❦ ♥❡❣❛❝❥✐ t❛❦✐❡❥ r❡❧❛❝❥✐✮ ❥❡st ③❜✐♦r❡♠
❣❡♥❡r❛t♦ró✇ t❡❥ ❛❧❣❡❜r②✳ ❖③♥❛❝③❛ t♦ t②❧❡✱ ➺❡

▲❡♠❛t ✸✳✽✳ ❉♦✇♦❧♥❡ ♦❞✇③♦r♦✇❛♥✐❡
v : V → J

♠♦➺❡ ❜②➣ r♦③s③❡r③♦♥❡ ❞♦ ❤♦♠♦♠♦r✜③♠✉
h : WZ → J
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❘③❡❝③②✇✐➧❝✐❡✱ ❢✉♥❦❝❥➛ h ❞❡✜♥✐✉❥❡♠② ♣r③❡③ ✐♥❞✉❦✲
❝❥➛✿

✶✮ ❞❧❛ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥ ❝❛➟❦♦✇✐t♦ ❧✐❝③❜♦✇❡❥ x✱ h(x) =
v(x)✱

✷✮ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ✐ ❦❛➺❞❡❥ st❛➟❡❥ h(c) = c✱
✸✮ ♣r③②♣✉➧➣♠②✱ ➺❡ t❡r♠ τ ❥❡st ♣♦st❛❝✐ (τ1 ⊙ τ2)✱

③♥❛❦ ⊙ ♦③♥❛❝③❛ ❥❡❞❡♥ ③ ♣✐➛❝✐✉ ❢✉♥❦t♦ró✇ ❞✇✉✲
❛r❣✉♠❡♥t♦✇②❝❤✱ ✐ ③❛➟ó♠② ➺❡ ❢✉♥❦❝❥❛ h ❥❡st
♦❦r❡➧❧♦♥❛ ❞❧❛ t❡r♠ó✇ τ1 ✐ τ2✱ ❦➟❛❞③✐❡♠②

h(τ1 ⊙ τ2) = h(τ1)⊙ h(τ2).

❙③❝③❡❣ó❧♥② ♣r③②♣❛❞❡❦✱ ✇❛rt② r♦③✇❛③❡♥✐❛ t♦ r♦③s③❡✲
r③❡♥✐❡ ❢✉♥❦❝❥✐

s : s : V →WZ.
❩❣♦❞♥✐❡ ③ ♣♦✇②➺s③②♠✐ ✉✇❛❣❛♠✐ ❢✉♥❦❝❥➛ s ♠♦➺❡♠②

r♦③s③❡r③②❝ ♥❛ ❝❛➟② ③❜✐ór WZ ✇②st❛r❝③② ♣r③②❥→➣

s(τ1 ⊙ τ2) df
=
(
s(τ1)⊙ s(τ2)

)

Pr③②❦➟❛❞②

◆♦t❛ ✶✳ ❑❛➺❞❡ ✇②r❛➺❡♥✐❡ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡
✭❦❛➺❞❡ ✇②r❛➺❡♥✐❡ ❛r②t♠❡t②❝③♥❡ t②♣✉ r❡❛❧✱ ❦❛➺❞❡
✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇s❦✐❡ ✮ ♠♦➺❡ ❜②➣ ♣r③❡❞st❛✲
✇✐♦♥❡ ❥❛❦♦ ❞r③❡✇♦✳
▲✐➧➣♠✐ t❡❣♦ ❞r③❡✇❛ s→ ③♠✐❡♥♥❡ ✐ st❛➟❡ ♦❞♣♦✲
✇✐❡❞♥✐❡❣♦ t②♣✉✳ ❏❡➧❧✐ ✇②r❛➺❡♥✐❡ ❥❡st ③♠✐❡♥♥→
❧✉❜ st❛➟→ t♦ ❧✐➧➣ t❡♥ ❥❡st t❡➺ ❦♦r③❡♥✐❡♠ ❞r③❡✇❛✳
❲ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉ ✇②r❛➺❡♥✐❡ ♠❛ ♣♦✲
st❛➣ (ω1 ⊙ ω2)✳ ❑♦r③❡♥✐❡♠ ❞r③❡✇❛ ❥❡st ✇t❡❞②
♦♣❡r❛t♦r ⊙✳ ▲❡✇②♠ ♣♦❞❞r③❡✇❡♠ ❥❡st ❞r③❡✇♦
♦❞♣♦✇✐❛❞❛❥→❝❡ ✇②r❛➺❡♥✐✉ ω1✳

✹✳✹✳ ❲②r❛➺❡♥✐❛ ③♥❛❦♦✇❡✳ ❲ ▲♦❣❧❛♥✐❡ ✇❛rt♦➧❝✐→ ✇②✲
r❛➺❡♥✐❛ ③♥❛❦♦✇❡❣♦ ❥❡st ③♥❛❦✳ ❲ t❡❥ ❦s✐→➺❝❡ ✐ ✇ ❥➛✲
③②❦✉ ▲♦❣❧❛♥ ♥❛ ③♥❛❦❛❝❤ ♥✐❡ ✇②❦♦♥✉❥❡ s✐➛ ➺❛❞♥②❝❤
♦♣❡r❛❝❥✐✳ ❇→❞➺ ♣r③②❣♦t♦✇❛♥② ♥❛ t♦✱ ➺❡ ✇ ✐♥♥②❝❤ ❥➛③②✲
❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ♠♦➺❡s③ ♥❛♣♦t❦❛➣ ✇✐❡❧❡ ❞③✐❛➟❛➠
♥❛ ③♥❛❦❛❝❤✳
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✹✳✺✳ ❲②r❛➺❡♥✐❛ t❡❦st♦✇❡✳ ❙t❛➟❡ t❡❦st♦✇❡
❩♠✐❡♥♥❡ t❡❦st♦✇❡
❲ ▲♦❣❧❛♥✐❡ ✇②r❛➺❡♥✐❛ t❡❦st♦✇❡ s→ ❜❛r❞③♦ ♣r♦st❡✱ ♥✐❡
♠❛ ♦♣❡r❛❝❥✐ ♥❛ t❡❦st❛❝❤✳

✺✳ ❑♦♠♣✉t❡r K1

K0 ⊏ K1 ⊏ K2 ⊏ K3 ⊏ K4 ⊏ K5 ⊏ K6 ⊏ K7 ⊏ K8 ⊏ K9 ⊏ K10

❑♦♠♣✉t❡r ❚❛rs❦✐❡❣♦ ❚❡♥ ❦♦♠♣✉t❡r ♦❜❧✐❝③❛ ✇❛rt♦➧❝✐
✇②r❛➺❡➠ ♣♦s➟✉❣✉❥→❝ s✐➛ st♦s❡♠✳
❏❛❦ t♦ ❞③✐❛➟❛❄
❙t♦s ✇❛rt♦➧❝✐
❊❧❡♠❡♥t❛♠✐ ❦♦♠♣✉t❡r❛ s→✿ ♣❛♠✐➛➣ ❝③②❧✐ ✇❛rt♦➧❝✐♦✲
✇❛♥✐❡ ③♠✐❡♥♥②❝❤ ✭✐ st❛➟②❝❤✮ ♦r❛③ ❦❛❧❦✉❧❛t♦r ③❛❥♠✉✲
❥→❝② s✐➛ ♦❜❧✐❝③❛♥✐❡♠ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠✳ ❑❛❧❦✉❧❛t♦r ③
❦♦❧❡✐ ♠❛ st♦s ✇❛rt♦➧❝✐✱ ❛❦t✉❛❧♥② s②♠❜♦❧ ✇❡❥➧❝✐♦✇② ✱
✳✳✳ ✐ t❛❜❡❧➛ ❛❦❝❥✐
✇✐❡r③❝❤♦➟❡❦ ✇❡❥➧❝✐❡
st♦s✉ st❛➟❛ ③♠✐❡♥♥❛ ♦♣❡r❛t♦r ✭ ✮ ❊♦❊
✇❛rt♦➧➣ ❆ ❇ ❈ ❉ ❊ ❋
♦♣❡r❛t♦r ❆ ❇ ❈ ❉ ❇➟→❞ ❇➟→❞
✭ ❆ ❇ ❈ ❉ ❇➟→❞ ❇➟→❞

●❞③✐❡ ❧✐t❡r② ❆✱ ❇✱ ❈✱ ❉✱ ❊✱ ❋ ♦③♥❛❝③❛❥→ ♦❞♣♦✇✐❡❞♥✐♦✱
♥❛st➛♣✉❥→❝❡ ❛❦❝❥❡✿

❆✿ ✇♣✐s③ ✇❛rt♦➧➣ st❛➟❡❥ ♥❛ ✭✇✐❡r③❝❤♦❧❡❦✮ st♦s✱
❇✿ ♦❞♥❛❥❞➵ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ ✇ ♣❛♠✐➛❝✐ v ✐ ✇♣✐s③

♥❛ ✇✐❡r③❝❤♦➟❡❦ st♦s✉✱
❈✿ ♣r③❡♣✐s③ ♦♣❡r❛t♦r ♥❛ ✇✐❡r③❝❤♦➟❡❦ st♦s✉✱
❉✿ ♣r③❡♣✐s③ ♥❛✇✐❛s ♦t✇✐❡r❛❥→❝② ♥❛ ✇✐❡r③❝❤♦➟❡❦

st♦s✉✱
❊✿ ♣♦❜✐❡r③ ③❡ st♦s✉ ✭♣♦♣✮ ❝③t❡r② ❡❧❡♠❡♥t②✿ ✇❛r✲

t♦➧➣ w2✱ ♦♣❡r❛t♦r ⊚✱ ✇❛rt♦➧➣ w1 ✐ ♥❛✇✐❛s ♦t✇✐❡✲
r❛❥→❝②✱ ♦❜❧✐❝③ ✇❛rt♦➧➣ w = w1 ⊚ w2 ✐ ✇♣✐s③ w ♥❛
st♦s✳ ❏❡➺❡❧✐ ❝③✇❛rt②♠ ❡❧❡♠❡♥t❡♠ ♥✐❡ ❥❡st ♥❛✲
✇✐❛s ♦t✇✐❡r❛❥→❝② t♦ ❇❾⑩❉✱

❋✿ ♣♦❜✐❡r③ ✇❛rt♦➧➣ w ③ ✇✐❡r③❝❤♦➟❦❛ st♦s✉❀ ❥❡➧❧✐
st♦s ❥❡st ♥✐❡♣✉st② t♦ ③❣➟♦➧ ❇➟→❞ ✇ ♣r③❡❝✐✇♥②♠
♣r③②♣❛❞❦✉ ③✇ró➣ ♦❜❧✐❝③♦♥→ ✇❛rt♦➧➣ ✇❛rt♦➧➣
w✳

❇➟→❞ ❜➟➛❞② ró➺♥❡❣♦ r♦❞③❛❥✉ ♣♦✇✐♥♥② ❜②➣ ③❣➟❛s③❛♥❡
✇ ♦❞♠✐❡♥♥② s♣♦só❜✳

✸✽



❚✇✐❡r❞③❡♥✐❡ ✸✳✾✳ ◆✐❡❝❤ v ❜➛❞③✐❡ ✇❛rt♦➧❝✐♦✇❛♥✐❡♠
③♠✐❡♥♥②❝❤ ③❛❞❡❦❧❛r♦✇❛♥②❝❤ ✇ ♣r♦❣r❛♠✐❡✳ ◆✐❡❝❤ τ
❜➛❞③✐❡ ✇②r❛➺❡♥✐❡♠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②♠✳
❆✮ ❉❧❛ ❦❛➺❞❡❣♦ ♣♦♣r❛✇♥✐❡ ③❜✉❞♦✇♥❡❣♦ ✇②r❛➺❡♥✐❛
❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡❣♦ τ ❦♦♠♣✉t❡r K1 ♣♦♣r❛✇♥✐❡ ♦❜✲
❧✐❝③② ✇❛rt♦➧➣ τ(v) t❡❣♦ ✇②r❛➺❡♥✐❛ ❞❧❛ ❞❛♥❡❣♦ ✇❛rt♦✲
➧❝✐♦✇❛♥✐❛ v✳
❇✮ ❏❡➧❧✐ ✇②r❛➺❡♥✐❡ τ ③❛✇✐❡r❛ ❜➟→❞ s❦➟❛❞♥✐♦✇②✱ t♦ ③♦✲
st❛♥✐❡ ♦♥ ③❛s②❣♥❛❧✐③♦✇❛♥②✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉
♥❛ ❞➟✉❣♦➧➣ ✇②❛➺❡♥✐❛ τ ✳ t❡③❛ ✐♥❞✉❦❝②❥♥❛❄ ❏❡➧❧✐ ✇②r❛✲
➺❡♥✐❡ τ ❥❡st ③♠✐❡♥♥→ x✱ t♦ ♥❛❥♣✐❡r✇ ♥❛ st♦s ③♦st❛♥✐❡
✇♣r♦✇❛❞③♦♥❛ ✇❛rt♦➧➣ v(x)✱ ❛ ✇ ♥❛st➛♣♥②♠ ❦r♦❦✉ ♣♦
♦❜❡❥r③❡♥✐✉ s②♠❜♦❧✉ ❊♦❊ ✲ ❦♦♥✐❡❝ ✇②r❛➺❡♥✐❛ ❦♦♠♣✉✲
t❡r ③✇ró❝✐ t➛ ✇❛rt♦➧➣✳
P♦❞♦❜♥✐❡ ❜➛❞③✐❡ ❣❞② ✇②r❛➺❡♥✐❡ τ ❥❡st st❛➟→✳
❩❛➟ó➺♠②✱ ➺❡ ❞❧❛ ✇②r❛➺❡➠ ❦róts③②❝❤ ♥✐➺ k✱ ❧✐❝③❜❛ ♥❛t✉✲
r❛❧♥❛ t❡③❛ t✇✐❡r❞③❡♥✐❛ ❥❡st ♣r❛✇❞③✐✇❛✳ ❘♦③♣❛tr③♠②
✇②r❛➺❡♥✐❡ τ ♣♦st❛❝✐ (τ1 ⊚ τ2)✳ ❩ ③❛➟♦➺❡♥✐❛ ✐♥❞✉❦❝②❥✲
♥❡❣♦ ❦♦♠♣✉t❡r ♣♦♣r❛✇♥✐❡ ♦❜❧✐❝③② ✇❛rt♦➧➣ τ1(v)✱ ❛ ♣♦✲
t❡♠ ✇❛rt♦➧➣ τ2(v) ✐ ♥❛ ✇✐❡r③❤♦➟❦✉ st♦s✉ ❜➛❞→✿ ♥❛✇✐❛s
♦t✇✐❡r❛❥→❝② ✭✱ ✇❛rt♦➧➣ τ1(v)✱ ♦♣❡r❛t♦r ⊚ ✐ ✇❛rt♦➧➣ τ2(v)✳
❩ ❦♦❧❡✐ ♥❛ ✇❡❥➧❝✐✉ ♣♦❥❛✇✐ s✐➛ ♥❛✇✐❛s ③❛♠②❦❛❥→❝② ✮✳
❉♦✇ó❞ ♣✉♥❦t✉ ❇✳ ❈♦ t♦ ③♥❛❝③② ♥❛♣✐s τ ❥❡st ❜➟➛❞♥②♠
✇②r❛➺❡♥✐❡♠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②♠❄ ❘♦③♣❛tr③♠② ♣♦
❦♦❧❡✐ ♣r③②♣❛❞❦✐✿

• ❜r❛❦✉❥❡ ♥❛✇✐❛s✉ ♦t✇✐❡r❛❥→❝❡❣♦ τ1 ⊚ τ2)✱ ❧✉❜
• ❜r❛❦✉❥❡ ♣✐❡r✇s③❡❣♦ ❛r❣✉♠❡♥t✉ (⊚τ2)✱ ❧✉❜
• ❜r❛❦✉❥❡ ♦♣❡r❛t♦r❛ (τ1τ2)✱ ❧✉❜
• ❜r❛❦✉❥❡ ❞r✉❣✐❡❣♦ ❛r❣✉♠❡♥t✉ (τ1⊚)✱ ❧✉❜
• ❜r❛❦✉❥❡ ♥❛✇✐❛s✉ ③❛♠②❦❛❥→❝❡❣♦ (τ1 ⊚ τ2

❆t♦♠♦✇❡ ✇②r❛➺❡♥✐❡ ❄ ♣♦st❛➣❄ ❲ ❦❛➺❞②♠ ③ t②❝❤
♣r③②♣❛❞❦ó✇ ❦♦♠♣✉t❡r ③❛s②❣♥❛❧✐③✉❥❡ ❜➟→❞✳ �

❖♠ó✇ ③♥❛❝③❡♥✐❡ ♣✉♥❦t✉ ❇✳ ❏❡st t♦ ❣✇❛r❛♥❝❥❛ ♦❞♣♦r✲
♥♦➧❝✐ ♥❛ ❛t❛❦✐✳ ❑♦♠♣✉t❡r ❥❡st r♦❜✉st✳

❘②s✉♥❡❦
❚❛❜❡❧❛ ✿ ❲❡❥➧❝✐❡ ① ❲✐❡r③❝❤♦➟❡❦ st♦s✉ ✕❃ ❆❦❝❥❛

✸✾



✻✳ ❆♥❛❧✐③❛

❑♦♠♣✉t❡r K1 ♦❜❧✐❝③❛ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠✳ ❲②r❛➺❡✲
♥✐❛ ♦♣✐s✉❥→ ♦❞✇③♦r♦✇❛♥✐❛ ③❡ ③❜✐♦r✉ ✇❛rt♦➧❝✐♦✇❛➠ ✇
③❜✐ór ✇❛rt♦➧❝✐ ♦❞♣♦✇✐❡❞♥✐❡❣♦ t②♣✉✳ ◆✐❡tr✉❞♥♦ ③❛✲
✉✇❛➺②➣✱ ➺❡ ✇✐❡❧❡ ✇②r❛➺❡➠ ♦♣✐s✉❥❡ t➛ s❛♠→ ❢✉♥❦❝❥➛✳
▼♦➺❡s③ t♦ ♣♦t✇✐❡r❞③❛➣ ❡❦s♣❡r②♠❡♥t✉❥→❝ ✐ ❞r✉❦✉❥→❝
✇②♥✐❦✐✳ ❏❛❦ r♦③♣♦③♥❛➣ ró✇♥♦➧➣ ✇②r❛➺❡➠❄ ❏❛❦ ❞♦✇♦✲
❞③✐➣ ♣r❛✇❞③✐✇♦➧❝✐ ✇②r❛➺❡➠ ❜♦♦❧♦✇s❦✐❝❤ ♣♦st❛❝✐ τ1 =
τ2❄ ❯♠✐❡❥➛t♥♦➧➣ r♦③♣♦③♥❛✇❛♥✐❛ ✇②r❛➺❡➠ ♦♣✐s✉❥→❝②❝❤
t❡ s❛♠❡ ♦❞✇③♦✇♦r♦✇❛♥✐❛ ♠❛ ③♥❛❝③❡♥✐❡ ♣r❛❦t②❝③♥❡✳
P♦ró✇♥❛❥ ✇②r❛➺❡♥✐❛ (a+ b)2 ✐ b ∗ b+ ba+ a2+ ab✳ P✐❡r✇s③❡
✇②r❛➺❡♥✐❡ ✇②♠❛❣❛ ❞✇✉ ❞③✐❛➟❛➠✱ ❛ ❞r✉❣✐❡ ✇②♠❛❣❛
❝③t❡r❡❝❤ ♠♥♦➺❡➠ ✐ tr③❡❝❤ ❞♦❞❛✇❛➠✳ ❏❡➧❧✐ ♥❛s③ ♣r♦✲
❣r❛♠ ❜➛❞③✐❡ ♠✉s✐❛➟ ♣♦✇tór③②➣ ♦❜❧✐❝③❡♥✐❡ ♠✐❧✐♦♥ r❛③②
t♦ ♠♦➺♥❛ ③❛♦s③❝③➛❞③✐➣ ❜❛r❞③♦ ✇✐❡❧❡✳

✼✳ ❆❦s❥♦♠❛t② t②♣ó✇ ♣✐❡r✇♦t♥②❝❤

❚❡st♦✇❛♥✐❡ ❝③② ❞♦✇♦❞③❡♥✐❡❄
❆♥❛❧✐③❛ ♣r♦❣r❛♠✉ ❞♦❦♦♥②✇❛♥❛ ❥❡st ✇ ♦❞♣♦✇✐❡❞♥✐❡❥
t❡♦r✐✐✳ ❲ ❥➛③②❦✉ L1 ♦♠❛✇✐❛♥②♠ ✇ t②♠ r♦③❞③✐❛❧❡✱
t❡♦r✐❛ ❥❡st ✇②③♥❛❝③♦♥❛ ♣r③❡③ ③❡st❛✇ ❞❡❦❧❛r❛❝❥✐ ♣r♦✲
❣r❛♠✉ ✐ ③❡st❛✇ ❛❦s❥♦♠❛tó✇✳ ❲ ③❜✐♦r③❡ L1 ♣r♦❣r❛✲
♠ó✇✱ ❦❛➺❞② ♣r♦❣r❛♠ ✉st❛❧❛ ③❜✐ór ③♠✐❡♥♥②❝❤✳ ❲②r❛✲
➺❡♥✐❛ ♥✐❡ ♠♦❣→ ③❛✇✐❡r❛➣ ③♠✐❡♥♥②❝❤ ✭❧✉❜ ♦❞♣♦✇✐❡❞♥✐♦
st❛➟②❝❤✮ ♥✐❡③❛❞❡❦❧❛r♦✇❛♥②❝❤✳ ❚②♣② ♣✐❡r✇♦t♥❡ ✉➺②t❡
✇ t②❝❤ ❞❡❦❧❛r❛❝❥❛❝❤ ❞❡❝②❞✉❥❛ ♦ t②♠ ❥❛❦✐ ③❡st❛✇ ❛❦✲
s❥♦♠❛tó✇ ❥❡st ♥✐❡③❜➛❞♥② ✇ tr❛❦❝✐❡ ❛♥❛❧✐③② ♣r♦❣r❛♠✉✳
P♦♥✐➺❡❥ ♣♦❞❛❥❡♠② ♣✐➛➣ ③❡st❛✇ó✇ ❞❧❛ ❦❛➺❞❡❣♦ t②♣✉
♣✐❡r✇♦t♥❡❣♦✳ P♦❝③②♥❛❥→❝ ♦❞ ❥➛③②❦❛ L7 ❞❡❦❧❛r❛❝❥❡ ♣r♦✲
❣r❛♠✉ ❜➛❞→ ♠♦❣➟② ③❛✇✐❡r❛➣ ❞❡✜♥✐❝❥❡ ❢✉♥❦❝❥✐✱ ♣r♦❝❡✲
❞✉r✱ ❦❧❛s✳ ❲ t❛❦✐♠ ♣r③②♣❛❞❦✉ ③❡st❛✇ ♥✐❡③❜➛❞♥②❝❤
❛❦s❥♦♠❛tó✇ ❜➛❞③✐❡ ♠✉s✐❛➟ ❜②❝ ♦❞♣♦✇✐❡❞♥✐♦ ❜♦❣❛t✲
s③②✳

✼✳✶✳ ❆❦s❥♦♠❛t② ❛❧❣❡❜r② ❇♦♦❧❡✬❛✳ ❲②r❛➺❡♥✐❛ ❇♦♦❧♦✇✲
s❦✐❡✱ t❥✳ ❢♦r♠✉➟② ♦t✇❛rt❡✱ ♠♦➺♥❛ ❛♥❛❧✐③♦✇❛➣ ♣♦s➟✉✲
❣✉❥→❝ s✐➛ s❡♠❛♥t②❦→ ♦♣✐s❛♥→ ♣♦✇②➺❡❥✳ ❏❡st ❥❡s③❝③❡
✐♥♥❛ ❞r♦❣❛✱ ♠♦➺♥❛ ♣r③❡❦s③t❛➟❝❛➣ ✇②r❛➺❡♥✐❛ ❇♦♦❧♦✇✲
s❦✐❡ ✇ ✐♥♥❡✱ ró✇♥♦✇❛➺♥❡ ✇②r❛➺❡♥✐❛ ♣♦s➟✉❣✉❥→❝ s✐➛✱
♣♦❞❛♥②♠✐ ♣♦♥✐➺❡❥ ❛❦s❥♦♠❛t❛♠✐ ❛❧❣❡❜r ❇♦♦❧❡✬❛✳
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P♦♥✐➺❡❥ ♣♦❞❛❥❡♠② ③❡st❛✇ ❛❦s❥♦♠❛tó✇✳
✭❧1✮ ∀a,b∈B0 a ∪ b = b ∪ a ∀a,b∈B0 a ∩ b = b ∩ a

❞③✐❛➟❛♥✐❛ ∪ ✐ ∩ s→ ♣r③❡♠✐❡♥♥❡
✭❧2✮ ∀a,b,c∈B0 a ∪ (b ∪ c) = (a ∪ b) ∪ c ∀a,b,c∈B0 a ∩ (b ∩ c) = (a ∩ b

❞③✐❛➟❛♥✐❛ ∪ ✐ ∩ s→ ➟→❝③♥❡
✭❧3✮ ∀a,b∈B0 (a ∩ b) ∪ b = b ∀a,b∈B0 (a ∩ (a ∪ b) = a

♣r❛✇❛ ♣♦❝❤➟❛♥✐❛♥✐❛✱ t❥✳ ♣r❛✇❛ ❛❜s♦r♣❝❥✐
✭❧4✮ ∀a,b,c∈B0 a ∩ (b ∪ c) = (a ∩ b) ∪ (a ∩ c) a ∪ (b ∩ c) = (a ∪ b) ∩ (a ∪

♣r❛✇❛ r♦③❞③✐❡❧♥♦➧❝✐ ❞③✐❛➟❛➠ ∪ ✐ ∩ ✇③❣❧➛❞❡♠ s✐❡❜✐❡
✭❧5✮ ∀a,b∈B0 (a ∩ −a) ∪ b = b ∀a,b∈B0 (a ∪ −a) ∩ b = b

③❡r♦ (a ∩ −a) ✐ ❥❡❞♥♦➧➣ (a ∪ −a)

❲ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ♦♣❡r❛❝❥❡ ❜♦♦❧♦✇s❦✐❡ s→
♦③♥❛❝③❛♥❡ ✐♥❛❝③❡❥✱ ③❛③✇②❝③❛❥ t❛❦✳

❥➛③②❦ ♦♣❡r❛❝❥❛
▼❛t❡♠❛t②❦❛ ∪ ∩ − ⊤ ⊥
▼❛t❡♠❛t②❦❛✷ ∨ ∧ ¬ 1 0

▲♦❣❧❛♥ ♦r ❛♥❞ ♥♦t tr✉❡ ❢❛❧s❡
❈✰✰✱ ❏❛✈❛ ⑤⑤ ✫✫ ✦ ✶ ✵

❯✇❛❣❛✳ ❖♣ró❝③ ♦♣❡r❛❝❥✐ ♦r ♦r❛③ ❛♥❞ ✇ ❥➛③②❦✉ ▲♦✲
❣❧❛♥ ✇②st➛♣✉❥→ ❞③✐❛➟❛♥✐❛ ♦r✐❢ ♦r❛③ ❛♥❞✐❢✳ ❲✐➛❝❡❥ ♥❛
t❡♥ t❡♠❛t ♥❛♣✐s③❡♠② ✇ r♦③❞③✐❛❧❡ ✺ ♦ ♣r♦❣r❛♠♦✇❛♥✐✉
❡❧❡♠❡♥t❛r♥②♠✳

❑♦♥✐❡❝ ✉✇❛❣✐✳
❈③❛s❛♠✐ ✐♥t❡r❡s✉❥❡ ♥❛s t②❧❦♦ ♦❞♣♦✇✐❡❞➵ ♥❛ ❥❡❞♥♦ ♣②✲
t❛♥✐❡✿ ❝③② ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ❜♦♦❧♦✇s❦✐❡❣♦ α ❥❡st
st❛❧❡ ró✇♥❛ tr✉❡ ♥✐❡③❛❧❡➺♥✐❡ ♦❞ ✇❛rt♦➧❝✐♦✇❛♥✐❛ ③♠✐❡♥✲
♥②❝❤ ✇②st➛♣✉❥→❝②❝❤ ✇ t②♠ ✇②r❛➺❡♥✐✉✳ ❲ t❛❦✐♠
♣r③②♣❛❞❦✉ ♠♦➺❡♠② ♣♦s➟✉➺②➣ s✐➛ ♣♦♥✐➺s③②♠ ③❡st❛✲
✇❡♠ ❛❦s❥♦♠❛tó✇ ✲ ❦❛➺❞❡ ✇②r❛➺❡♥✐❡ ♦ s❝❤❡♠❛❝✐❡ ✉❥➛✲
t②♠ ✇ ❥❡❞❡♥ ③ ♣♦♥✐➺s③②❝❤ ❛❦s❥♦♠❛tó✇ ♠❛ st❛❧❡ ✇❛r✲
t♦➧➣ tr✉❡✳ P♦♥❛❞t♦ ♠♦➺❡♠② ♣♦s➟✉❣✐✇❛➣ s✐➛ r❡❣✉➟→
♦❞r②✇❛♥✐❛✳
❏❡s❧✐ ✇②r❛③❡♥✐❛ ❜♦♦❧♦✇s❦✐❡ α ✐ (α ⇒ β) ♠❛❥→ ✇❛rt♦➧➣
st❛❧❡ ró✇♥→ tr✉❡✱ t♦ ✇②r❛③❡♥✐❡ β ♠❛ t❛❦➺❡ ✇❛rt♦➧➣
ró✇♥→ tr✉❡✳
Ax1 ((α⇒ β)⇒ ((β ⇒ δ)⇒ (α⇒ δ)))
Ax2 (α⇒ (α ∨ β))
Ax3 (β ⇒ (α ∨ β))
Ax4 ((α⇒ δ) ⇒ ((β ⇒ δ) ⇒ ((α ∨ β)⇒ δ)))
Ax5 ((α ∧ β)⇒ α)
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Ax6 ((α ∧ β)⇒ β)
Ax7 ((δ ⇒ α)⇒ ((δ ⇒ β)⇒ (δ ⇒ (α ∧ β))))
Ax8 ((α⇒ (β ⇒ δ))⇔ ((α ∧ β)⇒ δ))
Ax9 ((α ∧ ¬α)⇒ β)
Ax10 ((α⇒ (α ∧ ¬α))⇒ ¬α)
Ax11 (α ∨ ¬α)
r❡❣✉➟❛ ♦❞r②✇❛♥✐❛

R1
α, (α⇒ β)

β

✼✳✷✳ ❆❦s❥♦♠❛t② ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤✳ ❆❦s❥♦♠❛t② ♣✐❡r✲
➧❝✐❡♥✐❛ ✉♣♦r③→❞❦♦✇❛♥❡❣♦ ♦r❛③ ③❞❛♥✐❡ st✇✐❡r❞③❛❥→❝❡✱
➺❡ ③❜✐ór ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ ❞♦❞❛t♥✐❝❤ ❥❡st ❞♦❜r③❡ ✉♣♦✲
r③→❞❦♦✇❛♥②✿ ❦❛➺❞② ♥✐❡♣✉st② ♣♦❞③❜✐ór ③❜✐♦r✉ N ❧✐❝③❜
❝❛➟❦♦✇✐t②❝❤ ♥✐❡✉❥❡♠♥②❝❤ ③❛✇✐❡r❛ ❡❧❡♠❡♥t ♥❛❥♠♥✐❡❥✲
s③②✳

▲✐❝③❜② ❝❛➟❦♦✇✐t❡ t✇♦r③→ ③❜✐ór ♦③♥❛❝③❛♥② ✐♥t❡❣❡r
✭❧✉❜ Z✮✱ r❛③❡♠ ③ ♥✐❡♣✉st②♠ ♣♦❞③❜✐♦r❡♠ N ✭❧✐❝③❜ ❝❛➟✲
❦♦✇✐t②❝❤ ♥✐❡✉❥❡♠♥②❝❤✮ ✐ ③ ❞✇♦♠❛ ♦♣❡r❛❝❥❛♠✐ ❞✇✉✲
❛r❣✉♠❡♥t♦✇②♠✐ ❞♦❞❛✇❛♥✐❛ ✐ ♠♥♦➺❡♥✐❛✱ ♦③♥❛❝③❛♥②♠✐
♣r③❡③ + ✐ ·✱ ❦tór❡ s♣❡➟♥✐❛❥→ ♥❛st➛♣✉❥→❝❡ ❛❦s❥♦♠❛t②✿

• ✭Pr③❡♠✐❡♥♥♦➧➣✮ ❉❧❛ ❦❛➺❞❡❥ ♣❛r② ❧✐❝③❜ ❝❛➟❦♦✲
✇✐t②❝❤ a, b ③❛❝❤♦❞③→ ró✇♥♦➧❝✐

a+ b = b+ a ♦r❛③ a · b = b · a✱
• ✭❾→❝③♥♦➧➣✮ ❉❧❛ ❦❛➺❞❡❥ tró❥❦✐ ❧✐❝③❜ ❝❛➟❦♦✇✐✲
t②❝❤ a, b, c ③❛❝❤♦❞③→

(a+ (b+ c)) = ((a+ b) + c) ♦r❛③
(a · (b · c)) = ((a · b) · c)✱

• ✭❘♦③❞③✐❡❧♥♦➧➣✮ ❉❧❛ ❦❛➺❞❡❥ tró❥❦✐ ❧✐❝③❜ ❝❛➟❦♦✲
✇✐t②❝❤ ③❛❝❤♦❞③✐

(a+ b) · c = a · c+ b · c
• ✭❏❡❞♥♦➧❝✐✮ ■st♥✐❡❥→ ❧✐❝③❜② ❝❛➟❦♦✇✐t❡ ✵ ✐ ✶ t❛❦✐❡✱
➺❡ ❞❧❛ ❦❛➺❞❡❣♦ a ③❛❝❤♦❞③✐

a+ 0 = a ♦r❛③ a · 1 = a✱
• ✭❉♦♠❦♥✐➛❝✐❡ ✇ N✮ ❏❡➧❧✐ a ✐ b s→ ❧✐❝③❜❛♠✐ ❝❛➟✲
❦♦✇✐t②♠✐ ♥✐❡✉❥❡♠♥②♠✐ t♦ ❧✐❝③❜② a+ b ♦r❛③ a · b
t❡➺ s→ ❧✐❝③❜❛♠✐ ❝❛➟❦♦✇✐t②♠✐✱ ♥✐❡✉❥❡♠♥②♠✐✱
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• ✭❆❞❞②t②✇♥❛ ♦❞✇r♦t♥♦➧➣✮ ❉❧❛ ❦❛➺❞❡❥ ❧✐❝③❜②
❝❛➟❦♦✇✐t❡❥ a✱ ✐st♥✐❡❥❡ t❛❦❛ ❧✐❝③❜❛ ❝❛➟❦♦✇✐t❛ −a✱
➺❡ ③❛❝❤♦❞③✐

a+−a = 0

• ✭❚r✐❝❤♦t♦♠✐❛✮ ❉❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ❝❛➟❦♦✇✐t❡❥ a
③❛❝❤♦❞③✐ ❞♦❦➟❛❞♥✐❡ ❥❡❞♥❛ ③ tr③❡❝❤ r❡❧❛❝❥✐✿ ❛❧❜♦
❛✮ ❧✐❝③❜❛ a ❥❡st ♥✐❡✉❥❡♠♥❛✱ ❛❧❜♦ ❜✮ ❧✐❝③❜❛ a ❥❡st
③❡r❡♠ a = 0 ❛❧❜♦ ❝✮ ❧✐❝③❜❛ −a ❥❡st ♥✐❡✉❥❡♠♥❛✱

∀a∈Z a > 0 ∨ a = 0 ∨ a < 0

• ✭❉♦❜r❡ ✉♣♦r③→❞❦♦✇❛♥✐❡ ③❜✐♦r✉ ◆✮ ❑❛➺❞② ♥✐❡✲
♣✉st② ♣♦❞③❜✐ór ③❜✐♦r✉ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤✱ ❞♦✲
❞❛t♥✐❝❤ ♠❛ ❡❧❡♠❡♥t ♥❛❥♠♥✐❡❥s③②✳

❖st❛t♥✐ ❛❦s❥♦♠❛t ♠❛ ✐♥♥② ❝❤❛r❛❦t❡r ♥✐➺ ♣♦③♦st❛➟❡✳
❯➺②t♦ ✇ ♥✐♠ ❦✇❛♥t②✜❦❛t♦r❛ ✇✐→➺→❝❡❣♦ ③❜✐♦r② ✭❛ ♥✐❡
❡❧❡♠❡♥t②✮✳ ◆✐❡❝♦ ❞❛❧❡❥✱ ✇ r♦③❞③✐❛❧❡ ✺ ♣♦❞❛♠② ❛❧❣♦✲
r②t♠✐❝③♥② ❛❦s❥♦♠❛t ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤✱ ❜❛r❞③✐❡❥ ♣r③②✲
❞❛t♥② ✇ ❛♥❛❧✐③♦✇❛♥✐✉ ❛❧❣♦r②t♠ó✇✳

✼✳✸✳ ❆❦s❥♦♠❛t② ❧✐❝③❜ r③❡❝③②✇✐st②❝❤✳ ❉♦ ✇♥✐♦s❦♦✲
✇❛♥✐❛ ♦ ✇➟❛s♥♦➧❝✐❛❝❤ ♣r♦❣r❛♠ó✇ ✇②❦♦♥②✇❛♥②❝❤ ✇
str✉❦t✉r③❡ ❧✐❝③❜ r③❡❝③②✇✐st②❝❤ ❜➛❞③✐❡♠② ✇②❦♦r③②st②✲
✇❛➣ ❛❦s❥♦♠❛t② ❝✐❛➟❛ ✉♣♦r③→❞❦♦✇❛♥❡❣♦ ❆r❝❤✐♠❡❞❡✲
s♦✇s❦✐❡❣♦✳

• ✭Pr③❡♠✐❡♥♥♦➧➣ ❞♦❞❛✇❛♥✐❛✮
∀x,y∈R x+ y = y + x ✱

• ✭❾→❝③♥♦➧➣ ❞♦❞❛✇❛♥✐❛✮
∀x,y,z∈R (x+ (y + z)) = ((x+ y) + z) ✱

• ✭❘♦③❞③✐❡❧♥♦➧➣ ♠♥♦➺❡♥✐❛ ✇③❣❧➛❞❡♠ ❞♦❞❛✇❛♥✐❛✮
∀x,y,z∈R (x+ y) · z = x · c+ y · z

• ✭❏❡❞♥♦➧➣ ❞♦❞❛✇❛♥✐❛✮
∃0∈R∀x∈R x+ 0 = x✒

• ✭❆❞❞②t②✇♥❛ ♦❞✇r♦t♥♦➧➣✮
∀x∈R∃−x∈R x+−x = 0

• ✭Pr③❡♠✐❡♥♥♦➧➣ ♠♥♦➺❡♥✐❛✮
∀x,y∈R x · y = y · x✱

• ✭❾→❝③♥♦➧➣ ♠♥♦➺❡♥✐❛✮
∀x,y,z∈R (x · (y · z)) = ((x · y) · z)✱

• ✭❏❡❞♥♦➧➣ ♠♥♦➺❡♥✐❛✮
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∃1∈R∀x∈R x · 1 = x✱
• ✭❖❞✇r♦t♥♦➧➣✮

∀x∈R x 6= 0⇒ ∃x−1∈R x · x−1 = 1

• ✭P♦r③→❞❡❦ ✇ ③❜✐♦r③❡ R✮
∀x∈R ¬(x < x)

∀x,y,z∈R ((x < y ∧ y < z)⇒ x < z)

∀x, y(x < y ∨ x = y ∨ y < x)

• ✭❛❦s❥♦♠❛t ❆r❝❤✐♠❡❞❡s❛✮ ❞❧❛ ❦❛➺❞❡❥ ♣❛r② ❧✐❝③❜
❞♦❞❛t♥✐❝❤ 0 < y, y < x ✐st♥✐❡❥❡ ❧✐❝③❜❛ ❝❛➟❦♦✇✐t❛✱
❞♦❞❛t♥✐❛ k t❛❦❛✱ ➺❡ x < k ∗ y✳

∀y∈R∀x∈R(0 < y < x⇒ ∃k∈N x < k · y)
t③♥✳ ♣r③②❥♠✉❥❡♠②✱ ➺❡ ❞③✐❛➟❛♥✐❡ ❞♦❞❛✇❛♥✐❛ ❥❡st ➟→❝③♥❡✱
♣r③❡♠✐❡♥♥❡ ✐ r♦③❞③✐❡❧♥❡ ③ ❞③✐❛➟❛♥✐❡♠ ♠♥♦➺❡♥✐❛✳ ❉❧❛
❦❛➺❞❡❥ ❧✐❝③❜② l ✐st♥✐❡❥❡ ❧✐❝③❜❛ ♦ ♣r③❡❝✐✇♥②♠ ③♥❛❦✉ −l✱
t❛❦❛✱ ➺❡ l + −l = 0✳ ❉③✐❛➟❛♥✐❡ ♠♥♦➺❡♥✐❛ ❥❡st ➟→❝③♥❡ ✐
♣r③❡♠✐❡♥♥❡✳ ❉❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② l, l 6= 0 ✐st♥✐❡❥❡ ❧✐❝③❜❛
l′ t❛❦❛✱ ➺❡ l ∗ l′ = 1✳ ❘❡❧❛❝❥❛ < ❥❡st s♣ó❥♥❛✱ ♣r③❡❝❤♦❞✲
♥✐❛✱ ❛s②♠❡tr②❝③♥❛✱ ♣r③❡❝✐✇③✇r♦t♥❛✳ ❩❛❝❤♦❞③✐ ♣r❛✇♦
∀x, y(x < y ∨ x = y ∨ y < y)✳
P♦♥❛❞t♦ ③❛❝❤♦❞③✐ ♣r❛✇♦ ❆r❝❤✐♠❡❞❡s❛ ❞❧❛ ❦❛➺❞❡❥ ♣❛r②
❧✐❝③❜ ❞♦❞❛t♥✐❝❤ x > 0, y > 0, y < x ✐st♥✐❡❥❡ ❧✐❝③❜❛ ❝❛➟❦♦✲
✇✐t❛✱ ❞♦❞❛t♥✐❛ k t❛❦❛✱ ➺❡ x < k ∗ y✳

◆♦t❛ ✷✳ ❩❛✉✇❛➺♠②✱ ➺❡ ❛❦s❥♦♠❛t②✱ ❜➛❞→❝❡ ró✇✲
♥♦➧❝✐❛♠✐✱ ♠♦➺❡♠② ♣r③❡❞st❛✇✐➣ ❣r❛✜❝③♥✐❡ ❥❛❦♦
ró✇♥♦✇❛➺♥♦➧❝✐ ❞r③❡✇✳

✼✳✹✳ ❛❦s❥♦♠❛t② t②♣✉ ③♥❛❦♦✇❡❣♦ ✲ ❝❤❛r✳ ❖ t②♣✐❡
③♥❛❦♦✇②♠ ✭❝❤❛r✮ ✇✐❛❞♦♠♦✱ ➺❡ ❥❡st t♦ s❦♦➠❝③♦♥② ③❜✐ór✳
❲②st❛r❝③→ ✇✐➛❝ ❞✇❛ ❛❦s❥♦♠❛t②✳ P✐❡r✇s③② t♦ ✭❞➟✉❣❛✮
❛❧t❡r♥❛t②✇❛ ♠ó✇✐→❝❛✱ ➺❡ ❦❛③❞② ③♥❛❦ t♦
x =′ A′∨x =′ B′∨· · ·∨x =′ Z ′∨x =′ 0′ · · ·∨x =′ 9′∨x =′ +′∨x =′)′ . . .
❉r✉❣✐ t♦ ❥❡s③❝③❡ ❞➟✉➺s③❛ ❢♦r♠✉➟❛ st✇✐❡r❞③❛❥→❝❛✱ ➺❡
❦❛➺❞② ❡❧❡♠❡♥t ③❜✐♦r✉ C ❥❡st ró➺♥② ♦❞ ♣♦③♦st❛➟②❝❤✳

✼✳✺✳ ❆❦s❥♦♠❛t② t②♣✉ ♣✐❡r✇♦t♥❡❣♦ str✐♥❣✳ ❲ ❥➛③②❦✉
▲♦❣❧❛♥✬✽✷ ♥✐❡ ✇②st➛♣✉❥❡ ♦♣❡r❛❝❥❛ ❦♦♥❦❛t❡♥❛❝❥✐ ♥❛ t❡❦✲
st❛❝❤✳ ❆❧❡ ✐♥str✉❦❝❥❡ ❞r✉❦♦✇❛♥✐❛ ✇➟❛➧♥✐❡ t➛ ♦♣❡r❛✲
❝❥➛ r❡❛❧✐③✉❥→✱ ❞♦♣✐s✉❥→❝ ❦♦❧❡❥♥❡ ③♥❛❦✐ ✐ t❡❦st② ❞♦ ♣♦✲
♣r③❡❞♥✐♦ ✇②❞r✉❦♦✇❛♥②❝❤✳ ◆❛t♦♠✐❛st ✇ ✇✐❡❧✉ ✐♥♥②❝❤
❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ❦♦♥❦❛t❡♥❛❝❥❛ ♥❛♣✐só✇ ❥❡st
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♦♣❡r❛❝❥→ ❥➛③②❦❛ ✇r❛③ ③ ❧✐❝③♥②♠✐ ✐♥♥②♠✐ ♦♣❡r❛❝❥❛♠✐
♥❛ ♥❛♣✐s❛❝❤✳

✼✳✺✳✶✳ ❚❡♦r✐❛ ❦♦♥❦❛t❡♥❛❝❥✐✳ ❉r✉❦♦✇❛♥✐❡ ✇②❞❛❥❡ s✐➛
❜②➣ ❝③②♥♥♦➧❝✐→ ♦❝③②✇✐st→ ✐ ③r♦③✉♠✐❛➟→✳ ❲➟❛➧❝✐✇→ ❞❧❛
♥✐❡❣♦ t❡♦r✐→ ❥❡st t❡♦r✐❛ ❦♦♥❦❛t❡♥❛❝❥✐✱ s❢♦r♠✉➟♦✇❛♥❛
♣r③❡③ ❆❧❢r❡❞❛ ❚❛rs❦✐❡❣♦ ✇ ❳❳✇✳ ❚❡♦r✐❛ t❛ ❥❡st ♥✐❡✲
r♦③str③②❣❛❧♥❛✳ ❉♦✇ó❞ t❡❣♦ ❢❛❦t✉ ♣♦❞❛➟ ✇ ✷✵✵✻ r♦❦✉
❆♥❞r③❡❥ ●r③❡❣♦r❝③②❦✳

❆❦s❥♦♠❛t② t❡♦r✐✐ ❦♦♥❦❛t❡♥❛❝❥✐✳ ❙②❣♥❛t✉r❛ t❡❥ t❡♦✲
r✐✐ ③❛✇✐❡r❛ ♦♣❡r❛t♦r ❦♦♥❦❛t❡♥❛❝❥✐ ✭♦③♥❛❝③❛♥② ✯✮✱ st❛➟❡
✭t❥✳ ❛t♦♠②✮ ✐ ró✇♥♦➧➣✳
∗ : S × S → S
=: S × S → B0

❆t♦♠❛♠✐ s→ ✇s③②st❦✐❡ ③♥❛❦✐ ③❡ ③❜✐♦r✉ ❈❤❛r✳
❆❦s❥♦♠❛t②

✭❆✶✮ x ∗ (y ∗ z) = (x ∗ y) ∗ z
x ∗ y = z ∗ u⇒ ((x = z ∧ y = u)∨

(∃w)((x ∗ w = z ∧ w ∗ u = y) ∨ (z ∗ w = x ∧ w ∗ y = u)))
✭❆✷✮

♦r❛③ ♣❡✇♥❛ ❧✐❝③❜❛ ❛❦s❥♦♠❛tó✇ ♦♣✐s✉❥→❝②❝❤ ❛t♦♠② t❥✳
③♥❛❦✐ ❛❧❢❛❜❡t✉ ♥♣✳

✭❆✹✮ ¬(′a′ = x ∗ y)

✭❆✺✮ ¬(′9′ = x ∗ y)

✭❆✻✮ (′B′ 6=′ 7′)

❲ ♣♦✇②➺s③②❝❤ tr③❡❝❤ ❢♦r♠✉➟❛❝❤ ♥❛❧❡➺② ♥❛♣✐s α ③❛✲
st→♣✐➣ ♣r③❡③ s②♠❜♦❧ ③ ❛❧♣❤❛❜❡t✉ ♥♣✳ ✬❆✬✱ ❛ ♥❛♣✐s β
③❛st→♣✐➣ ♣r③❡③ ✐♥♥② ❡❧❡♠❡♥t ❛❧❢❛❜❡t✉ ♥♣✳ ✬✾✬✱ ✐ ♣♦✲
✇tór③②➣ t♦ ✇✐❡❧♦❦r♦t♥✐❡✳
P✐❡r✇s③② ❛❦s❥♦♠❛t ♥✐❡ ❜✉❞③✐ ✇→t♣❧✐✇♦➧❝✐✿ ❞r✉❦♦✇❛✲
♥✐❡ ❥❡st ♦♣❡r❛❝❥→ ➟→❝③♥→ ✕ ✇s③②st❦♦ ❥❡❞♥♦ ❝③② ♥❛❥✲
♣✐❡r✇ ✇②❞r✉❦✉❥❡♠② s➟♦✇♦ x ∗ y ❛ ♣♦ ♥✐♠ s➟♦✇♦ z✱ ❝③②
t❡➺ ♥❛❥♣✐❡r✇ ✇②❞r✉❦✉❥❡♠② s➟♦✇♦ x ❛ ♣♦ ♥✐♠ ♣♦ ❦♦❧❡✐
s➟♦✇❛ y ✐ z✳
❉r✉❣✐ ❛❦s❥♦♠❛t t❡➺ ❥❡st ♦❝③②✇✐st②✿ ❥❡➧❧✐ ✇②❞r✉❦♦✇❛✲
❧✐➧♠② ♥❛ ❞✇❛ ró➺♥❡ s♣s♦❜② t❡♥ s❛♠ ♥❛♣✐s✳ t③♥✳ ❣❞②
s➟♦✇♦ x ∗ y ❥❡st ró✇♥❡ s➟♦✇✉ z ∗ u t♦ ❛❧❜♦ x = z ✐ y = u
❛❧❜♦ ✐st♥✐❡❥❡ t❛❦✐❡ s➟♦✇♦ w✱ ➺❡ x ∗ w = z ✐ w ∗ u = y ❧✉❜
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z ∗ w = x ✐ w ∗ y = u✳ ❚❛rs❦✐ ♦❜❥❛➧♥✐❛➟ t❡♥ ❛❦s❥♦♠❛t ♥❛✲
st➛♣✉❥→❝♦✿ Pr③②♣✉➧➣♠②✱ ➺❡ ♥❛ ♣ó➟❝❡ ✉st❛✇✐♦♥♦ ❞✇❛
r❛③② ❝✐→❣ ❦s✐→➺❡❦✳ ◆❛❥♣✐❡r✇ ♣✐❡r✇s③❛ ♦s♦❜❛ ✉st❛✇✐➟❛
♣♦❞❝✐→❣ x✱ ❞♦ t❡❣♦ ❞♦st❛✇✐➟❛ ✭❦♦♥❦❛t❡♥❛❝❥❛✮ ♣♦❞❝✐→❣
y✳ ◆✐❡❝♦ ♣ó➵♥✐❡❥ ✐♥♥❛ ♦s♦❜❛ ♥❛ ♣ó➟❝❡ ✉st❛✇✐➟❛ ♥❛❥✲
♣✐❡r✇ ♣♦❞❝✐→❣ z✱ ❛ ♣ó➵♥✐❡❥ u✳ ❏❡➺❡❧✐ ✇ ♦❜✉ ✇②♣❛❞❦❛❝❤
✉③②s❦❛♥♦ t♦ s❛♠♦ ✉st❛✇✐❡♥✐❡ ❦s✐→➺❡❦ x ∗ y = z ∗ u✱ t♦
❛❧❜♦ x = z ✐ y = u ❛❧❜♦ ✐st♥✐❡❥❡ t❛❦✐ ♣♦❞❝✐→❣ w ❦s✐→➺❡❦✱
➺❡ x ∗ w = z ✐ w ∗ u = y ❛❧❜♦ z ∗ w = x ✐ w ∗ y = u✳

z
︷ ︸︸ ︷

books❴on❴the❴shelf❴were

u
︷ ︸︸ ︷

❴put❴twice❴by❴different❴persons

books❴on❴the❴shelf❴were❴put❴twice
︸ ︷︷ ︸

x

❴by❴different❴persons
︸ ︷︷ ︸

y

r②s✉♥❡❦ ♣ó➟❦❛ ③ ❦s✐→➺❦❛♠✐ ❲ t②♠ ♣r③②♣❛❞❦✉ s➟♦✇♦
w t♦ ❴♣✉t❴t✇✐❝❡✳

books❴on❴the❴shelf❴were
︸ ︷︷ ︸

z

❴put❴twice
︸ ︷︷ ︸

w

❴by❴different❴persons
︸ ︷︷ ︸

y

P♦③♦st❛➟❡ ❛❦s❥♦♠❛t② st✇✐❡r❞③❛❥→✱ ➺❡ ♥❛♣✐s② α ✐ β s→
♥✐❡♣♦❞③✐❡❧♥❡ ✐ ró➺♥❡✳
Pr♦❢❡s♦r ❆♥❞r③❡❥ ●r③❡❣♦r❝③②❦ ❬●r③✵✺❪ ✇②❦❛③❛➟✱ ➺❡ ✇
t❛❦✐❡❥ t❡♦r✐✐ ✭♥❛✇❡t ③ ❞✇♦♠❛ t②❧❦♦ ❛t♦♠❛♠✐✮ ♠♦➺♥❛
r❡♣r❡③❡♥t♦✇❛➣ ❦❛➺❞→ ❢✉♥❦❝❥➛ ♣r♦❣r❛♠♦✇❛❧♥→✳
❙t→❞ st♦s✉❥→❝ r♦③✉♠♦✇❛♥✐❡ ♣r③❡❦→t♥✐♦✇❡ ♠♦➺♥❛ ✇②✲
♣r♦✇❛❞③✐➣ ♥❛st➛♣✉❥→❝❡ t✇✐❡r❞③❡♥✐❡✿

❚✇✐❡r❞③❡♥✐❡ ✸✳✶✵✳ ❚❡♦r✐❛ ❦♦♥❦❛t❡♥❛❝❥✐ ❥❡st ♥✐❡r♦③✲
str③②❣❛❧♥❛✳

■♥❛❝③❡❥ ♠ó✇✐→❝✱ ♣♦s➟✉❣✉❥→❝ s✐➛ t②❧❦♦ ♦♣❡r❛❝❥→ ❦♦♥✲
❦❛t❡♥❛❝❥✐ ✐ ❦✇❛♥t②✜❦❛t♦r❛♠✐ ♠♦➺❡♠② ③❜✉❞♦✇❛➣ ❢♦r✲
♠✉➟② ♥❛ t②❧❡ s❦♦♠♣❧✐❦♦✇❛♥❡✱ ➺❡ ♥✐❡ ✐st♥✐❡❥❡ ❥❡❞❡♥
♦❣ó❧♥② ❛❧❣♦r②t♠ r♦③str③②❣❛♥✐❛ ✐❝❤ ♣r❛✇❞③✐✇♦➧❝✐✳
❲ ❥➛③②❦❛❝❤ ❏❛✈❛ ✐ ❈✰✰ ♦♣❡r❛❝❥❛ ❦♦♥❦❛t❡♥❛❝❥✐ ♥❛
t❡❦st❛❝❤ ❥❡st ❞♦♣✉s③❝③❛❧♥❛✳ ❩ ❞♦✇♦❞✉ ♣r③❡♣r♦✇❛✲
❞③♦♥❡❣♦ ♣r③❡③ ●r③❡❣♦r❝③②❦❛ ✇②♥✐❦❛✱ ➺❡ ♥❛✇❡t ♣♦
♦❞r③✉❝❡♥✐✉ ♣♦③♦st❛➟②❝❤ t②♣ó✇ ✇ ❥➛③②❦✉ ♠♦➺♥❛ ✇②✲
r❛③✐➣ ✭③❛♣r♦❣r❛♠♦✇❛➣✮ ❞♦✇♦❧♥→ ❢✉♥❦❝❥➛ ♦❜❧✐❝③❛❧♥→✳
▼✐➟♦➧♥✐❦ó✇ ❥➛③②❦❛ ❙♥♦❜♦❧❬❪ t❛ ✇✐❛❞♦♠♦➧➣ ③❛♣❡✇♥❡

✹✻



✉❝✐❡s③②✳ ❘♦③❞③✐❛➟ t❡♥ ❦♦➠❝③②♠② ❦rót❦✐♠ ✇♣r♦✇❛❞③❡✲
♥✐❡♠ ✇ t✇♦r③❡♥✐❡ ♥❛❥♣r♦sts③②❝❤ ♣r♦❣r❛♠ó✇✳ ❯♠✐❡✲
❥➛t♥♦➧➣ ❞r✉❦♦✇❛♥✐❛ ♥❛♣✐só✇ ✐ ❧✐❝③❜ ❥❡st ♥✐❡③❜➛❞♥❛ ❞❧❛
♣r③❡♣r♦✇❛❞③❛♥✐❛ ✇➟❛s♥②❝❤ ❡❦s♣❡r②♠❡♥tó✇ ③ ♣r♦❣r❛✲
♠❛♠✐✳

✼✳✻✳ ❉r✉❦♦✇❛♥✐❡✳ ❲ t②♠✱ ♥✐❡❞✉➺②♠✱ ♣♦❞r♦③❞③✐❛❧❡
♥❛✉❝③②♠② s✐➛ ❞r✉❦♦✇❛➣ ❧✐❝③❜② ✐ t❡❦st②✳ ❏❡st t♦ ♥✐❡✲
③❜➛❞♥❡ ❞❧❛ ♦♣❛♥♦✇❛♥✐❛ ✉♠✐❡❥➛t♥♦➧❝✐ t✇♦r③❡♥✐❛ ✐ ✉r✉✲
❝❤❛♠✐❛♥✐❛ ✇➟❛s♥②❝❤ ♣r♦❣r❛♠ó✇✳

❏➛③②❦ L0✳
L0  L1  L2  L3  L4  L5  L6  L7  L8  L9  L10

❲ ♣r♦❣r❛♠❛❝❤ ❥➛③②❦❛ L0✱ ❝✐→❣ ❞❡❦❧❛r❛❝❥✐ ✕ D✱ ❥❡st ③❛✲
✇s③❡ ♥❛♣✐s❡♠ ♣✉st②♠✱ ♥❛t♦♠✐❛st I ✕ ❝✐→❣ ✐♥str✉❦✲
❝❥✐✱ ❥❡st ❞♦✇♦❧♥②♠ s❦♦➠❝③♦♥②♠✱ ❝✐→❣✐❡♠ ✐♥str✉❦❝❥✐
❛t♦♠♦✇②❝❤ ♣♦st❛❝✐✿ ✇r✐t❡❧♥ ✐ ✇r✐t❡✭ ✮✳ ❆r❣✉♠❡♥t❡♠ ✐♥✲
str✉❦❝❥✐ ✇r✐t❡ ♠♦➺❡ ❜②➣ t❡❦st ❧✉❜ ③♥❛❦ ❧✉❜ ✇②r❛➺❡♥✐❡
❛r②t♠❡t②❝③♥❡✳ ◆✐❡❝❤ s ♦③♥❛❝③❛ t❡①t✱ c ♦③♥❛❝③❛ ③♥❛❦✱
τ ♦③♥❛❝③❛ ✇②r❛➺❡♥✐❡ ❛r②t♠❡t②❝③♥❡✳
❲ ❥➛③②❦✉ L0 ✇②r❛➺❡♥✐❡♠ ❛r②t♠❡t②❝③♥②♠ ❥❡st ❧✐❝③❜❛✱
❝❛➟❦♦✇✐t❛ ❧✉❜ ❧✐❝③❜❛ ③ ♣r③❡❝✐♥❦✐❡♠ ❞③✐❡s✐➛t♥②♠✳ ❙→ t♦
✇②r❛➺❡♥✐❛ ❛r②t♠❡t②❝③♥❡ ♥❛❥♣r♦sts③❡❥ ♣♦st❛❝✐✳ ❲ ❦♦✲
❧❡❥♥②❝❤ ❥➛③②❦❛❝❤ ③❜✐ór ✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤ ❜➛✲
❞③✐❡ ③❛✇✐❡r❛➣ ❝♦r❛③ ✇✐➛❝❡❥ ♥❛♣✐só✇✳ ❖❞♣♦✇✐❡❞♥✐♦
③✇✐❡❦s③❛➣ s✐➛ ❜➛❞③✐❡ ③❜✐ór ✐♥str✉❦❝❥✐ ❞r✉❦♦✇❛♥✐❛✳

■♥str✉❦❝❥❛ ❊❢❡❦t
✇r✐t❡❧♥ ✇②♣✐s✉❥ ♦❞ ♥♦✇❡❣♦ ✇✐❡rs③❛
✇r✐t❡✭“text′′✮ ✇②♣✐s③ text
✇r✐t❡✭✬znak✬✮ ✇②♣✐s③ znak
✇r✐t❡✭τ✮ ✇②❞r✉❦✉❥ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ τ
✇r✐t❡✭τ ✿❦✮ ✇②❞r✉❦✉❥ ✇❛rt♦➧❝ τ ✱ ♥❛ k ♣♦③②❝❥❛❝❤
✇r✐t❡✭τ ✿❦✿♠✮ ❥✳✇✳✱ m ③♥❛❦ó✇ ♣♦ ♣r③❡❝✐♥❦✉

❈✐→❣ ❦♦❧❡❥♥②❝❤ ✐♥str✉❦❝❥✐ ✇r✐t❡ ♠♦➺❡s③ s❦ró❝✐➣ ✇❣
t❡❣♦ ✇③♦r✉

✇r✐t❡✭❆✮❀ ✇r✐t❡✭❇✮❀ ✇r✐t❡✭❈✮❀ ✇r✐t❡✭❉✮❀✳ ✳ ✳ ❀ ✇r✐t❡✭▼✮

③❛st→♣ ♣r③❡③
✇r✐t❡✭❆✱❇✱❈✱❉✱✳ ✳ ✳ ✱▼✮✳

P❛r➛ ✐♥str✉❦❝❥✐
✹✼



✇r✐t❡✭❛r❣✉♠❡♥t②✮❀✇r✐t❡❧♥

♠♦➺❡s③ ③❛st→♣✐➣ ♣r③❡③
✇r✐t❡❧♥✭❛r❣✉♠❡♥t②✮✳

Pr③②❦➟❛❞②

♣r♦❣r❛♠ ❞r✉❦✶❀
❜❡❣✐♥
✇r✐t❡❧♥✭✏❲✐t❛❥✦✧✮
✇r✐t❡❧♥❀
✇r✐t❡❧♥✭✏✵✶✷✸✹✺✻✼✽✾✵✶✷✸✹✺✻✼✽✾✵✶✷✸✹✺✻✼✽✾✵✧✮❀
✇r✐t❡✭✸✳✶✹✶✺✾✷✻✿✶✷✿✼✮❀✇r✐t❡✭✬ ✬✮❀✇r✐t❡✭✬❛✬✮❀ ✇r✐t❡❧♥✭✸✳✶✹✶✺✾✷✻✿✶✷✿✸✮❀
✇r✐t❡❧♥✭✏✵✶✷✸✹✺✻✼✽✾✵✶✷✸✹✺✻✼✽✾✵✶✷✸✹✺✻✼✽✾✵✧✮❀
✇r✐t❡❧♥✭✑q✉✐❝❦ ❜r♦✇♥ ❢♦① ❥✉♠♣s ♦✈❡r t❤❡ ❧❡❛③② ❞♦❣✧✮

❡♥❞

❆❜str❛❦❝②❥♥② ❦♦♠♣✉t❡r K0✳ ❚❛ ♠❛s③②♥❛ ✇②❦♦♥✉❥❡
♣♦ ❦♦❧❡✐ ✐♥str✉❦❝❥❡ ♣r♦❣r❛♠✉ ✐ ✇②♣✐s✉❥❡ ♥❛ ❡❦r❛♥✐❡
♦❞♣♦✇✐❡❞♥✐❡ ③♥❛❦✐ ❞♦♣ó❦✐ ❝✐→❣ ✐♥str✉❦❝❥✐ ♣♦③♦st❛❥→✲
❝②❝❤ ❞♦ ✇②❦♦♥❛♥✐❛ ♥✐❡ ❥❡st ♣✉st②✳
❑♦♠♣✉t❡r ✇②♣♦s❛➺♦♥② ❥❡st ✇ ♣❛♠✐➛➣ ♣r♦❣r❛♠✉ ✐ ❡❦r❛♥
✭❧✉❜ ❞r✉❦❛r❦➛✮✳
❉r✉❦♦✇❛♥✐❡ ♥❛ ❡❦r❛♥✐❡ ♣r③❡❜✐❡❣❛ ♥✐❡❝♦ ✐♥❛❝③❡❥ ♥✐③ ♥❛
❞r✉❦❛r❝❡✭♣❛♣✐❡r③❡✮✳ ❚❛ ró➺♥✐❝❛ ♥✐❡ ♣♦✇✐♥♥❛ s♣r❛✇✐❛➣
❈✐ ❦➟♦♣♦t✉✳ ❘❨❙❯◆❊❑ ❦♦♠♣✉t❡r❛ ❑✵
❲②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ✇r✐t❡❧♥ s♣♦✇♦❞✉❥❡ ♣r③❡❥➧❝✐❡ ❞♦
♥♦✇❡❥ ❧✐♥✐✐✳ ❲②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ✇r✐t❡✭✬❝✬✮ ♣♦❧❡❣❛ ♥❛
✇②♣✐s❛♥✐✉ ③♥❛❦✉ ✬❝✬ ♥❛ ❡❦r❛♥✐❡✳

❩❛❛✇❛♥s♦✇❛♥❡ ❞r✉❦♦✇❛♥✐❡✳ ▼♦➺❡s③ ✇③❜♦❣❛❝✐➣ r❡✲
♣❡rt✉❛r ❞r✉❦♦✇❛♥②❝❤ ③♥❛❦ó✇✳ ❯r③→❞③❡♥✐❛ ❞r✉❦✉✲
❥→❝❡ ③❞♦❧♥❡ s❛ ❞♦ ❞r✉❦♦✇❛♥✐❛ ③♥❛❦ó✇ ♦ ró➺♥②♠ ❦r♦❥✉
✭❛♥❣✳ ❢♦♥ts✮✳
▼♦➺♥❛ t❛❦➺❡ ❦✐❡r♦✇❛➣ ❞r✉❦♦✇❛♥✐❡ ❞♦ ♣❧✐❦✉ ✐ ♣r③❡❦❛✲
③②✇❛❝ t❛❦✐❡ ♣❧✐❦✐ ❞♦ ♣ó➺♥✐❡❥s③❡❣♦ ♦❞❝③②t②✇❛♥✐❛✳

❉r✉❦♦✇❛♥✐❡ ✇③❜♦❣❛❝♦♥❡✳ ❉r✉❦♦✇❛♥✐❡ ♥❛ ❡❦r❛♥✐❡
❦♦♠♣✉t❡r❛ ♠♦➺❡♠② ✉r♦③♠❛✐❝✐➣ st♦s✉❥→❝ t③✇✳ ❦♦❞②
✉❝✐❡❝③❦✐ ✭❛♥❣✳ ❊❙❈ ✕ ❡s❝❛♣❡✮✳ ❩♥❛❦ ❊❙❈ ♠❛ ♥✉♠❡r
✷✼ st→❞ ♣♦❧❡❝❡♥✐❡ ❞r✉❦♦✇❛♥✐❛ ③♥❛❦✉ ❝❤r✭✷✼✮✳
P♦❧❡❝❡♥✐❡ ❞r✉❦♦✇❛♥✐❛ ③♥❛❦ó✇ ♣ó➟❣r✉❜②❝❤ ✭❛♥❣✳ ❜♦❧❞✮

✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✶♠✧✮
❑♦❧❡❥♥❡ ③♥❛❦✐ ♣♦❥❛✇✐❛❥→❝❡ s✐➛ ♥❛ ❡❦r❛♥✐❡ ❜➛❞→ ✬t➟✉➧❝✐❡❥s③❡✬
✲ ♣ó➟❣r✉❜❡✳

✹✽



P♦❧❡❝❡♥✐❡ ❞r✉❦♦✇❛♥✐❛ ③♥❛❦ó✇ ♣♦❝❤②❧♦♥②❝❤ ✲ ❦✉rs②✇❛
✇r✐t❡✭ ❝❤r✭✷✼✮✱✧❬✸♠✧✮

❑♦❧❡❥♥❡ ③♥❛❦✐ ♣♦❥❛✇✐❛❥→❝❡ s✐❡ ♥❛ ❡❦r❛♥✐❡ ❜➛❞→ ❞r✉✲
❦♦✇❛♥❡ ♣✐s♠❡♠ ♣♦❝❤②❧♦♥②♠✳
P♦❧❡❝❡♥✐❡ ❞r✉❦♦✇❛♥✐❛ ③♥❛❦ó✇ ♥♦r♠❛❧♥✐❡

✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✵♠✧✮
❑♦❧❡❥♥❡ ③♥❛❦✐ ♣♦❥❛✇✐❛❥→❝❡ s✐➛ ♥❛ ❡❦r❛♥✐❡ ❜➛❞→ ❞r✉✲
❦♦✇❛♥❡ ♥♦r♠❛❧♥✐❡✳
▼♦➺❡s③ t❡➺ ♣ró❜♦✇❛➣ ✇②❞r✉❦♦✇❛➣ t❡❦st ♠✐❣❛❥→❝② ✭❛♥❣✳
❜❧✐♥❦✐♥❣✮

✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✺♠✧✮
❧✉❜ ♦❞✇r❛❝❛❥→❝ ❦♦❧♦r② t➟❛ ✐ ③♥❛❦✉ ✭❛♥❣✳ r❡✈❡rs❡✮

✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✼♠✧✮
❉r✉❦♦✇❛♥✐❡ ③♥❛❦ó✇ ③ ♣♦❞❦r❡➧❧❡♥✐❡♠ ✭❛♥❣✳ ✉♥❞❡r✲
s❝♦r❡✮ ♥❛st→♣✐ ♣♦ ✇②❞❛♥✐✉ t❛❦✐❡❣♦ ♣♦❧❡❝❡♥✐❛✿

✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹♠✧✮✳
▼♦➺❡s③ ❞r✉❦♦✇❛➣ ③♥❛❦✐ ❦♦❧♦r♦✇❡✿

✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✸✷♠✧✮❀ ♥❛ ③✐❡❧♦♥♦
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✸✶♠✧✮❀ ♥❛ ❝③❡r✇♦♥♦
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✸✵♠✧✮❀ ♥❛ ❝③❛r♥♦
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✸✸♠✧✮❀ ♥❛ ➺ó➟t♦
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✸✹♠✧✮❀ ♥❛ ♥✐❡❜✐❡s❦♦
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✸✺♠✧✮❀ ♠❛❣❡♥t❛
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✸✻♠✧✮❀ ❝②❛♥
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✸✼♠✧✮❀ ♥❛ ❜✐❛➟♦

❧✉❜ ♥❛ ❦♦❧♦r♦✇②♠ t❧❡
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹✵♠✧✮❀ ♥❛ ❝③❛r♥②♠ t❧❡
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹✶♠✧✮❀ ♥❛ ❝③❡r✇♦♥②♠ t❧❡
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹✷♠✧✮❀ ♥❛ ③✐❡❧♦♥②♠ t❧❡
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹✸♠✧✮❀ ♥❛ ➺ó➟t②♠ t❧❡
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹✹♠✧✮❀ ♥❛ ♥✐❡❜✐❡s❦✐♠ t❧❡
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹✺♠✧✮❀ t➟♦ ♠❛❣❡♥t❛
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹✻♠✧✮❀ t➟♦ ❝②❛♥
✇r✐t❡✭ ❝❤r✭✷✼✮✱ ✧❬✹✼♠✧✮❀ ♥❛ ❜✐❛➟②♠ t❧❡

P♦❧❡❝❡♥✐❛ st❡r✉❥→❝❡ ♣♦➟♦➺❡♥✐❡♠ ❦✉rs♦r❛ ♥❛ ❡❦r❛♥✐❡
▼♦➺❡s③ ③♥❛❝③♥✐❡ ✇③❜♦❣❛❝✐➣ r❡♣❡rt✉❛r ♣♦❧❡❝❡➠ ❞r✉❦♦✲

✇❛♥✐❛ st♦s✉❥→❝ t③✇✳ ✏s❡❦✇❡♥❝❥❡ ❊❙❈✑✳ ❩♦❜❛❝③ ♣r♦❣r❛♠
❛♥s✐t❡st✳❧♦❣✳ ❶✇✐❝③❡♥✐❛ ♥❛ ✉♠✐❡❥➛t♥♦➧➣ ♣❧❛♥♦✇❛♥✐❛
✇②❞r✉❦✉ ✳✳✳
❲②❞r✉❦✉❥ t❛❜❡❧❦➛

✹✾



❲②❞r✉❦✉❥ ♣r♦❣r❛♠

❉r✉❦♦✇❛♥✐❡ ❞♦ ♣❧✐❦✉✳ ❚❡♥ ♣♦❞r♦③❞③✐❛➟ ♠♦➺❡s③ ♥❛
r❛③✐❡ ♦♣✉➧❝✐➣✳
Pr♦❣r❛♠ ♠♦➺❡ ♣♦s➟✉❣✐✇❛❝ s✐❡ ♣❧✐❦❛♠✐✳ ❲ t②♠♠ ♠✐❡❥s❝✉
♦♠❛✇✐❛♠② ♣❧✐❦✐ t❡❦st♦✇❡✳ ■♥♥❡ r♦❞③❛❥❡ ♣❧✐❦ó✇ s→ ♦♣✐s❛♥❡
❣❞③✐❡ ✐♥❞③✐❡❥ ❬❙❲✾✶❪✳
❉❡❦❧❛r❛❝❥❛ ♣❧✐❦ó✇ ✬✇❡✇♥➛tr③♥②❝❤✬ ♣r♦❣r❛♠✉ ✳✳✳

✳✳✳ ❄

❶✇✐❝③❡♥✐❛

✸✳✶✳ ❉♦ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦➧❝✐ ✇②r❛➺❡♥✐❛ b∗b+a∗a+a∗2∗b
tr③❡❜❛ ✇②❦♦♥❛➣ ✹ ♠♥♦➺❡♥✐❛ ✐ ✷ ❞♦❞❛✇❛♥✐❛✳ ❈③② ❞❛
s✐➛ ✇②③♥❛❝③②➣ t➛ ✇❛rt♦➧➣ t❛♥✐❡❥✱ t③♥✳ ✇ ♠♥✐❡❥s③❡❥
❧✐❝③❜✐❡ ❦r♦❦ó✇❄

✸✳✷✳ ❈③② ✇②r❛➺❡♥✐❛ (a+r
2

a−r2
+ a−r3

a+r2
) ✐ ( 2a+r2−r3

a−r2+a+r2
) s→ ró✇♥❡❥

✇❛rt♦➧❝✐❄

✸✳✸✳ ❉♦ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠ a∗b−c∗d ✐ a∗c+b∗d
♣♦tr③❡❜❛ ✹ ♠♥♦➺❡➠ ✐ ❞✇✉ ❞♦❞❛✇❛➠✳ Pr③②❥♠✐❥♠②✱ ➺❡
♦♣❡r❛❝❥❛ ❞♦❞❛✇❛♥✐❛ ❥❡st ③♥❛❝③♥✐❡ t❛➠s③❛ ♦❞ ♦♣❡r❛❝❥✐
♠♥♦➺❡♥✐❛✳ ❈③② ♠♦➺♥❛ ♦❜❧✐❝③②➣ t❡ ❞✇✐❡ ✇❛rt♦➧❝✐ ♣r③②
♣♦♠♦❝② tr③❡❝❤ ♠♥♦➺❡➠❄

✸✳✹✳ ❈♦ ♠♦➺♥❛ ♣♦✇✐❡❞③✐❡➣ ♦ ✇❛rt♦➧❝✐❛❝❤ ✇②r❛➺❡➠❄
(α ∨ β) ✐ (β ∨ α)

✸✳✺✳ ❩♠♦❞②✜❦✉❥ ❦♦♠♣✉t❡r K1 t❛❦ ❜② ✳✳✳

✸✳✻✳ ❩❛✉✇❛➺②➟❛➧✱ ➺❡ ❣r❛♠❛t②❦❛ ✇②r❛➺❡➠ ♣r③②❥➛t❛ ✇
t②♠ r♦③❞③✐❛❧❡ ❥❡st ❜❛r❞③♦ r❡str②❦❝②❥♥❛ ✐ ✇②♠❛❣❛ ❜②
❦❛➺❞❡ ❞③✐❛➟❛♥✐❡ ❜②➟♦ ✉❥➛t❡ ✇ ♥❛✇✐❛s② ✇❡❞➟✉❣ ✇③♦r✉
(arg1 op arg2)✳ ❩♠♦❞②✜❦✉❥ s❦➟❛❞♥✐➛ ✇②r❛➺❡➠ ❝❛➟❦♦✇✐t♦✲
❧✐❝③❜♦✇②❝❤ t❛❦ ❜② ♣r♦❣r❛♠✐st❛ ♥✐❡ ♠✉s✐❛➟ ✇②♣✐s②✇❛➣
✇s③②st❦✐❝❤ ♥❛✇✐❛só✇✳ ❯③❛s❛❞♥✐❥ s✇♦❥→ ♣r♦♣♦③②❝❥➛✳

✸✳✼✳ ❲ t②♠ ③❛❞❛♥✐✉ ♣♦s➟✉❣✉❥❡♠② s✐➛ ❣r❛♠❛t②❦→
✇②r❛➺❡➠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②❝❤ ♣r③②❥➛t→ ✇ ♣♦♣r③❡❞✲
♥✐♠ ➣✇✐❝③❡♥✐✉ ✸✳✻✳ ❩♠♦❞②✜❦✉❥ ❦♦♠♣✉t❡r K1 t❛❦ ❜②
❛❦❝❡♣t♦✇❛➟ ✇②r❛➺❡♥✐❛ ♣♦♣r❛✇♥❡ ✇❡❞➟✉❣ ❈✐❡❜✐❡✳

✸✳✽✳ ❩♠♦❞②✜❦✉❥ ❦♦♠♣✉t❡r K1 t❛❦ ❜② ✳✳✳

✺✵



❘❖❩❉❩■❆➟ ✹

L2 Pr♦❣r❛♠② ❧✐♥✐♦✇❡

L0  L1  L2  L3  L4  L5  L6  L7  L8  L9  L10

❲ t②♠ r♦③❞③✐❛❧❡ ♣♦ r❛③ ♣✐❡r✇s③② ♣♦❥❛✇✐❛❥→ s✐➛ ❛❧❣♦✲
r②t♠② ✐ ✐❝❤ ♦❜❧✐❝③❡♥✐❛✳
Pr♦❣r❛♠② ❧✐♥✐♦✇❡✱ ❥❛❦✐❡ ❜➛❞③✐❡♠② r♦③♣❛tr②✇❛➣ ✇ t②♠
r♦③❞③✐❛❧❡ s→ ❜❛r❞③♦ ✇❛➺♥→ ❝③➛➧❝✐→ ❦❛➺❞❡❣♦ ❛❧❣♦r②t♠✉✳
❲✐❡❧❡ ♣r♦❣r❛♠ó✇ ♠♦➺♥❛ ✉t♦➺s❛♠✐❛➣ ③ ❣r❛❢❛♠✐✱ ✇
❦tór②❝❤ ✇②st➛♣✉❥→ ✇✐❡r③❝❤♦➟❦✐ ❞✇♦❥❛❦✐❡❣♦ r♦❞③❛❥✉✿
t❡st② ✭❝③②❧✐ ✇②r❛➺❡♥✐❛ ❜♦♦❧♦✇s❦✐❡✮ ♦r❛③ ❜❧♦❦✐ ✐♥str✉❦✲
❝❥✐ ♣r③②♣✐s❛♥✐❛✱ ③♦❜✳ ❬❋❧♦✻✼✱ ●▼P✼✶❪✳ ❲s③②st❦✐❡ ♣r♦✲
❣r❛♠② ♦♠❛✇✐❛♥❡ ✇ t②♠ ✐ ♥❛st➛♣♥②❝❤ tr③❡❝❤ r♦③❞③✐❛✲
➟❛❝❤ ♠♦❣→ ❜②➣ t❛❦ ✇➟❛➧♥✐❡ ♣r③❡❞st❛✇✐❛♥❡✳Pr♦❣r❛♠
❧✐♥✐♦✇② ❥❡st ❝✐→❣✐❡♠ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✳ ♣r♦❣r❛♠
♥❛♣✐s❛♥② ✇ ❛ss❡♠❜❧❡r③❡ ❥❡st ③❜✐♦r❡♠ ♣r♦❣r❛♠ó✇ ❧✐✲
♥✐♦✇②❝❤ ♦❞❞③✐❡❧♦♥②❝❤ ✐♥str✉❦❝❥❛♠✐ s❦♦❦✉✳ ❑♦♠♣✐❧❛✲
❝❥❛ ♣r♦❣r❛♠✉ ♥❛♣✐s❛♥❡❣♦ ✇ ❥➛③②❦✉ ✇②➺s③❡❣♦ ♣♦③✐♦♠✉
③✇r❛❝❛ ✇➟❛s♥✐❡ t❛❦✐ ♣r♦❣r❛♠✳ ❲❛rt♦ ✇✐➛❝ ♣r③②❥r③❡➣
s✐➛ ♣r♦❣r❛♠♦♠ ❧✐♥✐♦✇②♠ ✐ ❞♦str③❡❝ ♣r♦❜❧❡♠② ♦❢❡r♦✲
✇❛♥❡ ♣r③❡③ t❡♥ r♦❞③❛❥ ♣r♦❣r❛♠ó✇✳ ◆❛❥♣✐❡r✇ ♠✉✲
s✐♠② ③r♦③✉♠✐❡➣ ❥❛❦ t♦ ❞③✐❛➟❛✱ ❝③②❧✐ tr③❡❜❛ ③r♦✉♠✐❡➣
s❡♠❛♥t②❦➛ t②❝❤ ♣r♦❣r❛♠ó✇✳ ❲②❞❛❥❡ s✐➛ t♦ ♣r♦st❡✱
❛❧❡ ③ ♣r♦❣r❛♠❛♠✐ t❡❥ ♣♦st❛❝✐ ✇✐→➺❡ s✐➛ ✇✐❡❧❡ ♥✐❡➟❛✲
t✇②❝❤ ♣r♦❜❧❡♠ó✇✳

✶✳ Pr③②❦➟❛❞ ♣r♦❣r❛♠✉ ✐ ❥❡❣♦ ♦❜❧✐❝③❡♥✐❛

◆❛ ♣♦❝③→t❡❦✱ ♦♠❛✇✐❛♠② ♣r♦st② ♣r③②❦➟❛❞ ♣r♦❣r❛♠✉
❧✐♥✐♦✇❡❣♦✳ ◆❛s③②♠ ❝❡❧❡♠ ❥❡st ✇②r♦❜✐❡♥✐❡ ♣❡✇♥②❝❤
✐♥t✉✐❝❥✐✳ ◆❛ ✐❧❡ ♦♥❡ s→ tr❛❢♥❡ ③♦❜❛❝③②♠② ✇ ❦♦❧❡❥♥②❝❤
♣♦❞r♦③❞③✐❛➟❛❝❤✳ ❘♦③❞③✐❛➟ t❡♥ r♦③♣♦❝③②♥❛♠② ♣r③②✲
❦➟❛❞❡♠ ✇ ❦tór②♠ ♣♦❥❛✇✐❛❥→ s✐➛ ♥❛st➛♣✉❥→❝❡ ♣♦❥➛❝✐❛✿

• ✐♥str✉❦❝❥❛ ♣r③②♣✐s❛♥✐❛✱ ♣r♦❣r❛♠ ❧✐♥✐♦✇② ✕ ♣♦
str♦♥✐❡ s❦➟❛❞♥✐✱

✺✶



• ♦❜❧✐❝③❡♥✐❡ ♣r♦❣r❛♠✉✱ ③♠✐❛♥❛ st❛♥✉ ♣❛♠✐➛❝✐ ✕
♣♦ str♦♥✐❡ s❡♠❛♥t②❦✐✳

Pr③②❦➟❛❞♦✇② ♣r♦❣r❛♠✳ ❘♦③♣❛tr③♠② ♣♦♥✐➺s③② ♣r♦✲
❣r❛♠ L1

♣r♦❣r❛♠ ▲✶❀
❝♦♥st ❛❂ ✶✱❜❂ ✲✸✱❝❂ ✺✱❞❂ ✶✶ ❀
✈❛r ❆❛✱■✿ ✐♥t❡❣❡r❀
✈❛r ❡✱❢✱ ❣✿ ✐♥t❡❣❡r

❜❡❣✐♥
❡ ✿❂ ❛ ✯❝❀
❢ ✿❂ ❜✯❞❀
❣✿❂ ✭❛✰❜✮✯✭❝✰❞✮❀
❆❛✿❂ ❡✲❢❀
■✿❂ ❣✲❡✲❢

❡♥❞

Pr③②❦➟❛❞ ♦❜❧✐❝③❡♥✐❛✳ P♦♥✐➺❡❥ ♣r③❡❞st❛✇✐❛♠② s③❡➧➣
❦♦❧❡❥♥②❝❤ st❛♥ó✇ ♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠✉ L1✳ ❑❛③❞② st❛♥
t❥✳ ❦♦♥✜❣✉r❛❝❥➛ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉ ♣r③❡❞✲
st❛✇✐♦♥♦ ❥❛❦♦ t❛❜❡❧❦➛✳ ◆❛ ③✐❡❧♦♥②♠ t❧❡ ✇✐❞❛➣ ✐♥✲
str✉❦❝❥❡ ❥❛❦✐❡ ♣♦③♦st❛❥❛ ❞♦ ✇②❦♦♥❛♥✐❛✳ ◆❛ t❧❡ ❜❧❛❞♦✲
ró➺♦✇②♠ s→ ✐♥str✉❦❝❥❡ ❥✉➺ ✇②❦♦♥❛♥❡✱ ♠♦➺♥❛ ♦ ♥✐❝❤
③❛♣♦♠♥✐❡➣✳ ❲ t❛❜❡❧✐ P❛♠✐➛❝✐ ♥❛ ❝③❡r✇♦♥②♠ t❧❡ ③❛✲
③♥❛❝③♦♥♦ ✇②♥✐❦ ♦st❛t♥✐❡❥ ✇②❦♦♥❛♥❡❥ ✐♥str✉❦❝❥✐ ✭♣r③②✲
♣✐s❛♥✐❛✮✳

✺✷



❙t❛♥ ♣♦❝③→t❦♦✇② r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ P♦ ♣✐❡r✇s③❡❥ ✐♥str✉❦❝❥✐
P❛♠✐➛➣
❛ ❜ ❝ ❞ ❆❛ ■ ❡ ❢ ❣
✶ ✲✸ ✺ ✶✶ ✵ ✵ ✵ ✵ ✵

❈✐→❣ ✐♥str✉❦❝❥✐
❡✿❂ ❛ ✯❝❀
❢✿❂ ❜✯❞❀
❣✿❂ ✭❛✰❜✮✯✭❝✰❞✮❀
❆❛✿❂ ❡✲❢❀
■✿❂ ❣✲❡✲❢

P❛♠✐➛➣
❛ ❜ ❝ ❞ ❆❛ ■ ❡ ❢ ❣
✶ ✲✸ ✺ ✶✶ ✵ ✵ ✺ ✵ ✵

❈✐→❣ ✐♥str✉❦❝❥✐
❡✿❂ ❛ ✯❝❀
❢✿❂ ❜✯❞❀
❣✿❂ ✭❛✰❜✮✯✭❝✰❞✮❀
❆❛✿❂ ❡ ✲❢❀
■✿❂ ❣ ✲❡✲❢

P♦ ✇②❦♦♥❛♥✐✉ ❞✇ó❝❤ ✐♥str✉❦❝❥✐ P♦ ✇②❦♦♥❛♥✐✉ tr③❡❝❤ ✐♥str✉❦❝❥✐
P❛♠✐➛➣
❛ ❜ ❝ ❞ ❆❛ ■ ❡ ❢ ❣
✶ ✲✸ ✺ ✶✶ ✵ ✵ ✺ ✲✸✸ ✵

❈✐→❣ ✐♥str✉❦❝❥✐
❡✿❂ ❛ ✯❝❀
❢✿❂ ❜✯❞❀
❣✿❂ ✭❛✰❜✮✯✭❝✰❞✮❀
❆❛✿❂ ❡ ✲❢❀
■✿❂ ❣ ✲❡✲❢

P❛♠✐➛➣
❛ ❜ ❝ ❞ ❆❛ ■ ❡ ❢ ❣
✶ ✲✸ ✺ ✶✶ ✵ ✵ ✺ ✲✸✸ ✲✸✷

❈✐→❣ ✐♥str✉❦❝❥✐
❡✿❂ ❛ ✯❝❀
❢✿❂ ❜✯❞❀
❣✿❂ ✭❛✰❜✮✯✭❝✰❞✮❀
❆❛✿❂ ❡ ✲❢❀
■✿❂ ❣ ✲❡✲❢

P♦ ❝③t❡r❡❝❤ ✐♥str✉❦❝❥❛❝❤ P♦ ♣✐➛❝✐✉ ✐♥str✉❦❝❥❛❝❤
P❛♠✐➛➣
❛ ❜ ❝ ❞ ❆❛ ■ ❡ ❢ ❣
✶ ✲✸ ✶✶ ✺ ✸✽ ✵ ✺ ✲✸✸ ✲✸✷

❈✐→❣ ✐♥str✉❦❝❥✐
❡✿❂ ❛ ✯❝❀
❢✿❂ ❜✯❞❀
❣✿❂ ✭❛✰❜✮✯✭❝✰❞✮❀
❆❛✿❂ ❡ ✲❢❀
■✿❂ ❣ ✲❡✲❢

P❛♠✐➛➣
❛ ❜ ❝ ❞ ❆❛ ■ ❡ ❢ ❣
✶ ✲✸ ✶✶ ✺ ✸✽ ✲✹ ✺ ✲✸✸ ✲✸✷

❈✐→❣ ✐♥str✉❦❝❥✐
❡✿❂ ❛ ✯❝❀
❢✿❂ ❜✯❞❀
❣✿❂ ✭❛✰❜✮✯✭❝✰❞✮❀
❆❛✿❂ ❡ ✲❢❀
■✿❂ ❣ ✲❡✲❢

■ t♦ ❥❡st ❦♦♥✐❡❝ ♦❜❧✐❝③❡♥✐❛ t❡❣♦ ♣r♦❣r❛♠✉✳ P♦ ✇②✲
❦♦♥❛♥✐✉ ♣✐→t❡❥ ✐♥str✉❦❝❥✐ ♥✐❡ ♣♦③♦st❛➟❛ ❥✉➺ ➺❛❞♥❛ ✐♥✲
str✉❦❝❥❛ ❞♦ ✇②❦♦♥❛♥✐❛ ✖ ♦❜❧✐❝③❡♥✐❡ ♣r♦❣r❛♠✉ ③♦✲
st❛❥❡ ③❛❦♦➠❝③♦♥❡✳ Pr♦❣r❛♠✐➧❝✐ ♠ó✇✐❛ ✏♣r♦❣r❛♠ ③❛✲
❦♦➠❝③②➟ ❞③✐❛➟❛♥✐❡✑✳
❈♦ s✐➛ st❛♥✐❡ ❥❡➧❧✐ ③♠✐❡♥✐♦♥❡ ③♦st❛♥→ st❛➟❡ ❛✱❜✱❝✱❞❄
◆♣✳ ✇ t❡♥ s♣♦só❜ ❛❂✶✶✱ ❜❂✺✱ ❝❂✶✷✱ ❞❂✲✹✳
❩❛♠✐❛st ♣r③❡♣✐s②✇❛➣ ♥❛s③ ♣r♦❣r❛♠ ♥❛ ♥♦✇♦✱ ③♠✐❡✲
♥✐❛❥→❝ ✇❛rt♦➧❝✐ st❛➟②❝❤ ❛✱❜✱❝✱❞✱ ♠♦➺♥❛ ♥❛♣✐s❛➣ ❝③t❡r②
✐♥str✉❦❝❥❡ r❡❛❞✭❛✮❀ r❡❛❞ ✭❜✮❀ r❡❛❞✭❝✮❀ r❡❛❞✭❞✮✳ ❚r③❡❜❛ t❡➺ ③❛❞❡✲
❦❧❛r♦✇❛➣ ✇✐❡❧❦♦➧❝✐ ❛✱❜✱❝✱❞ ❥❛❦♦ ③♠✐❡♥♥❡✱ t②♣✉ ✐♥t❡❣❡r
❧✉❜ r❡❛❧✳
P❛♠✐➛t❛❥ ✇②♥✐❦✐ ♣r♦❣r❛♠✉ ♥✐❡ ③♦st❛♥→ ❈✐ ✉❥❛✇♥✐♦♥❡
❥❡➧❧✐ ♥✐❡ ♥❛♣✐s③❡s③ ✐♥str✉❦❝❥✐ ✇r✐t❡✳

✺✸



❉♦❞❛❥ ✐♥str✉❦❝❥❡ r❡❛❞ ♣r③❡❞ ✐♥str✉❦❝❥❛♠✐ ♣r③②♣✐s❛✲
♥✐❛ ✐ ✐♥str✉❦❝❥➛ ✇r✐t❡✭❆✱❇✮ ♥❛ ❦♦➠❝✉ ♣r♦❣r❛♠✉✳ ▼♦✲
➺❡♠② ③✐❣♥♦r♦✇❛➣ ✇❛rt♦➧❝✐ ③♠✐❡♥♥②❝❤ ❡✱ ❢✱ ❣✳

❈③② ♠♦➺♥❛ ③❛♦❜s❡r✇♦✇❛➣ ❥❛❦→➧ ♦❣ó❧♥→ ♣r❛✇✐❞➟♦✲
✇♦➧➣ ❞♦t②❝③→❝→ t❡❣♦ ♣r♦❣r❛♠✉❄ ❚❛❦ ③♠✐❡♥✐♦♥② ♣r♦✲
❣r❛♠ ♦♣✐s✉❥❡ ♣❡✇♥❡ ♦❞✇③♦r♦✇❛♥✐❡ ③❡ ③❜✐♦r✉ Z4 ✇
③❜✐ór Z2✳

✷✳ ❙❦➟❛❞♥✐❛

❘♦③♣❛tr✉❥❡♠② ❥➛③②❦ L2✱ ❦tór② ③❛✇✐❡r❛ ✇s③②st❦✐❡
✇②r❛➺❡♥✐❛ ③ ❥➛③②❦❛ L1✱ ❛ ✇✐➛❝ ✇s③②st❦✐❡ ♣♦③♥❛♥❡ ❞♦✲
t→❞ ✇②r❛➺❡♥✐❛ ♦r❛③ ✐♥str✉❦❝❥❡ ❞r✉❦♦✇❛♥✐❛ ✐ ✇❝③②t②✲
✇❛♥✐❛✳

L1  L2

Pr♦❣r❛♠ ✇ ❥➛③②❦✉ L2 ♠❛ ❜✉❞♦✇➛ ③❣♦❞♥→ ③ ♣r③②✲
❥➛t→ ✇❝③❡➧♥✐❡❥ ❞❡✜♥✐❝❥→ ✷✳✶✳ ■♥str✉❦❝❥→ ♣r♦❣r❛♠✉ ❥❡st
✭♦♣ró❝③ ✐♥str✉❦❝❥✐ ❞r✉❦♦✇❛♥✐❛ ✐ ✇❝③②t②✇❛♥✐❛✮ ✐♥str✉❦✲
❝❥❛ ♣r③②♣✐s❛♥✐❛✳ P♦tr③❡❜♥❛ ❥❡st ❥❡s③❝③❡ r❡❧❛❝❥❛ ③❣♦❞✲
♥♦➧❝✐ t②♣ó✇ ③♠✐❡♥♥❡❥ ✐ ✇②r❛➺❡♥✐❛✳ ❚❛ ❞❡✜♥✐❝❥❛ ❞❛❧✲
s③②♠ ❝✐→❣✉ ❜➛❞③✐❡ ✉③✉♣❡➟♥✐❛♥❛ ✐ ♠♦❞②✜❦♦✇❛♥❛✳ ◆❛
r❛③✐❡ ✇②st❛r❝③② ♥❛♠ t❛❦✐❡ ❥❡❥ s❢♦r♠✉➟♦✇❛♥✐❡✳

❉❡✜♥✐❝❥❛ ✹✳✶✳ ◆✐❡❝❤ ❞❛♥❡ ❜➛❞❛ ③♠✐❡♥♥❛ z t②♣✉ ♣r♦✲
st❡❣♦ T ✐ ✇②r❛➺❡♥✐❡ τ t②♣✉ ♣r♦st❡❣♦ T ′✳ ❚②♣② ③♠✐❡♥✲
♥❡❥ z ✐ ✇②r❛➺❡♥✐❛ τ s→ ③❣♦❞♥❡ ❣❞② s→ ró✇♥❡✱ T = T ′✳
✶

❉❡✜♥✐❝❥❛ ✹✳✷✳ ◆✐❡❝❤ z ❜➛❞③✐❡ ③♠✐❡♥♥→ ✐ ♥✐❡❝❤ τ ❜➛✲
❞③✐❡ ✇②r❛➺❡♥✐❡♠✳ ❩❛❦➟❛❞❛♠②✱ ➺❡ t②♣② ③♠✐❡♥♥❡❥ ✐ ✇②✲
r❛➺❡♥✐❛ s→ ③❣♦❞♥❡✳
■♥str✉❦❝❥→ ♣r③②♣✐s❛♥✐❛ ❥❡st ♥❛♣✐s ♣♦st❛❝✐

z ← τ .

❯✇❛❣❛✳ ❙②♠❜♦❧ ♦♣❡r❛❝❥✐ ♣r③②♣✐s❛♥✐❛ ← ♣♦❥❛✇✐➟ s✐➛
t✉ ♥✐❡ ♣r③②♣❛❞❦✐❡♠✳ ❲♣r♦✇❛❞③❡♥✐❡ t❡❣♦ s②♠❜♦❧✉
♣♦③✇❛❧❛ ♦❞s✉♥→➣ ✇ ❝③❛s✐❡ ❞②s❦✉s❥➛✱ ❦tór❛ ♦rt♦❣r❛✲
✜❛ ❥❡st ❧❡♣s③❛ t❛ ③ ❆❧❣♦❧✉ ✐ P❛s❝❛❧❛ t③♥✳ z := τ ✱ ❝③②

✶P♦❥➛❝✐❡ ③❣♦❞♥♦➧❝✐ t②♣ó✇ ③♦st❛♥✐❡ ③♠♦❞②✜❦♦✇❛♥❡ ❦♦❧❡❥♥♦✱
✇ r♦③❞③✐❛➟❛❝❤ ✻ ✐ ❄❄✳

✺✹



t❡➺ ❞♦♠✐♥✉❥→❝❛ ❞③✐➧ ✭③♦❜✳ ❈✰✰✱ ❏❛✈❛ ✐ ✐♥✳✮ ♥♦t❛✲
❝❥❛ ✇ ❦tór❡❥ ró✇♥♦➧➣ ❂ ❥❡st ✇②❦♦r③②st②✇❛♥❛ ❥❛❦♦
♦♣❡r❛t♦r ♣r③②♣✐s❛♥✐❛✳ ◆♦t❛❝❥❛ z = τ ✱ ✇②✇♦❞③✐ s✐➛ ③
❧❛t ✺✵t②❝❤ ❳❳ ✇✐❡❦✉ ♦❞ ❥➛③②❦ó✇ ❋♦rtr❛♥ ✐ ❇❈P▲✳
❩♥❛❦ str③❛➟❦✐ ✇ ❧❡✇♦ ♠✐❛➟ ✇②st➛♣♦✇❛➣ ✇ ♣r♦❣r❛✲
♠❛❝❤ ♣✐s❛♥②❝❤ ✇ ❆❧❣♦❧✉✻✵ ✇ ✇❡rs❥✐ ♣✉❜❧✐❦❛❝②❥✲
♥❡❥✳ ❆ ❚② ♣r③❡❞ ♦❝③❛♠✐ ♠❛s③ ♣✉❜❧✐❦❛❝❥➛✳ ❲ t❡❥
❦s✐→➺❝❡✱ ✇ ♣r③②❦➟❛❞❛❝❤ ♠♦➺❡ ♣♦❥❛✇✐➣ s✐➛ s②♠❜♦❧
✿❂✱ ③❛♠✐❡♥♥✐❡ ③ ♣r❡❢❡r♦✇❛♥②♠ ♣r③❡③ ♥❛s✱ ③♥❛❦✐❡♠
←✳ �

Pr③②❦➟❛❞ ✹✳✶✳ ❑tór② ③ ♣♦♥✐➺s③②❝❤ ♥❛♣✐só✇ ♥✐❡ ❥❡st
✐♥str✉❦❝❥→ ♣r③②♣✐s❛♥✐❛❄
③ ✿❂ ❛✯❜✰❜✯❜✲✸✯❛✯❜✰❛✯❛

❩♠✐❡♥♥❡ ❛✱❜✱③ ♣♦✇✐♥♥② ❜②➣ t❡❣♦ s❛♠❡❣♦ t②♣✉ ✐♥t❡❣❡r
❧✉❜ t②♣✉ r❡❛❧✳ ✷

✉ ✿❂ ✈❁✉ ❛♥❞ ✈ ♦r ✉ ✕ t❡♥ ♥❛♣✐s ♥✐❡ ❥❡st ✐♥str✉❦❝❥→ ♣r③②♣✐s❛♥✐❛✱
❞❧❛❝③❡❣♦❄
②✿❂ ①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①

❉❡✜♥✐❝❥❛ ✹✳✸✳ ■♥str✉❦❝❥→ ❝③②t❛♥✐❛ r❡❛❞ ❥❡st ♥❛♣✐s
♣♦st❛❝✐

read(x)

❣❞③✐❡ ① ❥❡st ③♠✐❡♥♥→ t②♣✉ ✐♥t❡❣❡r✱ r❡❛❧✱ ③♥❛❦ ❧✉❜
str✐♥❣✳

✸✳ ❙❡♠❛♥t②❦❛

❩♥❛❝③❡♥✐❡♠ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ s ❥❡st ❢✉♥❦❝❥❛
sA ♦❞✇③♦r♦✇✉❥→❝❛ ③❜✐ór W st❛♥ó✇ ♣❛♠✐➛❝✐ ✇ t❡♥ s❛♠
③❜✐ór✳
③♦❜✳ ❘✳✷

❉❡✜♥✐❝❥❛ ✹✳✹✳ ❙t❛♥ ♣❛♠✐➛❝✐ ❧✉❜ ✇❛rt♦➧❝✐♦✇❛♥✐❡ ③♠✐❡♥✲
♥②❝❤ t♦ ♦❞✇③♦r♦✇❛♥✐❡ ♣r③②♣✐s✉❥➛❝❡ ③♠✐❡♥♥②♠ ③❛❞❡✲
❦❧❛r♦✇❛♥②♠ ✇ ♣r♦❣r❛♠✐❡ ✇❛rt♦➧❝✐ ♦❦r❡➧❧♦♥❡❣♦ t②♣✉✳
❲❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ ❜♦♦❧♦✇s❦✐❡❥ ❥❡st ❥❡❞♥❛ ③ ❞✇✉ st❛✲
➟②❝❤ ❧♦❣✐❝③♥②❝❤ ✵ ❧✉❜ ✶✳ ❲❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ t②♣✉ ✐♥✲
t❡❣❡r ❥❡st ❧✐❝③❜❛ ❝❛➟❦♦✇✐t❛✱ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ t②♣✉
r❡❛❧ ❥❡st ❧✐❝③❜❛ r③❡❝③②✇✐st❛✳ ❲❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ t②♣✉
str✐♥❣ ❥❡st t❡❦st✳ ❲❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ t②♣✉ ③♥❛❦♦✲
✇❡❣♦ ✭❝❤❛r✮ ❥❡st ③♥❛❦✳

✷❏❛❦ t♦ ③♦❜❛❝③②♠② ❞❛❧❡❥ ❥❡❞♥❛ ③ t②❝❤ tr③❡❝❤ ③♠✐❡♥♥②❝❤ ♠♦➺❡
❜②➣ t②♣✉ r❡❛❧✳

✺✺



❇➛❞③✐❡♠② ♣✐s❛➣
v : V → U

♣r③②❦➟❛❞② ♣♦✇②➺❡❥

❉❡✜♥✐❝❥❛ ✹✳✺✳ ■♥str✉❦❝❥❛ ♣r③②♣✐s❛♥✐❛ s ♠❛ ♣♦st❛➣
z ← τ ✱ ③♥❛❝③❡♥✐❡♠ t❡❥ ✐♥str✉❦❝❥✐ ❥❡st ❢✉♥❦❝❥❛✱ ❦tór❛
st❛♥♦✇✐ ♣❛♠✐➛❝✐ v ♣r③②♣✐s✉❥❡ st❛♥ ♣❛♠✐➛❝✐ v′ ✇ t❛❦✐
s♣♦só❜

v′(x)
df
=

{

τA(v) ❣❞② x = z,

v(x) ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉✳

Pó➟❣r✉♣❛ ■♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛ t✇♦r③→ ♣ó➟❣r✉♣➛
✳✳✳❘❖❩❲■◆⑩❶✦

✹✳ ❑♦♠♣✉t❡r K2 ✐ ♣♦❥➛❝✐❡ ♦❜❧✐❝③❡♥✐❛

❑♦♠♣✉t❡r K2 ✉♠✐❡ ♥✐❡ t②❧❦♦ ♦❜❧✐❝③❛➣ ✇❛rt♦➧❝✐ ✇②✲
r❛➺❡➠✱ ❛❧❡ t❛❦➺❡ ♣♦tr❛✜ ♦❜❧✐❝③♦♥→ ✇❛rt♦➧➣ ♣r③②♣✐s❛➣
③♠✐❡♥♥❡❥ ❥❛❦♦ ❥❡❥ ♥♦✇→ ✇❛rt♦➧➣✳ P❛♠✐➛❝✐→ ❦♦♠♣✉t❡r❛
K2 ❥❡st ③❜✐ór V ③♠✐❡♥♥②❝❤ ✇②③♥❛❝③♦♥② ♣r③❡③ ❝✐→❣ ❞❡✲
❦❧❛r❛❝❥✐ ♣r♦❣r❛♠✉✳
❙t❛♥❡♠ ♣❛♠✐➛❝✐✱ ♦③♥❛❝③❛♠② ❣♦ ♣r③❡③ v✱ ❥❡st ♦❞✇③♦✲
r♦✇❛♥✐❡ ♣r③②♣✐s✉❥→❝❡ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥ x ∈ V ♣❡✇♥→
✇❛rt♦➧➣ ✇ ③❜✐♦r③❡ ✇❛rt♦➧❝✐ t②♣ó✇ ♣✐❡r✇♦t♥②❝❤✳

❘♦③✇❛➺♠② ✐♥str✉❦❝❥➛ ♣r③②♣✐s❛♥✐❛ ✇ ❥❡❥ ♦❣ó❧♥❡❥ ♣♦✲
st❛❝✐ x := τ ✳ ■♥str✉❦❝❥❡ ♣r♦❣r❛♠✉ ✇②❦♦♥②✇❛♥❡ s→ ♣♦
❦♦❧❡✐ ✐ ③♠✐❡♥✐❛❥→ st❛♥ ♣❛♠✐➛❝✐ ✭t③♥✳ ✇❛rt♦➧❝✐♦✇❛♥✐❡
③♠✐❡♥♥②❝❤✮✳
◆✐❡❝❤ v ♦③♥❛❝③❛ ✇❛rt♦➧❝✐♦✇❛♥✐❡ ③♠✐❡♥♥②❝❤✳ ◆✐❡❝❤ s
♦③♥❛❝③❛ s❦♦➠❝③♦♥② ❝✐→❣ ✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤ s1, s2, . . . sk✳

❉❡✜♥✐❝❥❛ ✹✳✻✳ ❙t❛♥❡♠ ♦❜❧✐❝③❡♥✐❛✱ ❧✉❜ ❦♦♥✜❣✉r❛❝❥→✱
♥❛③②✇❛♠② ♣❛r➛ ✉♣♦r③→❞❦♦✇❛♥❛ c = 〈v, s〉
◆✐❡❝❤ P ❜➛❞③✐❡ ♣r♦❣r❛♠❡♠

♣r♦❣r❛♠ P❀
D ✭✯ ❝✐→❣ ❞❡❦❧❛r❛❝❥✐ ✯✮

❜❡❣✐♥
I ✭✯ ❝✐→❣ ✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤ ✯✮

❡♥❞

❉❡✜♥✐❝❥❛ ✹✳✼✳ ❖❜❧✐❝③❡♥✐❡♠ ♣r♦❣r❛♠✉ P ❥❡st ❝✐→❣
st❛♥ó✇ c0, c1, ..., cn t❛❦✐✱ ➺❡

✺✻



✭✶✮ st❛♥ c0 ❥❡st ♣❛r→ 〈v1, I〉 ❣❞③✐❡ ✇❛rt♦➧❝✐♦✇❛♥✐❡
v1 ❥❡st ✇❛rt♦➧❝✐♦✇❛♥✐❡♠ ♣♦❝③→t❦♦✇②♠ ✇②③♥❛✲
❝③♦♥②♠ ♣r③❡③ ❞❡❦❧❛r❛❝❥❡ D ♣r♦❣r❛♠✉✱ ❝✐→❣
I ❥❡st ❝✐→❣✐❡♠ ✇s③②st❦✐❝❤ ✐♥str✉❦❝❥✐ ✭❛t♦♠♦✲
✇②❝❤✮ ♣r♦❣r❛♠✉ P ✳

✭✷✮ ❥❡➧❧✐ ✇ ❞❛♥②♠ st❛♥✐❡ ci = 〈vi, i, i2, ..., ik〉 ❝✐→❣ ✐♥✲
str✉❦❝❥✐ ❥❡st ♥✐❡♣✉st② t♦ ❞♦ ♦❜❧✐❝③❡♥✐❛ ♥❛❧❡➺②
st❛♥ ci+1 s♣❡➟♥✐❛❥→❝② ✇❛r✉♥❡❦
• ❥❡➧❧✐ ♣✐❡r✇s③→ ✐♥str✉❦❝❥→ i ❥❡st ✐♥str✉❦❝❥❛
♣r③②♣✐s❛♥✐❛ x ← τ ✱ t♦ ♥❛st➛♣♥② st❛♥ ❥❡st
♣❛r→ 〈iA(vi), i2, ..., ik〉
• ❥❡➧❧✐ ♣✐❡r✇s③→ ✐♥str✉❦❝❥→ ❥❡st ✐♥str✉❦❝❥❛
❞r✉❦♦✇❛♥✐❛ ✇r✐t❡✭✳✳✳✮ t♦ ♥❛st➛♣♥② st❛♥ ❥❡st
♣❛r→ 〈vi, i2, ..., ik〉 ✭◆❛ ✇②❥➧❝✐✉ ❞♦♣✐s❛♥♦ t♦
❝♦ tr③❡❜❛✮✳
• ❥❡➧❧✐ ♣✐❡r✇s③→ ✐♥str✉❦❝❥→ ❥❡st ✐♥str✉❦❝❥❛
r❡❛❞✭③✮ t♦ ♥❛st➛♣♥② st❛♥ ❥❡st ♣❛r→ 〈vi+1, i2, ..., ik〉✳
❲❛rt♦➧❝✐♦✇❛♥✐❡ vi+1 ❥❡st ✭♥✐❡❢♦r♠❛❧♥✐❡✮ ♦❦r❡✲
➧❧♦♥❡ ♦❦r❡➧❧♦♥❡ ♥❛st➛♣✉❥→❝♦✿

vi+1(x) =

{

vi(x) ❣❞② x 6= z

l ✇✳♣✳♣✳✱ ❣❞③✐❡ ❧✐❝③❜❛ ❧ ❥❡st ✇❝③②t❛♥❛

✭✸✮ ❥❡➧❧✐ ✇ ❞❛♥②♠ st❛♥✐❡ ci = 〈vi, ∅ 〉 ❝✐→❣ ✐♥str✉❦❝❥✐
❥❡st ♣✉st② t♦ st❛♥ t❡♥ ❥❡st ❦♦➠❝♦✇②♠ st❛♥❡♠
♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠✉ P ✳

Pr③②❦➟❛❞ ♦❜❧✐❝③❡♥✐❛ ③♥❛❥❞✉❥❡ s✐❡ ♥❛ ♣♦❝③→t❦✉ t❡❣♦
r♦③❞③✐❛➟✉✳
◆✐❡tr✉❞♥♦ ③❛✉✇❛➺②➣✱ ➺❡ ♦❜❧✐❝③❡♥✐❡ ❦❛➺❞❡❣♦ ♣r♦❣r❛♠✉
❧✐♥✐♦✇❡❣♦ ❥❡st s❦♦➠❝③♦♥❡✳ ❚②♠ ♥✐❡♠♥✐❡❥✱ ✇r❛③ ③ ♣r♦✲
❣r❛♠❛♠✐ ♦ t❛❦ ♣r♦st❡❥ ❜✉❞♦✇✐❡ ♣♦❥❛✇✐❛❥→ s✐➛ ♣②t❛✲
♥✐❛✱ ♥❛ ❦tór❡ ❝③❛s❛♠✐ tr✉❞♥♦ ♦❞♣♦✇✐❡❞③✐❡➣✿

• ❝③② ❞❛♥② ♣r♦❣r❛♠ P ♦❜❧✐❝③② ✐ ✇②❞r✉❦✉❥❡ ✇❛r✲
t♦➧➣ ✇②r❛➺❡♥✐❛ ω❄ ♥♣✳ ❝③② ♣♦ ✇②❦♦♥❛♥✐✉ ✐♥✲
str✉❦❝❥✐

③ ✿❂ ❛✯❜✰❜✯❜✲✸✯❛✯❜✰❛✯❛

♦❜❧✐❝③②♠② ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ✭❛✰❜✮2❄
• ❥❛❦ ✉③❛s❛❞♥✐➣ ♥❛s③→ ♦❞♣♦✇✐❡❞➵ ✐ ♣r③❡❦♦♥❛➣ ❞♦
♥✐❡❥ ✐♥♥②❝❤❄
• ❝③② ♣♦tr❛✜♠② ♣♦❞❛➣ ♥❛❥❧❡♣s③② s♣♦só❜ ♦❜❧✐✲
❝③❡♥✐❛ ✇❛rt♦➧❝✐ ✇②r❛➺❡♥✐❛ ω❄ ♥♣✳ ❝③② t♦ ❥❡st

✺✼



♥❛❥❧❡♣s③② s♣♦só❜ ♦❜❧✐❝③❡♥✐❛ ♣♦t➛❣✐ ①17❄
②✿❂ ①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①
• ❝③② ♣♦tr❛✜♠② ♣♦♣r❛✇♥✐❡ ✇s❦❛③❛➣ ❦tór❡ ③♠✐❡♥♥❡
✐ ❦tór❡ ✐♥str✉❦❝❥❡ ♣r♦❣r❛♠✉ ❧✐♥✐♦✇❡❣♦ s→ ♥✐❡✲
③❜➛❞♥❡❄
• ✐ ✇✐❡❧❡ ♣♦❞♦❜♥②❝❤ ♣②t❛➠✳

✺✳ Pr❛✇❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇

❏❛❦ ✇✐❞❛➣ ♥✐❡ ✇②st❛r❝③② ♦♣❛♥♦✇❛➣ ✉♠✐❡❥➛t♥♦➧➣
♥❛♣✐s❛♥✐❛ ♣r♦❣r❛♠✉ ❧✐♥✐♦✇❡❣♦✳ P♦tr③❡❜♥❡ ♥❛♠ s→ ♥❛✲
r③➛❞③✐❛ ❞♦ ♣r③❡♣r♦✇❛❞③❛♥✐❛ ❛♥❛❧✐③②✳ ❲ ♣r♦❝❡s✐❡ ❜❛✲
❞❛♥✐❛ ✇➟❛s♥♦➧❝✐ ♣r♦❣r❛♠ó✇ ❧✐♥✐♦✇②❝❤ ♣♦♠♦❝♥② ❜➛✲
❞③✐❡ ♥❛st➛♣✉❥→❝② s❝❤❡♠❛t ❛❦s❥♦♠❛t✉ ✐♥str✉❦❝❥✐ ♣r③②✲
♣✐s❛♥✐❛
{x← τ}α(x)⇔ α(x/τ) Ax18

❏❛❦ ♥❛❧❡➺② ❝③②t❛➣ ♣♦✇②➺s③② s❝❤❡♠❛t❄ ❏❡st t♦ t②❧❦♦
♠❛t❡♠❛t②❝③♥❛ st❡♥♦❣r❛✜❛✳ P♦ ♣r❛✇❡❥ str♦♥✐❡ ♠❛♠②
✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇s❦✐❡✱ ③♦❜✳ ♣♦♥✐➺❡❥✳ P♦ ❧❡✇❡❥ str♦♥✐❡
♠❛♠② ❢♦r♠✉➟➛ ❧♦❣✐❝③♥→ ③❜✉❞♦✇❛♥→ ✇❡❞➟✉❣ ✇③♦r❝❛✿
❁♣r♦❣r❛♠❃❁❢♦r♠✉➟❛❃✳ ❏❡st t♦ ❢♦r♠✉➟❛ ❥➛③②❦❛ r❛✲
❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳ ◆❛♣✐s② t❡❥ ♣♦st❛❝✐ ❜➛❞→ ♥❛♠
♦❞t→❞ t♦✇❛r③②s③②➣✳
◆❛ ♥❛♣✐s Ax18 s❦➟❛❞❛❥→ s✐➛ ❝③t❡r② ❡❧❡♠❡♥t②✿ ✐♥str✉❦❝❥❛
♣r③②♣✐s❛♥✐❛ ✧①✿❂τ✧✱ ❢♦r♠✉➟❛ ♦③♥❛❝③♦♥❛ ❧✐t❡r→ α✱ ③♥❛❦
ró✇♥♦✇❛➺♥♦➧❝✐ ❢♦r♠✉➟ ❧♦❣✐❝③♥②❝❤ ⇔ ✐ ♥❛♣✐s α(x/τ)✳
◆❛♣✐s α(x/τ) ♦③♥❛❝③❛ ✇②r❛➺❡♥✐❡ ♣♦✇st❛❥→❝❡ ③ ❢♦r♠✉➟②
α(x) ❣❞② ró✇♥♦❝③❡➧♥✐❡ ③❛st→♣✐♠② ✇s③②st❦✐❡ ✇♦❧♥❡ ✇②✲
st→♣✐❡♥✐❛ ③♠✐❡♥♥❡❥ x ✇ ❢♦r♠✉❧❡ α ♣r③❡③ t❡r♠ τ ✳

Pr③②❦➟❛❞ ✹✳✷✳ ◆✐❡❝❤ α ❜➛❞③✐❡ ❢♦r♠✉➟→ (y− j) < 7 ∗ y+
c ∨ 10 = (x + y) ✐ ♥✐❡❝❤ ♥❛♣✐s τ ❜➛❞③✐❡ t❡r♠❡♠ (x + y ∗ j)✳
❲t❡❞② α(y/(x+ y ∗ j)) = ((x+ y ∗ j)− j) < 7 ∗ (x+ y ∗ j)+ c∨ 10 =
(x+ (x+ y ∗ j))

◆✐❡tr✉❞♥♦ ③❛✉✇❛➺②➣✱ ➺❡ ♥❛♣✐s α(x/τ) ❥❡st ❢♦r♠✉➟→✳
▼♦➺♥❛ t♦ ✉❞♦✇♦❞♥✐➣✳

▲❡♠❛t ✹✳✶✳ ◆✐❡❝❤ α(x) ❜➛❞③✐❡ ❞♦✇♦❧♥②♠ ✇②r❛➺❡✲
♥✐❡♠ ❜♦♦❧♦✇s❦✐♠✱ ♥✐❡❝❤ τ ❜➛❞③✐❡ ❞♦✇♦❧♥②♠ ✇②r❛✲
➺❡♥✐❡♠ t②♣✉ r❡❛❧✳
◆❛♣✐s α(x/τ) ❥❡st ✇②r❛➺❡♥✐❡♠ ❜♦♦❧♦✇s❦✐♠✳

✺✽



❉♦✇ó❞✳ ❏❡➧❧✐ ✇ ✇②r❛➺❡♥✐✉ ❜♦♦❧♦✇s❦✐♠ ❡❧❡♠❡♥t❛r✲
♥②♠ ♣♦st❛❝✐ τ1 < τ2 ✇s②st❦✐❡ ✇②st→♣✐❡♥✐❛ ③♠✐❡♥♥❡❥ x
③❛st→♣✐♠② ♣r③❡③ t❡r♠ τ t♦ ♥❛♣✐s τ1(x/τ) < τ2(x/τ) ❥❡st
✇②r❛③❡♥✐❡♠ ❜♦♦❧♦✇s❦✐♠✳
❩❛➟ó➺♠② ③❛t❡♠✱ ➺❡ ✇②r❛➺❡♥✐❡ α(x) ❥❡st ♣♦st❛❝✐ α1(x) ∨
α2(x)✳ ❩ ③❛➟♦③❡♥✐❛ ✐♥❞✉❦❝②❥♥❡❣♦ ♦❜❛ ✇②r❛➺❡♥✐❛ α1(x/τ)
♦r❛③ α2(x/τ) s→ ✇②r❛➺❡♥✐❛♠✐ ❜♦♦❧♦✇s❦✐♠✐✳ ❲♦❜❡❝ t❡❣♦
♥❛♣✐s α1(x/τ)∨α2(x/τ) ❥❡st ✇②r❛➺❡♥✐❡♠ ❜♦♦❧♦✇s❦✐♠✳ ❘❡s③t❛
❞♦✇♦❞✉ ♣r③❡❜✐❡❣❛ ♣♦❞♦❜♥✐❡✳ �

▼♦➺❡♠② s✐➛ ✇♦❜❡❝ t❡❣♦ ❞♦♠②➧❧❛➣✱ ➺❡ ♥❛♣✐s {x ←
τ}α(x) ♣♦ ❧❡✇❡❥ str♦♥✐❡ ③♥❛❦✉ ⇔ ✇ ❛❦s❥♦♠❛❝✐❡ Ax18
t❡➺ ❥❡st ❢♦r♠✉➟→ ❧♦❣✐❝③♥→✳ ■ ♦✇s③❡♠✱ t❛❦ ✇➟❛s♥✐❡ ❥❡st
✕ ❥❡st t♦ ♣r③②❦➟❛❞ ❢♦r♠✉➟② ❛❧❣♦r②t♠✐❝③♥❡❥✳ ❏➛③②❦
r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ③❛✇✐❡r❛ t❛❦✐❡ ❢♦r♠✉➟② ♦♣ró❝③
③♥❛♥②❝❤ ♥❛♠ ❢♦r♠✉➟ r❛❝❤✉♥❦✉ ♣r❡❞②❦❛tó✇✳

❈❛➟♦➧➣ ❢♦r♠✉➟② Ax18 ❝③②t❛♠②✿
❞❧❛ ❦❛➺❞❡❣♦ st❛♥✉ ♣❛♠✐➛❝✐ v✱ ♥❛st➛♣✉❥→❝❡ ❞✇❛ ✇❛✲
r✉♥❦✐ s→ ró✇♥♦✇❛➺♥❡✿

✭✐✐✮ ❢♦r♠✉➟❛ α(x/τ) ❥❡st s♣❡➟♥✐♦♥❛ ♣r③❡③ st❛♥ ♣❛✲
♠✐➛❝✐ v✱

✭✐✮ ❢♦r♠✉➟❛ α(x) ❥❡st s♣❡➟♥✐♦♥❛ ♣r③❡③ st❛♥ ♣❛♠✐➛❝✐
v′ ✉③②s❦❛♥② ♣♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ ♣r③②♣✐✲
s❛♥✐❛ ①✿❂τ ✇ ♣♦❝③→t❦♦✇②♠ st❛♥✐❡ ♣❛♠✐➛❝✐ v✳

Pr③②❦➟❛❞✳
{y := x+ 7}(x+ y < 2)⇔ (x+ x+ 7 < 2)
❙❡♥s t❡❣♦ ❛❦s❥♦♠❛t✉ ♠♦➺♥❛ ♦❞❝③②t❛➣ ③ r②s✉♥❦✉ ✶✳
❆❦s❥♦♠❛t st✇✐❡r❞③❛✱ ➺❡ ❞✐❛❣r❛♠ ♥❛ t②♠ r②s✉♥❦✉ ❥❡st
♣r③❡♠✐❡♥♥②✳ ❆ ✇✐➛❝✱ ✇❛rt♦➧➣ ❢♦r♠✉➟② ❛❧❣♦r②t♠✐❝③♥❡❥
{x := τ}α(x)✱ ❦tór→ ✇②③♥❛❝③❛♠②

✭✶✮ ♦❜❧✐❝③❛❥→❝ ✇❛rt♦➧➣ l ✇②r❛➺❡♥✐❛ τ ♣♦ ♣r❛✇❡❥
str♦♥✐❡ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✱

✭✷✮ ♣r③②♣✐s✉❥→❝ t➛ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ x ✱ ❦tór❛ ✇②✲
st❡♣✉❥❡ ♣♦ ❧❡✇❡❥ str♦♥✐❡ ✐♥str✉❦❝❥✐✱

✭✸✮ ♦❜❧✐❝③❛❥→❝ ✇❛rt♦➧➣ ❢♦r♠✉➟② α(x) ♥❛st➛♣✉❥→❝❡❥
♣♦ ♣r♦❣r❛♠✐❡✱ ❞❧❛ ✉③②s❦❛♥❡❣♦ ♥♦✇❡❣♦ st❛♥✉
♣❛♠✐➛❝✐✱

❥❡st ró✇♥❛ ✇❛rt♦➧❝✐ ❢♦r♠✉➟② α(x/τ) ♦❜❧✐❝③♦♥❡❥ ❞❧❛ ♣♦✲
❝③→t❦♦✇❡❣♦ st❛♥✉ ♣❛♠✐➛❝✐✳ ❞♦✇ó❞

❑♦❧❡❥♥②♠ ♣r❛✇❡♠ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ❥❡st
✺✾



v : x y z
k l p

true
false

v′ : x y z
n l p

(
α(x/τ)

)

A

(
{x := τ}α

)

A

α(x)A{x := τ}A

{x := τ}α α(x/τ)⇔

A

A

❘②s✉♥❡❦ ✶✳ ❆❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛✲
♥✐❛ ❥❡st t❛✉t♦❧♦❣✐→
♥❛ ❣ór♥❡❥ ♣➟❛s③❝③②③♥✐❡ ✇②❞r✉❦♦✇❛❧✐➧♠② t❡①t ❛❦s❥♦♠❛t✉✱

♥❛ ❞♦❧♥❡❥ ♣➟❛s③❝③②③♥✐❡ ♦❜❥❛➧♥✐❛♠② ❝♦ s✐➛ ❞③✐❡❥❡ ♣♦❞❝③❛s

♦❜❧✐❝③❡➠ ✐ ✇s❦❛③✉❥❡♠② ③♥❛❝③❡♥✐❡ ✭t❥✳ s❡♠❛♥t②❦➛✮ ❛❦s❥♦✲

♠❛t✉✱ ▲✐t❡r❛ A ♦③♥❛❝③❛ ❞♦✇♦❧♥② t②♣ ✭♥❛ r❛③✐❡ ♣r③②❥♠✐❥✱

➺❡ ♠♦➺❡ t♦ ❜②➣ t②♣ ✐♥t❡❣❡r ❧✉❜ t②♣ r❡❛❧✮✳ ❈③❡r✇♦♥❡

str③❛➟❦✐ ➟→❝③→ ❢♦r♠✉➟➛ α(x/τ) ✭♦❞♣♦✇✐❡❞♥✐♦ ④①✿❂τ⑥α✮ ③

❢✉♥❦❝❥→ α(x/τ)A ✭♦❞♣♦✇✐❡❞♥✐♦ {x := τ}(α)A ✮✳ ❙t❛♥ ♣❛♠✐➛❝✐

v′ ✐ ❞♦❞❛t❦♦✇❡ str③❛➟❦✐ ✐❧✉str✉❥→ s♣♦só❜ ♦❜❧✐❝③❛♥✐❛ ✇❛r✲

t♦➧❝✐ ❢♦r♠✉➟②✱ {x := τ}(α)✱ ③❛✉✇❛➺✱ ✇❛rt♦➧➣ v′(x) = n =

τA(v(x))✳

{K;M}α⇔ {K}{M}α Ax19

❑❛➺❞❛ ❢♦r♠✉➟❛ ③❜✉❞♦✇❛♥❛ ③❣♦❞♥✐❡ ③ t②♠ s❝❤❡♠❛t❡♠
❥❡st t❛✉t♦❧♦❣✐→✳ ❩♦❜❛❝③ r②s✉♥❡❦ ✷

❲ ♣r③②♣❛❞❦✉ ❣❞② ♦❜❛ ♣r♦❣r❛♠② K ♦r❛③ M s→ ✐♥✲
str✉❦❝❥❛♠✐ ♣r③②♣✐s❛♥✐❛ ♠♦➺❡♠② ✇②❦♦r③②st❛➣ ♦♣❡r❛✲
❝❥➛ s❦➟❛❞❛♥✐❛ t❛❦✐❝❤ ✐♥str✉❦❝❥✐✳❆❦s❥♦♠❛t Ax19 ♣②❥♠✉❥❡
♣♦st❛➣

{s1; s2}α⇐⇒ {(s1 ◦ s2)}α

P♦♣❛tr③♠② ♥❛ r②s✉♥❡❦ ✸ ❆❦s❥♦♠❛t② t❡ ③❛st♦s✉❥❡♠②
✇ ♣♦♥✐➺s③②♠ ❞♦✇♦❞③✐❡✳

✻✵



v true
false

v”

v
′

(
{K; M}α

)

A

{K}A

{M}A

(
{M}α

)

A

αA

{K;M}A

{K;M}α {K} {M}α⇔

A

A

❘②s✉♥❡❦ ✷✳ ❆❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ③➟♦➺♦♥❡❥
❥❡st t❛✉t♦❧♦❣✐→

v true
false

v”

v
′

{s1; s2}αA

{(s1 ◦ s2)}αA

{s1}A

{s2}A

{s2}αA

αA

{s1; s2}α (s1 ◦ s2)α⇔

A

A

❘②s✉♥❡❦ ✸✳ ❖♣❡r❛❝❥❛ ③➟♦➺❡♥✐❛ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛

✻✳ ❑✐❧❦❛ ♣r③②❦➟❛❞ó✇

❙❲❆P ✕ ③❛♠✐❛♥❛ ✇❛rt♦➧❝✐✳ ❈③② ❥❡st ♣r❛✇❞→✱ ➺❡ ♣♦
✇②❦♦♥❛♥✐✉ tr③❡❝❤ ✐♥str✉❦❝❥✐✱ ③♠✐❡♥♥❡ x ✐ y ③❛♠✐❡♥✐➟②

✻✶



s✐➛ ✇❛rt♦➧❝✐❛♠✐❄ ❘♦③♣❛tr③♠② ♥❛st➛♣✉❥→❝② ♣r♦❣r❛♠✳

♣r♦❣r❛♠ ❙❲❆P❀
❝♦♥st ❦❂ ✱ ❧❂ ❀
✈❛r ①✱ ②✱ t✿ ✐♥t❡❣❡r❀

❜❡❣✐♥
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✮

❡♥❞

P②t❛♥✐❡ ❜r③♠✐✿
❝③② ♣r❛✇❞③✐✇❛ ❥❡st ♣♦♥✐➺s③❛ ✐♠♣❧✐❦❛❝❥❛❄

(x = k ∧ y = l)⇒ {t := x; x := y; y := t}(x = l ∧ y = k)

❩❛st♦s✉❥❡♠② ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ❛①✶✽ ✐
❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ③➟♦➺♦♥❡❥ ❛①✶✾✳

◆r ❋♦r♠✉➟❛ P♦❞st❛✇❛
✭✶✮↓ (x = k ∧ y = l)⇒ {t := x; x := y;y := t}(x = l ∧ y = k)
✭✷✮↓ (x = k ∧ y = l)⇒ {t := x; x := y}{y := t}(x = l ∧ y = k) ≡✶✱ ❛①✶✾ ↑
✭✸✮↓ (x = k ∧ y = l)⇒ {t := x; x := y}(x = l ∧ t = k) ≡✷✱ ❛①✶✽ ↑
✭✹✮↓ (x = k ∧ y = l)⇒ {t := x}{x := y}(x = l ∧ t = k) ≡✸✱ ❛①✶✾ ↑
✭✺✮↓ (x = k ∧ y = l)⇒ {t := x}(y = l ∧ t = k) ≡✹✱ ❛①✶✽ ↑
✭✻✮ (x = k ∧ y = l)⇒ (y = l ∧ x = k) ≡✺✱ ❛①✶✽ ↑
◆✐❡ ♠❛ ✇→t♣❧✐✇♦➧❝✐✱ ➺❡ ❢♦r♠✉➟❛ ✇ ✇✐❡rs③✉ ✭✻✮ ❥❡st

t❛✉t♦❧♦❣✐→✳ ❲♦❜❡❝ t❡❣♦✱ ❢♦r♠✉➟❛ ✇ ✇✐❡rs③✉ ✭✺✮ t❡➺
❥❡st t❛✉t♦❧♦❣✐→✱ ♣♦♥✐❡✇❛➺ ❥❡st ró✇♥♦✇❛➺♥❛ ❢♦r♠✉❧❡
✭✻✮✳ ❑♦♥t②♥✉✉❥→❝ t♦ r♦③✉♠♦✇❛♥✐❡ ❞♦❝❤♦❞③✐♠② ❞♦
✇♥✐♦s❦✉✱ ➺❡ ❦❛③❞❛ ③ t②❝❤ ❢♦r♠✉➟ ❥❡st t❛✉t♦❧♦❣✐→✳

▼♦➺♥❛ t❛❦➺❡ ♥❛r②s♦✇❛➣ ❞✐❛❣r❛♠ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦✲
➧❝✐ ❢♦r♠✉➟②

(x = k ∧ y = l)⇒ {t := x; x := y; y := t}(x = l ∧ y = k).

❩♦❜❛❝③ r②s✉♥❡❦ ✹✳✳ ❘♦③♣❛tr✉❥❡♠② t❛❦✐❡ ✇❛rt♦➧❝✐♦✲
✇❛♥✐❛ v✱ ❦tór❡ s♣❡➟♥✐❛❥→ ♣♦♣r③❡❞♥✐❦ ✐♠♣❧✐❦❛❝❥✐✳
❩❛st❛♥ó✇ s✐➛ ❝♦ ró➺♥✐ t❡ ❞✇✐❡ ❛♥❛❧✐③②✳
❑tór❡ r♦③✉♠♦✇❛♥✐❡ ♥❛❧❡➺② ✉③♥❛➣ ③❛ ❧❡♣s③❡❄
❖❜❛ s→ ♣♦♣r❛✇♥❡✳ ❚❛ ♦❜s❡r✇❛❝❥❛ ❥❡st ③❛♣♦✇✐❡❞③✐→
t✇✐❡r❞③❡♥✐❛ ♦ ♣❡➟♥♦➧❝✐ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥✱ ③♦❜✳ ❬▼❙✽✼❪✳
❩❛st♦s♦✇❛♥✐❡✳ ✳✳✳

✻✷



✱x y

k l
✱

t✱❢

✱x y t

l l k
✱

✱x y t

k l k
✱

✱x y t

l k k
✱

{t := x;x := y; y := t}(x = l ∧ y = k)

④ t✿❂① ⑥

{x := y; y := t}(x = l ∧ y = k ∧ t = k){x := y}
{y := t}(x = l ∧ y = k ∧ t = k)

{y := t} (x = l ∧ y = k ∧ t = k)

❘②s✉♥❡❦ ✹✳ ❙♣r❛✇❞③❡♥✐❡ t❛✉t♦❧♦❣✐✐ r❛✲
❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇
(x = k ∧ y = l)⇒ {t := x; x := y; y := t}(x = l ∧ y = k)

❯♦❣ó❧♥✐❡♥✐❡✳ ❚♦ s❛♠♦ r♦③✉♠♦✇❛♥✐❡ ♠♦➺♥❛ ♣♦✇tó✲
r③②➣ ❣❞② ③♠✐❡♥♥♥❡ ①✱② ✐ t s→ ✐♥♥❡❣♦ t②♣✉ T ✳ ❲ ❞♦✇♦✲
❞③✐❡ ♥✐❡ ✇②❦♦r③②st✉❥❡ s✐➛✱ ➺❛❞♥②❝❤ ✇➟❛s♥♦➧❝✐ str✉❦✲
t✉r② ✐♥t❡❣❡r ✭❛♥✐ ♦❞♣♦✇✐❡❞♥✐♦✱ ✐♥♥❡❥ str✉❦t✉r②✮✳ ❉❧❛✲
t❡❣♦ ✉♦❣ó❧♥✐❡♥✐❡ ♥✐❡ st❛♥♦✇✐ ♣r♦❜❧❡♠✉✳

❘♦③❦➟❛❞❛♥✐❡ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✳ ❲②r❛➺❡♥✐❡ ♣♦
♣r❛✇❡❥ str♦♥✐❡ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ♠♦➺❡ ♠✐❡❝ ❞♦✲
✇♦❧♥✐❡ ③➟♦➺♦♥→ str✉❦t✉r➛✳ ❲ ♣r♦❣r❛♠❛❝❤ ✐♥➺②♥✐❡r✲
s❦✐❝❤ ✐ ♥❛✉❦♦✇②❝❤ ③❞❛r③❛❥→ s✐➛ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛✲
♥✐❛ ③❛❥♠✉❥→❝❡ ✷ ✐ ✇✐➛❝❡❥ ❧✐♥✐✐✳
◆❛t♦♠✐❛st ❦♦♠♣✉t❡r ✭❧✉❜ ♠❛s③②♥❛ ✇✐rt✉❛❧♥❛✮ ♠❛ ♦❣r❛✲
♥✐❝③♦♥② r❡♣❡rt✉❛r ♣♦❧❡❝❡➠✳ ▼♦➺♥❛ ♣♦✇✐❡❞③✐❡➣✱ ➺❡ s→
t♦ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛✱ ✇ ❦tór②❝❤ ✇②st➛♣✉❥❡ ❝♦✲
♥❛❥✇②➺❡❥ ❥❡❞❡♥ ♦♣❡r❛t♦r✳ ❉❧❛ ♣r③②❦➟❛❞✉✱ ✇ ♥✐❡❦tó✲
r②❝❤ ❦♦♠♣✉t❡r❛❝❤ st❛rs③②❝❤ ❣❡♥❡r❛❝❥✐ ♠✐❡❧✐➧♠② ❞♦
❞②s♣♦③②❝❥✐ t②❧❦♦ t❛❦✐❡ ✐♥str✉❦❝❥❡

♣♦❧❡❝❡♥✐❡ ❝♦ r♦❜✐

▲❖❆❉ ① ❆❈❈✿❂①
❆❉❉ ① ❆❈❈ ✿❂ ❆❈❈✰①
❙❯❇ ① ❆❈❈ ✿❂ ❆❈❈✲①
▼❯▲❚ ① ❆❈❈ ✿❂❆❈❈ ✯ ①
❉■❱ ① ❆❈❈ ✿❂ ❆❈❈ ✴ ①
❙❚❖❘❊ ① ① ✿❂ ❆❈❈
✳✳✳ ✳✳✳

✻✸



❲ ♣♦❧❡❝❡♥✐❛❝❤ ♠♦❣→ ♣♦❥❛✇✐❛➣ s✐➛ ró➺♥❡ ③♠✐❡♥♥❡✳
❑♦♠♣✐❧❛t♦r ❞♦❞❛❥❡ ♣♦♠♦❝♥✐❝③❡ ③♠✐❡♥♥❡ ❞♦ t②❝❤ ③❛✲
❞❡❦❧❛r♦✇❛♥②❝❤ ✇ ♣r♦❣r❛♠✐❡ ♣r③❡③ ♣r♦❣r❛♠✐st➛✳

❉❡✜♥✐❝❥❛ ✹✳✽✳ ■♥str✉❦❝❥❛ ♣r③②♣✐s❛♥✐❛ ❥❡st ❡❧❡♠❡♥✲
t❛r♥❛ ❥❡➧❧✐ ③❛✇✐❡r❛ ❝♦ ♥❛❥✇②➺❡❥ ❥❡❞❡♥ ♦♣❡r❛t♦r✳

▼♦➺❡♠② t❡r❛③ ♦❜❡❥r③❡➣ ♣r③②❦➟❛❞ ✐❧✉str✉❥→❝② ③❛❞❛✲
♥✐❡ ❦♦♠♣✐❧❛t♦r❛✳

❖♣❡r❛❝❥❛ ❆r❣✉♠❡♥t② ❝③②❧✐ st❛♥ ♣❛♠✐➛❝✐
❧♦❛❞ ① ❆❝❝ ✿❂ ① ❆❝❝❂①
❛❞❞ ② ❆❝❝ ✿❂ ❆❝❝✰② ❆❝❝❂①✰②
st♦r❡ t✶ t✶ ✿❂ ❆❝❝ t✶❂①✰② ✫ ❆❝❝❂①✰②
❧♦❛❞ ❛ ❆❝❝ ✿❂ ❛ ❆❝❝❂❛ ✫ t✶❂①✰②
♠✉❧t t✶ ❆❝❝ ✿❂ ❆❝❝ ✯ t✶ ❆❝❝❂❛✯✭①✰②✮
st♦r❡ ③ ③✿❂ ❆❝❝ ③❂❛✯✭①✰②✮ ✫ t✶❂①✰②

❩ ♣♦✇②➺s③❡❥ t❛❜❡❧❦✐ ✇✐❞❛➣ ❥❛❦ ❦♦♠♣✐❧❛t♦r r❡❛❧✐③✉❥❡
✐♥str✉❦❝❥➛ ♣r③②♣✐s❛♥✐❛ z := a ∗ (x + y)✳ ▼♦➺♥❛ ✉❞♦✲
✇♦❞♥✐➣✱ ➺❡ ❦❛➺❞❛ ✐♥str✉❦❝❥❛ ♣r③②♣✐s❛♥✐❛ ♣♦st❛❝✐ z := τ
♠♦➺❡ ❜②➣ r♦③➟♦➺♦♥❛ ♥❛ ❝✐→❣ ❡❧❡♠❡♥t❛r♥②❝❤ ✐♥str✉❦✲
❝❥✐ ♣r③②♣✐s❛♥✐❛✱ ③ ❦tór②❝❤ ❦❛➺❞❛ ③❛✇✐❡r❛ ❝♦♥❛❥✇②➺❡❥
❥❡❞❡♥ ♦♣❡r❛t♦r✳

❚✇✐❡r❞③❡♥✐❡ ✹✳✷✳ ◆✐❡❝❤ z ❜➛❞③✐❡ ③♠✐❡♥♥→ t②♣✉ ♣✐❡r✲
✇♦t♥❡❣♦ T ✱ ❛ ♥❛♣✐s τ ✇②r❛➺❡♥✐❡♠ t❡❣♦ s❛♠❡❣♦ t②♣✉
T ✳ ■st♥✐❡❥❡ ❝✐→❣ r❧❡♠❡♥t❛r♥②❝❤ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛
s t❛❦✐✱ ➺❡ ✐♥str✉❦❝❥❛ z := τ ❥❡st ró✇♥♦✇❛➺♥❛ ❝✐→❣♦✇✐
♣♦❧❡❝❡➠ ♣r③②♣✐s❛♥✐❛ s✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉
♥❛ ❞➟✉❣♦➧❝ ✇②r❛➺❡♥✐❛ τ ✳ P♦③♦st❛✇✐❛♠② ❣♦ ❥❛❦♦ ➣✇✐✲
❝③❡♥✐❡✳ �

❲ ❞❛❧s③②❝❤ r♦③❞③✐❛➟❛❝❤ ③♦❜❛❝③②♠②✱ ➺❡ ③❜✐ór ✐♥✲
str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ♠♦➺❡ ❜②➣ ♣♦✇✐➛❦s③❛♥②✳ Pr♦❣r❛✲
♠✐st❛ ♠♦➺❡ t✇♦r③②➣ ♥♦✇❡ t②♣②✳ ▼♦❣→ s✐➛ ♣♦❥❛✇✐❛➣
♥♦✇❡ ♦♣❡r❛t♦r② ♦③♥❛❝③❥→❝❡ ♥♦✇❡ ❞③✐❛➟❛♥✐❛✳
P♦✇②➺s③❡ t✇✐❡r❞③❡♥✐❡ ♣♦③♦st❛♥✐❡ ✇ ♠♦❝②✳

❲②❦♦r③②st✉❥ ✇➟❛s♥♦➧❝✐ str✉❦t✉r② ❞❛♥②❝❤✳ ❲ ♣♦✲
♣r③❡❞♥✐❝❤ ♣r③②❦➟❛❞❛❝❤ ♥✐❡ ✇②❦♦r③②st❛♥♦ ✇➟❛s♥♦➧❝✐
str✉❦t✉r② ❞❛♥②❝❤ ✭❝③②❧✐ t②♣✉✮ T ✳ ❏❡st t♦ ③❛❧❡t❛ ♣♦✲
♥✐❡✇❛➺ ♥❛s③❡ ♦❜s❡r✇❛❝❥❡ ♠❛❥→ ✉♥✐✇❡rs❛❧♥② ❝❤❛r❛❦t❡r✱

✻✹



❛❧❡ ❝③➛st♦ ✇②❦♦r③②st❛♥✐❡ ✇➟❛s♥♦➧❝✐ t②♣✉ T ✇ ❦tór②♠
♣r❛❝✉❥❡♠② ♠♦❣→ ♣r③②♥✐❡➣ ✇✐➛❝❡❥ ❦♦r③②➧❝✐✳ ❲ ♣♦✇②➺✲
s③②❝❤ ♣r③②❦➟❛❞❛❝❤ ❞♦✇♦❞③✐❧✐➧♠② t❛✉t♦❧♦❣✐✐✳ ❖③♥❛❝③❛
t♦ ③ ❥❡❞♥❡❥ str♦♥②✱ ➺❡ ♥❛s③❡ r♦③✉♠♦✇❛♥✐❛ ♠❛❥→ ❝❤❛✲
r❛❦t❡r ✉♥✐✇❡rs❛❧♥②✳ ❲②❦♦r③②st❛♠② t♦ ✇ ❦♦❧❡❥♥②♠
r♦③❞③✐❛❧❡ ❛♥❛❧✐③✉❥→❝ ♣r♦❝❡❞✉r➛ Swap✳
❩ ❞r✉❣✐❡❥ str♦♥② ✇ r♦③✉♠♦✇❛♥✐❛❝❤ ♦ ♣r♦❣r❛♠❛❝❤ ❜❛r✲
❞③♦ ♣r③②❞❛t♥❛ ❥❡st ③♥❛❥♦♠♦➧➣ ✇➟❛s♥♦➧❝✐ str✉❦t✉r ❞❛✲
♥②❝❤✳ ◆♣✳ x+ 0 = x ❧✉❜ x ∗ 1 = x ❧✉❜ x ∗ 0 = 0 ✐t♣✳

Pr③②❦➟❛❞ ✹✳✸✳ ❈③② ♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦❣r❛♠✉ P ③❛✲
❝❤♦❞③✐ ✇❛r✉♥❡❦ α❄
t✉ ♥❛♣✐s❛➣ ❞♦➧➣ ❞➟✉❣✐ ♣r♦❣r❛♠✱ ❦tór② ❞❛❥❡ s✐➛ s❦ró❝✐➣

Pr③②❦➟❛❞ ✹✳✹✳ ❲❝③❡➧♥✐❡❥ ✇✐❞③✐❡❧✐➧♠② ♣r③②❦➟❛❞ ✐♥✲
str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛
②✿❂ ①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①✯①▼♦➺♥❛ ❥→ r♦③➟♦➺②➣ ✭③❛✲
st→♣✐➣✮ ❝✐→❣✐❡♠ ✶✼ ❡❧❡♠❡♥t❛r♥②❝❤ ✐♥str✉❦❝❥✐ ♣r③②♣✐✲
s❛♥✐❛✳ ❆❧❡ ♠♦➺♥❛ ✉③②s❦❛➣ t❡♥ s❛♠ ❡❢❡❦t t❛♥✐❡❥







z := x;
y := x;
z := z ∗ z;
z := z ∗ z :
z := z ∗ z;
z := z ∗ z;
z := z ∗ y;







(z = x17)

❲②❦♦r③②st❛❧✐➧♠② ♣r❛✇♦ ➟→❝③♥♦➧❝✐ ♠♥♦➺❡♥✐❛✳ ❯❞❛➟♦
s✐➛ ③♠♥✐❡❥s③②➣ ❧✐❝③❜➛ ♦♣❡r❛❝❥✐ ♠♥♦➺❡♥✐❛✳ ❚❡♥ ♣♦♠②s➟
③♥❛❥❞③✐❡ ❥❡s③❝③❡ ✐♥♥❡ ③❛st♦s♦✇❛♥✐❛✳

■♥♥② ♣r③②❦➟❛❞

Pr③②❦➟❛❞ ✹✳✺✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ str❛✐❣❤t✲❧✐♥❡ ♣r♦✲
❣r❛♠ t❤❛t ❝♦♠♣✉t❡s t❤❡ ❢❛st ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✭❋❋❚✮
♦♥ ❢♦✉r ✐♥♣✉ts ✐s ❣✐✈❡♥ ❜❡❧♦✇✳ ✭❚❤❡ ❋❋❚ ✐s ✐♥tr♦❞✉✲
❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✼✳✸✳✮ ❍❡r❡ t❤❡ ❢✉♥❝t✐♦♥

❲②❦♦r③②st✉❥ ♣r❛✇❛ ❛❧❣❡❜r② ❇♦♦❧❡✬❛✳ ❲ ♣♦❞♦❜♥②
s♣♦só❜ ♠♦➺❡♠② ✇②❦♦r③②st②✇❛❝ ♣r❛✇❛ ❛❧❣❡❜r② ❇♦✲
♦❧❡✬❛✳

Pr③②❦➟❛❞ ✹✳✻✳ t✉ ♥❛♣✐s❛➣ ♣r♦❣r❛♠ ❞③✐❛➟❛❥❛❝② ♥❛
③♠✐❡♥♥②❝❤ ❜♦♦❧❡❛♥

✻✺



▼♥♦➺❡♥✐❡ ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤✳ ❲❝③❡➧♥✐❡❥ ③❛♣②t❛❧✐✲
➧♠② ❝③② ♣♦tr❛✜s③ ♣♦♠♥♦➺②❝ ❧✐❝③❜② ③❡s♣♦❧♦♥❡ ✇②❦♦✲
♥✉❥→❝ t②❧❦♦ tr③② ♠♥♦➺❡♥✐❛ ❧✐❝③❜ r③❡❝③②✇✐st②❝❤✳ ❖t♦
♦❞♣♦✇✐❡❞➵

✭✶✮ R ⊢







t✶✿❂❛✰❜❀
t✷✿❂❝✰❞❀
t✸✿❂❛✯❝❀
t✹✿❂❜✯❞❀
❆✿❂t✸ ✲ t✹❀
❇✿❂t✶✯t✷✲t✸✲t✹❀







(A = a∗c−b∗d∧B = a∗d+b∗c)

❲ ♣♦✇②➺s③②♠ ♥❛♣✐s✐❡ R ♦③♥❛❝③❛ ③❜✐ór ❛❦s❥♦♠❛tó✇
t②♣✉ r❡❛❧ ✭③♦❜✳ ✼✳✸✮✳ ❈③②❧✐ ❢♦r♠✉➟ ✇②r❛➺❛❥→❝②❝❤ ➟→❝③✲
♥♦➧➣ ✐ ♣r③❡♠✐❡♥♥♦➧➣ ❞♦❞❛✇❛♥✐❛✱ r♦③❞③✐❡❧♥♦➧❝ ♠♥♦➺❡✲
♥✐❛ ✇③❣❧➛❞❡♠ ❞♦❞❛✇❛♥✐❛✱ ✳✳✳
◆❛♣✐s t❡♥ ❝③②t❛♠②✿ ③ ❛❦s❥♦♠❛tó✇ R ♠♦➺♥❛ ✉❞♦✇♦❞✲
♥✐➣ ⊢ ❢♦r♠✉➟➛ ❛❧❣♦r②t♠✐❝③♥→ ✭✶✮
❘③❡❝③②✇✐➧❝✐❡✱ ❋♦r♠✉➟❛ t❛ ❥❡st ró✇♥♦✇❛➺♥❛ ❢♦r♠✉❧❡
♥❛st➛♣✉❥→❝❡❥

✭✷✮







t✶✿❂❛✰❜❀
t✷✿❂❝✰❞❀
t✸✿❂❛✯❝❀
t✹✿❂❜✯❞❀
❆✿❂t✸ ✲ t✹❀







(A = a∗c−b∗d∧t1∗t2−t3−t4 = a∗d+b∗c)

❚❛ ③ ❦♦❧❡✐ ❥❡st ró✇♥♦✇❛➺♥❛ ❢♦r♠✉❧❡
✭✸✮




t✶✿❂❛✰❜❀
t✷✿❂❝✰❞❀
t✸✿❂❛✯❝❀
t✹✿❂❜✯❞❀







(t3− t4 = a∗c−b∗d∧ t1∗ t2− t3− t4 = a∗d+b∗c)

♣♦ ❦♦❧❡✐ ♦tr③②♠✉❥❡♠②
✭✹✮{
t✶✿❂❛✰❜❀
t✷✿❂❝✰❞❀

}

(a∗c−b∗d = a∗c−b∗d∧t1∗t2−a∗c−b∗d = a∗d+b∗c)

♣✐❡r✇s③② ❝③➟♦♥ ❦♦♥✐✉♥❦❝❥✐ ❥❡st ♣r❛✇❞③✐✇② ✐ ♥✐❡ st❛✲
♥♦✇✐ ♣r♦❜❧❡♠✉ ✇ ❞❛❧s③②❝❤ r♦③✇❛➺❛♥✐❛❝❤ ✭t❥✳ ♠♦➺❡♠②
❣♦ ♣♦♠✐❥❛➣✮✳

✭✺✮
{
t✶✿❂❛✰❜❀

}
(t1 ∗ (c+ d)− a ∗ c− b ∗ d = a ∗ d+ b ∗ c)

✻✻



P♦③♦st❛❥❡ ❞♦ s♣r❛✇❞③❡♥✐❛ ♣r❛✇❞③✐✇♦➧➣ ❞r✉❣✐❡❣♦ ❝③➟♦♥✉
❦♦♥✐✉♥❦❝❥✐✳

✭✻✮ ((a+ b) ∗ (c+ d)− a ∗ c− b ∗ d = a ∗ d+ b ∗ c)
❙t♦s✉❥❡♠② ❛❦s❥♦♠❛t r♦③❞③✐❡❧♥♦➧❝✐ ♠♥♦➺❡♥✐❛ ✇③❣❧➛✲
❞❡♠ ❞♦❞❛✇❛♥✐❛ ✐ s❦r❛❝❛♠② ✇②r❛③② ♦ ♣r③❡❝✐✇♥②❝❤
③♥❛❦❛❝❤✳
Pr③❡❝❤♦❞③✐♠② ♦❞ ❢♦r♠✉➟② ✭✸✳✐✮ ❞♦ ró✇♥♦✇❛➺♥❡❥ ❢♦r✲
♠✉➟② ✭✸✳✐✰✶✮✳ ❑❛➺❞❛ t❛❦❛ ró✇♥♦✇❛➺♥♦➧➣ ❥❡st t✇✐❡r✲
❞③❡♥✐❡♠ ❛r②t♠❡t②❦✐ ❧✐❝③❜ t②♣✉ r❡❛❧✳ ❖st❛t♥✐❛ ❢♦r✲
♠✉➟❛ ✭✻✮ ❥❡st t✇✐❡r❞③❡♥✐❡♠ ❛r②t♠❡t②❦✐✳ ❲♦❜❡❝ t❡❣♦
♣✐❡r✇s③❛ ❢♦r♠✉➟❛ ✭✶✮ ❥❡st t✇✐❡r❞③❡♥✐❡♠ ❛r②t♠❡t②❦✐
❧✐❝③❜ t②♣✉ r❡❛❧✳

◆❛❥s➟❛❜s③② ✇❛r✉♥❡❦ ✇st➛♣♥②✳ ❩❛❝③♥✐❥♠② ♦❞ ❞❡✜✲
♥✐❝❥✐✳ ◆✐❡❝❤ ♥❛♣✐s K ❜➛❞③✐❡ ♣r♦❣r❛♠❡♠✱❛ β ✇②r❛➺❡✲
♥✐❡♠ ❜♦♦❧♦✇s❦✐♠ ✭❢♦r♠✉➟→✮✳ ◆✐❡❝❤ A ♦③♥❛❝③❛ ❥❡❞❡♥ ③
t②♣ó✇ ✭♣✐❡r✇♦t♥②❝❤ ❧✉❜ ③❞❡✜♥✐♦✇❛♥②❝❤ ♣r③❡③ ♣❡✇♥→
❦❧❛s➛ ❈✮✳ ❏❛❦ ③♦❜❛❝③②♠② ✇ ❞❛❧s③❡❥ ❝③➛➧❝✐ t❡❥ ❦s✐→➺❦✐
❞❡❦❧❛r❛❝❥❡ ❦❧❛s ✉♠♦➺❧✐✇✐❛❥→ ✇♣r♦✇❛❞③❛♥✐❡ ♥♦✇②❝❤
t②♣ó✇✳ P♦➺②t❡❝③♥❡ ❜➛❞③✐❡ ✳✳✳

❉❡✜♥✐❝❥❛ ✹✳✾✳ ◆❛❥s➟❛❜s③②♠ ✇❛r✉♥❦✐❡♠ ✇st➛♣♥②♠
❢♦r♠✉➟② β ✇③❣❧➛❞❡♠ ♣r♦❣r❛♠✉ K ♥❛③②✇❛♠② ❢♦r♠✉➟➛
α s♣❡➟♥✐❛❥→❝→ ♥❛st➛♣✉❥→❝❡ ❦r②t❡r✐❛

✭✐✮ ❉❧❛ ❞♦✇♦❧♥②❝❤ ❞❛♥②❝❤ ♣♦❝③→t❦♦✇②❝❤ ✭t❥✳ ❞❧❛
❞♦✇♦❧♥❡❣♦ ✇❛rt♦➧❝✐♦✇❛♥✐❛ ③♠✐❡♥♥②❝❤ ♣r♦❣r❛♠✉✮✱
❦tór❡ s♣❡➟♥✐❛❥→ ❢♦r♠✉➟➛ α✱ ✐st♥✐❡❥→ ✇②♥✐❦✐ ♣r♦✲
❣r❛♠✉ K ✭t❥✳ ♦❜❧✐❝③❡♥✐❡ ❥❡st ✉❞❛♥❡✮ ✐ s♣❡➟✲
♥✐❛❥→ ❢♦r♠✉➟➛ β✳ ■♥❛❝③❡❥ ♠ó✇✐→❝✱ ❢♦r♠✉➟❛ α
❥❡st ✇❛r✉♥❦✐❡♠ ✇st➛♣♥②♠ ❢♦r♠✉➟② β ✇③❣❧➛✲
❞❡♠ ♣r♦❣r❛♠✉ K✳

✭✐✐✮ ❉❧❛ ❞♦✇♦❧♥❡❥ ❢♦r♠✉➟② δ✱ ❥❡➺❡❧✐ ❢♦r♠✉➟❛ δ ❥❡st
✇❛r✉♥❦✐❡♠ ✇st➛♣♥②♠ ❢♦r♠✉➟② β ✇③❣❧➛❞❡♠ ♣r♦✲
❣r❛♠✉ K t♦ ✐♠♣❧✐❦❛❝❥❛ (δ ⇒ α) ❥❡st ♣r❛✇❞③✐✇❛✳

❩❛❞❛♥✐❡ ③♥❛❧❡③✐❡♥✐❛ ♥❛❥s➟❛❜s③❡❣♦ ✇❛r✉♥❦✉ ✇st➛♣✲
♥❡❣♦ ♠♦➺♥❛ ③✐❧✉str♦✇❛➣ r②s✉♥❦✐❡♠ ✺✳

●❞② ♣r♦❣r❛♠ K ❥❡st ❝✐→❣✐❡♠ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛
✭❛❜str❛❤✉❥❡♠② ♦❞ ✐♥str✉❦❝❥✐ ✇r✐t❡ ✐ r❡❛❞✮✱ ❛ ❢♦r♠✉➟❛
β ❥❡st ✇②r❛➺❡♥✐❡♠ ❜♦♦❧♦✇s❦✐♠✱ ♣♦r✳ ✸✳✷✳✷ str✳✷✾✱
t♦ ♥❛❥s➟❛❜s③② ✇❛r✉♥❡❦ ✇st➛♣♥② α ❞❧❛ ❢♦r♠✉➟② β ③❡
✇③❣❧➛❞✉ ♥❛ ♣r♦❣r❛♠ K ♠♦➺♥❛ ❡❢❡❦t②✇♥✐❡ ✇②③♥❛❝③②➣
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P

❄

β

❘②s✉♥❡❦ ✺✳ ❩♥❛❧❡➵➣ ♥❛❥s➟❛❜s③② ✇❛r✉♥❡❦ ✇st➛♣♥②

♣♦s➟✉❣✉❥→❝ s✐➛ ❛❦s❥♦♠❛t❛♠✐ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ♦r❛③
✐♥str✉❦❝❥✐ ③➟♦➺♦♥❡❥✱ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ Ax18 ✐ Ax19✳
❏❡➧❧✐ ✇②❦❛➺❡♠②✱ ➺❡ ❢♦r♠✉➟❛ α ❥❡st ró✇♥♦✇❛➺♥❛ ♥❛❥✲
s➟❛❜s③❡♠✉ ✇❛r✉♥❦♦✇✐ ✇st➛♣♥❡♠✉ ❢♦r♠✉➟② β ③❡ ✇③❣❧➛❞✉
♥❛ ♣r♦❣r❛♠ K t❥✳ nww(β,K) ⇔ α ✐ ♣♦♥❛❞t♦ ✇②❦❛➺❡♠②✱
➺❡ ✐♠♣❧✐❦❛❝❥❛ (α ⇒ β) ♠❛ ❞♦✇ó❞ ✇②♣r♦✇❛❞③♦♥② ③ ❛❦✲
s❥♦♠❛tó✇ t②♣✉ ✭♣✐❡r✇♦t♥❡❣♦✮ T t❥✳ T ⊢ (α ⇒ β) t♦
♠♦➺❡♠② t❛❦➺❡ ✉③♥❛➣✱ ➺❡ ♣r♦❣r❛♠ K ❥❡st ♣♦♣r❛✇♥②
✇③❣❧➛❞❡♠ t❡❥ ♣❛r② ❢♦r♠✉➟✳

α⇒ {K}(β)
Pr③②❦➟❛❞ ✹✳✼✳ ❏❛❦✐ ❥❡st ♥❛❥s➟❛❜s③② ✇❛r✉♥❡❦ ✇st➛♣♥②

❞❧❛ ❢♦r♠✉➟② z = (a+b)2 ③❡ ✇③❣❧➛❞✉ ♥❛ ♣r♦❣r❛♠ {③ ✿❂ ❛✯❜✰❜✯❜✲✸✯❛✯❜✰❛✯❛}❄
❖❞♣♦✇✐❡❞➵✿ ♥❛st➛♣✉❥→❝❛ ❢♦r♠✉➟❛ ❛❧❣♦r②t♠✐❝③♥❛

{③ ✿❂ ❛✯❜✰❜✯❜✲✸✯❛✯❜✰❛✯❛}(z = (a+ b)2)

❦tór❛ ❥❡st ró✇♥♦✇❛➺♥❛ ❢♦r♠✉❧❡ ✭✇②r❛➺❡♥✐✉ ❜♦♦❧♦✇✲
s❦✐❡♠✉✮

(a− b)2 = (a+ b)2

❝③②❧✐ ab = 0✱ ❝♦ ❥❡st ró✇♥♦✇❛➺♥❡ ❢♦r♠✉❧❡ (a = 0 ∨ b = 0)✳

◆❛❥♠♦❝♥✐❡❥s③② ✇❛r✉♥❡❦ ❦♦➠❝♦✇② ✕ ♣r♦❣r❛♠✉ ❧✐✲
♥✐♦✇❡❣♦✳ ❈③➛st♦ st❛✇✐❛♠② s♦❜✐❡ ♣②t❛♥✐❡✿ ❝♦ ❥❡st ♥❛❥✲
♠♦❝♥✐❡❥s③②♠ ✇❛r✉♥❦✐❡♠ ❦♦➠❝♦✇②♠ ♣❡✇♥❡❣♦ ♣r♦❣r❛♠✉
P ✐ ✇❛r✉♥❦✉ ♣♦❝③→t❦♦✇❡❣♦ α❄
■♥❛❝③❡❥ ♠ó✇✐→❝✱ ❥❡➧❧✐ ✇✐❡♠②✱ ➺❡ ❞❛♥❡ ♣♦❝③→t❦♦✇❡ s♣❡➟✲
♥✐❛❥→ ✇❛r✉♥❡❦ ♣♦❝③→t❦♦✇② α ✐ ✇✐❡♠②✱ ➺❡ ♦❜❧✐❝③❡♥✐❡
♣r♦❣r❛♠✉ P ❞❧❛ t②❝❤ ❞❛♥②❝❤ ❥❡st ✉❞❛♥❡✱ t♦ ❝♦ ✇✐❛✲
❞♦♠♦ ♦ ✇②♥✐❦❛❝❤ v′ t❡❣♦ ♦❜❧✐❝③❡♥✐❛❄

❉❡✜♥✐❝❥❛ ✹✳✶✵✳ ◆❛❥♠♦❝♥✐❡❥s③②♠ ✇❛r✉♥❦✐❡♠ ❦♦➠❝♦✲
✇②♠ ✇❛r✉♥❦✉ ♣♦❝③→t❦♦✇❡❣♦ α ③❡ ✇③❣❧➛❞✉ ♥❛ ♣r♦✲
❣r❛♠ P ✱ ❥❡st ❥❡st ❢♦r♠✉➟❛ β✱❦tór❛ s♣❡➟♥✐❛ ♥❛st➛♣✉❥→❝❡
✇❛r✉♥❦✐✿
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P

α

❄

❘②s✉♥❡❦ ✻✳ ❩♥❛❧❡➵➣ ❢♦r♠✉➟➛ β✱ ❦tór❛ ③❛✲
st→♣✐ ③♥❛❦ ✬❄✬ ③❛♣②t❛♥✐❛

✭✐✮ ❞❧❛ ❦❛➺❞❡❣♦ ✇❛rt♦➧❝✐♦✇❛♥✐❛ ❞❛♥②❝❤ v ✭st❛♥✉
♣♦❝③❛t❦♦✇❡❣♦✮✱ ❥❡➧❧✐ st❛♥ ♣❛♠✐➛❝✐ v s♣❡➟♥✐❛
✇❛r✉♥❡❦ ♣♦❝③→t❦♦✇② α ✐ ❥❡s❧✐ ♦❜❧✐❝③❡♥✐❡ ♣r♦✲
❣r❛♠✉ P ❥❡st ✉❞❛♥❡ ✐ ✇❛rt♦➧❝✐♦✇❛♥✐❡ ❦♦➠❝♦✇❡
v′ ❥❡st ✇②♥✐❦✐❡♠✱ t♦ ❢♦r♠✉➟❛ β ❥❡st s♣❡➟♥✐♦♥❛
♣r③❡③ ✇❛rt♦➧❝✐♦✇❛♥✐❡ v′ ✭t❥✳ ❢♦r♠✉➟❛ beta ❥❡st
✇❛r✉♥❦✐❡♠ ❦♦➠❝♦✇②♠ ❞❧❛ ✇❛r✉♥❦✉ ♣♦❝③→t✲
❦♦✇❡❣♦ α ✐ ♣r♦❣r❛♠✉ P✮✱

✭✐✐✮ ❞❧❛ ❦❛➺❞❡❥ ❢♦r♠✉➟② δ✱ ❥❡➧❧✐ ❢♦r♠✉➟❛ t❛ ❥❡st ✇❛✲
r✉♥❦✐❡♠ ❦♦➠❝♦✇②♠ ❞❧❛ ✇❛r✉♥❦✉ ♣♦❝③→t❦♦✲
✇❡❣♦ α ✐ ♣r♦❣r❛♠✉ P ✱ t♦ ✐♠♣❧✐❦❛❝❥❛ (α ⇒ δ)
❥❡st ♣r❛✇❞③✐✇❛✳

❖❜❧✐❝③❡♥✐❡ s②♠❜♦❧✐❝③♥❡ ♣♦③✇❛❧❛ ✇ ✇✐❡❧✉ ✇②♣❛❞✲
❦❛❝❤ ✇②③♥❛❝③②➣ ♥❛❥♠♦❝♥✐❡❥s③② ✇❛r✉♥❡❦ ❦♦➠❝♦✇② ♣r♦✲
❣r❛♠✉ ❧✐♥✐♦✇❡❣♦✳ ❆❧❡ ❝③② ③❛✇s③❡ t♦ s✐➛ ✉❞❛❄ ❩❜❛✲
❞❛❥♠②✳

Pr③②❦➟❛❞ ✹✳✽✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❣r❛♠ M ♦❢
t❤❡ ❢♦r♠
①✿❂ ✐♥s❡rt✭①✱②✮
✐♥ t❤❡ ❞❛t❛ str✉❝t✉r❡ ♦❢ q✉❡✉❡s ◗ ✇✐t❤ t❤❡ ♥❛t✉r❛❧
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t♦r ✐♥s❡rt✳ ❲❡ ❛ss✉♠❡ t❤❛t
① ✐s ❛ ✈❛r✐❛❜❧❡ ♦❢ t②♣❡ q✉❡✉❡✱ ❛♥❞ ② ❛ ✈❛r✐❛❜❧❡ ♦❢ t②♣❡
❡❧❡♠❡♥t ♦❢ q✉❡✉❡✳
❚❤❡ ✇❡❛❦❡st ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛ ❢♦r♠✉❧❛ ¬empty(x) ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♣r♦❣r❛♠▼ ✐s t❤❡ ❢♦r♠✉❧❛ ¬empty(insert(x, y))✳
❖❜s❡r✈❡✱ t❤❛t ✐♥ t❤❡ ❞❛t❛ str✉❝t✉r❡ ◗✱ t❤❡ ❢♦r♠✉❧❛
¬empty(insert(x, y)) ✐s ✈❛❧✐❞ ✉♥❞❡r ❡❛❝❤ ✈❛❧✉❛t✐♦♥✳
❚❤❡ s✐t✉❛t✐♦♥ ✐s ♥♦t ❛❧✇❛②s s♦ s✐♠♣❧❡✳ ▲❡t ❑ ❜❡ ❛
♣r♦❣r❛♠ ♦❢ t❤❡ ❢♦r♠✿
✇❤✐❧❡ ¬✜rst✭①✮❂② ∧ ¬❡♠♣t②✭①✮
❞♦
①✿❂❞❡❧❡t❡✭①✮
♦❞

✻✾



❚❤❡ ✇❡❛❦❡st ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛ ❢♦r♠✉❧❛ α ♦❢ t❤❡
❢♦r♠
(¬empty(x) ∧ first(x) = y)
✐♥ t❤❡ str✉❝t✉r❡ ♦❢ q✉❡✉❡s ◗ ✐s t❤❡ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤
st❛t❡s t❤❛t ② ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ q✉❡✉❡ ①✳ ❚❤✐s ❝♦♥❞✐✲
t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✜♥✐t❡ ❞✐s❥✉♥❝✲
t✐♦♥ ✭✇❤✐❝❤ ❤♦✇❡✈❡r ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ❧❛♥❣✉❛❣❡
❋❖▲✮ ✿
((¬empty(x) ∧ first(x) = y) ∧
(¬empty(delete(x)) ∧ first(delete(x)) = y) ∧ ...
(¬empty(deleten−1(x)) ∧ first(deleten−1(x)) = y) ∧ ...)
■❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❛t✐♦♥ ✐s s✉❝❤✱ t❤❛t ❢♦r s♦♠❡ n✱ v(x) ✐s
❛♥ n✲❡❧❡♠❡♥t q✉❡✉❡ ❛♥❞ v(y) ∈ v(x)✱ t❤❡♥ ❛❢t❡r r❡♠♦✲
✈✐♥❣ ❛t ♠♦st (n− 1) ✜rst ❡❧❡♠❡♥ts ✇❡ ♦❜t❛✐♥ ❛ q✉❡✉❡
✇✐t❤ ✜rst ❡❧❡♠❡♥t v(y)✳

✼✳ Pó➟❣r✉♣❛ ♣♦❞st❛✇✐❡➠ ✐ s✐❡❝✐

❲ t②♠ ♣♦❞r♦③❞③✐❛❧❡ s♣♦❥r③②♠② ♥❛ ✐♥str✉❦❝❥❡ ♣r③②✲
♣✐s❛♥✐❛ ♥✐❡❝♦ ✐♥❛❝③❡❥✳ ❲❝③❡➧♥✐❡❥ ❄❄ ✇✐❞③✐❡❧✐➧♠②✱ ➺❡
③❜✐ór WT ✇②r❛➺❡➠ ❞❛♥❡❣♦ t②♣✉ T t✇♦r③② ❛❧❣❡❜r➛✳ ■♥✲
str✉❦❝❥➛ ♣r③②♣✐s❛♥✐❛ s ♣♦st❛❝✐ x ← τ ♠♦➺❡♠② ♣♦❥♠♦✲
✇❛➣ ❥❛❦♦ ❢✉♥❦❝❥➛ ③❡ ③❜✐♦r✉ ③♠✐❡♥♥②❝❤ ✭t②♣✉ T✮ ✇
③❜✐ór ✇②r❛➺❡➠ WT ✱ t❡❣♦ s❛♠❡❣♦ t②♣✉ s : VT →WT

t❛❦→✱ ➺❡

s(y) =

{

τ ❣❞② y = x

y ✇ ♣♦③♦st❛➟②❝❤ ♣r③②♣❛❞❦❛❝❤
✳

■♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛ ♦ t❡❥ ✇➟❛s♥♦➧❝✐ ♥❛③②✇❛➣ ❜➛✲
❞③✐❡♠② ❡❧❡♠❡♥t❛r♥②♠✐✳ ❖❞✇③♦r♦✇❛♥✐❡ s ❞❛❥❡ s✐➛ r♦③✲
s③❡r③②➣ ③❡ ③❜✐♦r✉ ③♠✐❡♥♥②❝❤ VT ♥❛ ❝❛➟② ③❜✐ór WT ✇②✲
r❛➺❡➠ t②♣✉ T ✳ ❲②st❛r❝③② ✇ ❞♦✇♦❧♥②♠ ✇②r❛➺❡♥✐✉ ω
✇②③♥❛❝③②➣ ✇s③②st❦✐❡ ✇②st→♣✐❡♥✐❛ ③♠✐❡♥♥❡❥ y ✐ ♥❛✲
st➛♣♥✐❡ ❦❛➺❞❡ ③ ♥✐❝❤ ③❛st→♣✐➣ ✇②r❛➺❡♥✐❡♠ τ ✳ ◆♦✇②
♥❛♣✐s ♣♦✇st❛➟② ✇ t❡♥ s♣♦só❜ ♦③♥❛❝③❛♠② ω(y/τ)✳ ❲✐❡♠②✱
♣♦r✳ ❄❄✱ ➺❡ ❥❡st t♦ ✇②r❛➺❡♥✐❡ t②♣✉ T ✳

❲ ♥✐❡❦tór②❝❤ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ✐♥str✉❦❝❥❛
♣r③②♣✐s❛♥✐❛ ♠♦➺❡ ❜②➣ ✐♥str✉❦❝❥→ ró✇♥♦❝③❡s♥❡❣♦ ♣r③②✲
♣✐s❛♥✐❛✳

x1 ← τ1& . . . xk ← τk
❩♥❛❝③❡♥✐❡ t❛❦✐❡❥ ✐♥str✉❦❝❥✐ ❥❡st ✇②③♥❛❝③♦♥❡ ✇ t❡♥
s♣♦só✱ ➺❡ ♥❛❥♣✐❡r✇ ♥❛❧❡➺② ✇②③♥❛❝③②➣ ✇❛rt♦➧❝✐ τ1(v), . . . , τk(v)

✼✵



✇②r❛➺❡➠ ♣♦ ♣r❛✇❡❥ str♦♥✐❡ ♦♣❡r❛t♦r❛ ♣r③②♣✐s❛♥✐❛✱ ❛
♥❛st➛♣♥✐❡ ✇❛rt♦➧❝✐ t❡ ♣r③②♣✐s❛➣ ♦❞♣♦✇✐❡❞♥✐♠ ③♠✐❡♥✲
♥②♠ x1, . . . , xk✳
❲ ❞❛❧s③②♠ ❝✐→❣✉ r♦③✇❛➺❛➣ ❜➛❞③✐❡♠② ♦❞✇③♦r♦✇❛♥✐❛
s : VT →WT ✳ ◆❛♣✐s ω(x1/τ, . . . , xk/τk) ♦③♥❛❝③❛➣ ❜➛❞③✐❡ ✇②✲
♥✐❦ ró✇♥♦❝③❡s♥❡❣♦ ③❛st→♣✐❡♥✐❛ ✇s③②st❦✐❝❤ ✇②st→♣✐❡➠
③♠✐❡♥♥②❝❤ x1, . . . , xk ✇ ✇②r❛➺❡♥✐✉ ω ♣r③❡③ ♦❞♣♦✇✐❡❞♥✐❡
✇②r❛➺❡♥✐❛ τ1, . . . , τk✳ ❩❜✐ór ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ t✇♦✲
r③② ♣ó➟❣r✉♣➛✳
◆✐❡❝❤ s1 ✐ s2 ❜➛❞→ ❞✇♦♠❛ ✐♥str✉❦❝❥❛♠✐ ♣r③②♣✐s❛♥✐❛✳
❩➟♦➺❡♥✐❡♠ ❥❡st ✐♥str✉❦❝❥❛ s1 ◦ s2 ♦❦r❡➧❧♦♥❛ ✇ ♥❛st➛♣✉✲
❥→❝② s♣♦só❜

(s1 ◦ s2)(y) df
= s1(s2(y)) ❞❧❛ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥ y

❝③②❧✐ ③➟♦③❡♥✐❡♠ ❞✇ó❝❤✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ró♥♦❝③❡✲
s♥❡❣♦
s1 : x1 ← τ1 . . . xk ← τk
s2 : x1 ← ν1 . . . xk ← νk
❥❡st ♥❛st➛♣✉❥→❝❛ ✐♥str✉❦❝❥❛
s1 : x1 ← τ1(x1/ν1...xk/νk) . . . xk ← τk(x1/ν1...xk/νk) ✳
❏❛❦ ♥✐❡tr✉❞♥♦ ③❛✉✇❛➺②➣ ❞③✐❛➟❛♥✐❡ ③➟♦➺❡♥✐❛ ✭❝③②❧✐ s✉✲
♣❡r♣♦③②❝❥✐✮ ❥❡st ➟→❝③♥❡✳

((s1 ◦ s2) ◦ s3) = (s1 ◦ (s2 ◦ s3))

❏❡❞♥♦➧❝✐→ t❡❥ ♣ó➟❣r✉♣② ❥❡st ✐♥str✉❦❝❥❛ i ♣r③②♣✐s✉❥→❝❡
✭❦❛➺❞❡❥✮ ③♠✐❡♥♥❡❥ y ✇②r❛➺❡♥✐❡ y✳

x1 ← x1&...xk ← xk

Pr③②♣♦♠♥✐❥♠②✱ ✇ ❦❛➺❞②♠ ♣r♦❣r❛♠✐❡ ③❜✐ór ③❛❞❡✲
❦❧❛r♦✇❛♥②❝❤✱ t❥✳ ❞♦st➛♣♥②❝❤✱ ③♠✐❡♥♥②❝❤ ❥❡st s❦♦➠✲
❝③♦♥②✳

Pr③②❦➟❛❞ ✹✳✾✳ ◆❛st➛♣✉❥→❝② ❝✐→❣ ❡❧❡♠❡♥t❛r♥②❝❤ ✐♥✲
str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛
t1 := a ∗ c;
t2 := t1 + b;
A := t2;
r❡❛❧✐③✉❥❡ ✐♥str✉❦❝❥➛ ④❆ ✿❂❛✯❝✰❜ ✫ t✶✿❂❛✯❝ ✫ t✷✿❂❛✯❝✰❜⑥✳
❆❧❡ ♣♦♥❛❞t♦✱ ♣r③②♣✐s✉❥❡ ③♠✐❡♥♥②♠ t1 ✐ t2 ✇❛rt♦➧❝✐ ✇②✲
r❛➺❡➠ a ∗ c ♦r❛③ a ∗ c+ b✳

✼✶



▼♦➺♥❛ t❛❦➺❡ ✉③♥❛➣✱ ➺❡ ♣♦✇②➺s③② ♣r♦❣r❛♠ ❥❡st ró✇✲
♥♦✇❛➺♥② ❥❡❞♥❡❥ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ró✇♥♦❝③❡s♥❡❣♦

t1 := a ∗ c & t2 := a ∗ c+ b & A := a ∗ c+ b.

❚❡ tr③② ♣♦❥❡❞②♥❝③❡ ♣r③②♣✐s❛♥✐❛ ♠♦➺♥❛ ♣r③❡❞st❛✇✐➣
♥❛ ♣♦♥✐➺s③②♠ ❞✐❛❣r❛♠✐❡

❛ ❝

✯

t✶

❜

✰

❆✱ t✷

❲❛rt♦ ♣r③②❥r③❡➣ s✐➛ ♥✐❡❝♦ ❝✐❡❦❛✇s③❡♠✉ ♣r③②❦➟❛✲
❞♦✇✐✳

Pr③②❦➟❛❞ ✹✳✶✵✳ ✭♣r③②❣♦t♦✇❛♥✐❡ ❞♦ ❋❋❚✮
▼❛♠② ♥❛st➛♣✉❥→❝② ♣r♦❣r❛♠ ❧✐♥✐♦✇②

✭✼✮

❆ ✿❂ ❛✰❜✰❝✰❞❀
❇ ✿❂ ❛✰❜✯①✯①✰❝✯①✰❞✯①✯①✯①❀
❈ ✿❂ ❛✰❜✰❝✯①✯①✰❞✯①✯①❀
❉ ✿❂ ❛✰❜✯①✯①✰❝✯①✯①✯①✰❞✯①✯①✯①✯①✯①❀

❲②❦♦♥❛♥✐❡ ♣♦✇②➺s③❡❣♦ ♣r♦❣r❛♠✉ ✇②♠❛❣❛ ✶✷ ❞♦❞❛✲
✇❛➠ ✐ ✷✵ ♠♥♦➺❡➠✳
❚❡ s❛♠❡ ✇②♥✐❦✐ ❞❛ ♥❛st➛♣✉❥→❝② ♣r♦❣r❛♠ ❧✐♥✐♦✇②✳

✭✽✮

t✶ ✿❂ ❛✰❜①0❀
t✷ ✿❂ ❝✰❞①0❀
t✸ ✿❂ ❛✰❜✯①✯① ❀
t✹ ✿❂ ❝✰❞✯①✯①❀
❆ ✿❂ t✶✰t✷①0❀
❇ ✿❂ t✸✰t✹✯①❀
❈ ✿❂ t✶ ✰ t✷✯①✯①❀
❉ ✿❂ t✸ ✰ t✹✯①✯①✯①❀
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❛ ❜ ❝ ❞

❴ ✰ ❴ ①0 ❴ ✰❴ ①2 ❴ ✰❴ ①0 ❴ ✰❴ ①2

❴ ✰❴ ①0 ❴ ✰❴ ①1 ❴ ✰❴ ①2 ❴ ✰❴ ①3

❆ ❇ ❈ ❉

a+ bx0

c+ dx0 a+ bx2

c+ dx2

a+ b+ c+ d
a+ bx2 + cx+ dx3

a+ b+ cx2 + dx2

a+ bx2 + cx3 + dx5

❘②s✉♥❡❦ ✼✳ ❉✐❛❣r❛♠ ♣r♦❣r❛♠✉ ✽
❲ ♣r♦st♦❦→t❛❝❤ ③❛♣✐s❛♥♦ ♦♣❡r❛❝❥❡ ✕ ♣♦❞❦r❡➧❧❡♥✐❛
t♦ ♠✐❡❥s❝❡ ♥❛ ❛r❣✉♠❡♥t② ♦♣❡r❛❝❥✐✳ ❩♠✐❡♥♥❡ a, b, c, d

s→ ❛r❣✉♠❡♥t❛♠✐ ♣r♦❣r❛♠✉✱ ❛ ✇②♥✐❦❛♠✐ s→ A,B,C,D✳

❲ t②♠ ♣r♦❣r❛♠✐❡ ♠❛♠② ✽ ❞♦❞❛✇❛➠ ✐ ✶✵ ♠♥♦➺❡➠✳
▼♥♦➺❡♥✐❛ ♣r③❡③ ①0 ♠♦➺♥❛ ♣♦♠✐♥→➣✳ ❈③② t❡ ♣r♦❣r❛♠②
s→ ró✇♥♦✇❛➺♥❡❄ ❚♦ ➟❛t✇♦ s♣r❛✇❞③✐➣✳ ❋♦r♠✉➟❛







t1 := a+ b ∗ x0;
t2 := c+ d ∗ x0;
t3 := a+ b ∗ x ∗ x;
t4 := c+ d ∗ x ∗ x;
A := t1 + t2 ∗ x0;
B := t3 + t4 ∗ x;
C := t1 + t2 ∗ x ∗ x;
D := t3 + t4 ∗ x ∗ x ∗ x;













A = a+ b+ c+ d;
B = a+ bx2 + cx+ dx3;
C = a+ b+ cx2 + dx2;
D = a+ bx2 + cx3 + dx5;







❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ ♣✐❡r➧❝✐❡♥✐✱ ❛ ✇✐➛❝ r③❡❝③②✇✐✲
➧❝✐❡ ♣r♦❣r❛♠② t❡ s→ ró✇♥♦✇❛➺♥❡✳
▼♦➺♥❛ ❥❡s③❝③❡ ③♠♥✐❡❥s③②➣ ❧✐❝③❜➛ ♠♥♦➺❡➠✱ ❛❧❡ ♥✐❡ t♦
❥❡st ♥❛❥✇❛➺♥✐❡❥s③❡✳ ❲ ③❛st♦s♦✇❛♥✐❛❝❤ ✭❋❋❚✮ ③❛♠✐❛st
x0, x1, x2, x3 ✇②st→♣✐→ st❛➟❡✳

❲ ❞❛❧s③②♠ ❝✐→❣✉ ❜➛❞③✐❡♠② r♦③✇❛➺❛➣ t❛❦✐❡ ✇➟❛➧♥✐❡
✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛ ❥❡❞♥♦❝③❡s♥❡❣♦✳ ❩❛✉✇❛➺♠② ♣❛r➛
❢❛❦tó✇✿
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• ♣r③②♣✐s❛♥✐❡ ✐❞❡♥t②❝③♥♦➧❝✐♦✇❡ ①✿❂① ❥❡st ❥❡❞✲
♥♦➧❝✐→ ♦❜✉str♦♥♥→ t❡❥ ♣ó➟❣r✉♣②✱ ❥❡st t♦ ✇✐➛❝
♠♦♥♦✐❞✱
• ❦❛➺❞❛ ✐♥str✉❦❝❥❛ ♣r③②♣✐s❛♥✐❛ ❥❡❞♥♦❝③❡s♥❡❣♦ ❞❛❥❡
s✐➛ r♦③➟♦➺②➣ ♥❛ ✐❧♦❝③②♥ ❡❧❡♠❡♥t❛r♥②❝❤ ✐♥str✉❦✲
❝❥✐ ♣r③②♣✐s❛♥✐❛ ✭❞♦ ❥❡❞♥❡❥ ③♠✐❡♥♥❡❥✮✱
• ◆✐❡❝❤ s1 ♦③♥❛❝③❛ ✐♥str✉❦❝❥➛ x := τ ✱✐ ♥✐❡❝❤ s2
♦③♥❛❝③❛ ✐♥str✉❦❝❥➛ x := ω✳ ❏❡➧❧✐ ✇②r❛➺❡♥✐❡ ω
♥✐❡ ③❛✇✐❡r❛ ③♠✐❡♥♥❡❥ x t♦ ③➟♦➺❡♥✐❡ s1 ◦ s2 = s2✱
❝③②❧✐ ✇ t②♠ ♣r③②♣❛❞❦✉ ✐♥str✉❦❝❥❛ s1 ❥❡st ❧❡✲
✇②♠ ③❡r❡♠ ✐♥str✉❦❝❥✐ s2✳ ❚❛ ♦❜s❡r✇❛❝❥❛ ♠❛
♣❡✇♥❡ ③♥❛❝③❡♥✐❡✳

❖❣ó❧♥✐❡❥✱ ❦♦♠♣✐❧❛t♦r ❦❛➺❞❡❣♦ ❥➛③②❦❛ ♣r♦❣r❛♠♦✇❛♥✐❛
✇②❦♦r③②st✉❥❡ ♣♦❞♦❜♥❡ ❢❛❦t② ✇ ♣r♦❝❡s✐❡ ✉❧❡♣s③❛♥✐❛
✭t❥✳ ♦♣t②♠❛❧✐③❛❝❥✐✮ s❦♦♠♣✐❧♦✇❛♥❡❣♦ ♣r♦❣r❛♠✉✳ ❲
♣♦❞r➛❝③♥✐❦❛❝❤ ❞♦t②❝③→❝②❝❤ ❦♦♠♣✐❧❛❝❥✐ ❛ t❛❦➺❡ ✇ t❡❦✲
st❛❝❤ ♦ ❛❧❣♦r②t♠✐❝❡ ✇②st➛♣✉❥❡ ♣♦❥➛❝✐❡ ❣r❛❢✉ ❛❝②❦❧✐❝③✲
♥❡❣♦ s❦✐❡r♦✇❛♥❡❣♦ ✭❛♥❣✳ ❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤ ✕
❞❛❣✮ ♣r③②♣✐s❛♥❡❣♦ ♣r♦❣r❛♠♦✇✐ ❧✐♥✐♦✇❡♠✉✳
P♦♥❛❞ st♦ ❧❛t t❡♠✉ ③❛♦❜s❡r✇♦✇❛♥♦ ♦❞♣♦✇✐❡❞♥✐♦➧➣
♣♦♠✐➛❞③② ✇②r❛➺❡♥✐❛♠✐ ❜♦♦❧♦✇s❦✐♠✐ ③❜✉❞♦✇❛♥②♠✐ ✭✇②✲
➟→❝③♥✐❡✮ ③❡ ③♠✐❡♥♥②❝❤ ❜♦♦❧♦✇s❦✐❝❤ ❛ ♦❜✇♦❞❛♠✐ ❡❧❡❦✲
tr②❝③♥②♠✐ ➟→❝③♦♥②♠✐ s③❡r❡❣♦✇♦ ❜→❞➵ ró✇♥♦❧❡❣❧❡✳ ■st✲
♥✐❡❥❡ ♦❜s③❡r♥❛ ❧✐t❡r❛t✉r❛ t❡❣♦ ♣r③❡❞♠✐♦t✉✳
❘♦❧❛ ❞❛❣✬ó✇ ✉③♥❛♥❛ ✇ ➧r♦❞♦✇✐s❦✉ t✇ór❝ó✇ ❦♦♠♣✐❧❛✲
t♦ró✇ ♣♦✇♦❧✐ ❥❡st t❡➺ ❞♦❝❡♥✐❛♥❛ ✇➧ró❞ ♦só❜ ③❛❥♠✉✲
❥→❝②❝❤ s✐➛ ❛❧❣♦r②t♠✐❦→✳ ❲ ❦s✐→➺❝❡ ❙❛✈❛❣❡✬❛ ❬❙❛✈✾✽❪
③♥❛❥❞✉❥❡♠② ✶➦ s♣♦str③❡➺❡♥✐❡✱ ➺❡ ♣♦♠✐➛❞③② ♣r♦❣r❛✲
♠❛♠✐ ❧✐♥✐♦✇②♠✐ ❛ ❣r❛❢❛♠✐ ❛❝②❦❧✐❝③♥②♠✐ s❦✐❡r♦✇❛✲
♥②♠✐ ✐st♥✐❡❥❡ ❛ ❥❡❞♥♦③♥❛❝③♥❡ ♦❞✇③♦r♦✇❛♥✐❡ ✐ ✷➦ ✇✐❡❧❡
❝✐❡❦❛✇②❝❤ ❢❛❦tó✇ ♣♦❦❛③✉❥→❝②❝❣ ❥❛❦ t♦ s♣♦str③❡➺❡♥✐❡
✇②❦♦r③②st❛➣ ✇ ❝❡❧✉ ♦❜♥✐➺❡♥✐❛ ❦♦s③t✉ ❛❧❣♦r②t♠✉✳ ❲
♣♦❞r➛❝③♥✐❦❛❝❤ ✐ ♠♦♥♦❣r❛✜❛❝❤ ❞♦t②❝③→❝②❝❤ ❜✉❞♦✇②
❦♦♠♣✐❧❛t♦ró✇ ③♦❜✳ ❬❆▲❙❯✵✼✱ ❆♣♣✾✽❪ ♣♦❥➛❝✐❡ t♦ ❥❡st
✇②❦♦r③②st②✇❛♥❡ ✇ r♦③❞③✐❛➟❛❝❤ ❞♦t②❝③→❝②❝❤ ♦♣t②♠❛✲
❧✐③❛❝❥✐ ❦♦❞✉ ✇②♥✐❦♦✇❡❣♦✳

❙✐❡➣ ♣r♦❣r❛♠✉ ❧✐♥✐♦✇❡❣♦✳
■st♥✐❡❥❡ ✇③❛❥❡♠♥✐❡ ❥❡❞♥♦③♥❛❝③♥❛ ♦❞♣♦✇✐❡❞♥✐♦➧➣ ♣♦✲
♠✐➛❞③② ③❜✐♦r❡♠ ♣r♦❣r❛♠ó✇ ❧✐♥✐♦✇②❝❤ ✐ ③❜✐♦r❡♠ ❣r❛✲
❢ó✇ ❝②❦❧✐❝③♥②❝❤ ③♦r✐❡♥t♦✇❛♥②❝❤ ✭❛♥❣✳❞❛❣✮✳
❑❛➺❞❡❥ ✭❡❧❡♠❡♥t❛r♥❡❥✮ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ♣♦st❛❝✐
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x→ τ ♦❞♣♦✇✐❛❞❛ ❣r❛❢✭❞r③❡✇♦✮ ♦❦r❡➧❧♦♥❡ ✇ t❡♥ s♣♦só❜

∆τ → x

❣❞③✐❡ ∆τ ❥❡st ❞r③❡✇❡♠ ✇②r❛➺❡♥✐❛ τ ✱ ③❛♠✐❛st str③❛➟❦✐
✇ ♣r❛✇♦ ♠♦➺❡s③ ✉➺②➣ str③❛➟❦➛ ❞♦ ❣ór②✳

x
↑
∆τ

■♥str✉❦❝❥✐ ✭❥❡❞♥♦❝③❡s♥❡❣♦✮ ♣r③②♣✐s❛♥✐❛ x1 ← τ1& . . . xk ←
τk ♣r③②♣✐s✉❥❡♠② ❞❛❣

x1 . . . xk
↑ . . . ↑

∆τ1 . . . ∆τ1

◆❛t♦♠✐❛st ♣r♦❣r❛♠♦✇✐ ❧✐♥✐♦✇❡♠✉






x1 ← τ1;
. . .
x2 ← τ2;







♣r③②♣✐s✉❥❡♠② ❣r❛❢

x1 x2
↑ ↑

∆τ1 ∆τ2





x
↑
∆τ





❲②r❛➺❡♥✐♦♠ ♠♦➺♥❛ ♣r③②♣♦r③→❞❦♦✇❛➣ ❞r③❡✇❛ ❜➛❞→❝❡
✐❝❤ ❞✐❛❣r❛♠❛♠✐ ❣r❛✜❝③♥②♠✐✱ ③♦❜✳ ♣♦♣r③❡❞♥✐ r♦③❞③✐❛➟
❄❄✳ ■♥str✉❦❝❥✐ i ♣r③②♣✐s❛♥✐❛ ♣♦st❛❝✐ x := τ ♣r③②♣♦✲
r③→❞❦♦✇✉❥❡♠② ❞r③❡✇♦ ∆i ✇ t❡♥ s♣♦só❜✱ ➺❡ ❞♦ ❞r③❡✇❛
δτ ❞♦❞❛❥❡♠② ♥♦✇② ✇✐❡r③❝❤♦➟❡❦✱ ✉♠✐❡s③❝③❛♠② ✇ ♥✐♠
③♠✐❡♥♥→ x✱ s②♥❡♠ t❡❣♦ ✇✐❡r③❝❤♦➟❦❛ ❜➛❞③✐❡ ❦♦r③❡➠
❞r③❡✇❛ δτ ✳ ❲✐❡r③❝❤♦➟❡❦ t❡♥ ❜➛❞③✐❡ ❦♦r③❡♥✐❡♠ ❞r③❡✇❛
∆i✳ Pr♦❣r❛♠♦♠ ❧✐♥✐♦✇②♠ ♠♦➺❡♠② ♣r③②♣♦r③→❞❦♦✇❛➣
s✐❡❝✐ ✭✐♥❛❝③❡❥ ❞❛❣✐ t❥✳ ❣r❛❢② s❦✐❡r♦✇❛♥❡✱ ❛❝②❦❧✐❝③♥❡✮✳

❉❡✜♥✐❝❥❛ ✹✳✶✶✳ ◆✐❡❝❤ P ❜➛❞③✐❡ ❝✐→❣✐❡♠ ✐♥str✉❦❝❥✐
♣r③②♣✐s❛♥✐❛✱ t❥✳ ♣r♦❣r❛♠❡♠ ❧✐♥✐♦✇②♠✳

x1 := τ1; x2 := τ2; . . . ; xk := τk
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◆✐❡❝❤ ∆i ❜➛❞③✐❡ ❞r③❡✇❡♠ ✐♥str✉❦❝❥✐ xi := τi✱ ✐❂✶✱✳ ✳ ✳ ✱❦✳
❙✐❡❝✐→ ♣r♦❣r❛♠✉ P ❥❡st ❣r❛❢ GP s❦♦♥str✉♦✇❛♥② ✇ k
❦r♦❦❛❝❤ ✇ ♥❛st➛♣✉❥→❝② s♣♦só❜✿

✭✶✮ ♥❛ ♣♦❝③→t❡❦✱ ❥❂❦ ✐ ❣r❛❢ GP ❥❡st ❞r③❡✇❡♠ ∆j

✐♥str✉❦❝❥✐ xj := τj✱
✭✷✮ ❥❡➧❧✐ ✉t✇♦r③♦♥♦ ❣r❛❢ GP ✇②❦♦r③②st✉❥→❝ ❝✐→❣

{∆i}ki=j+1 ❞r③❡✇ ✐♥str✉❦❝❥✐ xj+1 := τj+1 ; . . . ; xk := τk
✐ j 6= 1 t♦ ❞♦ ❣r❛❢✉ GP ❞♦➟→❝③❛♠② ❞r③❡✇♦ ∆j ✐♥✲
str✉❦❝❥✐ xj := τj ✐ ❞♦❞❛❥❡♠② ❦r❛✇➛❞③✐❡ ➟→❝③→❝❡
❦♦r③❡➠ xj ❞r③❡✇❛ ∆j ③ ✇s③②st❦✐♠✐ ❧✐➧➣♠✐ ❣r❛❢✉
GP ❦tór❡ ③❛✇✐❡r❛❥→ ③♠✐❡♥♥→ xj✳

✭✸✮ ❥❡➧❧✐ j = 1 t♦ ❦♦➠❝③②♠②✳

Pr③②❦➟❛❞
Pr③②❦➟❛❞

✽✳ ❈♦ ✇❛rt♦ ③❛♣❛♠✐➛t❛➣❄

■♥str✉❦❝❥❛ ♣r③②♣✐s❛♥✐❛ ❥❡st ♥❛♣✐s❡♠ ♣♦st❛❝✐ x := τ ✱
❣❞③✐❡ x ❥❡st ③♠✐❡♥♥→ ❛ τ ❥❡st ✇②r❛➺❡♥✐❡♠✳ ❑❛➺❞❡ ✇②✲
r❛➺❡♥✐❡ ❥❡st ③❜✉❞♦✇❛♥❡ ③❡ ③♠✐❡♥♥②❝❤✱ ③♥❛❦ó✇ ❞③✐❛✲
➟❛➠ ✭✐ r❡❧❛❝❥✐✮ ♦r❛③ ♥❛✇✐❛só✇✳ ❩♥❛❝③❡♥✐❡♠ ✐♥str✉❦❝❥✐
♣r③②♣✐s❛♥✐❛ ❥❡st ❢✉♥❦❝❥❛ (x := τ)A ♦❦r❡➧❧♦♥❛ ♥❛ ③❜✐♦r③❡
✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤ ✭❝③②❧✐ st❛♥ó✇ ♣❛♠✐➛❝✐✮ W ✳
❲❛rt♦➧❝✐❛♠✐ t❡❥ ❢✉♥❦❝❥✐ s→ t❛❦➺❡ st❛♥② ♣❛♠✐➛❝✐

(x := τ)A : W → W.

Pr♦❣r❛♠ ❧✐♥✐♦✇② t♦ ❝✐→❣ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✳ Pr♦✲
❣r❛♠✐st❛ ♣♦✇✐♥✐❡♥ ♠✐❡➣ ♥❛st➛♣✉❥→❝❡ ✉♠✐❡❥➛t♥♦➧❝✐

• ✉③❛s❛❞♥✐➣✱ ③❡ ❞❛♥❡ ❞✇❛ ♣r♦❣r❛♠② ❧✐♥✐♦✇❡ s→
ró✇♥♦✇❛➺♥❡ ❧✉❜ ♣♦❞❛➣ ❦♦♥tr♣r③②❦➟❛❞✱
• ✉③❛s❛❞♥✐➣✱ ➺❡ ♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦❣r❛♠✉ ❧✐♥✐♦✲
✇❡❣♦ P ❦♦➠❝♦✇② st❛♥ ♣❛♠✐➛❝✐ ❜➛❞③✐❡ s♣❡➟♥✐❛➣
✇❛r✉♥❡❦ ③❛♣✐s❛♥② ❥❛❦♦ ✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇s❦✐❡
β✬

❲ r♦③✇✐→③②✇❛♥✐✉ t❛❦✐❝❤ ③❛❞❛➠ ♣♦♠♦❝♥❡ s→✿ ✇➟❛s♥♦✲
➧❝✐ t②♣✉ ♣✐❡r✇♦t♥❡❣♦ ③♦❜✳ ♣♦♣r③❡❞♥✐ r♦③❞③✐❛➟ ❲②r❛✲
➺❡♥✐❛✱ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ Ax18✱ ❛❦s❥♦♠❛t
✐♥str✉❦❝❥✐ ③➟♦➺♦♥❡❥ Ax19✳

✼✻



❶✇✐❝③❡♥✐❛

✹✳✶✳ ❲ ♣❡✇♥②❝❤ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ❞♦♣✉s③✲
❝③❛ s✐➛ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛ ró✇♥♦❝③❡s♥❡❣♦ ♥♣✳ x :=
τ & y := µ & z := δ✳ ❈③② ❥❡st t♦ ✐st♦t♥❡ ✇③❜♦❣❛❝❡✲
♥✐❡ ❥➛③②❦❛❄ ■♥❛❝③❡❥ ♠ó✇✐→❝✱ ❝③② ✐♥str✉❦❝❥❡ t❡❣♦ t②♣✉
♠♦➺♥❛ r♦③➟♦➺②➣ ♥❛ ❝✐→❣ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ♣♦❥❡✲
❞②♥❝③❡❣♦❄

✹✳✷✳ ❈③② ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛ ró✇♥♦❝③❡s♥❡❣♦ t✇♦✲
r③❛ ♣ó➟❣r✉♣➛❄

✹✳✸✳ ❙❝❤❛r❛❦t❡r②③✉❥ ❧❡✇❡ ③❡r♦ ♣r③②♣✐s❛♥✐❛ s

✹✳✹✳ ■❧✉ ♠♥♦➺❡➠ ♣♦tr③❡❜❛ ❜② ♦❜❧✐❝③②➣ ✐❧♦❝③②♥ ✇✐❡✲
❧♦♠✐❛♥ó✇ ✭❛①✰❜✮✯✭❝①✰❞✮❄

✹✳✺✳ ❩❛st❛♥ó✇ s✐➛ ❝③② ♣r♦❣r❛♠ ❙❲❆P ♠♦➺❡ ③❛♠✐❡✲
♥✐➣ ✇❛rt♦➧❝✐ ③♠✐❡♥♥②❝❤ ✐♥♥❡❣♦ t②♣✉ ✭❜♦♦❧❡❛♥✱ r❡❛❧✱
❝❤❛r✱ str✐♥❣✮❄

✹✳✻✳ ❏❛❦ ♥❛r②s♦✇❛➣ ♣r♦❣r❛♠ ❧✐♥✐♦✇②❄

✹✳✼✳ ❚r✉❞♥❡✳ ❉❧❛ ❞❛♥❡❣♦ ♣r♦❣r❛♠✉ ❧✐♥✐♦✇❡❣♦ ③♥❛❥❞➵
❥❡❣♦ ♥❛❥s③②❜s③② ♦❞♣♦✇✐❡❞♥✐❦✳ ❖♣t②♠❛❧✐③❛❝❥❛

✹✳✽✳ ❯❞♦✇♦❞♥✐❥✱ ➺❡ ♥❛st➛♣✉❥→❝② ♣r♦❣r❛♠ P ♦❜❧✐❝③❛
♣♦♣r❛✇♥✐❡ ✐❧♦❝③②♥ ❞✇✉ ♠❛❝✐❡r③② ♦ ✇②♠✐❛r③❡ ✷ × ✷✳
◆❛❧❡➺② ✇✐➛❝ ✇②❦❛③❛➣✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ós❡♠❦✐ ❧✐❝③❜ a, b, c, d, e, f, g, h✱
♣r♦❣r❛♠ P ♦❜❧✐❝③❛ ❧✐❝③❜② A,B,C,D t❛❦✐❡ ✱③❡ ③❛❝❤♦❞③✐
ró✇♥♦➧➣

[
A B
C D

]

=

[
a b
c d

]

·
[
e f
g h

]

✼✼



Pr♦❣r❛♠ P

P :







♣r♦❣r❛♠ P ;
✈❛r a, b, c, d, e, f, g, h, A,B,C,D : real;
✈❛r p1, p2, p3, p4, p5, p6, p7 : real;

❜❡❣✐♥
p1 := a· e;
p2 := b· g;
p3 := (c+ d− a)· (h− f + e);
p4 := (c+ d)· (f − e);
p5 := (a− c)· (h− f);
p6 := (b− c− d+ a)·h;
p7 := d· (g − h+ f − e);
A := p1 + p2;
B := p1 + p3 + p4 + p6;
C := p1 + p3 + p5 + p7;
D := p1 + p3 + p4 + p5

❡♥❞







◆❛❧❡➺② ✇✐➛❝ ✇②❦❛③❛➣✱ ➺❡ ♣r❛✇❞③✐✇❛ ❥❡st ❢♦r♠✉➟❛

{P}







A = a· e+ b· g ∧
B = a· f + b·h ∧
C = c· e+ d· g ∧
D = c· f + d·h







❝③②❧✐✱ ✉❞♦✇♦❞♥✐➣✱ ♣♦♥✐➺s③→ ❢♦r♠✉➟➛






p1 := a· e;
p2 := b· g;
p3 := (c+ d− a)· (h− f + e);
p4 := (c+ d)· (f − e);
p5 := (a− c)· (h− f);
p6 := (b− c− d+ a)·h;
p7 := d· (g − h+ f − e);
A := p1 + p2;
B := p1 + p3 + p4 + p6;
C := p1 + p3 + p5 + p7;
D := p1 + p3 + p4 + p5













A = a· e+ b· g ∧
B = a· f + b·h ∧
C = c· e+ d· g ∧
D = c· f + d·h







✹✳✾✳ ❈③② ❞❧❛ ❦❛➺❞❡❣♦ ♣r♦❣r❛♠✉ ❧✐♥✐♦✇❡❣♦ P ✐st♥✐❡❥❡
ró✇♥♦✇❛➺♥② ③ ♥✐♠ ♣r♦❣r❛♠ ❧✐♥✐♦✇② Q✱ t❛❦✐ ➺❡ ✇ ♣r♦✲
❣r❛♠✐❡ Q ✇s③②st❦✐❡ ✐♥str✉❦❝❥❡ r❡❛❞ s→ ♥❛ ♣♦❝③→t❦✉
✐ ✇s③②st❦✐❡ ✐♥str✉❦❝❥❡ ✇r✐t❡ s→ ♥❛ ❦♦➠❝✉ t❡❣♦ ♣r♦✲
❣r❛♠✉❄

✼✽



✹✳✶✵✳ ❩❛st❛♥ó✇ s✐➛✱ ❝③② ❦❛➺❞② ♣r♦❣r❛♠ ❧✐♥✐♦✇② ♠♦➺♥❛
♣r③❡❦s③t❛➟❝✐➣ t❛❦✱ ❜② ✇s③②st❦✐❡ ✐♥str✉❦❝❥❡ r❡❛❞ ♣♦✲
♣r③❡❞③❛➟② ❦❛➺❞→ ✐♥♥→ ✐♥str✉❦❝❥➛ ♣r♦❣r❛♠✉ ✐ ✇s③②st✲
❦✐❡ ✐♥str✉❦❝❥❡ ✇r✐t❡ ✇②st→♣✐➟② ♥❛ ❦♦➠❝✉ ♣r♦❣r❛♠✉❄

✹✳✶✶✳ ❈③② ❞❛❣✬✐ ♣r♦❣r❛♠✉♠✉ ❧✐♥✐♦✇❡❣♦ x1 := τ1; . . . xk :
τk ✐ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ró✇♥♦❝③❡s♥❡❣♦ x1 := τ1 & . . .& xk :=
τk s→ ró✇♥❡❄❄

✹✳✶✷✳ ❯❞♦✇♦❞♥✐❥ t✇✐❡r❞③❡♥✐❡ ✹✳✷

✼✾





❘❖❩❉❩■❆➟ ✺

L3 Pr♦❣r❛♠② ❡❧❡♠❡♥t❛r♥❡

L1  L2  L3  L4  L5  L6  L7  L8  L9  L10

❏➛③②❦ ♣r♦❣r❛♠ó✇ ❡❧❡♠❡♥t❛r♥②❝❤ L3 ♠❛ t❡ s❛♠❡ ❞❡✲
❦❧❛r❛❝❥❡ ❝♦ ❥➛③②❦ ♣r♦❣r❛♠ó✇ ❧✐♥✐♦✇②❝❤ L2✳

D3 = D2

❩❜✐ór ✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤ ❥❡st t❛❦➺❡ t❡♥ s❛♠ ❝♦ ✇
❥➛③②❦✉ L2✳

at3 = at2

◆❛t♦♠✐❛st ♣♦❥❛✇✐❛❥→ s✐➛ ❞✇✐❡ ♥♦✇❡ ♦♣❡r❛❝❥❡ ♥❛ ♣r♦✲
❣r❛♠❛❝❤✿ ✐❢ ✕ ♦♣❡r❛t♦r t✇♦r③❡♥✐❛ ✐♥str✉❦❝❥✐ ✇❛r✉♥✲
❦♦✇❡❥ ✐ ❢♦r ✕ ♦♣❡r❛t♦r t✇♦r③❡♥✐❛ ✐♥str✉♥❦❝❥✐ ♣♦✇t❛✲
r③❛♥✐❛✳

Pr③②❦➟❛❞ ✺✳✶✳ ❈③② ③❣❛❞♥✐❡s③ ❝♦ ♦❜❧✐❝③❛ t❡♥ ❛❧❣♦✲
r②t♠❄

r❡❛❞ ✭①✮❀ r❡❛❞❧♥✭❦✮❀
s✿❂✵❀ ❥✿❂ ✵❀ ❝✿❂✶❀
❢♦r ✐✿❂ ✶ t♦ ❦
❞♦
❝✿❂❝✯①✴✐❀
✐❢ ✐ ❂ ✷✯ ❥✰✶ t❤❡♥ s ✿❂ s✰ ❝ ❡❧s❡ ❥✿❂❥✰✶ ✜

♦❞
✇r✐t❡✭s✮

❲②♥✐❦ ③❛❧❡➺② ♦❞ ✭♣♦❝③→t❦♦✇②❝❤✮ ✇❛rt♦➧❝✐ ③♠✐❡♥♥②❝❤
x ✐ k✳ Pr♦❣r❛♠ ♥✐❡ ③♠✐❡♥✐❛ ✇❛rt♦➧❝✐ t②❝❤ ③♠✐❡♥♥②❝❤✳
❩♠✐❡♥♥❡ i, j ♦r❛③ c s→ ③♠✐❡♥♥②♠✐ ♣♦♠♦❝♥✐❝③②♠✐✳ ❈♦
♠♦➺♥❛ ♣♦✇✐❡❞③✐❡➣ ♦ ❦♦➠❝♦✇❡❥ ✇❛rt♦➧❝✐ ③♠✐❡♥♥❡❥ s❄

✶✳ ❙❦➟❛❞♥✐❛

❲ ♣♦♥✐➺s③❡❥ ❞❡✜♥✐❝❥✐ ✇♣r♦✇❛❞③❛♠② ♥♦✇❡ ❦♦♥str✉❦✲
❝❥❡ ♣r♦❣r❛♠♦t✇ór❝③❡ ✐ ③❡st❛✇✐❛♠② ❥❡ ③ t②♠✐ ✇❝③❡➧♥✐❡❥
③❛♥②♠✐✳

✽✶



❉❡✜♥✐❝❥❛ ✺✳✶✳ ◆❛♣✐s② ♣♦♣r❛✇♥✐❡ ♣♦♣r❛✇♥✐❡ ③❜✉❞♦✲
✇❛♥❡ ró➺♥✐❝❡ ✐ ♣♦❞♦❜✐❡➠st✇❛✿

• ❩❜✐ór W ✇②r❛➺❡➠ ❥➛③②❦❛ L3 ❥❡st t❛❦✐ s❛♠ ❥❛❦
❥➛③②❦✉ L2 ♣r♦❣r❛♠ó✇ ❧✐♥✐♦✇②❝❤✳

W =WA∪WB ∪WI ∪WD ∪WP
• ❩❜✐ór ❞❡❦❧❛r❛❝❥✐ ❞♦♣✉s③❝③❛❧♥②❝❤ ✇ ❥➛③②❦✉ L3

❥❡st t❡♥ s❛♠ ❝♦ ✇ ❥➛③②❦✉ L2✳

D3 = D2

• ❩❜✐ór ✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤ ❥❡st t❡♥ s❛♠✳

at3 = at2

Pr③②♣♦♠♥✐❥♠②✱ s→ t♦ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛
♦r❛③ ✐♥str✉❦❝❥❡ ❝③②t❛♥✐❛ ✐ ❞r✉❦♦✇❛♥✐❛✳

• ❩❜✐ór ✐♥str✉❦❝❥✐ ❥❡st ♥❛❥♠♥✐❡❥s③②♠ ③❜✐♦r❡♠
♥❛♣✐só✇ ③❛✇✐❡r❛❥→❝②♠ ✐♥str✉❦❝❥❡ ❛t♦♠♦✇❡ ✐
③❛♠❦♥✐➛t②♠ ③❡ ✇③❣❧➛❞✉ ♥❛ tr③② ♦♣❡r❛❝❥❡✿
♣✵✮ ✭③➟♦➺❡♥✐❛✮ ❥❡➧❧✐ K ✐ M s→ ❝✐→❣❛♠✐ ✐♥str✉❦✲

❝❥✐ t♦ ✐❝❤ ③➟♦➺❡♥✐❡ K,M ❥❡st ✐♥str✉❦❝❥→✱
♣✶✮ ✭r♦③❣❛➟➛③✐❡♥✐❛✮ ❥❡➧❧✐ ♥❛♣✐s γ ❥❡st ✇②r❛➺❡✲

♥✐❡♠ ❜♦♦❧♦✇s❦✐♠✱ ❛ ♥❛♣✐s② K ♦r❛③ M s→
s❦♦➠❝③♦♥②♠✐ ❝✐→❣❛♠✐ ✐♥str✉❦❝❥✐ t♦ ✐♥str✉❦✲
❝❥→ ❥❡st t❛❦➺❡ ♥❛♣✐s ♣♦st❛❝✐

✐❢ γ t❤❡♥ K ❡❧s❡ M✜,

■♥str✉❦❝❥❡ t❡❥ ♣♦st❛❝✐ ♥❛③②✇❛♠② ✐♥str✉❦✲
❝❥❛♠✐ ✇❛r✉♥❦♦✇②♠✐✳ ❲ ♣r③②♣❛❞❦✉ ❣❞②
❝✐→❣ M ❥❡st ♣✉st②✱ t♦ ✐♥str✉❦❝❥➛ ✇❛r✉♥✲
❦♦✇❛ ♠♦➺♥❛ ③❛♣✐s❛➣ ❦ró❝❡❥

✐❢ γ t❤❡♥ K ✜,

♣✷✮ ✭♦❣r❛♥✐❝③♦♥❡❣♦ ♣♦✇t❛r③❛♥✐❛✮ ❥❡➧❧✐ i ❥❡st
③♠✐❡♥♥→ t②♣✉ ✐♥t❡❣❡r✱ ❛ ♥❛♣✐s② A ♦r❛③ C
s❛ ✇②r❛➺❡♥✐❛♠✐ ❛r②t♠❡t②❝③♥②♠✐✱ t♦ ♥❛✲
♣✐s ♣♦st❛❝✐

❢♦r i := A t♦ C ❞♦ K ♦❞

❥❡st ✐♥str✉❦❝❥→ ♣♦✇t❛r③❛♥✐❛✳
✽✷



✷✳ ❙❡♠❛♥t②❦❛

P♦❞♦❜♥✐❡ ❥❛❦ ✇❝③❡➧♥✐❡❥✱ ③♥❛❝③❡♥✐❡ ♣r♦❣r❛♠✉ ❥❡st
♦♣✐s❛♥❡ ♣r③❡③ ♣♦❞❛♥✐❡ ❞❡✜♥✐❝❥✐ r❡❧❛❝❥✐ ❜❡③♣♦➧r❡❞♥✐❡❣♦
♥❛st➛♣st✇❛ ✇ ③❜✐♦r③❡ st❛♥ó✇ t❥✳ ❦♦♥✜❣✉r❛❝❥✐✳ ❲②✲
st❛r❝③② ♦♣✐s❛➣ ❞✇❛ ♥♦✇❡ ♣r③②♣❛❞❦✐✿ ❖❜❧✐❝③❡♥✐❡ ♣r♦✲
❣r❛♠✉ t♦ ❝✐→❣ st❛♥ó✇ {ci}i t❛❦✐✱ ➺❡ ✶➦c0 ❥❡st st❛♥❡♠
♣♦❝③→t❦♦✇②♠ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉✱ ✷➦❥❡➧❧✐ ✇
st❛♥✐❡ ci ❝✐→❣ ✐♥str✉❦❝❥✐ ❞♦ ✇②❦♦♥❛♥✐❛ ❥❡st ♥✐❡♣✉st② ✐
I ♦③♥❛❝③❛ ♣✐❡r✇s③→ ✐♥str✉❦❝❥➛ t❡❣♦ ❝✐→❣✉✱ t♦ ♥❛st➛♣♥②
st❛♥ ci+1 ✳✳✳
❇❡③♣♦➧r❡❞♥✐♠ ♥❛st➛♣♥✐❦✐❡♠ st❛♥✉

〈v, if γ then K else M fi; s〉 7→
{

〈v,K; s〉 ❣❞② γ(v) = tr✉❡
〈v,M ; s〉 ❣❞② γ(v) = ❢❛❧s❡

❇❡③♣♦➧r❡❞♥✐♠ ♥❛st➛♣♥✐❦✐❡♠ st❛♥✉

〈v, for i := A to C do M od; s〉 7→ 〈v,







i := A; aux2 := C;
✐❢ i ≤ aux2 t❤❡♥

M ;
❢♦r i := i+ 1 t♦ aux2
❞♦ M ♦❞

✜;







; s〉

P♦✇②➺s③❛ r❡❣✉➟❛ ♣r③❡❥➧❝✐❛ ♦❞ ❦♦♥✜❣✉r❛❝❥✐ ✇ ❦tór❡❥
♣✐❡r✇s③→ ❞♦ ✇②❦♦♥❛♥✐❛ ✐♥str✉❦❝❥→ ❥❡st ✐♥str✉❦❝❥❛ ❢♦r
♠♦➺❡ ✇②❞❛✇❛➣ s✐➛ ❞③✐✇❛❝③♥→✳ ❏❡st t♦ ❥❡❞♥❛❦ ♣r❡❝②✲
③②❥♥② ♦♣✐s ③♠✐❛♥② st❛♥✉✳ ❖❝③②✇✐➧❝✐❡ t✇ór❝❛ ❦♦♠♣✐✲
❧❛t♦r❛ ✐ ♠❛s③②♥② ✇✐rt✉❛❧♥❡❥ ♠❛ ✇✐❡❧❡ ♠♦➺❧✐✇♦➧❝✐ ❜②
♦s✐→❣♥→➣ t❡♥ s❛♠ ❡❢❡❦t✱ ❜②➣ ♠♦➺❡ ♣♦s➟✉❣✉❥→❝ s✐➛ ✐♥✲
♥②♠✐ ➧r♦❞❦❛♠✐✳

❾❛t✇♦ s♣r❛✇❞③✐➣✱ ➺❡ ♦❜❧✐❝③❡♥✐❡ ✐♥str✉❦❝❥✐ ❢♦r s♣r♦✲
✇❛❞③✐ s✐➛ ❞♦ ✐♥str✉❦❝❥✐ ③➟♦➺♦♥❡❥ {i := i + 1;M} ♣♦✇tó✲
r③♦♥❡❥ C − A r❛③②✳

▲❡♠❛t ✺✳✶✳ ◆✐❡❝❤ v ❜➛❞③✐❡ ❞♦✇♦❧♥②♠ ✇❛rt♦➧❝✐♦✇❛✲
♥✐❡♠ ③♠✐❡♥♥②❝❤✱ ♥✐❡❝❤ s ❜➛❞③✐❡ ❞♦✇♦❧♥②♠ ❝✐→❣✐❡♠

✽✸



✐♥str✉❦❝❥✐ ✭③ ❥➛③②❦❛ L3✮✳ ❏❡➧❧✐ s♣❡➟♥✐♦♥❛ ❥❡st ♥✐❡ró✇✲
♥♦➧➣ C ≥ A✱ t♦ ♥❛st➛♣✉❥➛❝❡ ❞✇✐❡ ❦♦♥✜❣✉r❛❝❥❡ s→ ró✇✲
♥♦✇❛➺♥❡✱ t❥✳ ♠♦➺♥❛ ❥❡❞♥→ ③❛st→♣✐➣ ♣r③❡③ ❞r✉❣→✳

〈v, for i := A to C do M od; s〉

〈v,
{
i := A; aux2 := C

}
;

{
M ;
i := i+ 1

}

︸ ︷︷ ︸

(C+1−A)×

; s〉

✸✳ ❆❜str❛❦❝②❥♥❛ ✇✐rt✉❛❧♥❛ ♠❛s③②♥❛ K3

❲②❦♦♥②✇❛♥✐❡ ❦❛➺❞❡❣♦ ♣r♦❣r❛♠✉ P ③ ❥➛③②❦❛ L3 ♣♦✲
❧❡❣❛ ♥❛ ✇②❦♦♥②✇❛♥✐✉ ❦♦❧❡❥♥②❝❤ ✐♥str✉❦❝❥✐ ③❛♣✐s❛♥②❝❤
✇ r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉ P ✳
❑♦♠♣✉t❡r K3 ✐♥str✉❦❝❥❡ ✐❢ ♦r❛③ ❢♦r ✇②❦♦♥✉❥❡ ✇ s♣♦✲
só❜ ♦♣✐s❛♥② ♣♦✇②➺❡❥ ✇ ❞❡✜♥✐❝❥✐ r❡❧❛❝❥✐ ❜❡③♣♦➧r❡❞✲
♥✐❡❣♦ ♣r③❡❥➧❝✐❛ ③ ❥❡❞♥❡❣♦ st❛♥✉ ❞♦ ♥❛st➛♣♥❡❣♦✳ ❚❛❦
❥❛❦ t♦ ♥❛♣✐s❛❧✐➧♠② ✇ ❞❡✜♥✐❝❥✐ ♦❜❧✐❝③❡♥✐❛✳

✹✳ ❆❦s❥♦♠❛t②

❈♦ r♦❜✐ ♣r♦❣r❛♠ ❡❧❡♠❡♥t❛r♥②❄ ❏❛❦✐❡ s❛ ❡❢❡❦t②
❥❡❣♦ ❞③✐❛➟❛♥✐❛❄

❩♥❛❝③❡♥✐❡ ✐♥str✉❦❝❥✐ ❥➛③②❦❛ L2 ♦❦r❡➧❧❛❥→ ♥❛st➛♣✉✲
❥→❝❡ s❝❤❡♠❛t② ❛❦s❥♦♠❛tó✇

❩♥❛❝③❡♥✐❡ ✐♥str✉❦❝❥✐ ❢♦r ♦♣✐s✉❥→ tr③② s❝❤❡♠❛t② ❛❦✲
s❥♦♠❛tó✇✿

❢✶✮ (B < A)⇒ ({❢♦r i := A t♦ B ❞♦ I ♦❞}α⇔ {i := A}α)
❢✷✮ (B = A)⇒ ({❢♦r i := A t♦ B ❞♦ I ♦❞}α⇔ ({i := A; I; i := i+ 1}α))
❢✸✮ ({❢♦r i := A t♦ B + 1 ❞♦ I ♦❞}α⇔

{❢♦r i := A t♦ B ❞♦ I ♦❞; I; i := i+ 1}α)
♣♦♥✐➺❡❥ ③♥❛❥❞③✐❡s③ ❞✇✐❡✱ ❝③❛s❛♠✐ ♣r③②❞❛t♥❡✱
♦❞♠✐❛♥② s❝❤❡♠❛t✉ ❢✸✮✳

❢✸➫✮ ({❢♦r i := A t♦ B + 1 ❞♦ I ♦❞}α⇔
{i := A; I; ❢♦r i := A+ 1 t♦ B + 1 ❞♦ I ♦❞; i := i+ 1}α)

❢✸❶✮ ({❢♦r i := A t♦ B + 1 ❞♦ I ♦❞}α⇔
{i := A; I; ❢♦r i := A+ 1 t♦ B ❞♦ I ♦❞ I; i := i+ 1}α)

✽✹



Pr③❡❝③②t❛❥♠② ❥❡s③❝③❡ r❛③ ❝♦ ③♥❛❝③→ t❡ tr③② s❝❤❡♠❛t②✿
❢✶✮ ❏❡➧❧✐ ✇❛rt♦➧❝ ♣♦❝③❛t❦♦✇❛ A ❥❡st ✇✐➛❦s③❛ ♦❞

✇❛rt♦➧❝✐ ❦♦♥❝♦✇❡❥ B t♦ ✐♥str✉❦❝❥❛ ❢♦r ❥❡st ✐♥✲
str✉❦❝❥→ ♣✉st→✱

❢✷✮ ❏❡➧❧✐ ✇❛rt♦➧❝✐✱ ♣♦❝③→t❦♦✇❛ A ✐ ❦♦➠❝♦✇❛ B s→
ró✇♥❡ t♦ ✐♥str✉❦❝❥❛ ✐t❡r❛❝②❥♥❛ ❢♦r ✇②❦♦♥✉❥❡
❝✐→❣ ✐♥str✉❦❝❥✐ I ❥❡❞❡♥ r❛③✱

❢✸✮ ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ✏❞❧❛ i ♦❞ ❆ ❞♦ B + 1 ♣♦✲
✇t❛r③❛❥ ✐♥str✉❦❝❥❡ I✑ ❥❡st ró✇♥♦✇❛➺♥❡ ✇②❦♦✲
♥❛♥✐✉ ♣r♦❣r❛♠✉ ④✏❞❧❛ i ♦❞ ❆ ❞♦ B ♣♦✇t❛r③❛❥
✐♥str✉❦❝❥❡ I✑✱ ♣♦t❡♠ ✐♥str✉❦❝❥❡ i := i+ 1❀ I ⑥✳

❯✇❛❣❛ ✺✳✷✳ ❩❛♣❡✇♥❡ ❞♦str③❡❣➟❡➧✱ ✐r②t✉❥→❝→✱ ✐♥str✉❦✲
❝❥➛ ✐✿❂✐✰✶ ❞♦♣✐s❛♥→ ♥❛ ❦♦➠❝✉ t②❝❤ ❛❦s❥♦♠❛tó✇ ♣♦
♣r❛✇❡❥ str♦♥✐❡ ró✇♥♦✇❛➺♥♦➧❝✐✳ ❏❡➺❡❧✐ ③♠✐❡♥♥❛ ✐ ♥✐❡
✇②st➛♣✉❥❡ ✇ ❢♦r♠✉❧❡ α ❥❛❦♦ ③♠✐❡♥♥❛ ✇♦❧♥❛✱ t♦ ♥✐❡ ♠❛
♣r♦❜❧❡♠✉✳ Pr♦❣r❛♠✐st❛ ♣♦✇✐♥✐❡♥ ❥❡❞♥❛❦ ❜②➣ ➧✇✐❛✲
❞♦♠ t❡❣♦✱ ➺❡ ③❛❦♦➠❝③❡♥✐❡ ✐♥str✉❦❝❥✐ ❢♦r ✕ ✇ ▲♦❣❧❛♥✐❡
♠❛ t❛❦✐ ✇➟❛➧♥✐❡ ❡❢❡❦t✳ ❲ ✐♥♥②❝❤ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✲
✇❛♥✐❛ ✕ ❏❛✈❛✱ ❈✰✰ ❥❡st ✐♥❛❝③❡❥✳ ❩❡❝❤❝✐❡❥ t♦ s❛♠❡♠✉
③❜❛❞❛➣✳
❲ r♦③❞③✐❛❧❡ ♦ ✐♥str✉❦❝❥✐ ❜❧♦❦✉ ♣♦❦❛➺❡♠② ❥❛❦ s♦❜✐❡
♣♦r❛❞③✐➣ ③ t→ ♥✐❡❞♦❣♦❞♥♦➧❝✐→✳

❩♥❛❝③❡♥✐❡ ✐♥str✉❦❝❥✐ ✇❛r✉♥❦♦✇❡❥ ♦♣✐s✉❥→ ❢♦r♠✉➟② ♦
♥❛st➛♣✉❥→❝②♠ s❝❤❡♠❛❝✐❡

④✐❢ γ t❤❡♥ ❑ ❡❧s❡ ▼ ✜ ⑥α⇔ ✭✭γ∧ ❑ α✮∨✭¬γ∧ ▼ α✮✮

✇ ♣♦✇②➺s③②♠ s❝❤❡♠❛❝✐❡ γ ♦③♥❛❝③❛ ✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇✲
s❦✐❡✱ ❛ ✇②r❛➺❡♥✐❛ K ♦r❛③ M ♦③♥❛❝③❛❥→ ❝✐→❣✐ ✐♥str✉❦❝❥✐✳
♣r♦✈❡ ❢✶✱❢✷✱ ❢✸

✺✳ ❆♥❛❧✐③❛ ♣r♦❣r❛♠ó✇

▲❡♠❛t ✺✳✸✳ ❏❡➧❧✐ A ≤ B✱ t♦ ♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦❣r❛♠✉
❢♦r ✐✿❂ ❆ t♦ ❇ ❞♦ ■ ♦❞ ③❛❝❤♦❞③✐ i = B + 1

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ♣r③❡③ ✐♥❞✉❦❝❥➛✳
●❞② A = B t♦ ♥❛ ♠♦❝② s❝❤❡♠❛t✉ ❢✷✮ ✇②❦♦♥❛♥♦ ✐♥✲
str✉❦❝❥➛ i := A✱ ❛ ♣♦t❡♠ ❝✐→❣ I ✐♥str✉❦❝❥✐✱ ❦tór❡ ♥✐❡
③♠✐❡♥✐❛❥→ ✇❛rt♦➧❝✐ ③♠✐❡♥♥❡❥ i✳ Pó➺♥✐❡❥ ❥❡s③❝③❡ ✇❛r✲
t♦➧➣ ③♠✐❡♥♥❡❥ ✐ ❥❡st ③✇✐➛❦s③♦♥❛ ♦ ✶ ✐ ✇②♥♦s✐ ❇✰✶✳
❩❛➟ó➺♠②✱ ➺❡ t❡③❛ ❧❡♠❛t✉ ❥❡st ♣r❛✇❞③✐✇❛ ❞❧❛ B = k✳

✽✺



v : x y z
k l p

✐❢

true
false

v′ : x y z
k l p

v′ : x y z
k l p

({if γ thenK elseM fi}α)A

(¬γ)A

γA then (K α)A

else
(M

α)A

{if γ thenK elseM fi}α⇔ (γ ∧Kα ∨ ¬γ ∧Mα)

❘②s✉♥❡❦ ✶✳ ❆❦s❥♦♠❛t Ax20 ✐♥str✉❦❝❥✐ ✇❛✲
r✉♥❦♦✇❡❥ ❥❡st t❛✉t♦❧♦❣✐→
♥❛ ❣ór♥❡❥ ♣➟❛s③❝③②③♥✐❡ ✇②❞r✉❦♦✇❛❧✐➧♠② t❡①t ❛❦s❥♦♠❛t✉✱

♥❛ ❞♦❧♥❡❥ ♣➟❛s③❝③②③♥✐❡ ♦❜❥❛➧♥✐❛♠② ❝♦ s✐➛ ❞③✐❡❥❡ ♣♦❞❝③❛s

♦❜❧✐❝③❡➠ ✐ ✇s❦❛③✉❥❡♠② ③♥❛❝③❡♥✐❡ ✭t❥✳ s❡♠❛♥t②❦➛✮ ❛❦s❥♦✲

♠❛t✉✱ ▲✐t❡r❛ A ♦③♥❛❝③❛ ❞♦✇♦❧♥② t②♣ ✭♥❛ r❛③✐❡ ♣r③②❥♠✐❥✱

➺❡ ♠♦➺❡ t♦ ❜②➣ t②♣ ✐♥t❡❣❡r ❧✉❜ t②♣ r❡❛❧✮✳

❩❛✉✇❛➺♠②✱ ➺❡ ♣r❛✇❞③✐✇❛ ❥❡st ✐♠♣❧✐❦❛❝❥❛ (i = k)⇒ {i :=
i+1; I}(i = k+1)✳ ❚❡r❛③ ✇②❦♦r③②st❛♠② r❡❣✉➟➛ ✇♥✐♦s❦♦✲
✇❛♥✐❛ ❘✷✿ α⇒β

Mα⇒Mβ
✐ ♦tr③②♠✉❥❡♠② ♣r❛✇❞③✐✇→ ✐♠♣❧✐❦❛✲

❝❥➛
{
❢♦r ✐✿❂ ❆ t♦ ❇
❞♦ ■ ♦❞

}

(i = k)⇒
{
❢♦r ✐✿❂ ❆ t♦ ❇
❞♦ ■ ♦❞

}{
✐✿❂✐✰✶❀
■

}

(i = k+1).

❚❡r❛③ st♦s✉❥❡♠② s❝❤❡♠❛t ❢✸✮ ✐ ♠❛♠②

{❢♦r i := A t♦ B ❞♦ I ♦❞}(i = k)⇒ {❢♦r i := A t♦ B+1 ❞♦ I ♦❞}(i = k+1).

❆ ✇✐➛❝ ❞❧❛ ❦❛➺❞②❝❤ ✇❛rt♦➧❝✐ A ✐ B✱ ❥❡➧❧✐ A ≤ B t♦
✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ i ♣♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ ❢♦r ✐✿❂
❆ t♦ ❇ ❞♦ ■ ♦❞ ✇②♥♦s✐ B✳ �

❲♥✐♦s❡❦ ✺✳✹✳ ❖❜❧✐❝③❡♥✐❡ ❦❛➺❞❡❣♦ ♣r♦❣r❛♠✉ P ③ ❥➛✲
③②❦❛ L2 ❥❡st s❦♦➠❝③♦♥❡✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧❡❞✉ ♥❛ ❞➟✉✲
❣♦➧➣ ♣r♦❣r❛♠✉ P ✳ Pr③❡♣r♦✇❛❞➵ s❛♠♦❞③✐❡❧♥✐❡ t❡♥ ❞♦✲
✇ó❞✳ �

✽✻



❚✇✐❡r❞③❡♥✐❡ ✺✳✺✳ ◆✐❡❝❤ τ(i) ❜➛❞③✐❡ ✇②r❛➺❡♥✐❡♠ ❛r②t✲
♠❡t②❝③♥②♠✳
Pr♦❣r❛♠

K :

{
s := 0;
for i := 0 to n do s := s+ τ(i) od

}

♠❛ t➛ ✇➟❛s♥♦➧➣✱ ➺❡ ♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦❣r❛♠✉ K s♣❡➟✲
♥✐♦♥② ❥❡st ✇❛r✉♥❡❦ ❦♦➠❝♦✇② s =

n∑

i=0

τ(i)✳ ■♥❛❝③❡❥ ♠ó✲

✇✐→❝✱ ♣r♦❣r❛♠ K ♦❜❧✐❝③❛ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛
n∑

i=0

τ(i) ✐

♣r③②♣✐s✉❥❡ ❥→ ③♠✐❡♥♥❡❥ s✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉
♥❛ ✇❛rt♦➧➣ n✳
✭❇❛③❛✮✳ ❉❧❛ n = 0 ♥❛❧❡➺② ✉❞♦✇♦❞♥✐➣✱ ➺❡

{s := 0; ❢♦r i := 0 t♦ 0 ❞♦ s := s+ τ(i) ♦❞}
(

s =
0∑

i=0

τ(i)

)

.

Pr❛✇❞③✐✇♦➧➣ t❡❥ ❢♦r♠✉➟② ❛❧❣♦r②t♠✐❝③♥❡❥ ✇②❦❛③✉❥❡♠②
st♦s✉❥→❝ ✇➟❛s♥♦➧➣ ✭❢✶✮ ✐♥str✉❦❝❥✐ ❢♦r ♦r❛③ ❞❡✜♥✐❝❥➛
③♥❛❦✉ Σ✳
✭❑r♦❦ ✐♥❞✉❦❝②❥♥②✳✮ ❚❡r❛③ ♠❛♠② ✇②❦❛③❛➣✱ ➺❡ ❞❧❛ ❦❛➺✲
❞❡❣♦ n ♣r❛✇❞③✐✇❛ ❥❡st ✐♠♣❧✐❦❛❝❥❛ (T (n) ⇒ T (n + 1)) t❥✳
❢♦r♠✉➟❛ ❛❧❣♦r②t♠✐❝③♥❛






s := 0;
❢♦r i := 0 t♦ n
❞♦

s := s+ τ(i)
♦❞







(

s =
n∑

i=0

τ(i)

)

⇒







s := 0;
❢♦r i := 0 t♦ n+ 1
❞♦

s := s+ τ(i)
♦❞







(

s =
n+1∑

i=0

τ(i)

)

❩❛❝③♥✐❥♠② ♦❞ t❛✉t♦❧♦❣✐✐

s =
n∑

i=0

τ(i)⇒ s =
n∑

i=0

τ(i)✭✾✮

❚❛ ❢♦r♠✉➟❛ ❥❡st ró✇♥♦✇❛➺♥❛ ♥❛st➛♣✉❥→❝❡❥

s =
n∑

i=0

τ(i)⇒ s+ τ(n+ 1) =
n∑

i=0

τ(i) + τ(n+ 1)✭✶✵✮

✽✼



❩ ❞❡✜♥✐❝❥✐ ③♥❛❦✉ Σ ♦t③②♠✉❥❡♠② ❢♦r♠✉➟➛

s =
n∑

i=0

τ(i)⇒ s+ τ(i+ 1) =
n+1∑

i=0

τ(i)✭✶✶✮

❙t♦s✉❥→❝ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ♦tr③②♠✉❥❡♠②

s =
n∑

i=0

τ(i)⇒ {i := n+ 1}
(

s+ τ(i) =
n+1∑

i=0

τ(i)

)

✭✶✷✮

P♦♥♦✇♥✐❡ st♦s✉❥❡♠② t❡♥ s❛♠ ❛❦s❥♦♠❛t

s =
n∑

i=0

τ(i)⇒
{
i := n+ 1;
s := s+ τ(i)

}(

s =
n+1∑

i=0

τ(i)

)

✭✶✸✮

❩❛st♦s✉❥♠② r❡❣✉➟➛ ✇♥✐♦s❦♦✇❛♥✐❛ ❘✷✿ α⇒ β

Mα⇒Mβ
✐ ❛❦✲

s❥♦♠❛t ❆①20







s := 0;
❢♦r i := 0 t♦ n
❞♦

s := s+ τ(i)
♦❞







(

s =
n∑

i=0

τ(i)

)

⇒







s := 0;
❢♦r i := 0 t♦ n
❞♦

s := s+ τ(i)
♦❞; i := i+ 1;
s := s+ τ(i)







(

s =
n+1∑

i=0

τ(i)

)

✭✶✹✮

❙t♦s✉❥→❝ ❛❦s❥♦♠❛t ✭❢✸✮ ✐♥str✉❦❝❥✐ ❢♦r✱ ♦tr③②♠✉❥❡♠②✱
➺❡ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥ n ♣r❛✇❞③✐✇❛ ❥❡st ✐♠✲
♣❧✐❦❛❝❥❛







s := 0;
❢♦r i := 0 t♦ n
❞♦

s := s+ τ(i)
♦❞







(

s =
n∑

i=0

τ(i)

)

⇒







s := 0;
❢♦r i := 0 t♦ n+ 1
❞♦

s := s+ τ(i)
♦❞







(

s =
n+1∑

i=0

τ(i)

)

✭✶✺✮

❝♦ ❦♦➠❝③② ❞♦✇ó❞ ❦r♦❦✉ ✐♥❞✉❦❝②❥♥❡❣♦✳
❲♦❜❡❝ t❡❣♦✱ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥ n ③❛❝❤♦❞③✐







s := 0;
❢♦r i := 0 t♦ ♥
❞♦

s := s+ τ(i)
♦❞










s =

♥
∑

i=0

τ(i)






✽✽



�

❲➟❛s♥♦➧❝✐ ♣r♦❣r❛♠ó✇ ③ ❥➛③②❦❛ L3 ❝✳❞✳ ◆✐❡ t②❧❦♦
s✉♠❛ ❥❡st ♦❜❧✐❝③❛❧♥❛ ✇ ❥➛③②❦✉ L3✳ ❩♦❜❛❝③♠②✱ ➺❡ ♠♦➺♥❛
✉❞♦✇♦❞♥✐➣✱ ➺❡ t❛❦➺❡ ✐❧♦❝③②♥②✱ ❛❧t❡r♥❛t②✇② ✐ ❦♦♥✐✉♥❦✲
❝❥❡ ♦r❛③ ❦✐❧❦❛ ✐♥♥②❝❤ ♦♣❡r❛❝❥✐ ❞❛❥❡ s✐➛ ③❛♣r♦❣r❛♠♦✇❛➣
✇ ❥➛③②❦✉ L3✳

❚✇✐❡r❞③❡♥✐❡ ✺✳✻✳ ◆✐❡❝❤ τ(i) ❜➛❞③✐❡ ✇②r❛➺❡♥✐❡♠ ❛r②t✲
♠❡t②❝③♥②♠✳ ◆❛st➛♣✉❥→❝② ♣r♦❣r❛♠







p := 1;
for i := 1 to ♥
do

p := τ(i) ∗ p
♦❞










p =

♥
∏

i=1

τ(i)






♦❜❧✐❝③❛ ✇❛rt♦➧➣ ✐❧♦❝③②♥✉ ✇✐❡❧❦♦➧❝✐ τ(1) ∗ τ(2) ∗ ... ∗ τ(n)✳
P♦❞♦❜♥❡ s♣♦str③❡➺❡♥✐❡ ♦❞♥♦s✐ s✐➛ ❞♦ ❦✇❛♥t②✜❦❛✲

t♦r❛ ♦❣ó❧♥❡❣♦
❚✇✐❡r❞③❡♥✐❡ ✺✳✼✳ ◆✐❡❝❤ i ❜➛❞③✐❡ ③♠✐❡♥♥→ t②♣✉ ✐♥✲

t❡❣❡r✳ ◆✐❡❝❤ ♥❛♣✐s α(i) ♦③♥❛❝③❛ ❢♦r♠✉➟➛✳ ◆✐❡❝❤ P (i)
♦③♥❛❝③❛ ❝✐→❣ ✐♥str✉❦❝❥✐✳ P♦♥✐➺s③❛ r❡❣✉➟❛ ✇♥✐♦s❦♦✇❛✲
♥✐❛ ❥❡st ♣♦♣r❛✇♥❛ ✇ s②st❡♠✐❡ ▲♦❣❧❛♥

Loglan ⊢ ∀1≤i<j≤n({P (i); P (j)}α(i)⇔ {P (i)}α(i))

∀ni=1 {P (i)}α(i)⇔







for i := 1 to n do

P (i)
od






∀ni=1 α(i)

.

❙❡♥s t❡❣♦ t✇✐❡r❞③❡♥✐❛ ❥❡st ♥❛st➛♣✉❥→❝②✿ ❥❡➺❡❧✐ ❞❧❛
i 6= j ✇②❦♦♥❛♥✐❡ ♣r♦❣r❛♠ó✇ P✭✐✮ ♦r❛③ P✭❥✮ ♥✐❡ ✇♣➟②✲
✇❛❥→ ✳✳✳ ❏❛❦ ❦♦r③②st❛♠② ③ t②❝❤ t✇✐❡r❞③❡➠❄

Pr③②❦➟❛❞ ✺✳✷✳ ▼❛♠② ♥❛♣✐s❛➣ ♣r♦❣r❛♠ ♦❜❧✐❝③❛❥→❝②
k∑

i=1

i2✳

❑♦r③②st❛❥→❝ ③ t✇✐❡r❞③❡♥✐❛ ✺✳✺ ♠♦➺❡♠② ♥❛♣✐s❛➣ ♣r♦✲
❣r❛♠

P :

{
s := 0;
❢♦r i := 0 t♦ k ❞♦ s := s+ i2 ♦❞

}

✐ ♥✐❡ ♠✉s✐♠② ♣♦✇t❛r③❛➣ ❞♦✇♦❞✉✱ ➺❡ ③❛❝❤♦❞③✐ P (s =
k∑

i=1

i2)✳

✽✾



❘♦③♣❛tr③♠② ③❛❞❛♥✐❡ tr♦❝❤➛ tr✉❞♥✐❡❥s③❡

Pr③②❦➟❛❞ ✺✳✸✳ ◆❛❧❡➺② ♦❜❧✐❝③②➣ s✉♠➛
k∑

i=1

xi

i!
✳

❩❛❝③②♥❛♠② ♦❞ ♣♦♥♦✇♥❡❣♦ ✇②❦♦r③②st❛♥✐❛ t✇✐❡r❞③❡✲
♥✐❛ ✺✳✺✳
P :

{
s := 0;

❢♦r i := 0 t♦ n ❞♦ s := s+ xi

i!
♦❞

}

▼♦➺❡♠② t❡♥ ♣r♦❣r❛♠ ♣r③❡❦s③t❛➟❝✐➣ ♥❛st➛♣✉❥→❝♦✳

P :







s := 0;
❢♦r i := 0 t♦ n ❞♦

s1 := xi;
s2 := i!;
s := s+ s1

s2
♦❞







◆♦ t❛❦✱ ❛❧❡ ✇②r❛➺❡♥✐❛ xi ♦r❛③ i! ♥✐❡ ♥❛❧❡➺→ ❞♦ ♥❛✲
s③❡❣♦ ❥➛③②❦❛✱ ♣♦♥✐❡✇❛➺ ♥✐❡ ♠❛ ✇ ♥✐♠ ❞③✐❛➟❛♥✐❛ ♣♦t➛❣♦✇❛♥✐❡
❛♥✐ ❞③✐❛➟❛♥✐❛ s✐❧♥✐❛✳ ❲②❦♦r③②st❛♠② ✐♥♥❡ t✇✐❡r❞③❡✲
♥✐❡✱ ♦❞♠✐❛♥➛ t✇✐❡r❞③❡♥✐❛ ✺✳✺✳ ✭❩❛st❛♥ó✇ s✐➛ ❥❛❦ ❥❡
s❢♦r♠✉➟♦✇❛➣ ✐ ✉❞♦✇♦❞♥✐➣✳ P♦tr❛❦t✉❥ t♦ ③❛❞❛♥✐❡ ❥❛❦♦
➣✇✐❝③❡♥✐❡✳✮
❑♦r③②st❛❥→❝ ③ t❡❣♦ ♥♦✇❡❣♦ t✇✐❡r❞③❡♥✐❛ ♣✐s③❡♠②✿

P :







s := 0;
❢♦r i := 0 t♦ n ❞♦

s1 := 1;
❢♦r j := 1 t♦ i ❞♦

s1 := s1 ∗ x
♦❞;
s2 := 1;
❢♦r k := 1 t♦ i ❞♦

s1 := s1 ∗ k
♦❞;
s := s+ s1

s2
♦❞







❉♦✇ó❞ ♣r❛✇❞③✐✇♦➧❝✐ ❢♦r♠✉➟② P (s =
k∑

i=1

xi

i!
) ❦♦♥str✉✉❥❡♠②

❦♦r③②st❛❥→❝ ③ ❧❡♠❛tó✇ ✺✳✽ ✐ ✺✳✾ ♣r③②t♦❝③♦♥②❝❤ ♣♦♥✐✲
➺❡❥✳

✾✵



▲❡♠❛t ✺✳✽✳ ✭❖❜❧✐❝③❛♥✐❡ ♣♦t➛❣✐✮

∀x ∀i







s✶✿❂✶❀
❢♦r ❥✿❂✶ t♦ ✐ ❞♦
s✶✿❂s✶✯ ①

♦❞❀







(s1 = xi)

▲❡♠❛t t❡♥ ✉♣♦✇❛➺♥✐❛ ♥❛s ❞♦ ③❛st→♣✐❡♥✐❛ ✭♥✐❡❢♦r✲
♠❛❧♥❡❥✮ ✐♥str✉❦❝❥✐ ④s✶✿❂①i⑥ ♣r③❡③ ♣♦✇②➺s③② ♣r♦❣r❛♠
♦❜❧✐❝③❛♥✐❛ ♣♦t➛❣✐✳ ■❞③✐❡ ♦ t♦✱ ➺❡

{s1 := xi}(s1 = xi)⇔







s✶✿❂✶❀
❢♦r ❥✿❂✶ t♦ ✐ ❞♦
s✶✿❂s✶✯ ①

♦❞❀







(s1 = xi)

▲❡♠❛t ✺✳✾✳ ✭❖❜❧✐❝③❛♥✐❡ s✐❧♥✐✮

∀i







s✷✿❂✶❀
❢♦r ❦✿❂✶ t♦ ✐ ❞♦
s✷✿❂s✷✯ ❦

♦❞❀







(s2 = i!)

❲❛rt♦ ③❛✉✇❛➺②➣✱ ➺❡ ♣♦♣r❛✇♥② ♣r♦❣r❛♠ P ♠♦➺♥❛
③❛st→♣✐➣ ✐♥♥②♠✱ ró✇♥♦✇❛➺♥②♠ ♠✉ ♣r♦❣r❛♠❡♠ Q

Q :







s := 0; s1 := 1; s2 := 1;
❢♦r i := 0 t♦ n ❞♦

s := s+ s1
s2
;

s1 := s1 ∗ x;
s2 := s2 ∗ (i+ 1)

♦❞







❩❡❝❤❝✐❡❥ ♣♦ró✇♥❛➣ ❦♦s③t② ✇②❦♦♥❛♥✐❛ ♦❜✉ t②❝❤ ♣r♦✲
❣r❛♠ó✇✳

✻✳ ❑✇❛♥t②✜❦❛t♦r ♦❣r❛♥✐❝③♦♥②

❲ ❞♦✇♦❞❛❝❤ ♣♦♣r❛✇♥♦➧❝✐ ♣r③②❞❛ s✐➛ ♥❛♠ ♥❛st➛✲
♣✉❥→❝❡

❚✇✐❡r❞③❡♥✐❡ ✺✳✶✵✳ ✭♦ ✇♣r♦✇❛❞③❛♥✐✉ ✐♥str✉❦❝❥✐ ❢♦r
♣r③❡❞ ❦✇❛♥t②✜❦❛t♦r ♦❣r❛♥✐❝③♦♥②✮
◆✐❡❝❤ P (i) ❜➛❞③✐❡ ♣r♦❣r❛♠❡♠✱ ♥✐❡❝❤ α(i) ❜➛❞③✐❡ ❢♦r✲
♠✉➟→✳
❑❛➺❞❛ ❢♦r♠✉➟❛ ③❜✉❞♦✇❛♥❛ ✇❡❞➟✉❣ ♥❛st➛♣✉❥→❝❡❣♦ s❝❤❡✲
♠❛t✉ ❥❡st t✇✐❡r❞③❡♥✐❡♠ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥✳

✾✶



⊢
(
∧n

i=1 {P (i)}α(i) ∧
∧

1≤i<j≤n

(
{P (i)} {P (j)}α(i) ≡ {P (i)}α(i)

)
)

⇒







for i← 1 to n
do

P (i)
od







∀ni=1 α(i)

❉♦✇ó❞✳ ♥❛♣✐s❛➣ t❡♥ ❞♦✇ó❞ �

❚✇✐❡r❞③❡♥✐❡ t♦ ③♥❛❥❞✉❥❡ ✇✐❡❧❡ ③❛st♦s♦✇❛➠ ✇ ♣r♦✲
❣r❛♠♦✇❛♥✐✉ ③ t❛❜❧✐❝❛♠✐✱ ③♦❜✳ ♥❛st➛♣♥② r♦③❞③✐❛➟✳
❲ ♥❛t✉r❛❧♥② s♣♦só❜ t✇✐❡r❞③❡♥✐❡ t♦ ✉③❛s❛❞♥✐❛ st♦s♦✲
✇❛♥✐❡ ♥❛st➛♣✉❥→❝❡❥ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛
∧n

i=1 {P (i)}α(i) ,
∧

1≤i<j≤n

(
{P (i)} {P (j)}α(i) ≡ {P (i)}α(i)

)

{for i← 1 to n do P (i) od} ∀ni=1 α(i)

✼✳ ❋✉♥❦❝❥❡ ♣✐❡r✇♦t♥✐❡ r❡❦✉r❡♥❝②❥♥❡

❲ ❧❛t❛❝❤ ✸✵ ❞✇✉❞③✐❡st❡❣♦ ✇✐❡❦✉ ③❛✐st♥✐❛➟❛ ♣♦✲
tr③❡❜❛ ③❞❡✜♥✐♦✇❛♥✐❛ ♣♦❥➛❝✐❛ ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛❧♥❡❥✳ ◆❛✲
t✉r❛❧♥②♠✐ ❦❛♥❞②❞❛t❛♠✐ st❛➟② s✐➛ ❢✉♥❦❝❥❛ ♥❛st➛♣♥✐❦❛
✐ ❢✉♥❦❝❥❛ ③❡r♦✳ ❩❛✉✇❛➺♦♥♦✱ ➺❡ ❥❡s❧✐ ❢✉♥❦❝❥❡ f ✐g s→
♦❜❧✐❝③❛❧♥❡✱ t♦ ♦❜❧✐❝③❛❧♥❡ ❥❡st t❡➺ ③➟♦➺❡♥✐❡ ✭s✉♣❡r♣♦✲
③②❥❛✮ t②❝❤ ❢✉♥❦❝❥✐✳ ❏❡➧❧✐ ♦❜❧✐❝③❛❧♥❡ s→ ❢✉♥❦❝❥❡ g(x) ♦r❛③
h(n, x, y) t♦ ♦❜❧✐❝③❛❧♥❛ ❥❡st ❢✉♥❦❝❥❛ f(n, x) ♦❦r❡➧❧♦♥❛ ✐♥✲
❞✉❦❝②❥♥✐❡ ♥❛st➛♣✉❥→❝②♠✐ ✇③♦r❛♠✐

f(0, x)
df
= g(x)

f(n+ 1, x)
df
= h(n, x, f(n, x))

▲❡♠❛t ✺✳✶✶✳ ❉❧❛ ❦❛➺❞❡❥ ♣❛r② ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤ n, x
✐st♥✐❡❥❡ ❧✐❝③❜❛ ♥❛t✉r❛❧♥❛ y t❛❦❛✱ ➺❡ f(n, x) = y✳
❏❡s❧✐ ✐st♥✐❡❥→ ❞✇❛ ró➺♥❡ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦➧❝✐ ✇②r❛➺❡♥✐❛
f(n, x) t♦ ♦tr③②♠❛♥❡ ✇②♥✐❦✐ s❛ ró✇♥❡✳

❉❡✜♥✐❝❥❛ ✺✳✷✳ ❩❜✐ór ❢✉♥❦❝❥✐ ♣✐❡r✇♦t♥✐❡ r❡❦✉r❡♥❝②❥✲
♥②❝❤ Prek t♦ ♥❛❥♠♥✐❡❥s③② ③❜✐ór ❢✉♥❦❝❥✐ ③❛✇✐❡r❛❥→❝②
♥❛st➛♣♥✐❦✱ ③❡r♦ ♦r❛③ ❞✇✐❡ ❢✉♥❦❝❥❡ I(x, y) = x ✐ J(x, y) = y
✐ ③❛♠❦♥✐➛t② ③❡ ✇③❣❧➛❞✉ ♥❛ s✉♣❡r♣♦③②❝❥➛ ✐ r❡❦✉rs❥➛
♣r♦st→✳

✾✷



❏❡st ♦❝③②✇✐st❡✱ ➺❡ ③➟♦➺❡♥✐❡ ✭s✉♣❡r♣♦③②❝❥❛✮ ❢✉♥❦✲
❝❥✐ ♣✐❡r✇♦t♥✐❡ r❡❦✉r❡♥❝②❥♥②❝❤ ❥❡st ❢✉♥❦❝❥→ ♣✐❡r✇♦t✲
♥✐❡ r❡❦✉r❡♥❝②❥♥→✳ ❲ ❞♦✇♦❞③✐❡ t❡❥ ✇➟❛s♥♦➧❝✐ ✇②❦♦✲
r③②st✉❥❡♠② ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ③➟♦➺♦♥❡❥ ❆①20✳
P♦③♦st❛❥❡ ❞♦ ✇②❦❛③❛♥✐❛✱ ➺❡ ♣r♦❣r❛♠







✐✿❂✵❀ ❛✉①✿❂❣✭①✮❀
❢♦r ✐ ✿❂✶ t♦ ♥ ❞♦
❛✉① ✿❂ ❤✭✐✲✶✱①✱❛✉①✮

♦❞







♦❜❧✐❝③❛ ♣♦♣r❛✇♥✐❡ ❢✉♥❦❝❥➛ f(n, x)✳
◆❛❧❡➺② ✉❞♦✇♦❞♥✐➣✱ ➺❡ ❞❧❛ ❦❛③❞❡❣♦ x ✐ ❞❧❛ ❦❛➺❞❡❣♦ n
③❛❝❤♦❞③✐







✐✿❂✵❀ ❛✉①✿❂❣✭①✮❀
❢♦r ✐ ✿❂✶ t♦ ♥ ❞♦
❛✉① ✿❂ ❤✭✐✲✶✱①✱❛✉①✮

♦❞







(
aux = f(n, x)

)

❘③❡❝③②✇✐➧❝✐❡✳ ❉❧❛ n = 0 ♠❛♠②
{
✐✿❂✵❀ ❛✉①✿❂❣✭①✮❀

} (
aux = f(n, x)

)

♣♦♥✐❡✇❛➺ f(0, x) = g(x)✳
❩❛➟ó➺♠②✱ ➺❡ t❡③❛ ❥❡st s♣❡➟♥✐♦♥❛ ❞❧❛ ❦❛➺❞❡❣♦ x ✐ ❞❧❛
n < k✳ ❩❜❛❞❛❥♠② ✇②r❛➺❡♥✐❡







✐✿❂✵❀ ❛✉①✿❂❣✭①✮❀
❢♦r ✐ ✿❂✶ t♦ ❦✰✶ ❞♦
❛✉① ✿❂ ❤✭✐✲✶✱①✱❛✉①✮

♦❞







(
aux = f(k + 1, x)

)

❩ ✇➟❛s♥♦➧➣✐ ❢✸✮ ♦tr③②♠✉❥❡♠② ❢♦r♠✉➟➛ ró✇♥♦✇❛➺♥→






✐✿❂✵❀ ❛✉①✿❂❣✭①✮❀
❢♦r ✐ ✿❂✶ t♦ ❦ ❞♦
❛✉① ✿❂ ❤✭✐✲✶✱①✱❛✉①✮

♦❞❀ ✭✯ ❛✉①❂❢✭❦✱①✮ ✯✮
✐✿❂✐✰✶❀ ✭✯ ✐❂❦✰✶ ✯✮
❛✉①✿❂❤✭✐✲✶✱①✱❛✉①✮❀







(
aux = f(k + 1, x)

)

❾❛t✇♦ ❞♦str③❡❝✱ ➺❡ ❦♦➠❝♦✇❛ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ aux ❥❡st
ró✇♥❛ h(k, x, f(k, x)) ❝③②❧✐ ❥❡st ró✇♥❛ f(k+1, x)✳ P♦✇②➺s③❡
r♦③✉♠♦✇❛♥✐❡ ♣♦③✇❛❧❛ ✉③♥❛➣ ③❛ ✉❞♦✇♦❞♥✐♦♥❡ ♣♦♥✐③✲
s③❡ t✇✐❡r❞③❡♥✐❡

✾✸



❚✇✐❡r❞③❡♥✐❡ ✺✳✶✷✳ ❘♦③✇❛➺♠② ♣r♦❣r❛♠② ♦♣❡r✉❥→❝❡
t②❧❦♦ ♥❛ t②♣✐❡ ✐♥t❡❣❡r ✐ ③❜✐ór F ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛♥②❝❤
♣r③❡③ t❡ ♣r♦❣r❛♠②✳ ❩❜✐ór ❢✉♥❦❝❥✐ ♣✐❡r✇♦t♥✐❡ r❡❦✉✲
r❡♥❝②❥♥②❝❤ ❥❡st ró✇♥② ③❜✐♦r♦✇✐ F✳

❲ ❧❛t❛❝❤ ✷✵ ❳❳ ✇✐❡❦✉ ❉❛✇✐❞ ❍✐❧❜❡rt ③❛♣②t❛➟ ❝③②
③❜✐ór ❢✉♥❦❝❥✐ ✭♣✐❡r✇♦t♥✐❡✮ r❡❦✉r❡♥❝②❥♥②❝❤ ③❛✇✐❡r❛ ✇s③②st✲
❦✐❡ ❢✉♥❦❝❥❡ ♦❜❧✐❝③❛❧♥❡✳ ❏❡❣♦ ❞✇❛❥ ❛s②st❡♥❝✐ ❲✐❧❤❡❧♠
❆❝❦❡r♠❛♥♥ ✐ ●❛❜r✐❡❧ ❙✉❞❛♥ s❦♦♥str✉♦✇❛❧✐ ❞✇❛ ❦♦♥tr✲
♣r③②❦➟❛❞②✳ P♦❦❛③❛❧✐ ♠✐❛♥♦✇✐❝✐❡ ❢✉♥❦❝❥❡ ♦❜❧✐❝③❛❧♥❡✱
❦tór❡ ♥✐❡ ❞❛❥→ s✐➛ ③❞❡✜♥✐♦✇❛➣ ♣r③② ♣♦♠♦❝② s✉♣❡r✲
♣♦③②❝❥✐ ✐ s❝❤❡♠❛t✉ r❡❦✉rs❥✐ ♣r♦st❡❥✳ ❋✉♥❦❝❥❛ ❆❝❦❡r✲
♠❛♥♥❛ ❥❡st ❞③✐➧ ❧❡♣✐❡❥ ③♥❛♥❛ ♥✐➺ ❢✉♥❦❝❥❛ ❙✉❞❛♥❛✳ ❖
❢✉♥❦❝❥✐ ❆❝❦❡r♠❛♥♥❛ ♠♦➺❡s③ ♣♦❝③②t❛➣ ✇ ♣♦✇♦❥❡♥♥②♠
✇②❞❛♥✐✉ ❦s✐→➺❦✐ ❑❛❧❡❥❞♦s❦♦♣ ▼❛t❡♠❛t②❝③♥② ❍✉❣♦ ❙t❡✲
✐♥❤❛✉s❛ ❬❪ ❧✉❜ ♥❛ ❲✐❦✐♣❡❞✐✐✳ ❖❜✐❡ ❢✉♥❦❝❥❡ r♦s♥→ s③②❜✲
❝✐❡❥ ♥✐➺ ❞♦✇♦❧♥❛ ❢✉♥❦❝❥❛ ♣✐❡r✇♦t♥✐❡ r❡❦✉r❡♥❝②❥♥❛✳ ❈♦
t♦ ♦③♥❛❝③❛❄ ✶➦Pr③② ♦❜❧✐❝③❡♥✐✉ ✇❛rt♦➧❝✐ ❢✉♥❦❝❥✐ A(6)
s③②❜❦♦ ③❛❜r❛❦♥✐❡ ♥❛♠ ♣❛♠✐➛❝✐ ❜② ③❛♣✐s②✇❛➣ ❦♦❧❡❥♥❡
❝②❢r② ✇②♥✐❦✉✳ ✷➦❆❧❡ ♥✐❡ ♠❛rt✇ s✐➛✱ ③❛♥✐♠ ❞♦ t❡❣♦
❞♦❥❞③✐❡ t♦ ✉♠r③❡ ✇✐❡❧❡ ♣♦❦♦❧❡➠✳ ❲ t❡♥✱ ♥✐❡❝♦ ♠❛❦❛✲
❜r②❝③♥②✱ s♣♦só❜ ③✇r❛❝❛♠② ❈✐ ✉✇❛❣➛ ♥❛ ❛s♣❡❦t ❝③❛✲
s♦✇②✳ ❈❤♦❝✐❛➺ ❢✉♥❦❝❥❛ ❆❝❦❡r♠❛♥♥❛ ❥❡st ♦❜❧✐❝③❛❧♥❛ t♦
❞❧❛ r♦❞③❛❥✉ ❧✉❞③❦✐❡❣♦ ♥✐❡ ♠❛ t♦ ③♥❛❝③❡♥✐❛✳ ❏✉➺ ❞❧❛
♥✐❡✇✐❡❧❦✐❝❤ ❛r❣✉♠❡♥tó✇ ❝③❛s ♣♦tr③❡❜♥② ❞♦ ♦❜❧✐❝③❡✲
♥✐❛ ✇②♥✐❦✉ ❥❡st ♥✐❡✇②♦❜r❛➺❛❧♥✐❡ ✇✐❡❧❦✐✳
❲ ♥❛st➛♣♥②♠ r♦③❞③✐❛❧❡ ✇♣r♦✇❛❞③✐♠② ✐♥str✉❦❝❥➛ ✐t❡✲
r❛❝❥✐ ✇❤✐❧❡ ✐ ❜➛❞③✐❡♠② ❦♦♥t②♥✉♦✇❛➣ ♥❛s③❡ r♦③✇❛➺❛✲
♥✐❛✳

✽✳ P♦❞s✉♠♦✇❛♥✐❡

➅✇✐❛t➟② ♣r♦❣r❛♠✐st❛ ✇✐❡✱ ➺❡ ♥❛st➛♣✉❥→❝❡ ❢✉♥❦❝❥♦✲
♥❛➟② t③♥✳ ♦♣❡r❛❝❥❡ ♥❛ ❢✉♥❦❝❥❛❝❤ ③✇r❛❝❛❥→❝❡ ❢✉♥❦❝❥❡
s❛ ♣r♦❣r❛♠♦✇❛❧♥❡ ✇ ❥➛③②❦✉ L3 ♣r♦❣r❛♠ó✇ ❡❧❡♠❡♥✲
t❛r♥②❝❤✿

✾✹



❙✉♠❛✿
n∑

i=1

τ(i)







s✿❂✵❀
❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦
s✿❂ s✰τ✭✐✮

❞♦♥❡







(s =
n∑

i=1

τ(i))

■❧♦❝③②♥✿
n∏

i=1

τ(i)







s✿❂✶❀
❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦
s✿❂ s✯τ✭✐✮

❞♦♥❡







(s =
n∏

i=1

τ(i))

▼❛❦s✐♠✉♠✿
n

▼❛①
i=1

τ(i))







s✿❂✲∞❀
❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦
s✿❂ ✐❢ s❃τ✭✐✮
t❤❡♥ s✿❂ τ✭✐✮ ✜

❞♦♥❡







(s =
n

▼❛①
i=1

τ(i))

▼✐♥✐♠✉♠✿
n

▼✐♥
i=1

τ(i))







s✿❂∞❀
❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦
s✿❂ ♠✐♥✭s✱τ✭✐✮✮

❞♦♥❡







(s =
n

▼✐♥
i=1

τ(i))

❛❧t❡r♥❛t②✇❛ ✿
n∨

i=1

α(i)







s✿❂❢❛❧s❡❀
❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦
s✿❂ s ∨α(i)

❞♦♥❡







(s =
n∨

i=1

α(i))

❦♦♥✐✉♥❦❝❥❛✿
n∧

i=1

α(i)







s✿❂tr✉❡❀
❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦
s✿❂ s ∧α(i)

❞♦♥❡







(s =
n∧

i=1

α(i))

❦✇❛♥t②✜❦❛t♦r
♦❣r❛♥✐❝③♦♥②
♦❣ó❧♥②

✿
n

∀
i=1

α(i)







s✿❂tr✉❡❀
❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦
✐❢ ¬α(i) ♦r ¬s
t❤❡♥ s✿❂ ❢❛❧s❡ ✜

❞♦♥❡







(s =
n

∀
i=1

α(i))

♠✐♥✐♠✉♠
♦❣r❛♥✐❝③♦♥❡ ✿(µi ≤ n)[α(i)]







❢♦r ❥✿❂ ✵ t♦ ♥ ❞♦
✐❢ α(j) t❤❡♥ ❡①✐t ✜

❞♦♥❡ ❀
❥✿❂✵❀







(j = (µi ≤ n)[α(i)]

✐♥❞✉❦❝❥❛ ♦❣r❛♥✐❝③♦♥❛







✐✿❂✵❀ ❛✉①✿❂❣✭①✮❀
❢♦r ✐ ✿❂✶ t♦ ♥ ❞♦
❛✉① ✿❂ ❤✭✐✲✶✱①✱❛✉①✮
✐❢ ❛✉① ❃ ❥✭♥✱①✮ t❤❡♥
❛✉①✿❂✵

✜
♦❞❀







(aux = f(n, x))

r❡❦✉rs❥❛ ♣r♦st❛ ✐✿❂✵❀ ❛✉①✿❂❣✭①✮❀
❢♦r ✐ ✿❂✶ t♦ ♥ ❞♦
❛✉① ✿❂ ❤✭✐✲✶✱①✱❛✉①✮

♦❞

✾✺



❲♣r♦✇❛❞③❛♥✐❡ ❦✇❛♥t②✜❦❛t♦r❛ ♦❣ó❧♥❡❣♦ ♦❣r❛♥✐❝③♦♥❡❣♦
❩❛❦➟❛❞❛♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ 1 ≤ i ≤ n ♣r❛✇❞③✐✇❛ ❥❡st
❢♦r♠✉➟❛ {P (i)}α(i)✱ ❛ ♥❛✇❡t ✇✐➛❝❡❥ ✳✳✳

∀ni=1 {P (i)}α(i)





for i← 1 to n do

P (i)
od






∀ni=1 α(i)

✽✳✶✳ ❲♥✐♦s❦✐✳
❆✮ ❏❡❞❡♥ ✇♥✐♦s❡❦✱ t♦ ♣♦st✉❧❛t ❜② ♦❞✇❛➺♥✐❡❥ ✉➺②✲

✇❛➣ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ③ ♥♦t❛❝❥→ ♠❛t❡♠❛✲
t②❝③♥→✳ ▼♦➺❡s③ ✇ ♣r♦❣r❛♠✐❡ ✉♠✐❡➧❝✐➣ ♥❛♣✐s
✥❭❛ss✐❣♥④②✥❭❧❡❢t❛rr♦✇✥❭s✉♠❴④✐❂✶⑥❫♥✥✐✯❛⑥✥

✐ tr❛❦t♦✇❛➣ ❣♦ ❥❛❦ ✐♥str✉❦❝❥➛ ♣r③②♣✐s❛♥✐❛✳ ❩
❦♦❧❡✐ ♣r♦❣r❛♠ ❜➛❞③✐❡ ❦♦♠♣✐❧♦✇❛♥② ♥❛❥♣✐❡r✇
♣r③❡③ ❚❊❳ ✐ ✳✳✳ ❥❡➧❧✐ ♣r♦❣r❛♠ ✭❧✉❜ ❥❡❣♦ ❢r❛❣✲
♠❡♥t✮ ♠❛ ❜②➣ ♣✉❜❧✐❦♦✇❛♥② t♦ ③♦❜❛❝③②♠② ♥♦✲
t❛❝❥➛ ♠❛t❡♠❛t②❝③♥→

y ←
n∑

i=1

i ∗ a.

❆ ❥❡➧❧✐ ♣r♦❣r❛♠ ♠❛ ❜②➣ s❦♦♠♣✐❧♦✇❛♥② ✐ ✇②✲
❦♦♥❛♥② t♦ ✉➺②❥❡♠② ✐♥♥❡❣♦ st②❧✉ ❜② ✉③②s❦❛➣
✈❛r ✐✿ ✐♥t❡❣❡r❀
②✿❂✵❀
❢♦r ✐ ✿❂✶ t♦ ♥ ❞♦
②✿❂ ②✰ ✐✯❛

♦❞
❚r③❡❜❛ t②❧❦♦ t❡ ❞✇❛ ♣❛❦✐❡t②✱ ♥❛③✇✐❥♠② ❥❡✱ ❛❧✲
❣♦r✐t❤♠♣✉❜✳st② ✐ ❛❧❣♦r✐t❤♠❦♦❞✳st② ♣r③②❣♦t♦✇❛➣✳ ❩❛✲
✉✇❛➺✱ ♥✐❡ ♠❛ ♣♦tr③❡❜② ❦♦♥str✉♦✇❛♥✐❛ ♥♦✇❡❣♦
❥➛③②❦❛ ♣r♦❣r❛♠♦✇❛♥✐❛ ✐ ❥❡❣♦ ❦♦♠♣✐❧❛t♦r❛✦
❩❛✉✇❛➺ t❛❦➺❡✿ st♦s♦✇❛♥✐❡ t❛❦✐❡❥ ♥♦t❛❝❥✐ ③♠♥✐❡❥✲
s③❛ r②③②❦♦ ♣♦❥❛✇✐❡♥✐❛ s✐➛ ❜➟➛❞✉✳

❇✮ Pr♦❣r❛♠✐➧❝✐ ♦❞❝③✉✇❛❥→ ♣♦tr③❡❜➛ ✐♥str✉❦❝❥✐ ❢♦✲
r❡❛❝❤✱ ♣♦❞♦❜♥❡❥ ❞♦ ✐♥tr✉❦❝❥✐ ❢♦r✳ ■♥str✉❦❝❥❛
❢♦r❡❛❝❤ ♠✐❛➟❛❜② ♦❞♥♦s✐➣ s✐➛ ❞♦ ③❜✐♦ró✇ s❦♦➠✲
❝③♦♥②❝❤ ③❛♣✐s❛♥②❝❤ ✇ ♣❛♠✐➛❝✐ ❦♦♠♣✉t❡r❛ ✐
✉♠♦➺❧✐✇✐❛➣ ♣♦✇t❛r③❛♥✐❡ ♣❡✇♥❡❥ s❡❦✇❡♥❝❥✐ ♣♦✲
❧❡❝❡➠ ❞❧❛ ❦❛➺❞❡❣♦ ❡❧❡♠❡♥t✉ ③ ③❛❞❛♥❡❣♦ ③❜✐♦r✉
s❦♦➠❝③♦♥❡❣♦✳ ◆❛s✉✇❛ s✐➛ ♣②t❛♥✐❡ ❝③② ♠♦➺♥❛

✾✻



✇♣r♦✇❛❞③✐➣ t❛❦→ ✐♥str✉❦❝❥➛ ❢♦r❡❛❝❤ ❞♦ ③❡st❛✇✉
♣♦❧❡❝❡➠❄

◆❛ t♦ ♣②t❛♥✐❡ ♣♦st❛r❛♠② s✐➛ ♦❞♣♦✇✐❡❞③✐❡➣
✇ ❝③➛➧❝✐ ❞r✉❣✐❡❥✿ Pr♦❣r❛♠✉❥ ③ ❦❧❛s→✳

❶✇✐❝③❡♥✐❛✳

✺✳✶✳ ◆❛♣✐s③ ♣r♦❣r❛♠ ✇②③♥❛❝③❛❥❛❝② ♥❛❥✇✐➛❦s③→ ③
tr③❡❝❤ ❧✐❝③❜ x, y, z ✐ ✉❞♦✇♦❞♥✐❥ ❥❡❣♦ ♣♦♣r❛✇♥♦➧➣✳

✺✳✷✳ ◆❛♣✐s③ ♣r♦❣r❛♠✿ ✇❡➵ ♥❛st➛♣♥→ ❝③✇ór❦➛ ❧✐❝③❜
♥❛t✉r❛❧♥②❝❤✳
❲s❦❛③ó✇❦❛ ✶✳ ◆❛♣✐s③ ♣r♦❣r❛♠ ✇❡➵ ♥❛st➛♣♥→ ♣❛r➛
❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤✳
❲s❦❛③ó✇❦❛ ✷✳ ❈③② ❝✐→❣ ❝③✇ór❡❦ ✉t✇♦r③♦♥②❝❤ ♣r③❡③
❚✇ó❥ ♣r♦❣r❛♠ ③❛❝③②♥❛ s✐➛ ♣♦❞♦❜♥✐❡ ✳✳✳ ❄

✺✳✸✳ ❯❞♦✇♦❞♥✐❥✱ ➺❡ ✐♥❞✉❦❝❥❛ ♦❣r❛♥✐❝③♦♥❛ ❥❡st ❞❡✜✲
♥✐♦✇❛❧♥❛ ♣r③② ♣♦♠♦❝② r❡❦✉rs❥✐ ♣r♦st❡❥✳

✾✼





❘❖❩❉❩■❆➟ ✻

Pr♦❣r❛♠♦✇❛♥✐❡ ③ t❛❜❧✐❝❛♠✐

L0  L1  L2  L3  L4  L5  L6  L7  L8  L9  L10

❲ t②♠ r♦③❞③✐❛❧❡ ♦♠ó✇✐♠② t✇♦r③❡♥✐❡ ♦❜✐❡❦tó✇ t❛✲
❜❧✐❝♦✇②❝❤ ✐ ♦♣❡r❛❝❥❡ ♥❛ t❛❦✐❝❤ ♦❜✐❡❦t❛❝❤✳ ❩❛③✇②❝③❛❥
♠ó✇✐♠② ✉➺②✇❛♠② ❦rót❦✐❡❥ ♥❛③✇② t❛❜❧✐❝❡ ✭❛♥❣✳ ❛r✲
r❛②s✮✳ ❲②❣♦❞♥✐❡ ❥❡st ♣♦❥♠♦✇❛➣ t❛❜❧✐❝❡ ❥❛❦♦ ③❡st❛✇②
③♠✐❡♥♥②❝❤✳

♣♦♥✐➺❡❥ ❲ t②♠ r♦③❞③✐❛❧❡ ♣♦❥❛✇✐❛❥→ s✐➛ ♦❜✐❡❦t②✳
❈❤♦❝✐❛➺ ♥✐❡ ❥❡st t♦ ✐❝❤ ♣❡➟♥② ③❛❦r❡s ✲ ♥✐❡ ♠❛ ♦❜✐❡❦tó✇
❦❧❛s✳ ◆❛♣✐s③♠② ❥❡❞♥❛❦ ♣♦st✉❧❛t② ❞♦t②❝③❛❝❡ ♦❜✐❡❦tó✇
✕ s➟♦✇❛♠✐✿
❛✮ ❦✐❧❧ ✕ ❥❡❣♦ ❛❦s❥♦♠❛t
❜✮ ③❜✐ór ♦❜✐❡❦tó✇ ❥❡st s❦♦➠❝③♦♥②
❝③② ♠♦③♥❛ ✏③❛♣➛t❧✐➣✑ ✇s❦❛➺♥✐❦✐ ❞♦ ♦❜✐❡❦tó✇ t❛❜❧✐❝♦✲
✇②❝❤❄
✈❛r ❆✱❇ ❛rr❛②♦❢ ❛rr❛②♦❢ r❡❛❧❀
❆❬✸❪✿❂❇❬✼❪❀❇❬✼❪✿❂❆❬✸❪
❝✮ t②♣② ♦❜✐❡❦tó✇ t❛❜❧✐❝♦✇②❝❤ ✲ ❛❦s❥♦♠❛t ❆ ✐♥ ❚
♦❜✐❡❦t t❛❜❧✐❝♦✇② ♣r③②♣✐s❛♥② ③♠✐❡♥♥❡❥ ❆ ❥❡st t②♣✉
✇②♠✐❡♥✐♦♥❡❣♦ ✇ ❞❡❦❧❛r❛❝❥✐ ③♠✐❡♥♥❡❥ ❆
✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲
❚❖❉❖
❆✳ ❙❦➟❛❞♥✐❛
❇✳ ❙❡♠❛♥t②❦❛ ❛❦s❥♦♠❛t②
❈✳ ▼❛s③②♥❛ ✶✳ ♦♣✐s t②♣✉ t❛❜❧✐❝♦✇❡❣♦
✷✳ ✐❧♦❝③②♥ s❦❛❧❛r♥②
✸✳ ♠❛❝✐❡r③ tró❥❦❛t♥❛
✹✳ ❛❧❣♦r②t♠ ●❛✉ss❛
✺✳ ♠♥♦➺❡♥✐❡ ♠❛❝✐❡r③②
✭③✇②❦➟❡✱ ❛❧❣✳ ❲✐♥♦❣r❛❞❛✱ ♠♥♦➺❡♥✐❡ ✇ str✉❦t✉r❛❝❤
tr♦♣✐❦❛❧♥②❝❤✱ ✳✳✳✮ ✻✳ ❞♦♠❦♥✐➛❝✐❡ tr❛♥③②t②✇♥❡ r❡❧❛❝❥✐
✭❛❧❣♦r②t♠ ❦♦s③t♦✇♥②✱ ❜✐♥♣♦✇❡r✱ ✮

✾✾



✼✳ ❏❛❦ r❡❛❣♦✇❛➣ ♥❛ s②❣♥❛➟② ❜➟➛❞ó✇❄ ◆♣✳ ✖✖✖✖
✖✖✖✖✖✖✖✖✖✖✕

✶✳ ❚❛❜❧✐❝❡

❚❛❜❧✐❝❡ s→ ♦❜✐❡❦t❛♠✐✱ ❦tór❡ ③❛✇✐❡r❛❥→ ❥❡❞♥♦r♦❞♥②
❝✐→❣ ③♠✐❡♥♥②❝❤✳
▼♦➺❡♠② t❡➺ ♣♦✇✐❡❞③✐❡➣✱ ➺❡ ♦❜✐❡❦t t❛❜❧✐❝♦✇② ❥❡st ♣r③❡✲
❞➟✉➺❡♥✐❡♠ ♣❛♠✐➛❝✐ ♣r♦❣r❛♠✉ ♦ ♣❡✇✐❡♥ s❦♦➠❝③♦♥② ③❜✐ór
③♠✐❡♥♥②❝❤✱ ✇s③②st❦✐❡ t❡❣♦ s❛♠❡❣♦ t②♣✉ ✐ ✇s③②st❦✐❡
♥❛③✇② t②❝❤ ③♠✐❡♥♥②❝❤ s→ ♣♦❞♦❜♥❡✳
❏❡s③❝③❡ ✐♥❛❝③❡❥✱ t❛❜❧✐❝❛ ❥❡st ❢✉♥❦❝❥→✳ ❚♦ s→ tr③② ró➺♥❡
s♣♦❥r③❡♥✐❛✱ ❛❧❡ ♣r③❡❞♠✐♦t ♦❣❧→❞❛♥②✱ ❛♥❛❧✐③♦✇❛♥② ♣♦✲
③♦st❛❥❡ t❡♥ s❛♠✳

❚②♣② t❛❜❧✐❝♦✇❡ ✐ ③♠✐❡♥♥❡ t❛❜❧✐❝♦✇❡✳ P♦♥✐➺❡❥ ③♥❛❥✲
❞③✐❡s③ ♣r③②❦➟❛❞ ❞❡❦❧❛r❛❝❥✐✿ ③♠✐❡♥♥❡❥ t❛❜❧✐❝♦✇❡❥ A ♦r❛③
t②♣✉ t❛❜❧✐❝♦✇❡❣♦ arrayof T✱ ❣❞③✐❡ T ❥❡st t②♣❡♠ ③❛❞❡✲
❦❧❛r♦✇❛♥②♠ ❧✉❜ ♣✐❡r✇♦t♥②♠✳

var A : arrayof T;

P♦✇t❛r③❛❥→❝❡ s✐➛ ❞❡❦❧❛r❛❝❥❡ t②♣✉ ♠♦➺❡♠② ➟→❝③②➣✿✱
❞✇✐❡ ❧✐♥✐❡ ❞❡❦❧❛r❛❝❥✐✿

✈❛r ❆ ❛rr❛②♦❢ ❚❀
✈❛r ❇ ❛rr❛②♦❢ ❚❀

③♥❛❝③→ t②❧❡ s❛♠♦ ❝♦ ♥❛st➛♣✉❥→❝❛ ❞❡❦❧❛r❛❝❥❛
✈❛r ❆✱❇ ❛rr❛②♦❢ ❚❀ ✳

Pr③②❦➟❛❞ ✻✳✶✳ ❖❜❧✐❝③❛♥✐❡ ✐❧♦❝③②♥✉ s❦❛❧❛r♥❡❣♦ ✇❡❦✲
t♦ró✇

✶✵✵



♣r♦❣r❛♠ ✐❧❙❦❛❧❀
✈❛r ♥✱✐✱ ✐❧♦❝③②♥✿ ✐♥t❡❣❡r❀
✈❛r ❆✱ ❇✿ ❛rr❛②♦❢ ✐♥t❡❣❡r❀

❜❡❣✐♥
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ❇✭✐✮✿❂✸✯✐ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥② ❆ ✯ ❇❂✑✱ ✐❧♦❝③②♥✮

❡♥❞

❏❛❦ ❜➛❞③✐❡ ♣r③❡❜✐❡❣❛➣ ♦❜❧✐❝③❡♥✐❡ ♣♦✇②➺s③❡❣♦ ♣r♦✲
❣r❛♠✉❄

✶✮ st❛♥ ♣♦❝③→t❦♦✇②
✐♥t❡❣❡r✿ ♥ ❂✵ ✇❛rt♦➧❝✐♦✇❛♥✐❡ ③♠✐❡♥♥②❝❤
✐♥t❡❣❡r✿ ✐ ❂✵
✐♥t❡❣❡r✿ ✐❧♦❝③②♥ ❂✵
❛rr❛②♦❢ ✐♥t❡❣❡r ❆ ❂ ♥♦♥❡
❛rr❛②♦❢ ✐♥t❡❣❡r ❇ ❂ ♥♦♥❡
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ❇✭✐✮✿❂✸✯✐ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥② ❆ ✯ ❇❂✑✱ ✐❧♦❝③②♥✮

✷✮ ✇❝③②t❛♥♦ ♥❂✸
✐♥t❡❣❡r✿ ♥ ❂✸
✐♥t❡❣❡r✿ ✐ ❂✵
✐♥t❡❣❡r✿ ✐❧♦❝③②♥ ❂✵
❛rr❛②♦❢ ✐♥t❡❣❡r ❆ ❂ ♥♦♥❡
❛rr❛②♦❢ ✐♥t❡❣❡r ❇ ❂ ♥♦♥❡
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ❇✭✐✮✿❂✸✯✐ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥② ❆ ✯ ❇❂✑✱ ✐❧♦❝③②♥✮

✶✵✶



✸✮ t✇♦r③②♠② ♦❜✐❡❦t t❛❜❧✐❝② ❆
✐♥t❡❣❡r✿ ♥ ❂✸
✐♥t❡❣❡r✿ ✐ ❂✵
✐♥t❡❣❡r✿ ✐❧♦❝③②♥ ❂✵
❛rr❛②♦❢ ✐♥t❡❣❡r ❆ ❂
❛rr❛②♦❢ ✐♥t❡❣❡r ❇ ❂ ♥♦♥❡
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ❇✭✐✮✿❂✸✯✐ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥② ❆ ✯ ❇❂✑✱ ✐❧♦❝③②♥✮

❆❂
✭✶✮ ✵
✭✷✮ ✵
✭✸✮ ✵

✹✮ t✇♦r③②♠② ♦❜✐❡❦t t❛❜❧✐❝② ❇
✐♥t❡❣❡r✿ ♥ ❂✸
✐♥t❡❣❡r✿ ✐ ❂✵
✐♥t❡❣❡r✿ ✐❧♦❝③②♥ ❂✵
❛rr❛②♦❢ ✐♥t❡❣❡r ❆ ❂
❛rr❛②♦❢ ✐♥t❡❣❡r ❇ ❂
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ❇✭✐✮✿❂✸✯✐ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥②❂✑✱ ✐❧♦❝③②♥✮

❆❂
✭✶✮ ✵
✭✷✮ ✵
✭✸✮ ✵

❇❂
✭✶✮ ✵
✭✷✮ ✵
✭✸✮ ✵

✺✮ ❦♦❧❡❥♥❡ ✇♣r♦✇❛❞③♦♥❡ ❧✐❝③❜② t♦ ✷✱ ✹✱ ✻
✐♥t❡❣❡r✿ ♥ ❂✸
✐♥t❡❣❡r✿ ✐ ❂✹
✐♥t❡❣❡r✿ ✐❧♦❝③②♥ ❂✵
❛rr❛②♦❢ ✐♥t❡❣❡r ❆ ❂
❛rr❛②♦❢ ✐♥t❡❣❡r ❇ ❂
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ❇✭✐✮✿❂✸✯✐ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥②❂✑✱ ✐❧♦❝③②♥✮

❆❂
✭✶✮ ✷
✭✷✮ ✹
✭✸✮ ✻

❇❂
✭✶✮ ✸
✭✷✮ ✻
✭✸✮ ✾

P♦✇✐❡❞③ ♣r♦s③➛✱ ❝♦ ✇②❞r✉❦✉❥❡ ♣r♦❣r❛♠❄ ❯③❛s❛❞✲
♥✐❥✳
❈♦ s✐➛ st❛♥✐❡ ❥❡➧❧✐ ♣✐❡r✇s③❛ ✐♥str✉❦❝❥❛ r❡❛❞❧♥✭♥✮ ✇♣r♦✲
✇❛❞③✐ ✇❛rt♦➧➣ ✵ ③❡r♦❄
❯❞♦✇♦❞♥✐❥✱ ➺❡ ❞❧❛ ♥❃✵ ♣r♦❣r❛♠ ♦❜❧✐❝③② ♣♦♣r❛✇♥→

✶✵✷



✇❛rt♦➧➣ ✐❧♦❝③②♥✉ s❦❛❧❛r♥❡❣♦✳
❏❛❦ ③♠✐❡♥✐➣ ♣r♦❣r❛♠ ❜② ✉➺②t❦♦✇♥✐❦ ♥✐❡ ♥❛♣♦t❦❛➟
♥✐❡s♣♦❞③✐❛♥❦✐ ♣♦❞❝③❛s st♦s♦✇❛♥✐❛ t❡❣♦ ♣r♦❣r❛♠✉❄

✷✳ ❙❦➟❛❞♥✐❛ ❥➛③②❦❛ L4

❏➛③②❦ L4 ❥❡st r♦③s③❡r③❡♥✐❡♠ ♣♦♣r③❡❞♥✐❡❣♦ ❥➛③②❦❛
L3✳

L3  L4

❘♦③s③❡r③❡♥✐✉ ✉❧❡❣❛❥→✿ ③❜✐ór ❞❡❦❧❛r❛❝❥✐✱ ③❜✐ór ✇②r❛✲
➺❡➠ ✐ ③❜✐ór ✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤✳ ◆❛t♦♠✐❛st ③❛❝❤♦✲
✇❛♥❡ ③♦st❛❥→ ♦♣❡r❛❝❥❡ ♥❛ ✐♥str✉❦❝❥❛❝❤✿ ✐❢ ✐ ❢♦r ♦r❛③
s❦➟❛❞❛♥✐❡ ✐♥str✉❦❝❥✐ ✭❀✮✳
❖♣ró❝③ t②♣ó✇ ♣r♦st②❝❤ ♣♦❥❛✇✐❛❥→ s✐➛ t②♣② t❛❜❧✐❝♦✇❡✳

❉❡❦❧❛r❛❝❥❡✳

❉❡✜♥✐❝❥❛ ✻✳✶✳ ❉❡❦❧❛r❛❝❥→ A ❥❡st ♥❛♣✐s ♣♦st❛❝✐
✈❛r A✿ ④❛rr❛②♦❢ ⑥+ ❚

❣❞③✐❡ A ∈ ■❞❡♥t②✜❦❛t♦r✱ ❚ ∈④❜♦♦❧❡❛♥✱ ✐♥t❡❣❡r✱ r❡❛❧✱
❝❤❛r✱ str✐♥❣ ⑥✱ ③♥❛❦ + ♠ó✇✐ ♣♦✇tór③♦♥♦ s❦♦➠❝③♦♥→
❧✐❝③❜➛ r❛③②✭❝♦♥❛❥♠♥✐❡❥ r❛③✮✳ ❏❡st t♦ ró✇♥♦❝③❡➧♥✐❡ ❞❡✲
❦❧❛r❛❝❥❛ ③♠✐❡♥♥❡❥ ❆ ✐ ❞❡❦❧❛r❛❝❥❛ ❛rr❛②♦❢+ ❚✳

Pr③②❦➟❛❞ ✻✳✷✳ ❏❡st ❞❡❦❧❛r❛❝❥→ ③♠✐❡♥♥❡❥ t❛❜❧✐❝♦✇❡❥
♥❛♣✐s

✈❛r ❳✿ ❛rr❛② ♦❢ ✐♥t❡❣❡r ✱
t❛❦➺❡ ♥❛♣✐s②
✈❛r ❇✱❉✿ ❛rr❛②♦❢ r❡❛❧✱ ❈✿ ❛rr❛②♦❢ ❛rr❛②♦❢ ✐♥t❡❣❡r

s→ ❞❡❦❧❛r❛❝❥❛♠✐ ③♠✐❡♥♥②❝❤ t❛❜❧✐❝♦✇②❝❤✳

❉❡✜♥✐❝❥❛ ✻✳✷✳ ❉❡❦❧❛r❛❝❥→ ✇ ❥➛③②❦✉ L4 ❥❡st ❞❡❦❧❛r❛✲
❝❥❛ ③♠✐❡♥♥❡❥ t❛❜❧✐❝♦✇❡❥ ❧✉❜ ❞❡❦❧❛r❛❝❥❛ ③ ❥➛③②❦❛ L3✳

D4
df
= D3 ∪ {③❜✐ór ♥❛♣✐só✇ ♣♦st❛❝✐ : ✈❛r A : ❛rr❛②♦❢ T}

❣❞③✐❡ A ❥❡st ✐❞❡♥t②✜❦❛t♦r❡♠ ③♠✐❡♥♥❡❥✱ ❛ T ❥❡st t②♣❡♠
♣r♦st②♠ ④❜♦♦❧❡❛♥✱ ✐♥t❡❣❡r✱ r❡❛❧✱ ❝❤❛r✱ str✐♥❣ ⑥ ❧✉❜
t②♣❡♠ t❛❜❧✐❝♦✇②♠✳

❈✐→❣ ❞❡❦❧❛r❛❝❥✐ D ✇②st➛♣✉❥→❝② ✇ ♣r♦❣r❛♠✐❡ P ∈ D∗
4

t♦ s❦♦➠❝③♦♥② ❝✐→❣ ❞❡❦❧❛r❛❝❥✐ ③♠✐❡♥♥②❝❤ ♣r♦st②❝❤ ✐
st❛➟②❝❤ ✭❥❛❦ ✇ ❥➛③②❦✉ L3✮ ✐ ❞❡❦❧❛r❛❝❥✐ ③♠✐❡♥♥②❝❤ t❛✲
❜❧✐❝♦✇②❝❤✳

✶✵✸



❲②r❛➺❡♥✐❛✳ ❲ ③❜✐♦r③❡ ✇②r❛➺❡➠ ❞♦♣✉s③❝③❛❧♥❡ s→
❲②r❛➺❡♥✐❛ t❛❜❧✐❝♦✇❡✳ ❩❜✐♦r② ✇②r❛➺❡➠ t②♣✉ ♣r♦st❡❣♦
s→ ✇✐➛❦s③❡ ♥✐➺ ✇ ❥➛③②❦✉ L3✳ ❏❡➧❧✐ ❚ ❥❡st t②♣❡♠ t♦ ♥❛✲
♣✐s ♣♦st❛❝✐ → ③♠✐❡♥♥❡ ✐♥❞❡❦s♦✇❛♥❡ ♣♦st❛❝✐ A[i] ❣❞③✐❡
❆ ❥❡st ③♠✐❡♥♥→ t②♣✉ ❛rr❛② ♦❢ ❚✳
③♠✐❡♥♥❛ t❛❜❧✐❝♦✇❛ ❆ ❥❡st ✇②r❛➺❡♥✐❡♠ t❛❜❧✐❝♦✇②♠✱
❲②r❛➺❡♥✐❡♠ ♦❜✐❡❦t♦✇②♠ t❛❜❧✐❝♦✇②♠ ❥❡st ③♠✐❡♥♥❛
③❛❞❡❦❧❛r♦✇❛♥❛ ❥❛❦♦ ❛rr❛②♦❢ ❚ ♦r❛③ ❣❡♥❡r❛t♦r t❛❜❧✐❝②
❛rr❛② ❆ ❞✐♠ ✭❛✿❜✮
❲②r❛➺❡♥✐❡ ❛r②t♠❡t②❝③♥❡
❩♠✐❡♥♥❛ ✐♥❞❡❦s♦✇❛♥❛ ❆✭✐✮ ❥❡st ✇②r❛➺❡♥✐❡♠ t②♣✉ ❚

✇②r❛➺❡♥✐❡ ❜♦♦❧♦✇s❦✐❡
❆❂❇ ❣❞③✐❡ ❆ ✐ ❇ s→ ③♠✐❡♥♥②♠✐ t❡❣♦ s❛♠❡❣♦ t②♣✉ t❛✲
❜❧✐❝♦✇❡❣♦
✇②r❛➺❡♥✐❡ ❛r②t♠❡t②❝③♥❡
♥❛♣✐s② ❧♦✇❡r✭❆✮ ✐ ✉♣♣❡r✭❆✮ s→ ✇②r❛➺❡♥✐❛♠✐ ❛r②t♠❡t②❝③✲
♥②♠✐ ❝❛➟❦♦✇✐t♦❧✐❝③❜♦✇②♠✐✳

Pr③②❦➟❛❞

■♥str✉❦❝❥❡✳ ◆✐❡❝❤ ❆ ✐ ❇ ❜➛❞→ ③♠✐❡♥♥②♠✐ t❛❜❧✐❝♦✲
✇②♠✐✱ l ✐ u ✇②r❛➺❡♥✐❛♠✐ ❛r②t♠❡t②❝③♥②♠✐ t②♣✉ ❝❛➟❦♦✇✐t♦✲
❧✐❝③❜♦✇❡❣♦✳✳

❉❡✜♥✐❝❥❛ ✻✳✸✳ ❩❜✐ór At4 ✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤ ❥➛✲
③②❦❛ L4 ③❛✇✐❡r❛ ✐♥str✉❦❝❥❡ ❞r✉❦♦✇❛♥✐❛✱ ✐♥str✉❦❝❥❡ ♣r③②✲
♣✐s❛♥✐❛ ♦r❛③ ♦♣✐s❛♥② ♣♦♥✐➺❡❥ ③❜✐ór ✐♥str✉❦❝❥✐ ❛t♦♠♦✲
✇②❝❤ t❛❜❧✐❝♦✇②❝❤

At4
df
= At3 ∪







❛rr❛② ❆ ❞✐♠✭❧✿✉✮✱
❆✿❂❇✱
❇✿❂ ❝♦♣②✭❆✮✱
❦✐❧❧✭❆✮







❉❡✜♥✐❝❥❛ ✻✳✹✳ ❩❜✐ór I4 ✐♥str✉❦❝❥✐ ❥➛③②❦❛ L4 ❥❡st ♥❛❥✲
♠♥✐❡❥s③②♠ ③❜✐♦r❡♠ ♥❛♣✐só✇ ③❛✇✐❡r❛❥→❝②♠ ③❜✐ór ✐♥✲
str✉❦❝❥✐ ❛t♦♠♦✇②❝❤ At4 ✐ ③❛♠❦♥✐➛t②♠ ③❡ ✇③❣❧➛❞✉ ♥❛
♦♣❡r❛❝❥❡ t✇♦r③❡♥✐❛ ✐♥str✉❦❝❥✐ ✇❛r✉♥❦♦✇②❝❤ ✭✐❢✮✱ ✐♥✲
str✉❦❝❥✐ ♣♦✇t❛r③❛♥✐❛ ✭❢♦r✮ ✐ s❦➟❛❞❛♥✐❛✱ t❥✳ ➟→❝③❡♥✐❛
✐♥str✉❦❝❥✐ ③♥❛❦✐❡♠ ➧r❡❞♥✐❦❛ ✭❀✮✳

✶✵✹



✷✳✶✳ ❙❡♠❛♥t②❦❛✳ ❩♥❛❝③❡♥✐❡ ③♠✐❡♥♥❡❥ t❛❜❧✐❝♦✇❡❥✳
❲②③♥❛❝③❛♥✐❡ ③♠✐❡♥♥❡❥ t❛❜❧✐❝♦✇❡❥✿ ❥❡➧❧✐ ③♠✐❡♥♥❛ ✐♥✲
❞❡❦s♦✇❛♥❛ ❥❡st ♣♦st❛❝✐ A[τ ] t♦ tr③❡❜❛ ✇②③♥❛❝③②❝ ✇❛r✲
t♦➧➣ l = τ(v) ✇②r❛➺❡♥✐❛ ✐♥❞❡❦s✉❥→❝❡❣♦ τ ✐ ♥❛st❡♣♥✐❡ ♥❛✲
❧❡➺② s♣r❛✇❞③✐➣ ❝③② ✇ ♦❜✐❡❦❝✐❡ t❛❜❧✐❝♦✇②♠ ❆ ✐st♥✐❡❥❡
③♠✐❡♥♥❛ ❆❬❧❪ ✳

✸✳ ❑♦♠♣✉t❡r K4

❚❡♥ ❦♦♠♣✉t❡r ❥❡st r♦③s③❡r③❡♥✐❡♠ ❦♦♠♣✉t❡r❛ K3

✐ ♣♦tr❛✜ ✇②❦♦♥②✇❛➣ ✇s③❡❧❦✐❡ ♣♦❧❡❝❡♥✐❛✱ ❥❛❦✐❡ ✉♠✐❡
✇②❦♦♥②✇❛➣ t❡♥ ♦st❛t♥✐✱ ❛ ♣♦♥❛❞t♦ ❦♦♠♣✉t❡r K4 ♣♦✲
tr❛✜✿ ✉t✇♦r③②➣ ♦❜✐❡❦t t❛❜❧✐❝♦✇②✱ ♦❞❝③②t❛➣ ✇❛rt♦➧➣
③♠✐❡♥♥❡❥ ✐♥❞❡❦s♦✇❛♥❡❥ ✱ ♣r③②♣✐s❛➣ ③♠✐❡♥♥❡❥ ✐♥❞❡❦s♦✲
✇❛♥❡❥ ♥♦✇→ ✇❛rt♦➧➣✱ ✉s✉♥→➣ ♦❜✐❡❦t t❛❜❧✐❝♦✇② ❆ ✇②✲
❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❡ ❦✐❧❧✭❆✮✳
❘❡♣❡rt✉❛r ♣♦❧❡❝❡➠ ❦♦♠♣✉t❡r❛ K4 ③❛✇✐❡r❛ ✇s③②st❦✐❡
r♦❞③❛❥❡ ♣♦❧❡❝❡➠ ③♥❛♥❡ ♥❛♠ ③ ♦♣✐só✇ ✇❝③❡➧♥✐❡❥s③②❝❤
✐ ♣♦♥❛❞t♦ ♣♦❧❡❝❡♥✐❛ ♥❛st➛♣✉❥❛❝❡✿

✭✶✮ ❯t✇ór③ ♦❜✐❡❦t t❛❜❧✐❝♦✇②
〈Pam, ❛rr❛② ❆ ❞✐♠✭❧✿✉✮❀ ■♥s〉 7→ 〈Pam ∪ {o}, ■♥s〉
❣❞③✐❡ Pam′ = Pam∪{o} ❥❡st st❛♥❡♠ ♣❛♠✐➛❝✐ Pam
♣♦✇✐➛❦s③♦♥②♠ ♦ ♥♦✇② ♦❜✐❡❦t t❛❜❧✐❝♦✇② o ✳✳✳✱
✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ t❛❜❧✐❝♦✇❡❥ ❆ ❥❡st ♦❜✐❡❦t o

✭✐✮ ❖❜❧✐❝③ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠ ❛r②t♠❡t②❝③♥②❝❤
l ✐ u✳

✭✐✐✮ ❉♦ ✐st♥✐❡❥→❝❡❣♦ ③❜✐♦r✉ ♦❜✐❡❦tó✇ Pam ❞♦✲
❞❛❥ ♥♦✇② ♦❜✐❡❦t o r♦③♠✐❛r③❡ u−l+1 ✐ ♣r③②✲
♣✐s③ ❣♦ ❥❛❦♦ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ A✳

✭✐✐✐✮ ❩♠✐❡♥♥②♠ ✐♥❞❡❦s♦✇❛♥②♠ A(l), A(l+1), A(u)
♣r③②♣✐s③ ✇❛rt♦➧❝✐ ♣♦❝③→t❦♦✇❡ ③❣♦❞♥❡ ③
t②♣❡♠ T

✭✷✮ Pr③②♣✐s③ ③♠✐❡♥♥❡❥ t❛❜❧✐❝♦✇❡❥ ❆ ♦❜✐❡❦t t❛❜❧✐✲
❝♦✇② ❇ ❆ ✿❂ ❇
❲ ❡❢❡❦❝✐❡ ✇②❦♦♥❛♥✐❛ t❡❥ ✐♥str✉❦❝❥✐ ♥♦✇❛ ✇❛r✲
t♦➧➣ ③♠✐❡♥♥❡❥ A t♦ ♦❜✐❡❦t t❛❜❧✐❝♦✇② ❜➛❞→❝②
✇❛rt♦➧❝✐→ ✇②r❛➺❡♥♥✐❛ t❛❜❧✐❝♦✇❡❣♦ B✳

✭✸✮ ❙t✇ór③ ❦♦♣✐➛ ♦❜✐❡❦t✉ t❛❜❧✐❝♦✇❡❣♦ ❇ ✿❂ ❝♦♣②✭❆✮
✭✐✮ ◆✐❡❝❤ ♦❜✐❡❦t o ❜➛❞③✐❡ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥

t❛❜❧✐❝♦✇❡❥ ❆✳
✶✵✺



✭✐✐✮ ❙t✇ór③ ♥♦✇② ♦❜✐❡❦t t❛❜❧✐❝♦✇② o′ ❜➛❞→❝②
❦♦♣✐→ ♦❜✐❡❦t✉ ❆✳

✭✐✐✐✮ Pr③②♣✐s③ ♦❜✐❡❦t o′ ❥❛❦♦ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥
t❛❜❧✐❝♦✇❡❥ ❇✳

❲➟❛➧❝✐✇✐❡✱ ✐♥str✉❦❝❥❛ ❇✿❂❝♦♣②✭❆✮ ❥❡st s❦rót❡♠
♦③♥❛❝③❛❥→❝②♠ ♥❛st➛♣✉❥→❝→ ♣❛r➛ ✐♥str✉❦❝❥✐

B := copy(A)
df
=







❛rr❛② B ❞✐♠(lower(A) : upper(A));
❢♦r i := lower(A) t♦ upper(A) ❞♦

B(i) := A(i)
♦❞







✭✹✮ ❯s✉➠ ♦❜✐❡❦t t❛❜❧✐❝♦✇②
❏❡➧❧✐ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ ❆ ❥❡st ♥♦♥❡ t♦ ♥✐❝
♥✐❡ ró❜✳ ❲ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉ ✭t③♥✳ ❣❞②
✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ ❆ ❥❡st ♦❜✐❡❦t t❛❜❧✐❝♦✇② o✮✱
♣r③②♣✐s③ ✇s③②st❦✐♠ ③♠✐❡♥♥②♠✱ ❦tór②❝❤ ✇❛r✲
t♦➧❝✐→ ❥❡st ♦❜✐❡❦t o ✭✇ t②♠ ③♠✐❡♥♥❡❥ ❆✮ ✇❛r✲
t♦➧➣ ♥♦♥❡ ✐ ✉s✉➠ ♦❜✐❡❦t o t③♥✳ ③❜✐ór ❥❡❞♥♦st❡❦
❞②♥❛♠✐❝③♥②❝❤ Pam′ = Pam \ {o}✳
❲❛➺♥❡✳ ❈③❛s ✇②❦♦♥❛♥✐❛ ♦♣❡r❛❝❥✐ ❦✐❧❧✭❆✮ ♥✐❡ ③❛✲
❧❡➺② ♦❞ ❧✐❝③❜② ③♠✐❡♥♥②❝❤ ✇s❦❛③✉❥→❝②❝❤ ♦❜✐❡❦t
o ❥❛❦♦ s✇♦❥→ ✇❛rt♦➧➣✦

✭✺✮ ❲②③♥❛❝③ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ ❆✭✐✮

❏❡➧❧✐ A 6= ♥♦♥❡
t♦

④ ❥❡➧❧✐ lower(A) ≤ i ≤ upper(A)
t♦
✇❛rt♦s❝✐→ ✇②r❛➺❡♥✐❛ A(i) ❥❡st ✇❛rt♦➧➣ i✲t❡❣♦ ❡❧❡♠❡♥t✉ t❛❜❧✐❝②

✐♥❛❝③❡❥
♣♦❞♥✐❡➧ s②❣♥❛➟ ❜➟➛❞✉ ✭❛rr❛② ✐♥❞❡① ❡rr♦r✮

⑥
✐♥❛❝③❡❥

♣♦❞♥✐❡➧ s②❣♥❛➟ ❜➟➛❞✉ ✭r❡❢❡r❡♥❝❡ t♦ ♥♦♥❡✮
❦♦♥✐❡❝

❙♣r❛✇❞➵ ❝③② ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ ❆ ❥❡st ró➺♥❛
♦❞ ♥♦♥❡✳ ❏❡➧❧✐ ❥❡st t♦ ♣♦❞♥✐❡➧ s②❣♥❛➟ ❜➟➛❞✉ ✕
r❛✐s❡ ❘❡❢❡r❡♥❝❡ t♦ ◆♦♥❡✳ ●❞② ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ ❆
❥❡st ♦❜✐❡❦t t❛❜❧✐❝♦✇② o✱ t♦ s♣r❛✇❞➵ ❝③② s♣❡➟✲
♥✐♦♥② ❥❡st ✇❛r✉♥❡❦ lower(A) ≤ i ≤ upper(A)❄ ❏❡➧❧✐

✶✵✻



✇❛r✉♥❡❦ t❡♥ ♥✐❡ ❥❡st s♣❡➟♥✐♦♥② t♦ ♣♦❞♥✐❡➧ s②✲
❣♥❛➟ ❜➟❡❞✉ ✕ ❛rr❛② ✐♥❞❡① ❡rr♦r✳ ❏❡➧❧✐ ✇❛r✉♥❡❦ ❥❡st
s♣❡➟♥✐♦♥② t♦ ✇❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛ ❆✭✐✮ ❥❡st i✲t②
❡❧❡♠❡♥t ♦❜✐❡❦t✉ o

✭✻✮ ❩♠✐❡➠ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ ❆✭ι✮ ❆✭✐✮ ✿❂ ω
❖❜❧✐❝③ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ι✳◆✐❡❝❤ t♦ ❜➛❞③✐❡ i✳
❲②③♥❛❝③ ③♠✐❡♥♥→ ❆✭✐✮✳ ◆✐❡❝❤ t♦ ❜➛❞③✐❡ ③♠✐❡♥♥❛
z✳ ♣♦♣r❛✇ ♦③♥❛❝③❡♥✐❡ ③
❖❜❧✐❝③ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ω✳ ◆✐❡❝❤ t♦ ❜➛❞③✐❡
w✳
❏❡➧❧✐ t②♣② ③♠✐❡♥♥❡❥ z ✐ ✇❛rt♦➧❝✐ w ♥✐❡ s→ ③❣♦❞♥❡
t♦ ♣♦❞♥✐❡➧ s②❣♥❛➟ ❜➟➛❞✉✳
Pr③②♣✐s③ ③♠✐❡♥♥❡❥ z ✇②❧✐❝③♦♥→ ✇❛rt♦➧➣ w✳

❖♣❡r❛❝❥❡ ♥❛ t❛❜❧✐❝❛❝❤✳ ❏❡➧❧✐ ♠❛♠② ❞✇✐❡ ③♠✐❡♥♥❡
t❡❣♦ s❛♠❡❣♦ t②♣✉ t❛❜❧✐❝♦✇❡❣♦

✈❛r ❆✱ ❇✿ ❛rrr❛②♦❢ ✐♥t❡❣❡r❀
❛rr❛② ❆ ❞✐♠✭✷✿✼✮❀

t♦ ♦❜✐❡ t❡ ③♠✐❡♥♥❡ ♠♦❣→ ✇s❦❛③②✇❛➣ ♥❛ t➛ s❛♠→ t❛✲
❜❧✐❝➛

❇ ✿❂❆ ❀
P♦ ✇②❦♦♥❛♥✐✉ t❡❥ ✐♥str✉❦❝❥✐ s♣❡➟♥✐♦♥② ❥❡st ✇❛r✉♥❡❦
✭❢♦r♠✉➟❛✮ ❆❂❇✳
◆❛t♦♠✐❛st ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐

❇ ✿❂ ❝♦♣②✭❆✮❀
t✇♦r③② ♥♦✇→ t❛❜❧✐❝➛ ❜➛❞→❝→ ❦♦♣✐→ t❛❜❧✐❝② ❆ ✐ t➛ ♥♦✇→
t❛❜❧✐❝➛ ♣r③②♣✐s✉❥❡ ❥❛❦♦ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ ❇✳
◆❛r②s✉❥ ❞✐❛❣r❛♠② ✐❧✉str✉❥→❝❡ ró➺♥✐❝➛ ♣♦♠✐➛❞③② t②♠✐
✐♥str✉❦❝❥❛♠✐✦ P♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ♣r③②✲
♣✐s❛♥✐❛ ❆ ✿❂ ❇ ✇❛③♥❛ ❥❡st ③❣♦❞♥♦➧➣ t②♣ó✇ ③♠✐❡♥♥②❝❤
❆ ✐ ❇✳ ◆✐❡ ❥❡st ✇❛➺♥② r♦③♠✐❛r t❛❜❧✐❝ ❆ ✐ ❇ ❧❡❝③ ❝③②
t②♣② ✐❝❤ ❡❧❡♠♥tó✇ s❛ ③❣♦❞♥❡✳
Pr③❡❞ ✇②❦♦♥❛♥✐❡♠ ✐♥str✉❦❝❥✐ ❇ ✿❂ ❆ r♦③♠✐❛r t❛❜❧✐❝②
❇ ♠♦➺❡ ❜②➣ ✐♥♥② ♥✐③ r♦③♠✐❛r t❛❜❧✐❝② ❆✳
❖❜✐❡❦t t❛❜❧✐❝♦✇② o ♠♦➺❡ ❜②➣ ✇❛rt♦➧❝✐❛ ✇✐❡❧✉ ③♠✐❡♥✲
♥②❝❤✱ ♣♦❞ ✇❛r✉♥❦✐❡♠✱ ➺❡ ③♠✐❡♥♥❡ t❡ ♠❛❥❛ ③❛❞❡❦❧❛✲
r♦✇❛♥❡ ③❣♦❞♥❡ t②♣②✳

❖❜✐❡❦t t❛❜❧✐❝♦✇② o ❥❡st ❝✐→❣✐❡♠ ③♠✐❡♥♥②❝❤✳ ❲②r❛✲
➺❡♥✐❡ ❆✭✐✮ ♠❛ ✇❛rt♦➧➣ ✇②③♥❛❝③♦♥→ ✇ t❡♥ s♣♦só❜✱ ➺❡
♦❜❧✐❝③❛♠② ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ i ✇ ♥❛✇✐❛s❛❝❤ ✐ ③ ❦♦❧❡✐
✇②③♥❛❝③❛♠② ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ ❆✭✈❛❧✭✐✮✮✳

✶✵✼



❧♦✇❡r ✐ ✉♣♣❡r✳ ❲ tr❛❦❝✐❡ ♠♦➺❡ ✇②st→♣✐❝ ❜➟→❞ ✏❛r✲
r❛② ✐♥❞❡① ❡rr♦r✑✳ ❈♦ t♦ ③♥❛❝③②❄ ❏❛❦ ✉♥✐❦❛❝ t❛❦✐❡❣♦
❜➟➛❞✉❄

❇➟→❞ ✏r❡❢❡r❡♥❝❡ t♦ ♥♦♥❡✑✳ ❲ ❥❛❦✐ s♣♦só❜ ♠♦➺❡ ♣♦✲
✇st❛❝ t❛❦✐ ❜➟→❞❄

Pr③②❦➟❛❞ ✻✳✸✳ ♣r③②❦➟❛❞ ♣r♦❣r❛♠✉ ❲ t②♠ ♣r♦❣r❛✲
♠✐❡ ❥❡st ❜➟→❞✳ ❏❛❦✐❄ ◆❛♣r❛✇ t♦✳
♣r♦❣r❛♠ ✐❧❙❦❛❧❀
✭✯ ♦❜❧✐❝③❛♥✐❡ ✐❧♦❝③②♥✉ s❦❛❧❛r♥❡❣♦ ✇❡❦t♦ró✇ ✯✮
✈❛r ♥✱✐✱ ✐❧♦❝③②♥✿ ✐♥t❡❣❡r❀
✈❛r ❆✱ ❇✿ ❛rr❛②♦❢ ✐♥t❡❣❡r❀

❜❡❣✐♥
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❇✭✐✮✮ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥② ❆ ✯ ❇❂✑✱ ✐❧♦❝③②♥✮

❡♥❞

Pr③②❦➟❛❞ ✻✳✹✳ ♣r③②❦➟❛❞ ♣r♦❣r❛♠✉ ❲ t②♠ ♣r♦❣r❛✲
♠✐❡ ❥❡st ❜➟→❞✳ ❏❛❦✐❄ ◆❛♣r❛✇ t♦✳
♣r♦❣r❛♠ ✐❧❙❦❛❧❀
✭✯ ♦❜❧✐❝③❛♥✐❡ ✐❧♦❝③②♥✉ s❦❛❧❛r♥❡❣♦ ✇❡❦t♦ró✇ ✯✮
✈❛r ♥✱✐✱ ✐❧♦❝③②♥✿ ✐♥t❡❣❡r❀
✈❛r ❆✱ ❇✿ ❛rr❛②♦❢ ✐♥t❡❣❡r❀

❜❡❣✐♥
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✵ t♦ ♥ ❞♦ r❡❛❞✭❇✭✐✮✮ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥✰✸ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥② ❆ ✯ ❇❂✑✱ ✐❧♦❝③②♥✮

❡♥❞
✶✵✽



Pr③②❦➟❛❞ ✻✳✺✳ ♣r③②❦➟❛❞ ♣r♦❣r❛♠✉ ❲ t②♠ ♣r♦❣r❛✲
♠✐❡ ❥❡st ❜➟→❞✳ ❏❛❦✐❄ ◆❛♣r❛✇ t♦✳
♣r♦❣r❛♠ ✐❧❙❦❛❧❀
✭✯ ♦❜❧✐❝③❛♥✐❡ ✐❧♦❝③②♥✉ s❦❛❧❛r♥❡❣♦ ✇❡❦t♦ró✇ ✯✮
✈❛r ♥✱✐✱ ✐❧♦❝③②♥✿ ✐♥t❡❣❡r❀
✈❛r ❆✱ ❇✿ ❛rr❛②♦❢ ✐♥t❡❣❡r❀

❜❡❣✐♥
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭♥✿♥✲✷✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❆✭✐✮✮ ♦❞❀
r❡❛❞❧♥❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ r❡❛❞✭❇✭✐✮✮ ♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ✐❧♦❝③②♥ ✿❂✐❧♦❝③②♥ ✰❆✭✐✮✯❇✭✐✮ ♦❞❀
✇r✐t❡❧♥✭✏■❧♦❝③②♥ s❦❛❧❛r♥② ❆ ✯ ❇❂✑✱ ✐❧♦❝③②♥✮

❡♥❞

✹✳ ❙❡♠❛♥t②❦❛

❆❦s❥♦♠❛t ✭♥✐❡③♠✐❡♥♥✐❦✮ ❥➛③②❦❛ ▲♦❣❧❛♥

◆✐❡③♠✐❡♥♥✐❦ s②st❡♠✉ ▲♦❣❧❛♥✳ ❉❧❛ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥
t❛❜❧✐❝♦✇❡❥ ❆ ❥❡❥ ✇❛rt♦➧➣ ❥❡st ♦❜✐❡❦t❡♠ t❛❜❧✐❝♦✇②♠
t②♣✉ ❛rr❛②♦❢ ❚ ✇②♠✐❡♥✐♦♥❡❣♦ ✇ ❞❡❦❧❛r❛❝❥✐ ③♠✐❡♥♥❡❥ ❆
❧✉❜ ❥❡st ró✇♥❛ ♥♦♥❡✳

T4 ⊢ ❆ ✐♥ ❛rr❛②♦❢ ❚ ∨ ❆ = ♥♦♥❡

P♦❝③→t❦♦✇❛ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ t❛❜❧✐❝♦✇❡❥ c0 = ♥♦♥❡
❆❦s❥♦♠❛t ✉t✇♦r③❡♥✐❛ t❛❜❧✐❝②
◆✐❡❝❤ ♥❛♣✐s ❆ ❜➛❞③✐❡ ③❛❞❡❦❧❛r♦✇❛♥→ ③♠✐❡♥♥→ t❛❜❧✐✲
❝♦✇→ t②♣✉ ❛rr❛②♦❢ ❚✱ ♥✐❡❝❤ ♥❛♣✐s② δ ✐ µ ❜➛❞→ ✇②r❛➺❡✲
♥✐❛♠✐ ❛r②t♠❡t②❝③♥②♠✐✳ ❙②♠❜♦❧ c0 ♦③♥❛❝③❛ ✇❛rt♦➧➣
♣♦❝③→t❦♦✇→ t②♣✉ ❚✳✶ P♦❧❡❝❡♥✐❡ ❛rr❛② ❆ ❞✐♠✭δ✿µ✮ ♠❛ ❡❢❡❦t
♦♣✐s❛♥② ❢♦r♠✉➟❛♠✐ ♦ s❝❤❡♠❛❝✐❡ ♣♦❞❛♥②♠ ♣♦♥✐➺❡❥✿

✭❆①❆rr✮
u ≥ l ⇒ {❛rr❛② A ❞✐♠ (l : u)}(A 6= ♥♦♥❡ ∧ lower(A) = l∧

upper(A) = u ∧
u

∀
i=l

A(i) = c0)

✶Pr③②♣♦♠♥✐❥♠② ❞❧❛ t②♣✉ ✐♥t❡❣❡r ❥❡st t♦ ✵✱ ❞❧❛ t②♣✉ ❇♦♦❧❡❛♥
❥❡st t♦ ❢❛❧s❡✱ ❞❧❛ t②♣✉ t❛❜❧✐❝♦✇❡❣♦ ❥❡st t♦ ♥♦♥❡✳

✶✵✾



♣♦♣r❛✇ t❡♥ ❛❦s❥♦♠❛❚✿ ❥❛❦ ③❛♣✐s❛➣✱ ➺❡ ❆ ❥❡st ró➺♥❡
♦❞ ✇s③②st❦✐❝❤ ❞♦t②❝❤❝③❛s♦✇②❝❤ ♦❜✐❡❦tó✇✱ ❥❛❦ ③❛♣✐✲
s❛➣✱ ➺❡ ❧✐❝③❜❛ ♦❜✐❡❦tó✇ t❛❜❧✐❝♦✇②❝❤ ❥❡st s❦♦➠❝③♦♥❛❄
✉✇③❣❧➛❞♥✐❥ t②♣ ❚
❆❦s❥♦♠❛t ♣r③②♣✐s❛♥✐❛
P❘❊ ⇒ ④❆✭✐✮✿❂✇②r ⑥✭P❖❙❚ ✮

❚✇✐❡r❞③❡♥✐❡ ✻✳✶✳ ❩❛❦➟❛❞❛♠②✱ ➺❡ B ❥❡st t❛❜❧✐❝→ n✲
❡❧❡♠❡♥t♦✇→ B1, . . . , Bn✳ ◆✐❡❝❤ i ❜➛❞③✐❡ ③♠✐❡♥♥→ t②♣✉
✐♥t❡❣❡r✳ ◆✐❡❝❤ P (i) ♦③♥❛❝③❛ ❝✐→❣ ✐♥str✉❦❝❥✐✱ t❛❦✐ ➺❡✱
♥❛♣✐s B(i) ♥✐❡ ✇②st➛♣✉❥❡ ✇ ♥✐♠ ♣♦ ♣r❛✇❡❥ str♦♥✐❡ ✐♥✲
str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✱ t③♥✳ ❥❡st ♣r❛✇❞→✱ ➺❡ j = k ⇒
P (i)(j = k)✳ P♦♥✐➺s③❛ r❡❣✉➟❛ ✇♥✐♦s❦♦✇❛♥✐❛ ❥❡st ♣♦✲
♣r❛✇♥❛ ✇ s②st❡♠✐❡ ▲♦❣❧❛♥

T4 ⊢ ∀ni=1 {P (i)} (B(i) = τ(i))






for i← 1 to n do

P (i)
od






∀ni=1 (B(i) = τ(i))

❉♦✇ó❞✳ ❩❛st♦s✉❥❡♠② ♣♦♣r③❡❞♥✐❡ t✇✐❡r❞③❡♥✐❡ ✇♣r✲
❦✇♦❣ ✳✳✳ �

Pr③②❞❛t♥❛ t❡➺ ❜➛❞③✐❡ ♦❞♠✐❛♥❛ ♣♦✇②➺s③❡❣♦ t✇✐❡r✲
❞③❡♥✐❛

❚✇✐❡r❞③❡♥✐❡ ✻✳✷✳ ❏❡➧❧✐

T4 ⊢ ∃ni=1 {P (i)} (B(i) = τ(i))






for i← 1 to n do

P (i)
od






∃ni=1 (B(i) = τ(i))

✺✳ ❚❛❜❧✐❝❡ ❞✇✉✇s❦❛➵♥✐❦♦✇❡✳

❚❛❜❧✐❝❛ ❞✇✉✇s❦❛➵♥✐❦♦✇❛ ♠♦➺❡ ✭✐ ✇ ▲♦❣❧❛♥✐❡ ♠✉s✐✮
❜②➣ t❛❜❧✐❝→ t❛❜❧✐❝✳
✈❛r ❆✱ ❇✱ ❈✿ ❛rr❛②♦❢ ❛rr❛②♦❢ r❡❛❧❀
✳✳✳
❛rr❛② ❆ ❞✐♠✭✶✿♥✮❀
❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦
❛rr❛② ❆✭✐✮ ❞✐♠✭✶✿♥✮
♦❞❀

✶✶✵



▼♦➺❡ t♦ ❥❡st ✉❝✐→➺❧✐✇❡✱ ❛❧❡ st✇❛r③❛ ♠♦➺❧✐✇♦➧➣ t✇♦r③❡✲
♥✐❛ t❛❜❧✐❝ ♦ ró➺♥②❝❤ ❦s③t❛➟t❛❝❤✱ ♥♣✳ t❛❜❧✐❝❡ tró❥❦→t♥❡✱
t❛❜❧✐❝❡ ✇st➛❣♦✇❡✱ ❡t❝✳

Pr③②❦➟❛❞ ✻✳✻✳ ❩❛♣✐s❛➣ ♠❛❝✐❡r③ tró❥❦→t♥→ ❣ór♥→






a11 a12 . . . a1n
a22 . . . a2n

✳ ✳ ✳
ann







❩❛❞❡❦❧❛r✉❥ t❛❜❧✐❝➛ ❞✇✉✇s❦❛③♥✐❦♦✇→
✈❛r ❆ ❛rr❛②♦❢ ❛rr❛②♦❢ r❡❛❧❀
❯t✇ór③ t❛❜❧✐❝➛
❛rr❛② ❆ ❞✐♠✭✶✿♥✮❀
❢♦r ✐✿❂✶ t♦ ♥ ❞♦ ❛rr❛② ❆✭✐✮ ❞✐♠✭✐✿♥✮❀
❯t✇♦r③②♠② ✇ t❡♥ s♣♦só❜ t❛❜❧✐❝➛ ♦ ♥ ✇✐❡rs③❛❝❤ ❆✭✶✮
✱ ✳✳✳ ✱ ❆✭♥✮✳ ❉❧❛ ✐❂✶✱ ✳✳✳✱ ♥✳ ✐✲t② ✇✐❡rs③ ♠❛ ❡❧❡♠❡♥t②
♦ ♥✉♠❡r❛❝❤ ♦❞ ✐ ❞♦ ♥✱ ❆✭✐✱✐✮✱ ✳✳✳ ❆✭✐✱♥✮✳ P♦③♦st❛❥❡
✇②♣❡➟♥✐➣ t➛ t❛❜❧✐❝➛✳ ■❧❡ ♠✐❡❥s❝❛ ♦♥❛ ③❛❥♠✐❡❄

✳ ❈♦ ③r♦❜✐➣ ❣❞② t❛❜❧✐❝❛ A ♥✐❡ ❥❡st ❥✉③ ♣♦tr③❡❜♥❛❄
P♦③❜②➣ s✐➛ ❥❡❥ ✇②❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❡ ❦✐❧❧✭❆✮❀ ❙❡♠❛♥✲
t②❦❛ ♣♦❧❡❝❡♥✐❛ ❦✐❧❧ ❥❡st ♦♣✐s❛♥❛ ♣r③❡③ ♥❛st➛♣✉❥→❝② ❛❦✲
s❥♦♠❛t

◆✐❡③♠✐❡♥♥✐❦ s②st❡♠✉ ▲♦❣❧❛♥✳ ❏❡➧❧✐ ③♠✐❡♥♥❡ ❆✱ ❇✱
❈ ✇s❦❛③✉❥→ ♥❛ ♣❡✇✐❡♥ ♦❜✐❡❦t t❛❜❧✐❝♦✇②✱ t♦ ♣♦ ✇②❦♦✲
♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ ❦✐❧❧✭❇✮ ✇s③②st❦✐❡ tr③② ③♠✐❡♥♥❡ ♣r③②❥✲
♠✉❥→ ✇❛rt♦➧➣ ♥♦♥❡✱ ❛ ♦❜✐❡❦t ③♦st❛❥❡ ✉s✉♥✐➛t②✳

▲O●▲A◆ ⊢ (A = B = C 6= none)⇒ {kill(A)}(A = B = C = none)

❖❝③②✇✐➧❝✐❡✱ t♦ s❛♠♦ ♠♦➺♥❛ ♣♦✇✐❡❞③✐❡➣ ❣❞② ♥❛ ♣❡✲
✇✐❡♥ ♦❜✐❡❦t ✇s❦❛③✉❥→ ❞✇✐❡✱ ♣✐➛➣✱ ❧✉❜ ✇✐➛❝❡❥ ③♠✐❡♥✲
♥②❝❤✳

❆❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✳ ❚❡♥ ❛❦s❥♦♠❛t ✇②✲
♠❛❣❛ ♣♦♥♦✇♥❡❣♦ s❢♦r♠✉➟♦✇❛♥✐❛✳ ❋♦r♠✉➟❛ {x := τ}α(x)⇔ α(x/τ)

♥✐❡ ♦♣✐s✉❥❡ ❝❛➟❡❥ ♣r❛✇❞② ♦ st❛♥✐❡ ♣❛♠✐➛❝✐ ♣♦ ✇②✲
❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ♥♣✳ A(3) := 7✳ ❏❡✲
➧❧✐ ❜♦✇✐❡♠ ♣r③❡❞ ✇②❦♦♥❛♥✐❡♠ t❡❥ ✐♥str✉❦❝❥✐ ♥❛ t❛✲
❜❧✐❝➛ ❆ ✇s❦❛③②✇❛➟❛ t❛❦➺❡ ③♠✐❡♥♥❛ B t♦ ♣♦ ✇②❦♦♥❛✲
♥✐✉ t❡❥ ✐♥str✉❦❝❥✐ ③❛❝❤♦❞③✐ ✇❛r✉♥❡❦ A(3) = 7 ∧ B(3) =

✶✶✶



7✳ ❛❦s❥✳❄ ③❛st♦s✉❥ ❞✇✉❦r♦t♥✐❡ ❛❦s❥✳ ♣r③②♣✐s❛♥✐❛ ❲
③✇✐→③❦✉ ③ t②♠ ③❛❧❡❝❛♥❡ ❥❡st st♦s♦✇❛♥✐❡ ♥❛st➛♣✉❥→✲
❝❡❥ r❡❣✉➟②✿ ❏❡➧❧✐ ③♠✐❡♥♥❛ x ❥❡st ❡❧❡♠❡♥t❡♠ t❛❜❧✐❝②
A ✐ ❢♦r♠✉➟❛ α(x/τ) ③❛✇✐❡r❛ t❛❦➺❡ ❦❧❛✉③✉❧❡ ✇②❧✐❝③❛✲
❥→❝❡ ✇s③②st❦✐❡ ❛❧✐❛s② ♦❜✐❡❦t✉ o ✇s❦❛③②✇❛♥❡❣♦ ♣r③❡③
③♠✐❡♥♥→ t❛❜❧✐❝♦✇→ A✱ t♦ ❢♦r♠✉➟❛ {x := τ}α(x)⇔ α(x/τ)

❥❡st ♣r❛✇❞③✐✇❛✳ ♣r③❡♠②➧❧ t❛❜❧✐❝❡ ❞✇✉✇s❦❛➵♥✐❦♦✇❡
◆✐❡❝❤ A ✐ B ❜➛❞→ ❞✇♦♠❛ ③♠✐❡♥♥②♠✐ t②♣✉ ❛rr❛②♦❢ ❛r✲
r❛②♦❢ ❚✳ ❏❡➧❧✐ s♣❡➟♥✐♦♥❛ ❥❡st ❢♦r♠✉➟❛ A = B t♦ ③♥❛❝③②✱
➺❡ ∀upper(A)i=lower(A)A(i) = B(i)✳ ❩ ❦♦❧❡✐ t♦✱ ➺❡ ③❛❝❤♦❞③✐ ró✇✲
♥♦➧➣ A(i) = B(i) ♦③♥❛❝③❛✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ lower(A(i)) ≤ j ≤
upper(A(i)) s♣❡➟♥✐♦♥❛ ❥❡st ró✇♥♦➧➣ A(i, j) = B(i, j)✳ ❆❧❡
♠♦➺❡ s✐➛ ③❞❛r③②➣✱ ➺❡ ✇ t❛❦✐♠ st❛♥✐❡ ③♦st❛♥✐❡ ✇②❦♦✲
♥❛♥❡ ♣♦❧❡❝❡♥✐❡ ③♠✐❡♥✐❛❥→❝❡ ♣❡✇✐❡♥ ✇✐❡rs③ t❛❜❧✐❝② B✱
♥♣✳ B(4) ← C✱ ❣❞③✐❡ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ C ❥❡st ♦❜✐❡❦t
t②♣✉ ❛rr❛②♦❢ ❚✳ ❲ ✇②♥✐❦✉ ♥❛❞❛❧ ❜➛❞③✐❡ ♣r❛✇❞→✱ ➺❡
A = B✱ ❛❧❡ ③♠✐❡♥✐♦♥❛ ③♦st❛➟❛ t❡➺ ✇❛rt♦➧➣ A(4) ✐ ❥❡st
ró✇♥❛ C✳ P♦❞♦❜♥✐❡ ❜➛❞③✐❡ ③ ✐♥str✉❦❝❥→ A(3, 7) ← τ ✳
◆❛❞❛❧ ③❛❝❤♦❞③✐ ró✇♥♦➧➣ A = B✳
◆❛t♦♠✐❛st ♣♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ A← D ❧✉❜ array A dim(2 :
9) ró✇♥♦➧➣ A = B ♣r③❡st❛❥❡ ③❛❝❤♦❞③✐➣✳

Pr③②❦➟❛❞ ✻✳✼✳ (A = B∧7 < 9)⇔ {B(3) := 7}(A = B∧A(3) <
9 ∧B(3) < 9)

✻✳ ❘♦③✇✐→③②✇❛♥✐❡ ✉❦➟❛❞✉ ró✇♥❛➠

❯♠✐❡♠② ♦♣❡r♦✇❛❝ ♥❛ t❛❜❧✐❝❛❝❤ ❞✇✉✇s❦❛➺♥✐❦♦✇②❝❤✳
❩♦❜❛❝③♠② ❞♦ ❝③❡❣♦ t❛❦✐❡ ♦❜✐❡❦t② s✐➛ ♣r③②❞❛❥→✳

◆❛❧❡➺② r♦③✇✐→③❛➣ ✉❦➟❛❞ ró✇♥❛➠ ❧✐♥✐♦✇②❝❤ ❞❛♥②
♣r③❡③ tró❥❦→t♥→✱ ♥✐❡♦s♦❜❧✐✇→ ♠❛❝✐❡r③ ❣ór♥→ ✇s♣ó➟✲
❝③②♥♥✐❦ó✇ A ✐ ✇❡❦t♦r ✇②r❛③ó✇ ✇♦❧♥②❝❤ B✳

A11x1 +A12x2 · · ·+ A1nxn = B1

+A22x2 · · ·+ A2nxn = B2

. . .

Annxn = Bn

❙③❦✐❝ ♣r♦❣r❛♠✉
♣r♦❣r❛♠ ●❀

✈❛r ❆✿ ❛rr❛②♦❢ ❛rr❛②♦❢ r❡❛❧✱ ❇✱ ❳✿ ❛rr❛②♦❢ r❡❛❧❀
✈❛r s✉♠✿ r❡❛❧✱ ♥✱ ❦✱ ❧✿ ✐♥t❡❣❡r❀

❜❡❣✐♥
✶✶✷



✭✯ ✉t✇ór③ ✐ ③❛✐♥✐❝❥✉❥ t❛❜❧✐❝❡ ❆ ✐ ❇ ✯✮
r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠✭✶✿♥✮❀
❢♦r ❦ ✿❂ ✶ t♦ ♥ ❞♦ ❛rr❛② ❆✭❦✮ ❞✐♠✭✶✿♥✮❀
❛rr❛② ❇ ❞✐♠ ✭✶✿♥✮❀
✭✯ ✇❝③②t❛❥ t❛❜❧✐❝❡ ❆ ✐ ❇ ✯✮
✳ ✳ ✳
❛rr❛② ❳ ❞✐♠ ✭✶ ✿♥✮❀
✭✯ ♦❜❧✐❝③ t❛❜❧✐❝❡ ❳ ✯✮
❢♦r ❦✿ ❂♥ ❞♦✇♥t♦ ✶ ❞♦

s✉♠❛ ✿❂✵❀
❢♦r ❥✿ ❂ ❦✰ ✶ t♦ ♥ ❞♦ s✉♠❛ ✿❂ s✉♠❛✰❆✭❦✱❥✮✯❳✭❥✮ ♦❞❀
❳✭❦✮✿ ❂✭ ❇✭❦✮✲s✉♠❛✮✴ ❆✭❦✱❦✮

♦❞
✭✯ ✇②❞r✉❦✉❥ t❛❜❧✐❝❡ ❳ ✯✮

❡♥❞

❯❞♦✇♦❞♥✐♠② ♥❛st➛♣✉❥→❝②

▲❡♠❛t ✻✳✸✳ ❏❡➺❡❧✐ A ❥❡st tró❥❦→t♥→✱ ♥✐❡♦s♦❜❧✐✇→ ♠❛✲
❝✐❡r③→ ❣ór♥→ ✐ t❛❜❧✐❝❛ B ❥❡st ✇❡❦t♦r❡♠ ✇②r❛③ó✇ ✇♦❧✲
♥②❝❤ t♦ ♣r❛✇❞③✐✇❛ ❥❡st ♥❛st➛♣✉❥→❝❛ ❢♦r♠✉➟❛

G :







❢♦r ❦✿ ❂♥ ❞♦✇♥t♦ ✶ ❞♦
s✉♠❛ ✿❂✵❀
❢♦r ❥✿ ❂ ❦✰ ✶ t♦ ♥ ❞♦
s✉♠❛ ✿❂ s✉♠❛✰❆✭❦✱❥✮✯❳✭❥✮
♦❞❀

❳✭❦✮✿ ❂✭❇✭❦✮✲s✉♠❛✮✴ ❆✭❦✱❦✮
♦❞







(
n

∀
i=1

n∑

j=i

A(i, j)∗X(j) = B(i)

)

❚♦ ♦③♥❛❝③❛✱ ➺❡ ✐♥str✉❦❝❥❛ G ♦❜❧✐❝③❛ r♦③✇✐→③❛♥✐❡ ♣♦✲
❞❛♥❡❣♦ ♣♦✇②➺❡❥ ✉❦➟❛❞✉ ró✇♥❛➠✳

❉♦✇ó❞✳ ◆❛❥♣✐❡r✇ ③❛✉✇❛➺♠②✱ ➺❡ ♥❛ ♠♦❝② t✇✐❡r❞③❡✲
♥✐❛ ✺✳✺✱ ❞❧❛ k = n, n− 1, . . . , 1 ③❛❝❤♦❞③→ ❢♦r♠✉➟②







s✉♠❛ ✿❂✵❀
❢♦r ❥✿ ❂ ❦✰ ✶ t♦ ♥ ❞♦
s✉♠❛ ✿❂ s✉♠❛✰❆✭❦✱❥✮✯❳✭❥✮

♦❞❀







( n∑

j=k+1

A(k, j)∗X(j) = suma

)

✶✶✸



❙t→❞ ✇♥✐♦s❦✉❥❡♠②✱ ➺❡ ❞❧❛ k = n, n − 1, . . . , 1 ③❛❝❤♦❞③→
❢♦r♠✉➟②






s✉♠❛ ✿❂✵❀
❢♦r ❥✿ ❂ ❦✰ ✶ t♦ ♥ ❞♦
s✉♠❛ ✿❂ s✉♠❛✰❆✭❦✱❥✮✯❳✭❥✮

♦❞❀
❳✭❦✮✿ ❂✭❇✭❦✮✲s✉♠❛✮✴ ❆✭❦✱❦✮












X(k) =

B(k)−
n∑

j=k+1

A(k, j) ∗X(j)

A(k, k)







❑❛➺❞❛ ③ t②❝❤ ❢♦r♠✉➟ ❥❡st ró✇♥♦✇❛➺♥❛ ♦❞♣♦✇✐❡❞♥✐♦
♥❛st➛♣✉❥→❝❡❥






s✉♠❛ ✿❂✵❀
❢♦r ❥✿ ❂ ❦✰ ✶ t♦ ♥ ❞♦
s✉♠❛ ✿❂ s✉♠❛✰❆✭❦✱❥✮✯❳✭❥✮

♦❞❀
❳✭❦✮✿ ❂✭❇✭❦✮✲s✉♠❛✮✴ ❆✭❦✱❦✮







( n∑

j=k

A(k, j)∗X(j)) = B(k)

)

❞❧❛ k = n, n− 1, . . . , 1✳

■ t♦ ✇➟❛➧❝✐✇✐❡ ❦♦➠❝③② ❞♦✇ó❞ ❧❡♠❛t✉✳ ❲❛rt♦ ❥❡s③✲
❝③❡ ③❛✉✇❛➺②➣ ❦♦❧❡❥♥♦➧➣ ✇ ❥❛❦✐❡❥ ♦❜❧✐❝③❛♠② ✇❛rt♦✲
➧❝✐ ♥✐❡✇✐❛❞♦♠②❝❤ xn, xn−1, . . . , 1✳ ❘❛③ ♦❜❧✐❝③♦♥❛ ✇❛rt♦➧➣
♥✐❡✇✐❛❞♦♠❡❥ xi ♥✐❡ ✉❧❡❣❛ ③♠✐❛♥✐❡ ✇ ❦♦❧❡❥♥②❝❤ ❦r♦✲
❦❛❝❤ ❛❧❣♦r②t♠✉✳
❲②❦♦r③②st✉❥❡♠② ♦❞♠✐❛♥➛ t✇✐❡r❞③❡♥✐❛ ✻✳✶ ❜② ✇♣r♦✲
✇❛❞③✐➣ ♣♦❧❡❝❡♥✐❡ ❢♦r✳

G :







❢♦r ❦✿ ❂♥ ❞♦✇♥t♦ ✶ ❞♦
s✉♠❛ ✿❂✵❀
❢♦r ❥✿ ❂ ❦✰ ✶ t♦ ♥ ❞♦
s✉♠❛ ✿❂ s✉♠❛✰❆✭❦✱❥✮✯❳✭❥✮
♦❞❀

❳✭❦✮✿ ❂✭❇✭❦✮✲s✉♠❛✮✴ ❆✭❦✱❦✮
♦❞







(
n

∀
i=1

n∑

j=i

A(i, j)∗X(j) = B(i)

)

�

✼✳ ▼♥♦➺❡♥✐❡ ♠❛❝✐❡r③②

❉❛♥❡ s→ ❞✇✐❡ t❛❜❧✐❝❡ ❆ ✐ ❇✳ ◆❛❧❡➺② s♣r❛✇❞③✐➣ ❝③②
♠♦➺♥❛ ❥❡ ♣♦♠♥♦➺②➣ ♣r③❡③ s✐❡❜✐❡ ✐ ❥❡➧❧✐ t♦ ❥❡st ♠♦➺✲
❧✐✇❡✱ ♥❛❧❡➺② ♦❜❧✐❝③②➣ ♠❛❝✐❡r③ C = A ∗ B✳ Pr③②❥♠✉❥→❝✱
➺❡ ♠❛❝✐❡r③ A ♠❛ n ✇✐❡rs③② ✐ k ❦♦❧✉♠♥✱ ❛ ♠❛❝✐❡r③ B

✶✶✹



♠❛ k ✇✐❡rs③② ✐ m ❦♦❧✉♠♥ ♥❛❧❡➺② ♥❛♣✐s❛➣ ♣r♦❣r❛♠ P ✐
③❛♣❡✇♥✐➣ ♣r❛✇❞③✐✇♦➧➣ ♥❛st➛♣✉❥→❝❡❥ ❢♦r♠✉➟②

{P}
n

∀
i=1

m

∀
j=1

(

Cij =
k∑

l=1

Ail ∗Blj

)

❖♣❡r❛❝❥❛ ♠♥♦➺❡♥✐❛ ♠❛❝✐❡r③② ♠❛ t❛❦ ✇✐❡❧❡ ③❛st♦s♦✲
✇❛➠✱ ➺❡ ✇❛rt♦ ♣♦❦✉s✐➣ s✐➛ ♦ ❛❧❣♦r②t♠ ♦ ♠♦➺❧✐✇✐❡ ♥✐✲
s❦✐♠ ❦♦s③❝✐❡✳ ❩♦❜❛❝③ ♣r❛❝❡ ❬❪✳

✼✳✶✳ ❆❧❣♦r②t♠ ♣♦❞st❛✇♦✇②✳ ❲②❦♦r③②st❛♠② s♣♦str③❡✲
➺❡♥✐❛ ♣♦❝③②♥✐♦♥❡ ✇ ♣♦♣r③❡❞♥✐♠ r♦③❞③✐❛❧❡✳ ◆❛st➛♣✉✲
❥→❝❛ ❢♦r♠✉➟❛ ❥❡st t✇✐❡r❞③❡♥✐❡♠ ▲♦❣❧❛♥✉✳

❚✇✐❡r❞③❡♥✐❡ ✻✳✹✳

AL ⊢







for i← 1 to n do

for j ← 1 to m do

s← 0;
for l ← 1 to k do

s← s+ A(i, l) ∗B(l, j)
od;
C(i, j)← s;

od

od







(
n

∀
i=1

m

∀
j=1

Cij =
k∑

l=1

Ail∗Blj

)

❉♦✇ó❞✳ ❩ t✇✐❡r❞③❡♥✐❛ ✺✳✺ ♠❛♠②

LP ⊢
n

∀
i=1

m

∀
j=1















s := 0;
for l := 1 to k do

s := s+ A(i, l) ∗B(l, j)
od;
C(i, j) := s







(

Cij =
k∑

l=1

Ail ∗Blj

)









❚❡r❛③ ③❛st♦s✉❥❡♠② s♣♦str③❡➺❡♥✐❡✱ ➺❡ ❦✇❛♥t②✜❦❛t♦r ♦❣r❛✲
♥✐❝③♦♥② ∀nj=1 ♠♦➺♥❛ ✇②r❛③✐➣ ♣r③❡③ ♣➛t❧➛ ❢♦r ♣♦ró✇♥❛❥
t✇✳ ✻✳✶✳

LP ⊢
n

∀
i=1


















❢♦r ❥✿❂✶ t♦ ♠ ❞♦
s✿❂✵❀
❢♦r ❧✿❂✶ t♦ ❦ ❞♦
s✿❂s✰❆✭✐✱❧✮✯❇✭❧✱❥✮

♦❞❀
❈✭✐✱❥✮✿❂s

♦❞







(
m

∀
j=1

Cij =
k∑

l=1

Ail ∗Blj

)












✶✶✺



❏❡s③❝③❡ r❛③ st♦s✉❥❡♠② t❡♥ s❛♠ ❢❛❦t ❜② ✇♣r♦✇❛❞③✐➣
❦✇❛♥t②✜❦❛t♦r ∀ni=1 ③❛ ♣r♦❣r❛♠

Log
an ⊢







❢♦r ✐✿❂✶ t♦ ♥ ❞♦
❢♦r ❥✿❂✶ t♦ ♠ ❞♦
s✿❂✵❀
❢♦r ❧✿❂✶ t♦ ❦ ❞♦
s✿❂s✰❆✭✐✱❧✮✯❇✭❧✱❥✮

♦❞❀
❈✭✐✱❥✮✿❂s

♦❞
♦❞







(
n

∀
i=1

m

∀
j=1

Cij =
k∑

l=1

Ail∗Blj

)

❈♦ ❦♦➠❝③② ❞♦✇ó❞✳ �

P♦✇✐♥♥✐➧♠② ③❛✇❝③❛s✉ s♣r❛✇❞③✐➣ ❝③② ✇ tr❛❦❝✐❡ ✇②✲
❦♦♥②✇❛♥✐❛ t❡❣♦ ♣r♦❣r❛♠✉ ♥✐❡ ✇②st→♣✐ ❜➟→❞ ❛rr❛② ✐♥✲
❞❡① ❡rr♦r✳ ❈③②❧✐ ♥❛❧❡➺② s♣r❛✇❞③✐➣ ❝③② ❦❛➺❞② ✇✐❡rs③
t❛❜❧✐❝② A ♠❛ k ❡❧❡♠❡♥tó✇ ✐ ❝③② ❦❛➺❞❛ ❦♦❧✉♠♥❛ ♠❛✲
❝✐❡r③② B ♠❛ k ❡❧❡♠❡♥tó✇✳ ❈③② ♣♦tr❛✜s③ ♥❛♣✐s❛➣ ♦❞✲
♣♦✇✐❡❞♥✐ ♣r♦❣r❛♠❄ ❈③② ♣♦tr❛✜s③ ❣♦ ✉③❛s❛❞♥✐➣❄
❈♦ ❥❡st ❧❡♣s③❡❄ s♣r❛✇❞③❡♥✐❡ ❝③② ♠❛❝✐❡r③❡ ❆ ✐ ❇ ♠❛❥→
♦❞♣♦✇✐❡❞♥✐❡ ❦s③t❛➟t② ✭♥ ① ❦✮ ✐ ✭❦ ① ♠✮✳ ❈③② t❡➺ ♦❞✲
♣♦✇✐❡❞♥✐❛ ♦❜s➟✉❣❛ ❜➟➛❞✉ r❡❢❡r❡♥❝❡ t♦ ♥♦♥❡❄

✼✳✷✳ ❆❧❣♦r②t♠ ❲✐♥♦❣r❛❞❛✳ ❆❧❣♦r②t♠ ❲✐♥♦❣r❛❞❛
♠♦➺❡ ❜②➣ st♦s♦✇❛♥② ❞♦ ♦❜❧✐❝③❛♥✐❛ ✐❧♦❝③②♥✉ ♠❛❝✐❡✲
r③② ❦✇❛❞r❛t♦✇②❝❤✳ ❏❡❣♦ ♣r③②❞❛t♥♦➧➣ ❥❡st s③❝③❡❣ó❧♥✐❡
✇✐❞♦❝③♥❛ ❣❞② ❡❧❡♠❡♥t❛♠✐ ♠❛❝✐❡r③② s→ ♦❜✐❡❦t② r❡♣r❡✲
③❡♥t✉❥→❝❡ ❥❛❦✐➧ ♣✐❡r➧❝✐❡➠ ✐♥♥② ♥✐➺ ♣✐❡r➧❝✐❡➠ ❧✐❝③❜ r③❡✲
❝③②✇✐st②❝❤✳ ◆♣✳ ✇ ♣r③②♣❛❞❦✉ ❣❞② ❞❛♥② ♣✐❡r➧❝✐❡➠ C
❥❡st ③❛✐♠♣❧❡♠❡♥t♦✇❛♥② ✇ ♣r♦❣r❛♠✐❡ ♣r③❡③ ❦❧❛s➛ C✱
③♦❜✳ ♥❛st➛♣♥❛ ❝③➛➧➣ ■■✳

❉r✉❣✐♠ ✐ ✇❛➺♥✐❡❥s③②♠ ♣♦✇♦❞❡♠ ❞♦ s❦r❡➧❧❡♥✐❛ t❡❥
♥♦t❛t❦✐ ❥❡st ♣♦tr③❡❜❛ ③✇ró❝❡♥✐❛ ✉✇❛❣✐ ♥❛ ③♥✐❦♦♠→
♣r③②❞❛t♥♦➧➣ ❛s❡r❝❥✐ ✐ t③✇✳ ♣r♦❣r❛♠♦✇❛♥✐❛ ♣r③❡③ ❦♦♥✲
tr❛❦t ✭❛♥❣✳ ❞❡s✐❣♥ ❜② ❝♦♥tr❛❝t✮✳ ❆s❡r❝❥❡ s→ ♣r③②✲
❞❛t♥❡ ❥❛❦♦ ♥♦t❛t❦✐✱ ❛❧❡ ♥✐❡ st❛♥♦✇✐→ r♦③✇✐→③❛♥✐❛ ♣r♦✲
❜❧❡♠✉ ③❛♣❡✇♥✐❡♥✐❛ ♣♦♣r❛✇♥♦➧❝✐ ❛❧❣♦r②t♠✉✳

❩❛♣r❛s③❛♠ ❞♦ ❝③②t❛♥✐❛✱ ③✇➟❛s③❝③❛ r♦③❞③✐❛➟✉ ❉♦✲
✇ó❞ ♣♦♣r❛✇♥♦➧❝✐✳

❆❧❣♦r②t♠✳ ❲ t②♠ r♦③❞③✐❛❧❡ ♣♦❥❛✇✐❛❥→ s✐➛ ❞✇❛ ✇❛✲
r✉♥❦✐✿

• ✇❛r✉♥❡❦ ✇st➛♣♥② ✕ Pr❡❝♦♥❞✐t✐♦♥✱
✶✶✻



• ✇❛r✉♥❡❦ ❦♦➠❝♦✇② ✕ P♦st❝♦♥❞✐t✐♦♥✱ ♦r❛③
• ❛❧❣♦r②t♠ ✕ ❛❧❣♦r②t♠ ❲✐♥♦❣r❛❞❛✳

❏❛❦ s✐➛ ✉♣❡✇♥✐➣✱ ➺❡ ❛❧❣♦r②t♠ ❥❡st ♣♦♣r❛✇♥② ③❡ ✇③❣❧➛❞✉
♥❛ ✇❛r✉♥❡❦ ♣♦❝③→t❦♦✇② ✐ ✇❛r✉♥❡❦ ❦♦➠❝♦✇②❄ ❲ ❧✐✲
t❡r❛t✉r③❡ ♣r♦♣♦♥♦✇❛♥❡ s→ ❞✇❛ ♣♦❞❡❥➧❝✐❛✿

• ✉❞♦✇♦❞♥✐❥ ❝③➛➧❝✐♦✇→ ♣♦r❛✇♥♦➧➣ s♣r❛✇❞③❛❥→❝
♣❡✇♥❡ ♥✐❡③♠✐❡♥♥✐❦✐ ✕ ❥❡st t♦ t③✇✳ ♠❡t♦❞❛
❋❧♦②❞❛✲❍♦❛r❡✬❛✱
• ✇②❦♦♥❛❥ ♣❡✇♥→ ❧✐❝③❜➛ ♦❜❧✐❝③❡➠ t❡st♦✇②❝❤ ✐
③❛✉❢❛❥✱ ➺❡ ✇ tr❛❦❝✐❡ ❡❦s♣❧♦❛t❛❝❥✐ ❛❧❣♦r②t♠✉
♥✐❡ ♦❦❛➺❡ s✐➛✱ ➺❡ ❥❡st ♦♥ ♥✐❡♣♦♣r❛✇♥②✳

❲ ♦❜❧✐❝③❡♥✐❛❝❤ t❡st♦✇②❝❤ ♠♦➺♥❛ ✇ tr❛❦❝✐❡ ♦❜❧✐✲
❝③❡➠ s♣r❛✇❞③❛➣ ✇❝③❡➧♥✐❡❥ ✇st❛✇✐♦♥❡ ✇❛r✉♥❦✐ ✕ ❛s❡r✲
❝❥❡✳ ❈③② r③❡❝③②✇✐➧❝✐❡ s→ ♦♥❡ ♣♦♠♦❝♥❡❄

❲ ♥❛st➛♣♥②♠ ♣✉♥❦❝✐❡ ♣♦❦❛➺❡♠② ✐♥♥→ ❞r♦❣➛ ✲ ❞r♦❣➛
❞♦✇♦❞③❡♥✐❛ ❧❡♠❛tó✇ ✐ ✇ ❦♦➠❝✉ t✇✐❡r❞③❡♥✐❛ ♦ ♣♦✲
♣r❛✇♥♦➧❝✐ ✭❝❛➟❦♦✇✐t❡❥✮ ❛❧❣♦r②t♠✉ ❲✐♥♦❣r❛❞❛ ✇③❣❧➛✲
❞❡♠ ✇❛r✉♥❦✉ ♣♦❝③→t❦♦✇❡❣♦ Pr❡❝♦♥❞✐t✐♦♥ ✐ ✇❛r✉♥❦✉
❦♦➠❝♦✇❡❣♦ P♦st❝♦♥❞✐t✐♦♥✳

✶✿ signal Niezgoda;
✷✿ unit Winograd : procedure(A,B : array❴of array❴of real; output C :

array❴of array❴of real);
Pr❡❝♦♥❞✐t✐♦♥✿ ✇②♠❛❣❛❥ ❜② ❆ ✐ ❇ ❜②➟② ♠❛❝✐❡r③❛♠✐

❦✇❛❞r❛t♦✇②♠✐ r♦③♠✐❛r✉ ♥ ① ♥
P♦st❝♦♥❞✐t✐♦♥✿ ③❛♣❡✇♥✐❥✱ ➺❡ ♦❜❧✐❝③♦♥❛ ♠❛❝✐❡r③ ❈ ❥❡st

♣r♦❞✉❦t❡♠ ♠❛❝✐❡r③② ❆ ✐ ❇✱ ❈ ❂ ❆ ✯ ❇
✸✿ var i, j, k, n,m : integer, W, V : array❴of real, p : boolean, s :

real;
✹✿ begin

④ ✉st❛❧✐➣ ❝③② ♠❛❝✐❡r③❡ ♠♦❣→ ❜②➣ ♠♥♦➺♦♥❡ t③♥✳
❝③② ✐❧♦➧➣ ✇✐❡rs③② ✇ ❆ ❂ ✐❧♦s❝ ❦♦❧✉♠♥ ✇ ❇❄ ⑥
④ ✉st❛❧✐➣ ❝③② ♥ ❥❡st ♣❛r③②st❡❄ ⑥
④ ♦❜❧✐❝③②❝ ♣r❡♣r♦❝❡ss✐♥❣ ⑥

④ ❞②♥❛♠✐❝③♥❡ s♣r❛✇❞③❛♥✐❡ ♣r❡❝♦♥❞✐t✐♦♥ ⑥
✺✿ ✐❢ ❧♦✇❡r✭❆✮ 6= ❧♦✇❡r✭❇✮ ♦r ❧♦✇❡r✭❆✮ 6= ✶ ♦r ✉♣♣❡r✭❆✮ 6=

✉♣♣❡r✭❇✮ t❤❡♥
✻✿ raise Niezgoda
✼✿ ✜❀
✽✿ ✐ ✿❂ ✉♣♣❡r✭❆✮❀

✶✶✼



✾✿ ❥ ✿❂ ❧♦✇❡r✭❆✮❀
✶✵✿ ♥ ✿❂ ✐✲❥✰✶❀
✶✶✿ ❢♦r l := j t♦ i ❞♦
✶✷✿ ✐❢ ❧♦✇❡r✭❆✭❧✮✮ 6= ❧♦✇❡r✭❇✭❧✮✮ ♦r ❧♦✇❡r✭❆✭❧✮✮ 6= ✶

♦r ✉♣♣❡r✭❆✭❧✮✮ 6= ✉♣♣❡r✭❇✭❧✮ ♦r ✉♣♣❡r✭❆✭❧✮ 6=✉♣♣❡r✭❆✮
t❤❡♥

✶✸✿ r❛✐s❡ ◆✐❡③❣♦❞❛
✶✹✿ ✜❀
✶✺✿ ♦❞❀
❆ss❡rt✐♦♥ s♣r❛✇❞③♦♥♦✿ ♠❛❝✐❡r③❡ s→ ❦✇❛❞r❛t♦✇❡✱ r♦③✲

♠✐❛r✉ ♥ ① ♥

④ ♠♦➺♥❛ ♠♥♦➺②➣ ⑥
✶✻✿ p := (n mod 2) = 0;
✶✼✿ m := n div 2;
✶✽✿ array W dim(1 : n);
✶✾✿ array V dim(1 : n);
✷✵✿ array C dim(1 : n);
✷✶✿ ❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦
✷✷✿ array C(i) dim(1 : n)
✷✸✿ ♦❞❀

④ ♦❜❧✐❝③❛♥✐❡ ✧♣r❡♣r♦❝❡ss✐♥❣✉✧⑥
✷✹✿ ❢♦r ❥✿❂ ✶ t♦ ♥ ❞♦
✷✺✿ s✿❂✵❀
✷✻✿ ❢♦r ✐ ✿❂ ✶ t♦ ♠ ❞♦
✷✼✿ s := A[j, 2 ∗ i− 1] ∗ A[j, 2 ∗ i] + s;
✷✽✿ ♦❞❀
✷✾✿ ❲❬❥❪ ✿❂ s❀
✸✵✿ ♦❞❀

❆ss❡rt✐♦♥ ✶✿ ❉❧❛ ❦❛➺❞❡❣♦ j, 1 ≤ j ≤ n, Wj =
n÷2∑

i=1

Aj,2i−1 ∗ Aj,2i

✸✶✿ ❢♦r ❥✿❂ ✶ t♦ ♥ ❞♦
✸✷✿ s✿❂✵❀
✸✸✿ ❢♦r ✐ ✿❂ ✶ t♦ ♠ ❞♦
✸✹✿ s ✿❂ ❇❬✷✯✐✲✶✱❥❪ ✯ ❇❬✷✯✐✱❥❪ ✰s❀
✸✺✿ ♦❞❀
✸✻✿ ❱❬❥❪ ✿❂ s❀
✸✼✿ ♦❞❀

✶✶✽



❆ss❡rt✐♦♥ ✷✿ ❉❧❛ ❦❛➺❞❡❣♦ j, 1 ≤ j ≤ n, Vj =
n÷2∑

i=1

B2i−1,j ∗B2∗i,j

④♦❜❧✐❝③❛♥✐❡ ✐❧♦❝③②♥✉ ♠❛❝✐❡r③② ⑥
✸✽✿ ❢♦r i := 1 t♦ n ❞♦
✸✾✿ ❢♦r j := 1 t♦ n ❞♦
✹✵✿ s✿❂ ✵❀
✹✶✿ ❢♦r k := 1 t♦ m ❞♦
✹✷✿ s✿❂ ✭❆❬✐✱✷✯❦✲✶❪✰❇❬✷✯❦✱❥❪✮ ✯ ✭❇❬✷✯❦✲✶✱❥❪✰❆❬✐✱✷✯❦❪✮

✰s❀
✹✸✿ ♦❞❀

❆ss❡rt✐♦♥ ✸✿ ∀1≤i≤n, ∀1≤j≤n✱ s =
n÷2∑

k=1

(Ai,2k−1 +B2k,j) ∗ (B2∗k−1,j + Ai,2k)

✹✹✿ C[i, j] := s−W [i]− V [j];

❆ss❡rt✐♦♥ ✹✿ ∀1≤i≤n, ∀1≤j≤n Ci,j =
2(n÷2)∑

k=1

(Ai,k ∗Bk,j)

✹✺✿ ✐❢ ♥♦t ♣ t❤❡♥
✹✻✿ C[i, j] := C[i, j] +A[i, n] ∗B[n, j]; ④ ♣♦♣r❛✇✐❛♠② ✲

❣❞② ♥ ❥❡st ♥✐❡♣❛r③②st❡ ⑥
✹✼✿ ✜❀
✹✽✿ ♦❞❀ ④ ❥ ⑥
✹✾✿ ♦❞❀ ④ ✐ ⑥

❆ss❡rt✐♦♥ ✺✿ ❉❧❛ ❦❛➺❞②❝❤ ✇❛rt♦➧❝✐ i, j, 1 ≤ i ≤ n, 1 ≤ j ≤ n✱ Ci,j =
n∑

k=1

✺✵✿ end Winograd;

❉♦✇ó❞ ♣♦♣r❛✇♥♦➧❝✐✳ ◆❛s③②♠ ③❛❞❛♥✐❡♠ ❥❡st ✇②✲
❦❛③❛➣ ♥❛st❡♣✉❥→❝→ ✐♠♣❧✐❦❛❝❥➛

Precondition⇒ {Algorytm Winograda}Postcondition

❝♦ s✐➛ ❝③②t❛ t❛❦✿ ❥❡➧❧✐ ❞❛♥❡ s♣❡➟♥✐❛❥→ ✇❛r✉♥❡❦ ✇st➛♣♥②
t♦ ❛❧❣♦r②t♠ ❲✐♥♦❣r❛❞❛ ❦♦➠❝③② ♦❜❧✐❝③❡♥✐❛ ♥✐❡ s②❣♥❛✲
❧✐③✉❥→❝ ❜➟➛❞✉ ✐ ✇②♥✐❦✐ s♣❡➟♥✐❛❥→ ✇❛r✉♥❡❦ ❦♦➠❝♦✇②✳

❙♣r❛✇❞③❡♥✐❡ ❝③② ✇❛r✉♥❡❦ ✇st➛♣♥② ❥❡st s♣❡➟♥✐♦♥②
♣r③❡③ ❞❛♥❡ ♠♦➺❡ ❜②➣ ✇ ❝③➛➧❝✐ ✇②❦♦♥❛♥❡ ♣r③❡③ ❦♦♠♣✐✲
❧❛t♦r✳ ❑♦♠♣✐❧❛t♦r ♠♦➺❡ s♣r❛✇❞③✐➣ ❝③② ♣❛r❛♠❡tr② ❛❦✲
t✉❛❧♥❡ s❛ t❛❜❧✐❝❛♠✐ ❞✇✉✇②♠✐❛r♦✇②♠✐✳ ❉r✉❣❛ ❝③➛➧➣
✇❛r✉♥❦✉✱ ➺❡ r♦③♠✐❛r② t❛❜❧✐❝ s→ ró✇♥❡ n× n ♥✐❡ ♠♦➺❡

✶✶✾



❜②➣ s♣r❛✇❞③♦♥❛ ♣r③❡❞ ✇②✇♦➟❛♥✐❡♠ ♣r♦❝❡❞✉r② ❲✐✲
♥♦❣r❛❞✱ ♥✐❡ ♠♦➺❡ t❡➺ ❜②➣ ✉❞♦✇♦❞♥✐♦♥❛✳ ❲♦❜❡❝ t❡❣♦
✇②❦♦♥②✇❛♥✐❡ ♣r♦❝❡❞✉r② r♦③♣♦❝③②♥❛♠② ♦❞ ✭❞②♥❛♠✐❝③✲
♥❡❣♦✮ s♣r❛✇❞③❛♥✐❛ ❦s③t❛➟t✉ ✐ r♦③♠✐❛r✉ t❛❜❧✐❝✷✳ ▼♦➺♥❛
r♦③✇❛➺❛➣ ❝③② ♥✐❡ ❞❛➟♦❜② s✐➛ ✉❞♦✇♦❞♥✐➣✱ ♦ ♣r♦❣r❛♠✐❡
st♦s✉❥→❝②♠ ♣r♦❝❡❞✉r➛ ❲✐♥♦❣r❛❞✱ ➺❡ ✇❛r✉♥❡❦ ✇st➛♣♥②
❥❡st s♣❡➟♥✐♦♥② ③❛ ❦❛➺❞②♠ r❛③❡♠ ❣❞② ♣r♦❝❡❞✉r❛ ❲✐✲
♥♦❣r❛❞ ❥❡st ✇②✇♦➟②✇❛♥❛ ✇ ♥❛s③②♠ ♣r♦❣r❛♠✐❡✳ ❆❧❡
❝③② ♠♦➺♥❛ ③❛❣✇❛r❛♥t♦✇❛➣✱ ➺❡ ❦❛➺❞② ♣r♦❣r❛♠ st♦s✉✲
❥→❝② ❛❧❣♦r②t♠ ❲✐♥♦❣r❛❞❛ ❜➛❞③✐❡ s♣r❛✇❞③❛➟ ✇❛r✉♥❡❦
✇st➛♣♥②❄ ❧✉❜ ❣♦ ❞♦✇♦❞③✐➟❄ ▲❡♣✐❡❥ ✇✐➛❝ ③♦st❛✇✐➣
s♣r❛✇❞③❛♥✐❡ ✇❛r✉♥❦✉ ✇st➛♣♥❡❣♦ ♣r♦❝❡❞✉r③❡ ❲✐♥♦✲
❣r❛❞✳

❉♦ ❛❧❣♦r②t♠✉ ❲✐♥♦❣r❛❞ ✇st❛✇✐❧✐➧♠② ❛s❡r❝❥❡✳ ▼❛❥→
♦♥❡ ③❛ ③❛❞❛♥✐❡✿

✭✶✮ ✉♠♦➺❧✐✇✐➣ s②❣♥❛❧✐③❛❝❥➛ ♥❛r✉s③❡♥✐❛ ✇❛r✉♥❦✉ ❛s❡r✲
❝❥✐ ✇ tr❛❦❝✐❡ ✇②❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉✱

✭✷✮ ✉➟❛t✇✐➣ ❛r❣✉♠❡♥t❛❝❥➛ ♥❛ r③❡❝③ t❡③② ♦ ♣♦♣r❛✇✲
♥♦➧❝✐ ❛❧❣♦r②t♠✉✳

❲ t②♠ ♣r③②♣❛❞❦✉ tr✉❞♥♦ ♠ó✇✐➣ ♦ ❞②♥❛♠✐❝③❡❥ ✇❡r②✲
✜❦❛❝❥✐✿ ❛➺❡❜② s♣r❛✇❞③✐➣ ✇❛r✉♥❡❦ ✇②❧✐❝③♦♥② ✇ ❛s❡r❝❥✐
tr③❡❜❛ ♣♦✇tór③②➣ ♦❜❧✐❝③❡♥✐❛ ✕ t♦ ♥✐❡✇✐❡❧❡ ♥❛♠ ❞❛❥❡✳
P♦♥❛❞t♦✱ t✉ ✉✇❛❣❛ ♥❛t✉r② ♦❣ó❧♥❡❥✱ ③❛♠✐❛♥❛ ❛s❡r❝❥✐
♥❛ ✐♥str✉❦❝❥➛ ✇❛r✉♥❦♦✇→

if warunek❴asercji then ✇r③✉➣❴ ✇②❥→t❡❦ fi

③❛♣❡✇♥✐❛ t②❧❦♦ t②❧❡✱ ➺❡ ♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ❛❧❣♦✲
r②t♠✉ ③♦st❛♥✐❡ ③❛s②❣♥❛❧✐③♦✇❛♥② ❜➟→❞✳ ◆✐❡ ♠❛♠② ♥❛✲
✇❡t ❣✇❛r❛♥❝❥✐✱ ➺❡ ③❞❛r③② s✐➛ t♦ ③❛✇s③❡ ❣❞② ♣r♦❣r❛♠
③❛✇✐❡r❛ ❜➟➛❞②✳

◆❛t♦♠✐❛st ❛s❡r❝❥❡ ♠♦➺❡♠② ③❛st→♣✐➣ ❧❡♠❛t❛♠✐ ✐ ✉❞♦✲
✇♦❞♥✐➣ ❥❡

✷❲ ❧♦❣❧❛♥✐❡✬✽✷ ❞✇✉✇②♠✐❛r♦✇❡❥ t❛❜❧✐❝② ♠♦➺❡♠② ♥❛❞❛➣
❦s③t❛➟t tró❥❦❛t♥②✱ ✇st➛❣♦✇② ✐ ♦❝③②✇✐➧❝✐❡ ❦s③t❛➟t ❦✇❛❞r❛t♦✇②

✶✷✵



▲❡♠❛t ✻✳✺✳ ❉❧❛ ❦❛➺❞❡❣♦ j, 1 ≤ j ≤ n✱ ✐ m = n÷2 ③❛❝❤♦✲
❞③✐

K :







s := 0;
for i := 1 to m
do

s := A[j, 2 ∗ i− 1] ∗ A[j, 2 ∗ i] + s;
od;
W [j] := s;







(

Wj =
n÷2∑

i=1

Aj,2i−1 ∗ Aj,2i
)

❧✉❜ t♦ s❛♠♦ s♣♦str③❡➺❡♥✐❡ ③❛♣✐s❛♥❡ ♥✐❡❝♦ ✐♥❛❝③❡❥

▲❡♠❛t ✻✳✻✳ ❉❧❛ m = n÷ 2 ③❛❝❤♦❞③✐






❢♦r j := 1 t♦ n ❞♦
s := 0;
for i := 1 to m
do

s := A[j, 2 ∗ i− 1] ∗ A[j, 2 ∗ i] + s;
od;
W [j] := s;

♦❞







(

∀
1≤j≤n

Wj =
n÷2∑

i=1

Aj,2i−1 ∗ Aj,2i
)

❩✇ró➣ ✉✇❛❣➛ ♥❛ t♦✱ ➺❡ ③❡✇♥➛tr③♥❛ ✐♥str✉❦❝❥❛ ❢♦r
✉③❛s❛❞♥✐❛ ✇♣r♦✇❛❞③❡♥✐❡ ❦✇❛♥t②✜❦❛t♦r❛ ♦❣r❛♥✐❝③♦✲
♥❡❣♦✱ ❛ ✇❡✇♥➛tr③♥❛ ✐♥str✉❦❝❥❛ ❢♦r ♦❜❧✐❝③❛ s✉♠➛✳ ■♥✲
str✉❦❝❥❛ ❢♦r ♠❛ ❥❡s③❝③❡ ✇✐❡❧❡ ✐♥♥②❝❤ ③❛st♦s♦✇❛➠✳

▲❡♠❛t ✻✳✼✳ ❉❧❛ ❦❛➺❞❡❣♦ j, 1 ≤ j ≤ n✱ ✐ m = n÷2 ③❛❝❤♦✲
❞③✐






s := 0;
for i := 1 to m
do

s := B[2 ∗ i− 1, j] ∗B[2 ∗ i, j] + s;
od;
V [j] := s;







(

Vj =
n÷2∑

i=1

B2i−1,j ∗B2i,j

)

❑♦❧❡❥♥② ❧❡♠❛t

▲❡♠❛t ✻✳✽✳ ∀1≤i≤n ∀1≤j≤n






s := 0;
for ❦✿❂ ✶ to ♠
do

s := (A[i, 2 ∗ k − 1] + B[2 ∗ k, j])
∗(B[2 ∗ k − 1, j] + A[i, 2 ∗ k]) + s;

od;










s =

n÷2∑

k=1

(Ai,2k−1 +B2k,j)∗
(B2k−1,j + Ai,2k)





✶✷✶



▲❡♠❛t ✻✳✾✳
Pr③② ③❛➟♦➺❡♥✐✉✱ ➺❡ t❛❜❧✐❝❡ ❆ ✐ ❇ s→ ♠❛❝✐❡r③❛♠✐ ❦✇❛✲
❞r❛t♦✇②♠✐ r♦③♠✐❛r✉ ♥ ① ♥ ✐ ➺❡ ③❛❝❤♦❞③→ ❧❡♠❛t② ✶
♦r❛③ ✷✱ ♣r❛✇❞③✐✇❛ ❥❡st ♥❛st❡♣✉❥→❝❛ ❢♦r♠✉➟❛ ❛❧❣♦r②t✲
♠✐❝③♥❛

∀
1≤i≤n

, ∀
1≤j≤n







s := 0;
for k := 1 to m
do

s := (A[i, 2 ∗ k − 1] + B[2 ∗ k, j])
∗(B[2 ∗ k − 1, j] + A[i, 2 ∗ k]) + s;

od;
C[i, j] := s−W [i]− V [j];









s =

2∗(n÷2)
∑

k=1

Ai,k ∗Bk,j





✶✷✷



▲❡♠❛t ✻✳✶✵✳
❩ ♣r❛✇❞③✐✇♦➧❝✐ ❧❡♠❛tó✇ ✶ ✐ ✷ ✇②♥✐❦❛✱ ➺❡ ♥❛st➛♣✉❥→❝❛
❢♦r♠✉➟❛ ❥❡st ♣r❛✇❞③✐✇❛






for i := 1 to n
do

for j := 1 to n
do

s := 0;
for ❦✿❂ ✶ to ♠
do

s := (A[i, 2 ∗ k − 1]
+B[2 ∗ k, j])

∗(B[2 ∗ k − 1, j]
+A[i, 2 ∗ k]) + s;

od;
C[i, j] := s−W [i]− V [j];
if not p
then

C[i, j] := C[i, j]
+A[i, n] ∗B[n, j]

fi;
od

od















∧

1 ≤ i ≤ n
1 ≤ j ≤ n

Ci,j =
n∑

k=1

Ai,k ∗Bk,j









❉♦✇♦❞② ❧❡♠❛tó✇✳
❉♦✇ó❞ ❧❡♠❛t✉ ✻✳✺✳
❉♦✇ó❞✳ ❲ ❞♦✇♦❞③✐❡ ✇②❦♦r③②st✉❥❡♠② ♥❛st➛♣✉❥→❝→

✇➟❛s♥♦➧➣ ♣r♦❣r❛♠ó✇ ❢♦r✿
♥✐❡❝❤ ♥❛♣✐s ω(i) ♦③♥❛❝③❛ ✇②r❛➺❡♥✐❡ ❛r②t♠❡t②❝③♥❡ ✭③♠✐❡♥♥❛
i ♠♦➺❡✱ ❛❧❡ ♥✐❡ ♠✉s✐✱ ✇ ♥✐♠ ✇②st❡♣♦✇❛➣✮







s := 0
for i := 1 to n
do

s := ω(i) + s
od







(

s =
n∑

i=0

ω(i)

)

P♦③♦st❛❥❡ s❦♦r③②st❛➣ ③ ❛❦s❥♦♠❛t✉ ✐♥str✉❦❝❥✐ ♣r③②♣✐✲
s❛♥✐❛

(

s =
n∑

i=0

ω(i)

)

⇒ {W [j] := s}
(

W (j) =
n∑

i=0

ω(i)

)

�

✶✷✸



❉♦✇♦❞② ❧❡♠❛tó✇ ✷ ✐ ✸ ♣r③❡❜✐❡❣❛❥→ ♣♦❞♦❜♥✐❡✳
❉♦✇ó❞ ❧❡♠❛t✉ ✻✳✾✳

❉♦✇ó❞✳ ◆❛❧❡➺② ✉❞♦✇♦❞♥✐➣

(s =
n÷2∑

k=1

(Ai,2k−1+B2k,j)∗(B2∗k−1,j+Ai,2k)⇒ (s−W [i]−V [j] =

2(n÷2)
∑

k=1

Ai,k∗Bk,j)

❘♦③✇✐➠♠② ♠♥♦➺❡♥✐❡ ✐ ③❛st♦s✉❥♠② r♦③❞③✐❡❧♥♦➧➣ ♠♥♦✲
➺❡♥✐❛ ✇③❣❧❡❞❡♠ ❞♦❞❛✇❛♥✐❛
n÷2∑

k=1

(Ai,2k−1 +B2k,j) ∗ (B2∗k−1,j + Ai,2k)

=
n÷2∑

k=1

[Ai,2k−1 ∗B2∗k−1,j + Ai,2k−1 ∗ Ai,2k +B2k,j ∗B2k−1,j +B2k,j ∗ Ai,2k]

=
n÷2∑

k=1

Ai,2k−1 ∗B2∗k−1,j +
n÷2∑

k=1

Ai,2k−1 ∗ Ai,2k
︸ ︷︷ ︸

=W [i]

+
n÷2∑

k=1

B2k,j ∗B2k−1,j

︸ ︷︷ ︸

=V [j]

+
n÷2∑

=1

B2k,j ∗ Ai,2k

❙❦♦r③②st❛♠② ③ ❧❡♠❛tó✇ ✻✳✻ ♦r❛③ ✻✳✼
n÷2∑

k=1

(Ai,2k−1+B2k,j)∗(B2∗k−1,j+Ai,2k)−W [i]−V [j] =
n÷2∑

k=1

Ai,2k−1∗B2∗k−1,j+
n÷2∑

k=1

B2k,j∗Ai,2k

❲②❦♦r③②st✉❥❡♠② ♣r③❡♠✐❡♥♥♦➧➣ ♠♥♦➺❡♥✐❛ ✐ ➟→❝③♥♦➧➣
❞♦❞❛✇❛♥✐❛

n÷2∑

k=1

Ai,2k−1 ∗B2∗k−1,j +
n÷2∑

k=1

B2k,j ∗ Ai,2k =
2(n÷2)
∑

k=1

Ai,k ∗Bk,j

�

❉♦✇ó❞ ❧❡♠❛t✉ ✻✳✶✵✳

❉♦✇ó❞✳ ❚r③❡❜❛ ✇②❦❛③❛➣✱ ➺❡

(s =

2(n÷2)
∑

k=1

Ai,k∗Bk,j)⇒







if not p
then

C[i, j] := C[i, j] + A[i, n] ∗B[n, j]
fi;







(s =
n∑

k=1

Ai,k∗Bk,j)

P❛♠✐➛t❛♠②✱ ➺❡ ♣❂ ✭♥ ♠♦❞ ✷ ❂✵✮✳ ❏❡➺❡❧✐ ♥ ❥❡st ❧✐❝③❜→
♣❛r③②st→ t♦ 2(n÷ 2) = n ✐

Ci,j =
n∑

k=1

Ai,k ∗Bk,j

✶✷✹



❲ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉ ✭t③♥✳ ❣❞② ♥♦t p✮ s✉♠♦✇❛✲
♥✐❡ ③❛❦♦♥❝③②➟♦ s✐➛ ❞❧❛ k = n − 1✳ ❚r③❡❜❛ ✇✐➛❝ ❞♦❞❛➣
✇❛rt♦➧➣ ✐❧♦❝③②♥✉ A[i, n] ∗B[n, j]✳ �

✽✳ ◆❛♠❛✇✐❛♠② ❞♦ ♥♦t❛❝❥✐ ♠❛t❡♠❛t②❝③♥❡❥

❩❛✉✇❛➺✱ ➺❡ ♣r③②❥➛❝✐❡ ❦♦♥✇❡♥❝❥✐ ③❛♣r♦♣♦♥♦✇❛♥❡❥ ✇
♣♦♣r③❡❞♥✐♠ r♦③❞③✐❛❧❡ ♣♦r✳✽✳✶✱ ✉♣r❛s③❝③❛ ③❛♣✐s ❛❧❣♦✲
r②t♠ó✇ ♠❛❝✐❡r③♦✇②❝❤✳
▼♥♦➺❡♥✐❡ ♠❛❝✐❡r③② ✭③✇②❦➟❡✮ ③❛♣✐s✉❥❡ s✐➛ t❛❦

❭❬❭❜✐❣❧❭④❭♠❛t❤♦♣④❭❢♦r❛❧❧⑥❴④✶❭❧❡q✥✐✥❭❧❡q✥♥⑥✥❭✱✥❭♠❛t❤♦♣④❭❢♦r❛❧❧⑥❴④✶❭❧❡q✥❥✥❭❧❡q✥♥⑥
✥❈❴④✐❥⑥❭❧❡❢t❛rr♦✇✥❭s✉♠❴④✶❭❧❡q✥❦✥❭❧❡q✥♥✥⑥❆❴④✐❦⑥✯❇❴④❦❥⑥
✥❭❜✐❣r❭⑥✥❭❪✥

❝♦ ♠♦➺❡ ❞❛➣ ✇ ❞r✉❦✉ t❛❦✐ ❡❢❡❦t
{

∀
1≤i≤n

∀
1≤j≤n

Cij ←
∑

1≤k≤n

Aik ∗Bkj

}

❛ ❥❡➧❧✐ ③❛st♦s✉❥❡♠② ❚❡❳✬❛ ③ ♦❞♣♦✇✐❡❞♥✐♠ st②❧❡♠✱ ✭♠♦➺❡
st✇♦r③②s③ t❛❦✐ st②❧❄✮ ❞❛ ♣r♦❣r❛♠ ③ ♣♦tró❥♥→ ♣➛t❧→
❢♦r✳
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦
❢♦r ❥✿❂ ✶ t♦ ♥ ❞♦
s ✿❂ ✵❀
❢♦r ❦ ✿❂✶ t♦ ♥ ❞♦ s ✿❂ s✰ ❆❬✐✱❦❪✯❇❬❦✱❥❪ ♦❞❀
❈❬✐✱❥❪ ✿❂ s

♦❞
♦❞

❆❧❣♦r②t♠ ❲✐♥♦❣r❛❞❛ t❛❦➺❡ ③❛♣✐s③❡ s✐➛ ❦ró❝❡❥






m← ndiv 2;

∀1≤j≤n Vj ←
∑

1≤i≤m(B2∗i−1,j ∗B2∗i,j);

∀1≤j≤nWj ←
∑

1≤i≤m(Ai,2∗j−1 ∗ Ai,2∗j);

∀1≤i≤n
∀1≤j≤n







s←∑

1≤k≤m(Ai,2∗k−1 +B2∗k,j) ∗ (B2∗k−1,j + Ai,2∗k);

Cij ← s−Wi − Vj;
if odd(n) then Cij ← Cij + Ain ∗Bnj fi













❩❛♣✐s ❞❧❛ ❞r✉❦✉✱ t❥✳ ❞❧❛ ❝③➟♦✇✐❡❦❛ ❥❡st ③✇✐➛③➟② ✐ ❝③②✲
t❡❧♥②✳ ❏❡st t❡➺ ❝③t❡r♦❦r♦t♥✐❡ ❦róts③② ♦❞ ❦♦❞✉✳

✶✷✺



✾✳ ❖❜✐❡❦t② t❛❜❧✐❝♦✇❡ ✕ P♦❞s✉♠♦✇❛♥✐❡

❚❛❜❧✐❝❡ s→ t✇♦r③♦♥❡✱ ✇s♣ó➟❞③✐❡❧♦♥❡✱ ♦❞❝③②t②✇❛♥❡✱
♠♦❞②✜❦♦✇❛♥❡✱ ✉s✉✇❛♥❡ ✇r❡s③❝✐❡✳

✭✶✮ ❉❡❦❧❛r❛❝❥❛ ③♠✐❡♥♥❡❥

✈❛r ❆✿ ❛rr❛② ♦❢ ❚

❥❡st ró✇♥♦❝③❡s♥✐❡ ❞❡❦❧❛r❛❝❥→ t②♣✉ t❛❜❧✐❝♦✇❡❣♦✳
▼♦➺❡s③ ➟→❝③②➣ ❞❡❦❧❛r❛❝❥❡✿

✈❛r ❆✿ ❛rr❛② ♦❢ ❚❀ ✈❛r ❇✿ ❛rr❛② ♦❢ ❚❀

✐ ③❛st→♣✐➣ ❥❡ ♣r③❡③ ❥❡❞♥→ ❞❡❦❧❛r❛❝❥➛

✈❛r ❇✱❆✿ ❛rr❛② ♦❢ ❚❀

❖③♥❛❝③❛ t♦✱ ➺❡ t②♣② ❜②✇❛❥→ ③❣♦❞♥❡✳
✭✷✮ ❖♣✐s③ r❡❧❛❝❥➛ ③❣♦❞♥♦➧❝✐ t②♣ó✇
✭✸✮ ■♥str✉❦❝❥❛

❛rr❛② ❆ ❞✐♠✭❧♦✇✿ ✉♣✮❀

t✇♦r③② ♦❜✐❡❦t t❛❜❧✐❝♦✇②✳ ❖t♦ ❝♦ ✇✐❡♠② ♣♦
✇②❦♦♥❛♥✐✉ t❛❦✐❡❥ ✐♥str✉❦❝❥✐✿

• ❆ 6= ♥♦♥❡✱
• ❧♦✇❡r✭❆✮ ❂ ❧♦✇❡r
• ✉♣♣❡r✭❆✮ ❂ ✉♣
• ∀(lower(A) ≤ i ≤ upper(A)) ⇒ A(i) = initval ✐♥✐t
✈❛❧ ❞❧❛ t②♣✉ ✐♥t❡❣❡r ✐ r❡❛❧ ❥❡st ✵✱ ❞❧❛ t②♣✉
❜♦♦❧❡❛♥ ❥❡st ❢❛❧s❡✱ ❞❧❛ t②♣✉ ❝❤❛r ❥❡st ✳✳✳✱
❞❧❛ t②♣✉ t❛❜❧✐❝♦✇❡❣♦ ❧✉❜ ③❛❞❡❦❧❛r♦✇❛♥❡❣♦
❥❛❦♦ ❦❧❛s❛ ❥❡st ♥♦♥❡✱

✭✹✮ ③♠✐❡♥♥❡ ❆ ✐ ❇ ♠♦❣→ s✐➛ ❞③✐❡❧✐➣ ♦❜✐❡❦t❡♠ t❛✲
❜❧✐❝♦✇②♠ ❣❞② ✇②❦♦♥❛♥♦ ✐♥str✉❦❝❥➛
❇✿❂❆❀
✇ ❡❢❡❦❝✐❡ ③❛❝❤❞③✐ r❡❧❛❝❥❛ ❆❂❇ ✐ ❦♦♥s❦✇❡♥t♥✐❡✳✳✳

✭✺✮ ✐♥str✉❦❝❥❛ ❦♦♣✐✐
❇✿❂❝♦♣②✭❆✮❀
♠❛ ♥❛st➛♣✉❥→❝② ❡❢❡❦t ✳✳✳

✭✻✮ ✐♥str✉❦❝❥❛
❦✐❧❧✭❆✮
✉s✉✇❛ ♦❜✐❡❦t t❛❜❧✐❝♦✇②
♥✐❡③♠✐❡♥♥✐❦✿

✭✼✮ ♦♣❡r❛❝❥❡ ♥❛ ❡❧❡♠❡♥t❛❝❤ t❛❜❧✐❝② ✳✳✳
✶✷✻



❶✇✐❝③❡♥✐❛

✻✳✶✳ ❯t✇ór③ ❞✇✐❡ t❛❜❧✐❝❡ ❆ ✐ ❇ ♦ ✇②♠✐❛r❛❝❤ ✹×✹✳
❲②♣❡➟♥✐❥ ❥❡ ❧✐❝③❜❛♠✐ ♣r③②♣❛❞❦♦✇②♠✐ ✐ ♦❜❧✐❝③ s✉♠➛
❈❂❆✰❇ t②❝❤ t❛❜❧✐❝✳

✻✳✷✳ ❯t✇ór③ ❞✇✐❡ t❛❜❧✐❝❡ ❆ ✐ ❇ ♦ ✇②♠✐❛r❛❝❤ ✹×✹✳
❲②♣❡➟♥✐❥ t❛❜❧✐❝➛ ❇ ❧✐❝③❜❛♠✐ ♣r③②♣❛❞❦♦✇②♠✐✱ ③❛♣✐s③
✇ t❛❜❧✐❝② ❆ ❦♦♣✐➛ t❛❜❧✐❝② ❇ ✐ ♦❜❧✐❝③ s✉♠➛ ❈❂❆✰❇
t②❝❤ t❛❜❧✐❝✳

✻✳✸✳ ❯t✇ór③ ❞✇✐❡ t❛❜❧✐❝❡ ❆ ✐ ❇ ♦ ✇②♠✐❛r❛❝❤ ✹×✹✳
❲②♣❡➟♥✐❥ ❥❡ ❧✐❝③❜❛♠✐ ♣r③②♣❛❞❦♦✇②♠✐✱ ✇②❦♦♥❛❥ ♣r③②✲
♣✐s❛♥✐❡ ❇✿❂❆ ✐ ♥❛st➛♣♥✐❡ ✇②♣❡➟♥✐❥ t❛❜❧✐❝➛ ❆ ③❡r❛♠✐✳
❲②❞r✉❦✉❥ ♦❜✐❡ t❛❜❧✐❝❡✳ ❈♦ ③♦❜❛❝③②s③❄

✻✳✹✳ ◆❛ ♣❡✇✐❡♥ ♦❜✐❡❦t t❛❜❧✐❝♦✇② o ✇s❦❛③✉❥→ ❞✇✐❡
③♠✐❡♥♥❡ ❆ ✐ ❇✳
❈③② ✇ t❡❥ s②t✉❛❝❥✐ ✐♥str✉❦❝❥❡ s→ ró✇♥♦✇❛➺♥❡❄
❦✐❧❧✭❆✮ ❆ ✿❂ ♥♦♥❡ ❆✱❇ ✿❂♥♦♥❡

✻✳✺✳ ❆❧❣♦r②t♠ ♠♥♦➺❡♥✐❛ ♠❛❝✐❡r③② ♥❛♣✐s❛❧✐➧♠② ♣r③②❥✲
♠✉❥→❝ ♣❡✇♥❡ ③❛➟♦➺❡♥✐❛✳ ❙♣ró❜✉❥ ✳✳✳

✶✷✼





❘❖❩❉❩■❆➟ ✼

L5 Pr♦❣r❛♠♦✇❛♥✐❡ ③ ✇❤✐❧❡

✶

✶✳ Pr♦❣r❛♠② ✐t❡r❛❝②❥♥❡

❏➛③②❦ L5 ❥❡st ❜♦❣❛ts③② ♦❞ ♣♦♣r③❡❞♥✐❡❣♦ ♦ ❥❡❞❡♥
t②❧❦♦ r♦❞③❛❥ ✐♥str✉❦❝❥✐✿ ✐♥str✉❦❝❥➛ ✇❤✐❧❡✳ ❘♦③s③❡r③❡✲
♥✐❡ ❥➛③②❦❛ ✇②❞❛❥❡ s✐➛ ♥✐❡♣♦③♦r♥❡✳ ❆❧❡ ♣♦❥❛✇✐❛❥→ s✐➛
♥♦✇❡ ③❥❛✇✐s❦❛ ♦❜❧✐❝③❡♥✐♦✇❡✳

❉♦ t❡❥ ♣♦r② ♥✐❡ ♠✐❡❧✐➧♠② ♣r♦❜❧❡♠✉ ③ ③❛♣❡✇♥✐❡✲
♥✐❡♠ ✇➟❛s♥♦➧❝✐ st♦♣✉ ♣r♦❣r❛♠✉✳ ❑❛➺❞② ♣r♦❣r❛♠✱
♦♠❛✇✐❛♥② ✇❡ ✇❝③❡➧♥✐❡❥s③②❝❤ r♦③❞③✐❛➟❛❝❤✱ ♠❛ ♦❜❧✐✲
❝③❡♥✐❡ s❦♦➠❝③♦♥❡✳ ❲♣r♦✇❛❞③❡♥✐❡ ❞♦ ❥➛③②❦❛ ♣r♦❣r❛✲
♠♦✇❛♥✐❛ ✐♥str✉❦❝❥✐ ✐t❡r❛❝❥✐ ✇❤✐❧❡✱ ③ ❥❡❞♥❡❥ str♦♥② ✇
✐st♦t♥② s♣♦só❜ ③✇✐➛❦s③❛ ③❜✐ór ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛❧♥②❝❤✱ ③
❞r✉❣✐❡❥ str♦♥② tr❛❝✐♠② ❣✇❛r❛♥❝❥➛✱ ➺❡ ♦❜❧✐❝③❡♥✐❡ ♣r♦✲
❣r❛♠✉ ❜➛❞③✐❡ s❦♦➠❝③♦♥❡✳ P♦❥❛✇✐❛ s✐➛ ❦♦♥✐❡❝③♥♦➧➣
✉❞♦✇♦❞♥✐❡♥✐❛✱ ➺❡ ♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠✉ ❜➛❞→ s❦♦➠❝③♦♥❡✳
❆ t♦ ♥✐❡ ③❛✇s③❡ ❥❡st ➟❛t✇❡ ✐ ❝③❛s❛♠✐ st❛♥♦✇✐ ✇②③✇❛✲
♥✐❡ ❞❧❛ ♣♦❦♦❧❡➠ ❜❛❞❛❝③②✳

Pr③②❦➟❛❞ ✼✳✶✳ ❲ ❧❛t❛❝❤ ✸✵ ❞✇✉❞③✐❡st❡❣♦ ✇✐❡❦✉ ❆❝✲
❦❡r♠❛♥♥ ③❞❡✜♥✐♦✇❛➟✱ ❢✉♥❦❝❥➛✱ ❦tór❛ r♦➧♥✐❡ ❜❛r❞③♦
s③②❜❦♦ ✐ ✇②❦❛③❛➟✱ ➺❡ ♥✐❡ ❥❡st ♦♥❛ ❢✉♥❦❝❥→ ♣✐❡r✇♦t♥✐❡
r❡❦✉r❡♥❝②❥♥→✳ ❲ ♣r③❡t➟✉♥❛❝③❡♥✐✉ ♥❛ ❞③✐s✐❡❥s③② ❥➛✲
③②❦ ♦③♥❛❝③❛ t♦ t②❧❡✱ ➺❡ ❢✉♥❦❝❥✐ ❆❝❦❡r♠❛♥❛ ♥✐❡ ♠♦➺♥❛
③❛♣r♦❣r❛♠♦✇❛➣ ♦❣r❛♥✐❝③❛❥→❝ s✐➛ ❞♦ ✐♥str✉❦❝❥✐ ❢♦r✳

✶✳✶✳ ❙❦➟❛❞♥✐❛✳ ❩❜✐ór ♣r♦❣r❛♠ó✇ ✐t❡r❛❝②❥♥②❝❤ ró➺♥✐
s✐➛ ♦❞ ♣♦♣r③❡❞♥✐♦ ♦♣✐s❛♥❡❣♦ ③❜✐♦r✉ ♣r♦❣r❛♠ó✇ ③ t❛✲
❜❧✐❝❛♠✐✱ t②♠✱ ➺❡ ✇ ❝✐→❣✉ ✐♥str✉❦❝❥✐ t❛❦✐❡❣♦ ♣r♦❣r❛♠✉
♠♦❣→ ♣♦❥❛✇✐❛➣ s✐➛ ✐♥str✉❦❝❥❡ ✇❤✐❧❡✳

✶

L0  L1  L2  L3  L4  L5  L6  L7  L8  L9  L10

✶✷✾



❙❦➟❛❞♥✐❛ ✼✳✶✳ ❩❜✐ór ✐♥str✉❦❝❥✐ ♣r♦❣r❛♠ó✇ ✐t❡r❛❝②❥✲
♥②❝❤ ❥❡st t♦ ♥❛❥♠♥✐❡❥s③② ③❜✐ór P ♥❛♣✐só✇ t❛❦✐✱ ➺❡

✐✮ ❦❛➺❞❛ ✐♥str✉❦❝❥❛ ❛t♦♠♦✇❛ ✭❞r✉❦♦✇❛♥✐❛✱ ♣r③②✲
♣✐s❛♥✐❛ ♦r❛③ ✐♥str✉❦❝❥❛ ❞③✐❛➟❛♥✐❛ ♥❛ t❛❜❧✐❝❛❝❤✮
♥❛❧❡➺② ❞♦ ③❜✐♦r✉ P✱

✐✐✮ ③❜✐ór P ❥❡st ③❛♠❦♥✐➛t② ③ ✇③❣❧➛❞✉ ♥❛ ♦♣❡r❛✲
❝❥❡✿ ③➟♦➺❡♥✐❛✱ ♣♦✇t❛r③❛♥✐❛ ✕ ❢♦r ♦r❛③ r♦③❣❛➟➛✲
③✐❡♥✐❛✱

✐✐✐✮ ❥❡➧❧✐ ♥❛♣✐s γ ❥❡st ❢♦r♠✉➟→ ❜♦♦❧♦✇s❦→ ✐ ♥❛♣✐s ❑
❥❡st ✐♥str✉❦❝❥→✱ t♦ ♥❛♣✐s

while γ ❞♦ ❑ ♦❞

❥❡st ✐♥str✉❦❝❥→ ✐t❡r❛❝❥✐

Pr③②❦➟❛❞ ✼✳✷✳ ❉✇❛ ♣r③②❦➟❛❞② ✕ ❞r✉❣❛ ✐♥str✉❦❝❥❛
♦♣❡r✉❥❡ ♥❛ st♦s❛❝❤ s ✐ t✳
✇❤✐❧❡ ①❁② ❞♦ ①✿❂①✰✶❀ ✉✿❂✸✯✉ ♦❞

✇❤✐❧❡ ¬ ❡♠♣t②✭s✮ ❞♦
❡✿❂ t♦♣✭s✮❀
s ✿❂ ♣♦♣✭s✮❀
t✿❂♣✉s❤✭❡✱t✮

♦❞

✶✳✷✳ ❙❡♠❛♥t②❦❛✳ ▼♦❞②✜❦✉❥❡♠② ♦❞♣♦✇✐❡❞♥✐♦ ❞❡✜✲
♥✐❝❥➛ ♦❜❧✐❝③❡♥✐❛ t❛❦ ❜② ♦❜❥➛➟❛ ♦♥❛ ♣r♦❣r❛♠② ③ ❥➛③②❦❛
L5✳

❘❡❧❛❝❥❛ ❜❡③♣♦➧r❡❞♥✐❡❣♦ ♥❛st➛♣st✇❛ 7→ ❦♦♥✜❣✉r❛❝❥✐
✭t❥✳ st❛♥ó✇ ♦❜❧✐❝③❡➠✮ ❥❡st ♥❛❞③❜✐♦r❡♠ r❡❧❛❝❥✐ ♦♣✐s❛♥❡❥
✇❡ ♣♦♣r③❡❞♥✐♠ r♦③❞③✐❛❧❡✳

❉❡✜♥✐❝❥❛ ✼✳✷✳ ❇❡③♣♦➧r❡❞♥✐♠ ♥❛st➛♣♥✐❦✐❡♠ st❛♥✉
c : 〈v,while γ do K od; s〉 ❥❡st ❦♦♥✜❣✉r❛❝❥❛ ♦❦r❡➧❧♦♥❛
♣♦♥✐➺❡❥

c 7→
{

〈v, s〉 ❣❞② γ(v) = false

〈v,K; while γ do K od; s〉 ❣❞② γ(v) = true

P♦③♦st❛➟❡ ♣r③②♣❛❞❦✐ ③♦st❛➟② ♦♣✐s❛♥❡ ✇❡ ✇❝③❡➧♥✐❡❥✲
s③②❝❤ r♦③❞③✐❛➟❛❝❤✳

✶✸✵



✷✳ ❑♦♠♣✉t❡r K5

❑♦♠♣✉t❡r K5 ♣♦tr❛✜ ✇②❦♦♥②✇❛➣ ✇s③②st❦✐❡ ♣♦❧❡✲
❝❡♥✐❛ ③ r❡♣❡rt✉❛r✉ ❦♦♠♣✉t❡r❛ K4 ✐ ♣♦♥❛❞t♦ ♣♦tr❛✜
✇②❦♦♥❛➣ ♣♦❧❡❝❡♥✐❡ ✇❤✐❧❡✳ ❩❛♣❡✇♥✐❛❥→❝ ♣r③② t②♠✱ ➺❡
r❡❛❧✐③❛❝❥❛ ♣♦❧❡❝❡♥✐❛ ✇❤✐❧❡ ❜➛❞③✐❡ ③❣♦❞♥❛ ③ ❞❡✜♥✐❝❥→
❜❡③♣♦➧r❡❞♥✐❡❣♦ ♥❛st➛♣st✇❛ ❦♦♥✜❣✉r❛❝❥✐✱ ③♦❜✳ ♣♦✇②✲
➺❡❥✳

✸✳ ❆❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ✇❤✐❧❡ ✐ r❡❣✉➟❛ ✇♥✐♦s❦♦✇❛♥✐❛

❩♥❛❝③❡♥✐❡ ✐♥str✉❦❝❥✐ ✇❤✐❧❡ ♦♣✐s✉❥❡ ❛❦s❥♦♠❛t ✐ r❡❣✉➟❛
✇♥✐♦s❦♦✇❛♥✐❛✳
❆❦s❥♦♠❛t ✇❤✐❧❡

✭❆①21✮
{while γ doK od}α ⇔

(
(¬γ ∧ α) ∨ (γ ∧ {K; while γ doK od}α)

)

❩✇ró➣ ✉✇❛❣➛ ✕ ✇ ♦❞ró➺♥✐❡♥✐✉ ♦❞ ❛❦s❥♦♠❛tó✇ ❆①18 ✕

✱v✱ t✱❢

✱v✱

✱v✱

✱v′✱

{while γ do K od}α
if¬γ

ifγ

K

{while γ do K od}α

α

❘②s✉♥❡❦ ✶✳ ❆❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ✇❤✐❧❡
❆①21 ✭s❝❤❡♠❛t✮

❆①20✱ t❡♥ ❛❦s❥♦♠❛t ♥✐❡ ❡❧✐♠✐♥✉❥❡ ✐♥str✉❦❝❥✐ ✇❤✐❧❡✳ ◆✐❡
❞❛❥❡ t❡➺ ➺❛❞♥❡❥ ✇s❦❛③ó✇❦✐ ♣♦③✇❛❧❛❥→❝❡❥ ♦❣r❛♥✐❝③②➣
❧✐❝③❜➛ ♣♦✇tór③❡➠ ✐t❡r♦✇❛♥❡❥ ✐♥str✉❦❝❥✐ K✳ ❙t→❞ ✇②✲
♥✐❦❛ ❦♦♥✐❡❝③♥♦➧➣ ✇③❜♦❣❛❝❡♥✐❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇
♦ ♥❛st➛♣✉❥→❝→ r❡❣✉➟➛ ✇♥✐♦s❦♦✇❛♥✐❛✳
❘❡❣✉➟❛ ✇♥✐♦s❦♦✇❛♥✐❛ R3✕ ✇♣r♦✇❛❞③❛♥✐❡ ✇❤✐❧❡ ✇ ♣♦✲
♣r③❡❞♥✐❦✉ ✐♠♣❧✐❦❛❝❥✐✳

✶✸✶



✭❘✸✮
{
M(✐❢ γ t❤❡♥ K ✜)i α⇒ β

}

i∈N

{M ; ✇❤✐❧❡ γ ❞♦ K ♦❞}α⇒ β

✹✳ Pr♦❣r❛♠♦✇❛♥✐❡ ③ ✐♥str✉❦❝❥→ ✇❤✐❧❡

❚❖❉❖

• ♣r❛✇♦ ❆r❝❤✐♠❡❞❡s❛✱ ③❛s❛❞❛ ✇②❝③❡r♣②✇❛♥✐❛ ❊✉✲
❞♦❦s♦s❛✱ ✳✳✳
• ♦♣✐s③ ♦❜❧✐❝③❛♥✐❡ ③❡r❛ ✇✐❡❧♦♠✐❛♥✉ ✇②➺s③❡❣♦ st♦♣✲
♥✐❛ ✕ ♣r③②❣♦t♦✇❛♥✐❡ ❞♦ ❜✐s❡❦❝❥✐✱
• ♦❜❧✐❝③❛♥✐❡ ❝❛➟❦✐ ♦③♥❛❝③♦♥❡❥✱
• ♣r③②❦➟❛❞ ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛❧♥❡❥✱ ❛❧❡ ♥✐❡ ♣✐❡r✇♦t✲
♥✐❡ r❡❦✉r❡♥❝②❥♥❡❥ ❝③②❧✐ ❢✉♥❦❝❥❛ ❆❝❦❡r♠❛♥♥❛
♥❛ t❡♥ t❡♠❛t ♠♦➺♥❛ ♥❛♣✐s❛➣ s♣♦r♦✿
• ♣r③②❦➟❛❞②✿ ♣r♦❣r❛♠ P❋ ✭❋❡r♠❛t✮ ✐ ♣r♦❣r❛♠
❈♦❧❧❛t③❋♦r❆❧❧◆✳ ❚❡ ♣r♦❣r❛♠② ♥✐❡ ♠❛❥→ ♦❜❧✐✲
❝③❡♥✐❛ s❦♦➠❝③♦♥❡❣♦✳
❩❛st❛♥ó✇ s✐➛✿ t♦ ♥✐❡ ❥❡st t❛❦✐❡ ♦❝③②✇✐st❡✳ ❲
♣r③②♣❛❞❦✉ ❋❡r♠❛t❛ ③❛❥➛➟♦ t♦ ♣♦♥❛❞ ✸✵✵ ❧❛t
♣r❛❝② ✇✐❡❧✉ ♠❛t❡♠❛t②❦ó✇✱ ✇ ♣r③②♣❛❞❦✉ ❈♦❧✲
❧❛t③❛ ❞③✐❡s✐❛t❦✐ t②s✐➛❝② ✐♥❢♦r♠❛t②❦ó✇ ✐ ♠❛t❡✲
♠❛t②❦ó✇ ♣r❛❝✉❥❛ ✐ ✳✳✳ ♥✐❝✳
■♥str✉❦❝❥❛ ✇❤✐❧❡ ✭♦❞♣✳ ♦♣❡r❛t♦r ♠✐♥✐♠✉♠ ❡❢❡❦✲
t②✇♥❡❣♦✮ t♦ ♥❛r③➛❞③✐❡ tr✉❞♥❡ ❞♦ ♦♣❛♥♦✇❛♥✐❛✳

✹✳✶✳ ❈③② t♦ ✇②st❛r❝③②❄ ❉♦ t❡❥ ♣♦r② ♦♠ó✇✐❧✐➧♠②
✇s③②st❦✐❡ ♥✐❡③❜➛❞♥❡ ❦♦♥str✉❦❝❥❡ ♣r♦❣r❛♠♦t✇ór❝③❡✳
Pr♦❣r❛♠♦✇❛♥✐❡ ✇ str✉❦t✉r③❡ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ ③ ✇②✲
❦♦r③②st❛♥✐❡♠ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✱ ③➟♦➺❡♥✐❛ ✭t❥✳ ➧r❡❞✲
♥✐❦❛ ❀✮✱ ♦r❛③ ✐♥str✉❦❝❥✐ ✇❤✐❧❡ ♣♦③✇❛❧❛ ③❛♣r♦❣r❛♠♦✇❛➣
❦❛➺❞→ ❢✉♥❦❝❥➛ ♦❜❧✐❝③❛❧♥→✳ ❚✇✐❡r❞③❡♥✐❡ ♦ t❛❦✐❡❥ tr❡➧❝✐
✭❛❧❡ ✐♥♥②♠✐ s➟♦✇❛♠✐✮ ✇②♣♦✇✐❡❞③✐❛➟ ✐ ✉❞♦✇♦❞♥✐➟ ❙t❡✲
♣❤❡♥ ❈✳ ❑❧❡❡♥❡ ✇ r♦❦✉ ✶✾✸✻ ❬❑❧❡✸✻❪✳

❚✇✐❡r❞③❡♥✐❡ ✼✳✶✳ Pr❛✇❞③✐✇❡ s→ ✐♥❦❧✉③❥❡✿

✭✐✮ ❑❛➺❞❛ ❢✉♥❦❝❥❛ f ♦❜❧✐❝③❛❧♥❛ ✇ ❞③✐❡❞③✐♥✐❡ ❧✐❝③❜
❝❛➟❦♦✇✐t②❝❤ ❥❡st ♣r♦❣r❛♠♦✇❛❧♥❛ ✇ ❥➛③②❦✉ L5✳

✭✐✐✮ ❑❛➺❞❛ ❢✉♥❦❝❥❛ f ♣r♦❣r❛♠♦✇❛❧♥❛ ✇ ❥➛③②❦✉ L5✱
✭❞❧❛ ✉♣r♦s③❝③❡♥✐❛ ③❛❦➟❛❞❛♠②✱ ➺❡ ✇ ♣r♦❣r❛♠✐❡
❥→ ❞❡✜♥✐✉❥→❝②♠ ♥✐❡ ✇②st➛♣✉❥→ ✇②r❛➺❡♥✐❛ t②♣✉

✶✸✷



r❡❛❧✮ ❥❡st ♦❜❧✐❝③❛❧♥❛ ✇ ❞③✐❡❞③✐♥✐❡ ❧✐❝③❜ ❝❛➟❦♦✲
✇✐t②❝❤✳

❖❦❛③✉❥❡ s✐➛✱ ➺❡ ✇ ❥➛③②❦✉ L5 ✐ ❞③✐❡❞③✐♥✐❡ ❧✐❝③❜ ❝❛➟❦♦✲
✇✐t②❝❤ ✭♥✐❡✉❥❡♠♥②❝❤✮ ♣♦tr❛✜♠② ③❛♣r♦❣r❛♠♦✇❛➣ ❦❛➺❞→
❢✉♥❦❝❥➛ ♦❜❧✐❝③❛❧♥→ ✭♣♦ró✇♥❛❥ ❬❪✮ ✐ ❦❛➺❞❛ ❢✉♥❦❝❥❛ ♦❜✲
❧✐❝③❛❧♥❛ ♠♦➺❡ ❜②➣ ③❛♣r♦❣r❛♠♦✇❛♥❛ ✇ t②♠ ❥➛③②❦✉✳
❏❡st t♦ ❢r❛❣♠❡♥t ➟❛➠❝✉❝❤❛ t✇✐❡r❞③❡➠ ✉③❛s❛❞♥✐❛❥→❝②❝❤
t❡③➛ ❈❤✉r❝❤❛✲❚✉r✐♥❣❛✳ ❬❪✳ ❏➛③②❦✐ ♣r♦❣r❛♠♦✇❛♥✐❛ ③❛✲
✇✐❡r❛❥→ ♣♦♥❛❞t♦ ✐♥♥❡ ♥❛r③➛❞③✐❛✿ ♣r♦❝❡❞✉r②✱ ❢✉♥❦❝❥❡✱
❦❧❛s②✱ ✇s♣ó➟♣r♦❣r❛♠② ✐ ♣r♦❝❡s②✳ ◆❛r③➛❞③✐❛ t❡ ✉➟❛✲
t✇✐❛❥❛ ♣r❛❝➛ ❧✉❞③✐ t✇♦r③→❝②❝❤ ♦♣r♦❣r❛♠♦✇❛♥✐❡✱ ♣♦✲
③✇❛❧❛❥→ ♥❛ ♦s③❝③➛❞♥♦➧❝✐ ✇ ❣♦s♣♦❞❛r❝❡ ❝③❛s❡♠ ✐ ③❛s♦✲
❜❛♠✐ ❦♦♠♣✉t❡r❛✳ ❩❛❥♠✐❡♠② s✐➛ ♥✐♠✐ ✇ ❞❛❧s③❡❥ ❝③➛➧❝✐
t❡❥ ❦s✐→➺❦✐✳

P②t❛♥✐❛✳ ❙❢♦r♠✉➟✉❥❡♠② t✉ ❦✐❧❦❛ ♣②t❛➠ ❥❛❦✐❡ ♥❛s✉✲
✇❛❥→ s✐➛ ❝③➟♦✇✐❡❦♦✇✐ ♠②➧❧→❝❡♠✉✿

• ❏❡➧❧✐ ♣r♦❣r❛♠② ✇❤✐❧❡ ♣♦③✇❛❧❛❥→ ③❛♣r♦❣r❛♠♦✲
✇❛➣ ♦❜❧✐❝③❡♥✐❡ ❦❛➺❞❡❥ ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛❧♥❡❥✱ t♦
♣♦ ❝♦ ✇♣r♦✇❛❞③❛➣ ❞❡❦❧❛r❛❝❥❡ ♠♦❞✉➟ó✇ ♣r♦✲
❝❡❞✉r②✱ ❢✉♥❦❝❥✐✱ ❦❧❛s②✱ ✇s♣ó➟♣r♦❣r❛♠✉✱ ♣r♦✲
❝❡s✉❄ ❈③② ♥✐❡ s❛ ♦♥❡ ③❜➛❞♥②♠ ❞♦❞❛t❦✐❡♠❄
• Pr♦❣r❛♠② ✇❤✐❧❡ ♣♦③✇❛❧❛❥→ ③❛♣r♦❣r❛♠♦✇❛➣ ♦❜✲
❧✐❝③❡♥✐❛ ❢✉♥❦❝❥✐ ♦❜❧✐❝③❛❧♥②❝❤✱ ❦tór❡ ♥✐❡ s→ ♣✐❡r✲
✇♦t♥✐❡ r❡❦✉r❡♥❝②❥♥❡✳ ❚♦ ❞♦❜r③❡✳
❆❧❡ ❝③② ♥❛ ♣❡✇♥♦❄ Pr③②❦➟❛❞② s❦♦♥str✉♦✇❛♥❡
♣r③❡③ ❆❝❦❡r♠❛♥♥❛✱ ❙✉❞❛♥❛✱ ❘♦③s➛ P❡t❡r ✐ ✐♥✲
♥②❝❤ ✇s❦❛③✉❥→ ♥❛ t♦✱ ➺❡ t❡ ❢✉♥❦❝❥❡ s→ ♥✐❡♣r❛❦✲
t②❝③♥❡✳ ❘♦➧♥→ ♦♥❡ t❛❦ s③②❜❦♦✱ ➺❡ ❥✉➺ ❞❧❛ ♥✐❡✲
✇✐❡❧❦✐❝❤ ❛r❣✉♠❡♥tó✇ ♥♣✳ ♥❂✻ ✐❝❤ ♦❜❧✐❝③❡♥✐❡
♠♦❣➟♦❜② tr✇❛➣ t❛❦ ❞➟✉❣♦✱ ➺❡ ❦♦➠❝❛ ♦❜❧✐❝③❡➠
♥✐❡ ❞♦❝③❡❦❛➟❛❜② s✐➛ ❧✉❞③❦♦➧➣✳ ❆ ✇✐➛❝ ♣♦❝♦ ✐♥✲
str✉❦❝❥❛ ✇❤✐❧❡❄ ❈③② ❣r❛ ❥❡st ✇❛rt❛ ➧✇✐❡❝③❦✐❄
• ❏❛❦ t♦ ③♦❜❛❝③②♠② ✇ ♣r❛❦t②❝❡ ♣r♦❣r❛♠♦✇❛♥✐❛
♠❛♠② ❝③➛st♦ ✭♥❛❥❝③➛➧❝✐❡❥✮ ③ ♣r③❡t✇❛r③❛♥✐❡♠
s❦♦➠❝③♦♥②❝❤ ③❜✐♦ró✇ ✐♥❢♦r♠❛❝❥✐✳ ❲ ③❛st♦✲
s♦✇❛♥✐❛❝❤ ✇ ❜❛♥❦♦✇♦➧❝✐✱ ❛❞♠✐♥✐str❛❝❥✐✱ ✇♦❥✲
s❦✉✱ ✇②✇✐❛❞③✐❡ ✐ ♣♦❧✐❝❥✐✱ ♠❡❞②❝②♥✐❡ ✱ ❡t❝✳ ♣r♦✲
❣r❛♠② ♣r③❡t✇❛r③❛❥❛ ③❜✐♦r② ✐♥❢♦r♠❛❝❥✐ ③♠❛❣❛✲
③②♥♦✇❛♥❡ ✇ ♣❛♠✐➛❝✐ ❦♦♠♣✉t❡ró✇✳ Pr♦❣r❛♠✐✲
➧❝✐ ♦❞❝③✉✇❛❥→ ♣♦tr③❡❜❡ ❦♦♥str✉❦❝❥✐ ❢♦r❡❛❝❤✳

✶✸✸



■♥str✉❦❝❥❛ t❛❦❛ ♣♦✇✐♥♥❛ ❜②➣ ♣♦❞♦❜♥❛ ❞♦ ✐♥✲
str✉❦❝❥✐ ❢♦r✳
◆✐❡❝❤ S ❜➛❞③✐❡ ③❜✐♦r❡♠ ❡❧❡♠❡♥tó✇✱ ♦❜✐❡❦tó✇✱
✐♥❢♦r♠❛❝❥✐✳ ◆✐❡❝❤ e ❜➛❞③✐❡ ③♠✐❡♥♥→ t②♣✉ ❡❧❡✲
♠❡♥t✳ ❲t❡❞② ✐♥str✉❦❝❥❛

❢♦r❡❛❝❤ ❡ ✐♥ ❙ ❞♦ ■ ♦❞
③❛♣❡✇♥✐❛➟❛❜② ♣♦✇tór③❡♥✐❡ ❝✐→❣✉ ✐♥str✉❦❝❥✐ I
❞❧❛ ❦❛➺❞❡❣♦ ❡❧❡♠❡♥t✉ ✇②st➛♣✉❥→❝❡❣♦ ✇ s❦♦➠✲
❝③♦♥②♠ ③❜✐♦r③❡ S✳ ◆✐❡✇✐❡❧❡ ❥➛③②❦ó✇ ♣r♦❣r❛✲
♠♦✇❛♥✐❛ ♦❢❡r✉❥❡ t❛❦❛ ✐♥str✉❦❝❥➛✳ ❲✐➛❝❡❥ ♥❛
t❡♥ t❡♠❛t ♥❛♣✐s③❡♠② ✇ ❞r✉❣✐❡❥ ❝③➛s❝✐ t❡❥ ❦s✐→➺❦✐✳

✺✳ ❲➟❛s♥♦➧❝✐ ✐♥str✉❦❝❥✐ ✇❤✐❧❡

P♦♥✐➺❡❥ ♣r③②t❛❝③❛♠② ❦✐❧❦❛ ✇➟❛s♥♦➧❝✐ t❡❥ ✐♥str✉❦❝❥✐✳
❩❛❝❤➛❝❛♠② ❞♦ ♣♦s③✉❦✐✇❛♥✐❛ ❞❛❧s②❝❤✳

✭✶✮ ■♥str✉❦❝❥❛ ✇❤✐❧❡ ❥❡st ✐❞❡♠♣♦t❡♥t♥❛✳

{✇❤✐❧❡ γ ❞♦ M ♦❞}α⇔
{
✇❤✐❧❡ γ ❞♦ M ♦❞;
✇❤✐❧❡ γ ❞♦ M ♦❞

}

α

❆ ✇✐➛❝ ♥✐❡ ✇❛rt♦ ♣♦✇t❛r③❛➣ t❡❥ ✐♥str✉❦❝❥✐ ❞✇✉✲
❦r♦t♥✐❡✷✳

✭✷✮ ■♥str✉❦❝❥❛ ✇❤✐❧❡ ③❛✇✐❡r❛ ✇ s♦❜✐❡ ✐♥str✉❦❝❥➛
✐❢

{✐❢ γ t❤❡♥ M ✜;✇❤✐❧❡ γ ❞♦ M ♦❞}α⇔ {✇❤✐❧❡ γ ❞♦ M ♦❞}α

{✇❤✐❧❡ γ ❞♦ M ♦❞; ✐❢ γ t❤❡♥ M ✜}α⇔ {✇❤✐❧❡ γ ❞♦ M ♦❞}α
■ t❛❦ ❥❡st ❞❧❛ ❦❛➺❞❡❥ ✐t❡r❛❝❥✐ ✐♥str✉❦❝❥✐ ✇❛r✉♥✲
❦♦✇❡❥ ✐❢✳ ❉❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② i ∈ N ③❛❝❤♦❞③→
♥❛st➛♣✉❥→❝❡ ró✇♥♦✇❛➺♥♦➧❝✐

{(✐❢ γ t❤❡♥ M ✜)i;✇❤✐❧❡ γ ❞♦ M ♦❞}α⇔ {✇❤✐❧❡ γ ❞♦ M ♦❞}α

{✇❤✐❧❡ γ ❞♦ M ♦❞; (✐❢ γ t❤❡♥ M ✜)i}α⇔ {✇❤✐❧❡ γ ❞♦ M ♦❞}α

✷❈③❛s❛♠✐ ❥❡❞♥❛❦ ♣♦✇tór③❡♥✐❡ t❛❦✐❡❥ ✐♥str✉❦❝❥✐ ♠♦➺❡ ❜②➣ ♣♦✲
♠♦❝♥❡ ✇ ③r♦③✉♠✐❡♥✐✉ ❝♦ ♥❛s③ ♣r♦❣r❛♠ r♦❜✐✳

✶✸✹



✭✸✮ Pr③②❞❛t♥→ t❛✉t♦❧♦❣✐→ ❥❡st ♥❛st➛♣✉❥→❝❛ ró✇✲
♥♦✇❛➺♥♦➧➣







while γ do

if δ
then K
else M

fi

od







α⇔







while (γ ∧ δ) do K od;
while δ do

while (γ ∧ δ) do K od;
while (¬γ ∧ δ) do M od;

od;







α

✭✹✮ ▼②s❧✐♠② ✱ ➺❡ ✇❛rt♦ ✇♣r♦✇❛❞③✐➣ ♥❛st➛♣✉❥→❝→
❞❡✜♥✐❝❥➛ ♣♦r③→❞❦✉ ✇ ③❜✐♦r③❡ ♣r♦❣r❛♠ó✇✳
◆✐❡❝❤ s②♠❜♦❧❡ K ♦r❛③ M ♦③♥❛❝③❛❥→ ❞✇❛ ♣r♦✲
❣r❛♠②✳ ◆✐❡❝❤ α ❜➛❞③✐❡ ♦③♥❛❝③❡♥✐❡♠ ❢♦r♠✉➟→
❛❧❣♦r②t♠✐❝③♥→✳

❉❡✜♥✐❝❥❛ ✼✳✸✳

K
α

≤M
df
= T ⊢ (Kα⇒Mα)

✐ ③❜❛❞❛➣ t➛ r❡❧❛❝❥➛✳
P♦✇✐♥♥✐➧♠② ➟❛t✇♦ ✉❞♦✇♦❞♥✐➣

✇❤✐❧❡ γ ❞♦K ♦❞ α
= g.l.b.

i∈N

{✐❢ γ t❤❡♥K ✜}i

P♦♠♦❝♥✐❝③❡ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛✳ ❲ ✇✐❡❧✉ ❞♦✇♦✲
❞❛❝❤ ❦♦r③②st❛♠② ③ r❡❣✉➟ ✇♥✐♦s❦♦✇❛♥✐❛ ♣r③②t♦❝③♦✲
♥②❝❤ ♣♦♥✐➺❡❥✳

α⇒ β

✇❤✐❧❡ β ❞♦ M ♦❞ true⇒✇❤✐❧❡ α ❞♦ M ♦❞ true
❏❡s③❝③❡ ✐♥♥❛ r❡❣✉➟❛

✇❤✐❧❡ γ ❞♦ M ♦❞α, Kγ ⇔ γ, K M(α ∧ γ)⇔ (γ ∧ α)
✇❤✐❧❡ γ ❞♦ M ;K ♦❞α

♣➛t❧❡ ❞♦ ✕ ♦❞✳ P➛t❧❛

❞♦ K; ✐❢ γ t❤❡♥ ❡①✐t ✜ ♦❞

❥❡st ró✇♥♦✇❛➺♥❛ ♣r♦❣r❛♠♦✇✐

{K; ✇❤✐❧❡ γ ❞♦ K ♦❞}
❲ ♥✐❡❦tór②❝❤ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ♠♦➺♥❛ ③♥❛✲
❧❡➵➣ ✐♥str✉❦❝❥➛ r❡♣❡❛t

r❡♣❡❛t K ✉♥t✐❧ γ ;
✶✸✺



❲♣r♦✇❛❞③❛❥→❝ ♣♦❧❡❝❡♥✐❡ ❞♦ ✳✳✳ ♦❞ ♦r❛③ ✐♥str✉❦❝❥❡
❡①✐t ✐ r❡♣❡❛t st✇❛r③❛♠② ♠♦➺❧✐✇♦➧➣ s❛♠♦❞③✐❡❧♥❡❣♦ ♣r♦✲
❥❡❦t♦✇❛♥✐❛ ♥♦✇②❝❤ ✐♥str✉❦❝❥✐ ✐t❡r❛❝②❥♥②❝❤✳ ◆♣✳

✻✳ ❆❧❣♦r②t♠✐❝③♥❡ t❡♦r✐❡ t②♣ó✇ ♣✐❡r✇♦t♥②❝❤

❘♦③s③❡r③❡♥✐✉ ❥➛③②❦❛ ♣r♦❣r❛♠♦✇❛♥✐❛ ♦❞♣♦✇✐❛❞❛ r♦③✲
s③❡r③❡♥✐❡ ❥➛③②❦❛ ❢♦r♠✉➟ ❛❧❣♦r②t♠✐❝③♥②❝❤✳ ❖❦❛③✉❥❡
s✐➛✱ ➺❡ t❛❦ ✇③❜♦❣❛❝♦♥② ❥➛③②❦ ♣♦③✇❛❧❛ s❢♦r♠✉➟♦✇❛➣
✇➟❛s♥♦➧❝✐ str✉❦t✉r ❞❛♥②❝❤✳

✻✳✶✳ ❆❦s❥♦♠❛t②❝③♥❛ t❡♦r✐❛ AT I✳ ❲ r♦③❞③✐❛❧❡ ✸ ♦
✇②r❛➺❡♥✐❛❝❤ ♣♦❞❛❧✐➧♠② ❛❦s❥♦♠❛t② ♦♣✐s✉❥→❝❡ t②♣ ✐♥✲
t❡❣❡r ❥❛❦♦ ❛❦s❥♦♠❛t② ♣✐❡r➧❝✐❡♥✐❛ ③ ❞♦➟→❝③♦♥②♠ ❛❦s❥♦✲
♠❛t❡♠ ❞♦❜r❡❣♦ ✉❢✉♥❞♦✇❛♥✐❛✳ ❚❡♥ ♦st❛t♥✐ ❛❦s❥♦♠❛t
❥❡st ❦➟♦♣♦t❧✐✇②✱ ♣♦♥✐❡✇❛➺ ✇②st➛♣✉❥❡ ✇ ♥✐♠ ❦✇❛♥t②✜✲
❦❛t♦r ✇✐→➺→❝② ♣♦❞③❜✐♦r② ③❜✐♦r✉ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤✳ ❲
♠✐❡❥s❝❡ t❡❣♦ ❛❦s❥♦♠❛t✉ ♥❛❧❡➺②✭✦✮ ✉➺②➣ ♥❛st➛♣✉❥→❝❡❥
❢♦r♠✉➟② ❛❧❣♦r②t♠✐❝③♥❡❥
✭❙t❞✮ ∀x≥0 {y ← 0; while y 6= x do y ← y + 1 od}(y = x)

✇s③②st❦✐❡ ♣♦③♦st❛➟❡ ❛❦s❥♦♠❛t② ③♦st❛❥→ ③❛❝❤♦✇❛♥❡✳
❚❛ ❛❦s❥♦♠❛t②③❛❝❥❛ ♠❛ ✇✐❡❧❡ ③❛❧❡t✱ ♥❛❥✇❛➺♥✐❡❥s③→ ③
♥✐❝❤ ❥❡st ③❛♣❡✇♥✐❡♥✐❡✱ ➺❡ ♣r♦❣r❛♠ ✇②♠✐❡♥✐♦♥② ✇ ❛❦✲
s❥♦♠❛❝✐❡ ❛❧❣♦r②t♠✐❝③♥②♠ ♥❛ ♣❡✇♥♦ ❦♦➠❝③② ♦❜❧✐❝③❡✲
♥✐❛✳ ❩ t❡❣♦ ❢❛❦t✉ ♠♦➺♥❛ ✇②♣r♦✇❛❞③❛➣ ✐♥♥❡ ♣♦❞♦❜♥❡
t✇✐❡r❞③❡♥✐❛ ❞♦t②❝③→❝❡ ❛❧❣♦r②t♠ó✇✳ ◆♣✳ ♣r❛✇♦ ❆r✲
❝❤✐♠❡❞❡s❛ ✱ ✇➟❛s♥♦➧➣ st♦♣✉ ❛❧❣♦r②t♠✉ ❊✉❦❧✐❞❡s❛ ✐t♣✳

❚✇✐❡r❞③❡♥✐❡ ✼✳✷✳ ✭♣r❛✇♦ ❆r❝❤✐♠❡❞❡s❛ ❥❡st t✇✐❡r✲
❞③❡♥✐❡♠ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ t②♣✉ ✐♥t❡❣❡r AT I✮
✭❆r❝❤■✮
AT I ⊢ ((0 < y < x)⇒ {t← y; ✇❤✐❧❡ t ≤ x ❞♦ t← t+y ♦❞}(t > x))

❚✇✐❡r❞③❡♥✐❡ ✼✳✸✳ ❲ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ t②♣✉ ✐♥✲
t❡❣❡r ♠♦➺♥❛ ✉❞♦✇♦❞♥✐➣ ♣♦♣r❛✇♥♦➧➣ ❛❧❣♦r②t♠✉ ❊✉✲
❦❧✐❞❡s❛✳

AT I ⊢ ∀n,m > 0







while n 6= m do

if n > m then n := n−m
else m := m− n fi

od







(n = m)

▼♦➺♥❛ t❡➺ ✉❞♦✇♦❞♥✐➣ ❦❛t❡❣♦r②❝③♥♦➧➣ t❡♦r✐✐ AT I
❚✇✐❡r❞③❡♥✐❡ ✼✳✹✳ ❑❛➺❞❡ ❞✇❛ ♠♦❞❡❧❡ t❡♦r✐✐ AT I s→

✐③♦♠♦r✜❝③♥❡✳
✶✸✻



✻✳✷✳ ❆❦s❥♦♠❛t② t②♣✉ r❡❛❧✳ ❉♦ ♣♦♣r③❡❞♥✐♦ ✇②♠✐❡✲
♥✐♦♥②❝❤ ❛❦s❥♦♠❛tó✇ ❝✐❛➟❛ ♠♦➺❡♠② t❡r❛③ ❞♦❞❛➣ ❛❦✲
s❥♦♠❛t ✭♣r❛✇♦❄✮ ❆r❝❤✐♠❡❞❡s❛
✭❆r❝❤✮
((0 < y ∧ y < x)⇒ {t← y; ✇❤✐❧❡ t ≤ x ❞♦ t← t+ y ♦❞}(t > x))

❊r✇✐♥ ❊♥❣❡❧❡r ❬❪ ✉❞♦✇♦❞♥✐➟✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ❢♦r♠✉➟② ❛❧✲
❣♦r②t♠✐❝③♥❡❥ ♣♦st❛❝✐ Kα ❢♦r♠✉➟❛ t❛❦❛ ❥❡st ♣r❛✇❞③✐✇❛
✇ ❝✐❡❧❡ ❧✐❝③❜ r③❡❝③②✇✐st②❝❤ ③ ♣♦r③→❞❦✐❡♠ ✇t❡❞② ✐
t②❧❦♦ ✇t❡❞② ❣❞② ❥❡st ♣r❛✇❞③✐✇❛ ✇ ❦❛➺❞②♠ ❝✐❡❧❡ ✉♣♦✲
r③→❞❦♦✇❛♥②♠ s♣❡➟♥✐❛❥→❝②♠ ❛❦s❥♦♠❛t ❆r❝❤✐♠❡❞❡s❛✳

❲②❦♦r③②st✉❥→❝ t✇✐❡r❞③❡♥✐❡ ♦ ♣❡➟♥♦➧❝✐ ❧♦❣✐❦✐ ❛❧❣♦✲
r②t♠✐❝③♥❡❥ ✭t❥✳ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✮ ♠♦➺❡♠② t✇✐❡r✲
❞③❡♥✐❡ ❊♥❣❡❧❡r❛ s❢♦r♠✉➟♦✇❛➣ t❛❦✳

❚✇✐❡r❞③❡♥✐❡ ✼✳✺✳ ◆✐❡❝❤ Z ♦③♥❛❝③❛ ③❜✐ór ❢♦r♠✉➟ ❛❧✲
❣♦r②t♠✐❝③♥②❝❤ ♥❛ ❦tór② s❦➟❛❞❛❥→ s✐➛ ❛❦s❥♦♠❛t② ❝✐❛➟❛
✉♣♦r③→❞❦♦✇❛♥❡❣♦ ♦r❛③ ❛❦s❥♦♠❛t ❆r❝❤✐♠❡❞❡s❛ ❆r❝❤✳
◆✐❡❝❤ ψ ♦③♥❛❝③❛ ❇♦♦❧♦✇s❦→ ❦♦♠❜✐♥❛❝❥➛ ❢♦r♠✉➟ ❛❧❣♦✲
r②t♠✐❝③♥②❝❤ ✭t❥✳ ❢♦r♠✉➟ ♣♦st❛❝✐ Kα✮✳ ❋♦r♠✉➟❛ ψ ❥❡st
♣r❛✇❞③✐✇❛ ✇ ✉♣♦r③→❞❦♦✇❛♥②♠ ❝✐❡❧❡ RO ❧✐❝③❜ r③❡❝③②✲
✇✐st②❝❤ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ✐st♥✐❡❥❡ ❞♦✇ó❞ t❡❥
❢♦r♠✉➟② ③ ❛❦s❥♦♠❛tó✇ ③❜✐♦r✉ Z✳

RO |= ψ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② Z ⊢ ψ
❙❡♥s t❡❣♦ t✇✐❡r❞③❡♥✐❛ s♣r♦✇❛❞③❛ s✐➛ ❞♦ ♥❛st➛♣✉❥→✲

❝❡❥ ♦❜s❡r✇❛❝❥✐✱ ❦❛➺❞❛ s❡♠❛♥t②❝③♥❛ ✇➟❛s♥♦➧➣ wψ ♣r♦❣r❛✲
♠✉✭✲ó✇✮ ③ ❥➛③②❦❛ L5 ✇②❦♦♥②✇❛♥❡❣♦ ✇ ❝✐❡❧❡ ❧✐❝③❜ r③❡✲
❝③②✇✐st②❝❤ ③ ♣♦r③→❞❦✐❡♠✱ ❥❡st ♣r❛✇❞③✐✇❛ ✇ ❝✐❡❧❡ RO
✇t❡❞② ✐ t②❧❦♦ ✇t❡❞② ❣❞② ✇②r❛➺❛❥→❝❛ t➛ ✇➟❛s♥♦➧➣ ❢♦r✲
♠✉➟❛ ❛❧❣♦r②t♠✐❝③♥❛ ψ ♣♦s✐❛❞❛ ❞♦✇ó❞ ③ ❛❦s❥♦♠❛tó✇
③❜✐♦r✉ Z✳ ❏❡st t❛❦✱ ♣♦♥✐❡✇❛➺ ✇✐❞③✐❡❧✐➧♠②✱ ➺❡ ✇➟❛s♥♦✲
➧❝✐ s❡♠❛♥t②❝③♥❡ t❛❦✐❡ ❥❛❦ st♦♣ ♣r♦❣r❛♠✉✱ ♣♦♣r❛✇✲
♥♦➧➣ ♣r♦❣r❛♠✉✱ ✇➟❛s♥♦➧➣ ❢❛✉❧t✱ ró✇♥♦✇❛➺♥♦➧➣✱ ❡t❝✳
s→ ✇②r❛➺❛❧♥❡ ❢♦r♠✉➟❛♠✐ ❜➛❞→❝②♠✐ ❜♦♦❧♦✇s❦✐♠✐ ❦♦♠✲
❜✐♥❛❝❥❛♠✐ ❢♦r♠✉➟ ♣♦st❛❝✐ Kα✳

✼✳ Pr③②❦➟❛❞②

❲ t②♠ ♣♦❞r♦③❞③✐❛❧❡ ♣r③②t♦❝③②♠② ❦✐❧❦❛ ❞♦✇♦❞ó✇
✳✳✳

✼✳✶✳ ❊✉❞♦❦s♦s❛ ③❛s❛❞❛ ✇②❝③❡r♣②✇❛♥✐❛✳ ❊✉❞♦❦s♦s
✇ ■■■ ✇✐❡❦✉ ♣✳♥✳❡✱ ❛ ♣ó➵♥✐❡❥ ❆r❝❤✐♠❡❞❡s✱ ❞♦❦♦♥②✇❛❧✐

✶✸✼



♦❜❧✐❝③❡➠ ✇✐❡❧❦♦➧❝✐ ♣♦❧❛ ✭❧✉❜ ♦❜❥➛t♦➧❝✐ ❜r②➟②✮ ♣♦s➟✉✲
❣✉❥→❝ s✐➛ ♥❛st➛♣✉❥→❝→ ③❛s❛❞→ ✇②❝③❡r♣②✇❛♥✐❛✿
❩❛➟ó➺♠②✱ ➺❡ x ❥❡st ♣♦s③✉❦✐✇❛♥→ ✇✐❡❧❦♦➧❝✐→ ♣♦❧❛ ✜✲
❣✉r② F ✳ ❙❦♦♥str✉✉❥♠② ❝✐→❣ ✜❣✉r F1, F2, . . . ✱ ♦ ♣♦❧❛❝❤
p1, p2, . . . ✐ t❛❦✐✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ i✱ ③❛❝❤♦❞③✐ ♥✐❡ró✇♥♦➧➣
x − pi < x/2i✳ ▼♦➺❡♠② ✇✐➛❝ ♦❜❧✐❝③②➣ ♣♦❧❡ ✜❣✉r② F ③
❜➟➛❞❡♠ ❞♦✇♦❧♥✐❡ ♠❛➟②♠ x− pi < ǫ✳
❩❛s❛❞❛ ✇②❝③❡r♣②✇❛♥✐❛ ❥❡st ró✇♥♦✇❛③♥❛ ♣r❛✇✉ ❆r✲
❝❤✐♠❡❞❡s❛✳ ❆♥t♦♥✐ ❑r❡❝③♠❛r ❬❑r❡✼✼❜❪ ③❛♣✐s❛➟ t➛ ③❛✲
s❛❞➛ ✇ ♣♦st❛❝✐ s❝❤❡♠❛t✉ ❢♦r♠✉➟ ❛❧❣♦r②t♠✐❝③♥②❝❤ H(K)✳
◆✐❡❝❤ K ❜➛❞③✐❡ ♣r♦❣r❛♠❡♠✱ ♥✐❡❝❤ x ❜➛❞③✐❡ ❥❡❞②♥→
③♠✐❡♥♥→ ✇❡❥➧❝✐❛✲✇②❥➧❝✐❛ t❡❣♦ ♣r♦❣r❛♠✉✳ ❲②❜✐❡r③♠②
tr③② ③♠✐❡♥♥❡ t, u, z ♥✐❡ ✇②st➛♣✉❥→❝❡ ✇ ♣r♦❣r❛♠✐❡ K✳
❑❛➺❞❛ ❢♦r♠✉➟❛ H(K) ♦ ♣♦❞❛♥②♠ ♣♦♥✐➺❡❥ s❝❤❡♠❛❝✐❡
❥❡st ✐♥st❛♥❝❥→ ③❛s❛❞② ✇②❝③❡r♣②✇❛♥✐❛✳

∀
t,u,y>0

((
(x = t ∧ z = y)⇒

⋂

{K; z ← z

2
}(0 ≤ x ≤ z)

)
⇒ {x← t}

⋃

K(x ≤ u)
)

❋♦r♠✉➟➛ t➛ ♠♦➺♥❛ ✇②♣r♦✇❛❞③✐➣ ③ ❛❦s❥♦♠❛tó✇ ♣✐❡r✇♦t♥❡❣♦ t②♣✉
r❡❛❧✳ Pr③②♣♦♠♥✐❥♠② ❥❡❞♥②♠ ③ ❛❦s❥♦♠❛tó✇ ❥❡st ♣r❛✇♦ ❆r❝❤✐♠❡✲
❞❡s❛✳
❩❛st♦s♦✇❛♥❡ ③❛s❛❞② ✇②❝③❡r♣②✇❛♥✐❛ ♣♦❦❛③✉❥❡♠② ♣♦♥✐➺❡❥✱ ♣♦❞✲
❝③❛s ❛♥❛❧✐③②② ❛❧❣♦r②t♠✉ ♦❜❧✐❝③❛❥→❝❡❣♦ ♣r③②❜❧✐➺♦♥→ ✇❛rt♦➧➣

√
a✳

▼♦➺❡♠② t❛❦➺❡ st♦s♦✇❛➣ ♥❛st➛♣✉❥→❝→ r❡❣✉➟➛ ✇♥✐♦s❦♦✇❛♥✐❛ ♣r③②✲
❞❛t♥→ ✇ r♦③✉♠♦✇❛♥✐❛❝❤ ♦ ✇➟❛s♥♦➧❝✐❛❝❤ ❛❧❣♦r②t♠ó✇ ❞③✐❛➟❛❥→✲
❝②❝❤ ✇ t②♣✐❡ r❡❛❧✳

AT R ⊢ (x = t)⇒ {K(x)}(x < t/2)

{whilex ≥ ǫdoK(x)od} (x < ǫ)

◆✐❡tr✉❞♥♦ ♣r③❡❦♦♥❛➣ s✐➛ ♦ ❥❡❥ ♣♦♣r❛✇♥♦➧❝✐✳ ❚❛ r❡❣✉➟❛ ✇♥✐♦s❦♦✲
✇❛♥✐❛ ③♥❛❥❞③✐❡ s✇❡ ③❛st♦s♦✇❛♥✐❡ ♣♦♥✐➺❡❥ ♣♦❞❝③❛s ❛♥❛❧✐③② ❦♦❧❡❥✲
♥②❝❤ ❛❧❣♦r②t♠ó✇✳

✼✳✷✳ ❖❜❧✐❝③❛♥✐❡
√
a ③ ➺→❞❛♥→ ❞♦❦➟❛❞♥♦➧❝✐→✳

❚✇✐❡r❞③❡♥✐❡ ✼✳✻✳ Pr♦❣r❛♠

✭✶✻✮
{
x := (a+ 1)/2;
while (x− a/x) ≥ ǫ do x := (x+ a/x)/2 od

}

♦❜❧✐❝③❛ ♣✐❡r✇✐❛st❡❦ ③ ❧✐❝③❜② ❞♦❞❛t♥✐❡❥ a > 0 ③ ❞♦❦➟❛❞♥♦➧❝✐→ ❞♦ ǫ✳

✶✸✽



❉♦✇ó❞✳ ❘♦③✇❛➺♠② ♣r♦❣r❛♠

✭✶✼✮







d := ǫ;
while d ≥ ǫ do

I :







if d = ǫ
then x := (a+ 1)/2
else x := (x+ a/x)/2
fi;
d := (x− a/x)







od







❚❡♥ ♣r♦❣r❛♠ ♦❜❧✐❝③❛ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ x ✇ t❛❦✐ s❛♠ s♣♦só❜ ❥❛❦
♣r♦❣r❛♠ ♣♦♣r③❡❞♥✐✱ ❧✉❜ ♦❜❛ ♣r♦❣r❛♠② ♠❛❥→ ♦❜❧✐❝③❡♥✐❡ ♥✐❡s❦♦➠✲
❝③♦♥❡✳ ❲②st❛r❝③② ✇②❦❧✉❝③②➣ t➛ ❞r✉❣→ ♠♦➺❧✐✇♦➧➣✱ t③♥✳ ✇②❦❛③❛➣✱
✇➟❛s♥♦➧❝ st♦♣✉ ♣r♦❣r❛♠✉ ✶✼✳ ❲❛rt♦➧➣ ③♠✐❡♥♥❡❥ d ❥❡st ♦❜❧✐❝③♦♥→
❞♦❦➟❛❞♥♦➧❝✐→✳ ❲②❦❛➺❡♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ♣❛r② ❧✐❝③❜ a ✐ ǫ t❛❦✐❡❥✱
➺❡ a > 0 ✐ ǫ > 0 ♣r♦❣r❛♠ t❡♥ ♠❛ ♦❜❧✐❝③❡♥✐❡ s❦♦➠❝③♦♥❡✳

❩❛st♦s✉❥❡♠② ③❛s❛❞➛ ✇②❝③❡r♣②✇❛♥✐❛✳ ◆❛❥♣✐❡r✇ ✇②❦❛➺❡♠②✱
➺❡ ♣r❛✇❞③✐✇❛ ❥❡st ❢♦r♠✉➟❛

✭✶✽✮ {d := ǫ; z := a+ ǫ+ 1}
⋂

{I; z := z/2}(0 ≤ d ≤ z)).

◆❛❧❡➺② ✇✐➛❝ ✇②❦❛③❛➣✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥ i ∈ N ③❛✲
❝❤♦❞③✐ ❢♦r♠✉➟❛

✭✶✾✮ {d := ǫ; z := a+ ǫ+ 1}{I; z := z/2}i(0 ≤ d ≤ z)).
❉❧❛ i = 0 r③❡❝③②✇✐➧❝✐❡ ③❛❝❤♦❞③✐ ❢♦r♠✉➟❛

✭✷✵✮ {d := ǫ; z := a+ ǫ+ 1}(0 ≤ d ≤ z)).
❉❧❛ s♣r❛✇❞③❡♥✐❛ ✇②st❛r❝③② ③❛st♦s♦✇❛➣ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②✲
♣✐s❛♥✐❛ ✐ ❢❛❦t✱ ➺❡

✭✷✶✮ 0 ≤ ǫ ≤ a+ ǫ+ 1.

❉❧❛ i = 1 s❦♦r③②st❛♠② ③ ♥❛st➛♣✉❥→❝❡❣♦ ❢❛❦t✉✿ ♣♦♥✐➺s③❛ ❢♦r♠✉➟❛

✭✷✷✮ {x := (a+ 1)/2; d := x− a/x}(0 ≤ d ≤ (a+ ǫ+ 1)/1)

❥❡st ró✇♥♦✇❛③♥❛ ♥❛st➛♣♥❡❥ ❢♦r♠✉❧❡

✭✷✸✮ ((a+ 1)/2)2 ≥ a ∧ 0 ≤ (a− 1)2/2 ∗ (a+ 1) ≤ (a+ ǫ+ 1)/2

❛ ✇✐➛❝

✭✷✹✮







d := ǫ;
z := a+ ǫ+ 1;
I;
z := z/2







(x2 ≥ a ∧ 0 ≤ d ≤ z ∧ d = x− a/x)).

❉❧❛ ❦r♦❦✉ ✐♥❞✉❦❝②❥♥❡❣♦✱ ♥❛❥♣✐❡r✇ s♣r❛✇❞③❛♠②✱ ➺❡ ③❛❝❤♦❞③✐ ❢♦r✲
♠✉➟❛

✭✷✺✮
(x2 ≥ a ∧ 0 ≤ (x− a/x) ≤ z)⇒

(((x+ a/x)/2)2 ≥ a ∧ 0 ≤ (x+ a/x)/2− a/(x+ a/x)/2 ≤ z/2)
✶✸✾



❙t→❞ ✐ ③ ✇➟❛s♥♦➧❝✐ ♣r♦❣r❛♠✉ I ♦tr③②♠✉❥❡♠②

✭✷✻✮
(x2 ≥ a ∧ 0 ≤ d ≤ z ∧ d = x− a/x)
︸ ︷︷ ︸

⇒

({I; z := z/2} (x2 ≥ a ∧ 0 ≤ d ≤ z ∧ d = x− a/x)
︸ ︷︷ ︸

)

❲②❦❛③❛❧✐➧♠②✱ ➺❡ ❢♦r♠✉➟❛ (x2 ≥ a ∧ 0 ≤ d ≤ z ∧ d = x − a/x) ❥❡st ♥✐❡✲
③♠✐❡♥♥✐❦✐❡♠ ♣r♦❣r❛♠✉ {I; z := z/2}✳ ❾→❝③→❝ t❡♥ ❢❛❦t ✐ ✐♠♣❧✐❦❛❝❥❡
✷✵ ♦r❛③ ✷✹ ❞♦✇♦❞③✐♠②✱ ➺❡
❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥ i ∈ N
✭✷✼✮ {d := ǫ; z := a+ ǫ+ 1}; {I; z := z/2}i(0 ≤ d ≤ z)
❲②♥✐❦❛ st→❞✱ ➺❡ st♦s✉❥→❝ r❡❣✉➟➛ ❘5✱ ✭③♦❜✳ ♥❛st➛♣♥② r♦③❞③✐❛➟✱
str♦♥❛ ✶✺✺✮ ♠♦➺❡♠② ✇♣r♦✇❛❞③✐➣ ♦❣ó❧♥② ❦✇❛♥t②✜❦❛t♦r ✐t❡r❛❝❥✐
❜② ♦tr③②♠❛➣ ♣♦♣r③❡❞♥✐❦ ✇ ③❛s❛❞③✐❡ ✇②❝③❡r♣②✇❛♥✐❛

✭✷✽✮ {d := ǫ; z := a+ ǫ+ 1}
⋂

{I; z := z/2}(0 ≤ d ≤ z).
❆ ✇✐➛❝✱ st♦s✉❥→❝ ③❛s❛❞➛ ✇②❝③❡r♣②✇❛♥✐❛✱ ✇②❦❛③❛❧✐➧♠②✱ ➺❡ ♣r❛✇✲
❞③✐✇❛ ❥❡st ❢♦r♠✉➟❛

✭✷✾✮ a > 0 ∧ ǫ > 0⇒ {d := ǫ}
⋃

I(d < ǫ)

❲②❦♦r③②st❛♠② ♥❛st➛♣✉❥→❝❡ t✇✐❡r❞③❡♥✐❡ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇
✭③♦❜✳ ❢♦r♠✉➟❛ ✭✷✮ str✳ ✻✷ ❬▼❙✽✼❪✮

✭✸✵✮ while γ do M odα⇔
⋃

{if γ then M fi}(¬γ ∧ α)
✐ ③ ❥❡❣♦ ♣♦♠♦❝→ ✇♣r♦✇❛❞③✐♠② ♦♣❡r❛t♦r ✇❤✐❧❡
✭✸✶✮ a > 0 ∧ ǫ > 0⇒ {d := ǫ;while d ≥ ǫ do I od} (d < ǫ)

❯❞♦✇♦❞♥✐❧✐➧♠② ✇✐➛❝✱ ➺❡ ♥❛s③ ♣r♦❣r❛♠ ✶✼ ❦♦➠❝③② ♦❜❧✐❝③❡♥✐❛ ✐
✇♦❜❡❝ t❡❣♦ ♣r♦❣r❛♠ ✶✻ t❡➺ ❦♦➠❝③② ♦❜❧✐❝③❡♥✐❛✳ �

✼✳✸✳ ❇✐s❡❦❝❥❛✳ ❩❛❞❛♥✐❡✱ ❦tór❡ t❡r❛③ ♦♠ó✇✐♠②✱ ♣♦❧❡❣❛ ♥❛ ③♥❛✲
❧❡③✐❡♥✐✉ ♣r③②❜❧✐➺♦♥❡❥ ✇❛rt♦➧❝✐ ③❡r❛ ❢✉♥❦❝❥✐ f(x) = x5 + 7x3 − 7x+ 12
✇ ♣r③❡❞③✐❛❧❡ ❬✲✶✵✱✶✵❪✳
Pr③②♣❛tr③♠② s✐➛ ✇➟❛s♥♦➧❝✐♦♠ ❢✉♥❦❝❥✐ ❢✳ ❾❛t✇♦ ③❛✉✇❛➺②➣✱ ➺❡
f ❥❡st ❢✉♥❦❝❥→ ❥❡❞♥❡❥ ③♠✐❡♥♥❡❥ r③❡❝③②✇✐st❡❥ ♦ ✇❛rt♦➧❝✐❛❝❤ r③❡✲
❝③②✇✐st②❝❤✱ ➺❡ f ❥❡st ❢✉♥❦❝❥→ ❝✐→❣➟→ ♥❛ ♦❞❝✐♥❦✉ [−10, 10]✱ ➺❡ ♥❛
❦♦➠❝❛❝❤ ♣r③❡❞③✐❛➟✉ ♣r③②❥♠✉❥❡ ró➺♥❡ ③♥❛❦✐ f(−10) ∗ f(10) < 0 ✐ ➺❡
❢✉♥❦❝❥❛ f ❥❡st ♦❜❧✐❝③❛♥❛ ♣r③❡③ ♣♦♥✐➺s③② ♣r♦❣r❛♠ ▼❢✳
✭▼❢✮ {y := x5 + 7x3 − 7x+ 12}
❲②❜✐❡❣❛❥→❝ ✇ ♣r③②s③➟♦➧➣ s❢♦r♠✉➟✉❥❡♠② ❛❧❣♦r②t♠ ♦ s③❡rs③②♠
③❛st♦s♦✇❛♥✐✉✳

❚✇✐❡r❞③❡♥✐❡ ✼✳✼✳ ❩❛➟♦➺❡♥✐❛✳
✭✐✮ ❋✉♥❦❝❥❛ f ❥❡st ♦❦r❡➧❧♦♥❛ ♥❛ ♣r③❡❞③✐❛❧❡ [a, b] ✐ ❝✐→❣➟❛✱
✭✐✐✮ f ❥❡st ♦❜❧✐❝③❛♥❛ ♣r③❡③ ♣❡✇✐❡♥ ♣r♦❣r❛♠ M t③♥✳ ❥❡st

♣r❛✇❞→✱ ➺❡
∀a≤l≤b{x := l; M }(y = f(l))✱

✭✐✐✐✮ ③♥❛❦✐ ❢✉♥❦❝❥✐ f ♥❛ ❦♦➠❝❛❝❤ ♣r③❡❞③✐❛➟✉ [a, b] s→ ró➺♥❡✱ t❥✳
f(a) ∗ f(b) < 0✳

✶✹✵



❚❡③❛✳ ◆❛st➛♣✉❥→❝❛ ❢♦r♠✉➟❛ ❥❡st t✇✐❡r❞③❡♥✐❡♠ ❛❧❣♦r②t♠✐❝③♥❡❥
t❡♦r✐✐ ❧✐❝③❜ r③❡❝③②✇✐st②❝❤✳

✭✸✷✮







x := a; M ; fa := y;

x := b; M ; fb := y;
while (b− a) ≥ ǫ do

x := (a+ b)/2; M ;
if y = 0
then b := a; exit
else

if y ∗ fa < 0
then b := x; fb := y
else a := x; fa := y
fi

fi

od







(f(x) = 0∨((b−a) < ǫ)∧f(a)∗f(b) < 0)

❩❛✉✇❛➺②➟❡➧✱ ➺❡ t❡♥ ♣r♦❣r❛♠ ❥❡st r♦③✇❧❡❦➟② ✐ tr③②❦r♦t♥✐❡ ♣♦✲
✇t❛r③❛ ♣r♦❣r❛♠ M✳ ❲②❜✐❡❣❛❥→❝ tr♦❝❤➛ ♥❛♣r③ó❞ ✇♣r♦✇❛❞③✐♠②
♣❡✇♥❡ r♦③s③❡r③❡♥✐❡ ❥➛③②❦❛✳ ❏❡➺❡❧✐ ♣♦tr❛✜♠② ✉❞♦✇♦❞♥✐➣ ♣r❛✇✲
❞③✐✇♦➧➣ ❢♦r♠✉➟②

AT R ⊢ (x = l)⇒ {M}(y = f(l))

t♦ ✇♦❧♥♦ ♥❛♠ ✇♣r♦✇❛❞③✐➣ ❞❡❦❧❛r❛❝❥➛ t❥✳ ❞❡✜♥✐❝❥➛ ♥♦✇❡❣♦ ❢✉♥❦✲
t♦r❛

✐ ♣r♦❣r❛♠ ♣r③②❥♠✐❡ ♣r♦sts③→ ♣♦st❛➣

✭✸✸✮







unit f : function(x : real) : real
begin

M
endf

fa := f(a);
fb := f(b);
while (b− a) ≥ ǫ do

x := (a+ b)/2; y := f(x);
if y = 0 then a, b := x
else

if y ∗ fa < 0
then b := x; fb := y
else a := x; fa := y
fi

fi

od







◆❛s③②♠ ❝❡❧❡♠ ❥❡st ❛♥❛❧✐③❛ ♣♦♣r❛✇♥♦➧❝✐ t❡❣♦ ♣r♦❣r❛♠✉✳ ❩✇ró❝
✉✇❛❣➛✿ ✇ ♣r♦❣r❛♠✐❡ ♥✐❡ ✇✐❞❛➣ ③❛➟♦➺❡➠ t✇✐❡r❞③❡♥✐❛ ❥❛❦✐❡ ❝❤❝❡♠②
✉❞♦✇♦❞♥✐➣✳ ❉❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥✐ ♥❛❧❡➺②✱ ✇ ✉♠②➧❧❡ ❝③②t❛❥→❝❡❣♦✭✦✮
✉③✉♣❡➟♥✐➣ t✇✐❡r❞③❡♥✐❡♠ ♦ ♦❦r❡➧❧♦♥♦➧❝✐ ❢✉♥❦❝❥✐✳

✶✹✶



❉♦✇ó❞✳ ❲ ❞♦✇♦❞③✐❡ ✇②❦♦r③②st✉❥❡♠② ♣r❛✇♦ ❆r❝❤✐♠❡❞❡s❛ ✐
✐♥♥❡ ❛❦s❥♦♠❛t② ❝✐❛➟❛ ❧✐❝③❜ r③❡❝③②✇✐st②❝❤✳ ❉♦✇ó❞ s♣r♦✇❛❞③❛ s✐➛
❞♦ ✇②♣r♦✇❛❞③❡♥✐❛ ♥❛s③❡❥ ❢♦r♠✉➟② ③ ❛❦s❥♦♠❛t✉ Arch✳ ◆❛❥♣✐❡r✇
❥❡❞♥❛❦ ✉❞♦✇♦❞♥✐♠②✱ ➺❡ ③ ❛❦s❥♦♠❛t✉ Arch ✇②♥✐❦❛ ✐♥♥❛✱ ✇②❣♦❞✲
♥✐❡❥s③❛ ✇ ③❛st♦s♦✇❛♥✐✉ ❢♦r♠✉➟❛✿

▲❡♠❛t ✼✳✽✳
Rarch ⊢ ((0 < a ∧ a < b)⇒ {while a < b do b := b/2 od}(b < a))

❯❞♦✇♦❞♥✐♠②✱ ➺❡ ❦❛➺❞❛ ❢♦r♠✉➟❛ ③❜✉❞♦✇❛♥❛ ✇❡❞➟✉❣ ♣♦♥✐➺✲
s③❡❣♦ s❝❤❡♠❛t✉
({t := a; if t < b then t := 2∗t fin}(b < t))⇒ {if a < b then b := b/2 fi}n(b < a))

❣❞③✐❡ n ∈ N ❥❡st ❞♦✇♦❧♥→ ❧✐❝③❜→ ♥❛t✉r❛❧♥→

♣♦s✐❛❞❛ ❞♦✇ó❞ ③ ❛❦s❥♦♠❛tó✇ ❝✐❛➟❛ ✉♣♦r③→❞❦♦✇❛♥❡❣♦✳ ❚③♥✳✱ ➺❡
❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥ n ♠♦➺♥❛ ✉❞♦✇♦❞♥✐➣✱ ➺❡
R< ⊢ ({t := a; if t < b then t := 2∗t fin}(b < t))⇒ {if a < b then b := b/2 fi}n(b < a))

●❞② t♦ ③♦st❛♥✐❡ ✉❞♦✇♦❞♥✐♦♥❡ t♦ ♥❛❥♣✐❡r✇ ❦♦r③②st❛♠② ③ ❛❦✲
s❥♦♠❛t✉ ✐♥str✉❦❝❥✐ while ✐ ♠❛♠② ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥ n
♠♦➺♥❛ ✉❞♦✇♦❞♥✐➣✱ ➺❡
R< ⊢ ({t := a; if t < b then t := 2∗t fin}(b < t))⇒ {while a < b do b := b/2 od}(b < a))

❚❡r❛③ ♠♦➺♥❛ ③❛st♦s♦✇❛➣ r❡❣✉➟➛ ❘3 ✭③♦❜✳ str♦♥❛ ✶✺✺✮ ✐ ✉③②s❦❛♠②
R< ⊢ ({t := a; while t < b do t := 2∗t od}(b < t))⇒ {while a < b do b := b/2 od}(b < a))

P♦♣r③❡❞♥✐❦ ✐♠♣❧✐❦❛❝❥✐ t♦ ❛❦s❥♦♠❛t ❆r❝❤✐♠❡❞❡s❛✳ ❯❞♦✇♦❞♥✐❧✐✲
➧♠② ✇✐➛❝✱ ➺❡

RArch ⊢ {while a < b do✿
✠
= b/2 od}(b < a)).

❈♦ ❦♦➠❝③② ❞♦✇ó❞ ❧❡♠❛t✉✳

❲r❛❝❛♠② ❞♦ ❞♦✇♦❞✉ t✇✐❡r❞③❡♥✐❛✳ ❉❧❛ n = 0 ❜❡③ tr✉❞✉ st✇✐❡r✲
❞③❛♠②✱ ➺❡ ❢♦r♠✉➟❛

({t := a}(b < t)) ≡ (b < a))

❥❡st t❛✉t♦❧♦❣✐→✱ ✇②st❛r❝③② ③❛st♦s♦✇❛➣ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②✲
♣✐s❛♥✐❛
❛ ✇✐➛❝

R ⊢ ({t := a}(b < t))⇒ (b < a)).

❩❛➟ó➺♠②✱ ➺❡ ❞❧❛ k ≤ n ❥❡st ♣r❛✇❞→✱ ➺❡
R ⊢ ({t := a; if t < b then t := 2∗t fik}(b < t))⇒ {if a < b then b := b/2 fi}k(b < a))

❩❜❛❞❛❥♠② ✐♠♣❧✐❦❛❝❥➛
({t := a; if t < b then t := 2∗t fin+1}(b < t))⇒ {if a < b then b := b/2 fi}n+1(b < a))

❩ ❞❡✜♥✐❝❥✐ ✐t❡r❛❝❥✐ Kn ♣r♦❣r❛♠✉ K ♠❛♠②
⊢ ({t := a; if t < b then t := 2 ∗ t fin+1}(b < t)) ≡

({t := a; if t < bthent := 2 ∗ tfin;

if t < bthent := 2 ∗ tfi}(b < t))

✭✸✹✮

✶✹✷



❩ ❛❦s❥♦♠❛t✉ ✐♥str✉❦❝❥✐ ✇❛r✉♥❦♦✇❡❥ if ♦tr③②♠✉❥❡♠②

⊢ ({t := a; if t < b then t := 2 ∗ t fin+1}(b < t)) ≡
(
{t := a; if t < b then t := 2 ∗ t fin}

((t < b) ∧ {t := 2 ∗ t}(b < t) ∨ ¬(t < b) ∧ (b < t)
)

✭✸✺✮

❉✇✐❡ ➟❛t✇❡ ❞♦ ✉❞♦✇♦❞♥✐❡♥✐❛ ♦❜s❡r✇❛❝❥❡ ❜➛❞→ ♣r③②❞❛t♥❡✳

▲❡♠❛t ✼✳✾✳

R< ⊢ ((f(a) ∗ f(b) < 0)⇒







c := (a+ b)/2;
iff(a) ∗ f(c) < 0

then b := c
else a := c

fi







(f(a) ∗ f(b) < 0)✭✐✮

R< ⊢ ((b− a) = k)⇒







c := (a+ b)/2;
iff(a) ∗ f(c) < 0

then b := c
else a := c

fi







((b− a) = k

2
)✭✐✐✮

❉♦✇♦❞② ✇➟❛s♥♦➧➣✐ (i) ♦r❛③ (ii) s→ ❜❛r❞③♦ ➟❛t✇❡✳ ❙♣ró❜✉❥ s❛♠
✉❞♦✇♦❞♥✐➣ t❡ ✇➟❛s♥♦➧❝✐✳

❩ ❛❦s❥♦♠❛t✉ ❆r❝❤✐♠❡❞❡s❛ ✲ ✇ ❥❡❣♦ ③♠✐❡♥✐♦♥❡❥ ♣♦st❛❝✐ ✇②✲
♥✐❦❛✱ ➺❡ ♣♦♥✐➺s③② ♣r♦❣r❛♠ s✐➛ ③❛tr③②♠✉❥❡✳ ❩ ✇➟❛s♥♦➧❝✐ (ii) ✇②✲
♥✐❦❛

▲❡♠❛t ✼✳✶✵✳

RArch ⊢ ((b− a) > δ)⇒







while (b− a) > δdo
c := (a+ b)/2;
iff(a) ∗ f(c) < 0

then b := c
else a := c

fi

od







((b− a) < δ)

❲②❦♦r③②st❛♠② ✇➟❛s♥♦➧➣ (i) ❧❡♠❛t✉ ✼✳✾ ❜② ♦tr③②♠❛➣ ♣♦➺→✲
❞❛♥→ t❡③➛

RArch ⊢
(

(b− a) > δ ∧
(f(a) ∗ f(b) < 0

)

⇒







while (b− a) > δdo
c := (a+ b)/2;
iff(a) ∗ f(c) < 0

then b := c
else a := c

fi

od







(
(b− a) < δ ∧
(f(a) ∗ f(b) < 0

)

�

✼✳✸✳✶✳ ❯✇❛❣✐✳ ❈③②t❡❧♥✐❦ ♠♦➺❡ ③❛♣②t❛➣✱ ♣♦ ❝♦ t❛❦ s✐➛ ♠➛✲
❝③②➣❄ Pr③❡❝✐❡➺ ❥❡st ♦❝③②✇✐st❡✱ ➺❡ t❡♥ ♣r♦❣r❛♠ ❥❡st ♣♦♣r❛✇♥②✳
◆❛♣r❛✇❞➛❄ ❲②♦❜r❛➵♠② s♦❜✐❡✱ ➺❡ ♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠✉ ❜✐s❡❦✲
❝❥❛ ✇②❦♦♥②✇❛♥❡ s→ ✇ ❝✐❡❧❡ ♥✐❡❛r❝❤✐♠❡❞❡s♦✇s❦✐♠✳ ❈♦ ✇t❡❞②❄

✶✹✸



Pr③②♣♦♠♥✐❥♠②✱ ❛➺ ❞♦ ♣♦➟♦✇② ❳■❳ ✇✐❡❦✉ ✇✐❡r③♦♥♦✱ ➺❡ ❦❛➺❞❡
❝✐❛➟♦ ❧✐❝③❜♦✇❡ ❥❡st ❛r❝❤✐♠❡❞❡s♦✇s❦✐❡✳ ❖❞❦r②❝✐❡✱ ➺❡ ♠♦➺❡ ❜②➣
✐♥❛❝③❡❥✱ ❜②➟♦ ✇str③→s❡♠ t②❧❦♦ ♥✐❡❝♦ s➟❛❜s③②♠ ♦❞ ♦❞❦r②❝✐❛ ❣❡♦✲
♠❡tr✐✐ ♥✐❡❡✉❦❧✐❞❡s♦✇❡❥✳ P②t❛♥✐❡✿ ❝③② ♠♦➺♥❛ ③❛♣r♦❣r❛♠♦✇❛➣
str✉❦t✉r➛ ❝✐❛➟❛ ♥✐❡❛r❝❤✐♠❡❞❡s♦✇s❦✐❡❣♦❄
❲②❦♦♥❛❧✐➧♠② ♣❡✇♥❡ ❞♦➧✇✐❛❞❝③❡♥✐❡ ♠②➧❧♦✇❡✭♣♦r✳ ♥✐❡♠✳ ❣❡❞❛♥✲
❦❡♥❡①♣❡r✐♠❡♥t✮✳ ❏❛❦✐❡ ✇♥✐♦s❦✐ ♠♦➺♥❛ ✇②❝✐→❣♥→➣ ♣r③②♣❛tr✉❥→❝
s✐➛ ❞r♦❞③❡ ❥❛❦→ ♣r③❡❜②❧✐➧♠②❄

• ❙❦→❞ ✇✐❡♠②✱ ➺❡ ③♥❛❧❡➺❧✐➧♠② ✭♣r③②❜❧✐➺♦♥→✮ ✇❛rt♦➧➣ ♠✐❡❥✲
s❝❛ ③❡r♦✇❡❣♦ ❢✉♥❦❝❥✐ f❄ ❆❤❛✱ ♣♦tr③❡❜♥❡ ❞♦❞❛t❦♦✇❡
③❛➟♦➺❡♥✐❡✱ ➺❡ ❢✉♥❦❝❥❛ f ❥❡st ❝✐→❣➟❛✳

• ❲②❞❛❥❡ s✐➛✱ ➺❡ ✇✐❡❞③② ♦ ❝✐→❣➟♦➧❝✐ ❢✉♥❦❝❥✐ ♥✐❡ ❞❛ s✐➛
✇➟→❝③②➣ ❞♦ ❦♦♠♣✐❧❛t♦r❛✳

• ▼❛♠② ❥❡❞♥❛❦ ♥❛❞③✐❡❥➛✱ ➺❡ ♣r③②s③➟❡ s②st❡♠② ✇s♣♦♠❛✲
❣❛♥✐❛ ♣r♦❣r❛♠✐st② ③♥❛❥❞→ s♣♦só❜ ❜② ✇❡s♣r③❡➣ ❣♦ ✇
t②♠ ③❛❞❛♥✐✉✳

• ❩ ❞r✉❣✐❡❥ str♦♥② ③❛✇s③❡ ♣❡✇♥❛ ♣r❛❝❛ ❝③➟♦✇✐❡❝③❡❣♦ ♠ó✲
③❣✉ ❜➛❞③✐❡ ♥✐❡③❜➛❞♥②♠ s❦➟❛❞♥✐❦✐❡♠ ③❛✇♦❞✉ ♣r♦❣r❛✲
♠✐st②✳ ❉③✐➛❦✐ t❡♠✉ ③❛✇ó❞ t❡♥ ♥✐❡ ③♦st❛♥✐❡ ✇②❡❧✐♠✐♥♦✲
✇❛♥② ♣r③❡③ ❦♦♠♣✉t❡r②✳

• ❲ t②♠ ❦♦♥❦r❡t♥②♠ ♣r③②♣❛❞❦✉ t❡❦st ♣r♦❣r❛♠✉ ♥❛❧❡✲
➺❛➟♦ ✉③✉♣❡➟♥✐➣ ♦ ③❛➟♦➺❡♥✐❛ t✇✐❡r❞③❡♥✐❛✳ ▼✐♥✐♠✉♠ ✇②✲
♠❛❣❛➠ t♦ ♦❝③❡❦✐✇❛♥✐❡✱ ➺❡ ♣r♦❣r❛♠✐st❛ ✇♣r♦✇❛❞③❛❥→❝
❞❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥✐ f ❞♦➟→❝③② ❞♦✇ó❞ ✐st♥✐❡♥✐❛ ✇②♥✐❦✉✳
❉❧❛ ✇✐❡❧♦♠✐❛♥ó✇ t❛❦✐❡ t✇✐❡r❞③❡♥✐❡ ❥❡st ♦❝③②✇✐st❡✱ ❛❧❡
✇ ✐♥♥②❝❤ ♣r③②♣❛❞❦❛❝❤ ♠♦➺❡ t♦ ❜②➣ tr✉❞♥❡✳

• ◆❛❥✇❛➺♥✐❡❥s③② ✇♥✐♦s❡❦ ❥❛❦✐ ♥❛❧❡➺② ✇②❝✐→❣♥→➣ ③ t❡❣♦
♣r③②❦➟❛❞✉ t♦✿ ❥❡s❧✐ ✉➺②✇❛s③ ❢✉♥❦❝❥✐ t♦ ③❛❞❜❛❥ ❜② ❥❡❥
✇②♥✐❦ ❜②➟ ✇❛rt♦➧❝✐→ ♦❦r❡➧❧♦♥→✦

✼✳✹✳ ❆❧❣♦r②t♠ ❊✉❦❧✐❞❡s❛✳ ❆❧❣♦r②t♠ ❊✉❦❧✐❞❡s❛✱ ✇ ❥❡❣♦ ♥❛❥✲
♣r♦sts③❡❥ ♣♦st❛❝✐✱ ③❛♣✐s✉❥❡♠② st♦s✉❥→❝ ✐♥str✉❦❝❥➛ ♣♦✇t❛r③❛♥✐❛
✇❤✐❧❡✳

✭❊✮







while n 6= m do

if n > m then n := n−m else m := m− n fi

od







︸ ︷︷ ︸

algorytm Euklidesa

❲➟❛s♥♦➧➣ st♦♣✉ t❡❣♦ ♣r♦❣r❛♠✉ ♥✐❡ ❥❡st ♦❝③②✇✐st❛✳ ❯❞♦✇♦❞✲
♥✐♠②✱ ➺❡ ❞❧❛ ❦❛③❞❡❥ ♣❛r② ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤ ró➺♥②❝❤ ♦❞ ③❡r❛ ❛❧✲
❣♦r②t♠ ❊✉❦❧✐❞❡s❛ ♠❛ ♦❜❧✐❝③❡♥✐❡ s❦♦➠❝③♦♥❡✳ ❲ ❞♦✇♦❞③✐❡ ✇②❦♦✲
r③②st❛♠② ♣r❛✇♦ ❆r❝❤✐♠❡❞❡s❛✳

✭❆r❝❤✮ ∀n,m>0 n > m⇒ {k := m; while n > k do k := k +m od}(n ≤ k)

❉♦✇ó❞✳ ❩❛❝③♥✐❥♠② ♦❞ ♥❛st➛♣✉❥→❝❡❥ ♦❜s❡r✇❛❝❥✐✿
❦❛➺❞❡ ❞✇✐❡ ❢♦r♠✉➟② ❛❧❣♦r②t♠✐❝③♥❡ ♦ s❝❤❡♠❛t❛❝❤ ✇s❦❛③❛♥②❝❤

✶✹✹



♣♦♥✐➺❡❥✱ s→ ró✇♥♦✇❛➺♥❡

✭✸✻✮







while α do

if γ
then K
else M
fi

od







β ≡







while α do

while α ∧ γ do K od;
while α ∧ ¬γ do M od;

od







β

❙②♠❜♦❧❡ K ✐ M ♠♦➺♥❛ ③❛st→♣✐➣ ♣r③❡③ ❞♦✇♦❧♥❡ ♣r♦❣r❛♠②✱ ❛ s②♠✲
❜♦❧❡ α, β, γ ♣r③❡③ ❞♦✇♦❧♥❡ ✇②r❛➺❡♥✐❛ ❜♦♦❧♦✇s❦✐❡✳ ❘ó✇♥♦✇❛➺♥♦➧➣
✸✻ ❥❡st ♣r③②❦➟❛❞❡♠ t❛✉t♦❧♦❣✐✐ r❛❝❤✉♥❦✉ s❝❤❡♠❛tó✇ ♣r♦❣r❛♠ó✇
P❆▲ ✭t❥✳ ③❞❛♥✐♦✇❡❥ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥✮✭♣♦r✳ ❬▼❙✽✼❪ r♦③❞③✳
❱✱ str✳ ✷✵✻✲✷✻✾✮✳

❲st❛✇✐❛♠②✿
α : n 6= m, β : n = m, γ : n ≥ m

K : n := n−m, M : m := m− n
♥❛s③②♠ ❝❡❧❡♠ ❥❡st t❡r❛③ ✉❞♦✇♦❞♥✐❡♥✐❡ ❢♦r♠✉➟②







while n 6= m do

while n 6= m ∧ n ≥ m do n := n−m od;
while n 6= m ∧ ¬(n ≥ m) do m := m− n od;

od







(n = m)

❯♣r♦➧➣♠② tr♦❝❤➛






while n 6= m do

while n > m do n := n−m od;
while m > n do m := m− n od;

od







(n = m)

❚❡r❛③ tr③②❦r♦t♥✐❡ ♠♦➺♥❛ ③❛st♦s♦✇❛➣ ♣r❛✇♦ ❆r❝❤✐♠❡❞❡s❛✱ ✇ ❥❡❣♦
tr♦❝❤➛ ✐♥♥❡❥ ♣♦st❛❝✐✳

∀n,m>0{while n > m do n := n−m od}(n ≤ m)

∀n,m>0{while m > n do m := m− n od}(m ≤ n)
❩❛✉✇❛➺♠② t❡➺✱ ➺❡

|n−m| = k ⇒
{

while n > m do n := n−m od;
while m > n do m := m− n od;

}

(|n−m| < k)

❙❦→❞ st♦s✉❥→❝ ♣r❛✇♦ ❆r❝❤✐♠❡❞❡s❛ ♣♦ r❛③ tr③❡❝✐ ♦tr③②♠✉❥❡♠②

∀n,m>0







while n 6= m do

while n > m do n := n−m od;
while m > n do m := m− n od;

od







|n−m| = 0

❝♦ ❦♦➠❝③② ❞♦✇ó❞ ✇➟❛s♥♦➧❝✐ st♦♣✉✳
P♦♣r❛✇♥♦➧➣ ❛❧❣♦r②t♠✉ ➟❛t✇♦ ✉❞♦✇♦❞♥✐➣ ♣♦s➟✉❣✉❥→❝ s✐➛ tr③❡♠❛
❢❛❦t❛♠✐

gcd(n, n) = n

gcd(n,m) = gcd(n−m,m) ❣❞② n > m

gcd(n,m) = gcd(n,m− n) ❣❞② n < m

✶✹✺



�

Pr❛✇♦ ❆r❝❤✐♠❡❞❡s❛ ♣♦s✐❛❞❛ ❞♦✇ó❞ ③ ♣♦③♦st❛➟②❝❤ ❛❦s❥♦♠❛✲
tó✇ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤✱ ♣✐s③❡♠② ♦ t②♠ ✇ ✐♥♥②♠ ♠✐❡❥s❝✉✳

✼✳✺✳ ❖❜❧✐❝③❛♥✐❡ ♣♦t➛❣✐ xn✳ Pr③②❥♠✐❥♠②✱ ➺❡ ❞✇✐❡ ③♠✐❡♥♥❡ s→
③❛❞❡❦❧❛r♦✇❛♥❡ ✇ ♥❛st➛♣✉❥→❝② s♣♦só❜

✈❛r ①✿ r❡❛❧✱ ♥✿ ✐♥t❡❣❡r
✐ ♣♦♥❛❞t♦ ♣r③②❥♠✐❥♠②✱ ➺❡ ♥❃✵✳ ❇❛r❞③♦ s③②❜❦♦ ♠♦➺❡♠② ♥❛♣✐s❛➣
♣r♦❣r❛♠ ♦❜❧✐❝③❛❥→❝② n✲t→ ♣♦t➛❣➛ ❧✐❝③❜② x

P : {p := 1; for i := 1 to n do p := p ∗ x od}.
❩ t✇✐❡r❞③❡♥✐❛ ✺✳✻ ✇②♥✐❦❛✱ ➺❡

{P}(p = xn)

❚❡♥ ❛❧❣♦r②t♠ ✇②❦♦♥✉❥❡ n ♠♥♦➺❡➠✳ ▼♦➺♥❛ ❥❡❞♥❛❦ ③♥❛❝③♥✐❡
③♠♥✐❡❥s③②➣ ❧✐❝③❜➛ ❞③✐❛➟❛➠✳

BP :







z := x; y := 1; m := n;
while m 6= 0 do

if odd(m) then y := y ∗ z fi;
m := mdiv 2;
z := z ∗ z

od







❯❞♦✇♦❞♥✐♠②✱ ➺❡
{BP}(p = xn)

❲ ❞♦✇♦❞③✐❡ ✇②❦♦r③②st❛♠② ✇➟❛s♥♦➧❝✐ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤ ♦r❛③
❢❛❦t✱ ➺❡ ✇❛rt♦➧❝✐ ③♠✐❡♥♥②❝❤ x, y, z ♥❛❧❡➺→ ❞♦ ♣✐❡r➧❝✐❡♥✐❛✳ ❲➟❛✲
➧❝✐✇✐❡ s❦♦r③②st❛♠② t②❧❦♦ ③ ➟→❝③♥♦➧❝✐ ♠♥♦➺❡♥✐❛✳ ◆❛❥♣✐❡r✇ ③❛✲
✉✇❛➺♠②✱ ③ ❛❦s❥♦♠❛tó✇ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤
AT I ✇②♥✐❦❛✱ ➺❡ ③❛tr③②♠✉❥❡ s✐➛ ♣r♦❣r❛♠

▲❡♠❛t ✼✳✶✶✳
AT I ⊢ {n ≥ 0⇒ {m := n; while m 6= 0 do m := mdiv 2 od}}(m = 0)

❉♦✇ó❞✳ ◆❛st➛♣✉❥→❝❛ ❢♦r♠✉➟❛ ❥❡st t✇✐❡r❞③❡♥✐❡♠ ❛❧❣♦r②t♠✐❝③✲
♥❡❥ t❡♦r✐✐ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤ AT I✱ ③♦❜✳ ♣r❛✇♦ ❆r❝❤✐♠❡❞❡s❛
AT I ⊢ ∀n,m(0 < n < m)⇒ {p := n; while p < m do p := p+ n od }(p > m)

❙t→❞ ➟❛t✇♦ ✇②♣r♦✇❛❞③✐➣ ✐♥♥❡ t✇✐❡r❞③❡♥✐❡ t❡♦r✐✐ AT I
AT I ⊢ ∀n,m(0 < n < m)⇒ {p := n; while p < m do p := 2 ∗ p od }(p > m)

❉❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥ i ∈ N ❢♦r♠✉➟❛ ♦ ♥❛st➛♣✉❥→❝❡❥ ♣♦st❛❝✐
❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ AT I

AT I ⊢
(
{p := n; if p < m then p := p+ n fi}i(p > m)
⇒ {p := n; if p < m then p := p+ p fi}i(p > m)

)

❙t♦s✉❥→❝ ❛❦s❥♦♠❛t ❆①✷✸ ❞♦✇♦❞③✐♠②✱ ➺❡ ❦❛➺❞❛ ③ ♥❛st➛♣✉❥→❝②❝❤
❢♦r♠✉➟ ❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ AT I ✭❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧✲
♥❡❥ i ∈ N✮✳

AT I ⊢
(
{p := n; if p < m then p := p+ n fi}i(p > m)
⇒ {p := n; while p < m do p := 2 ∗ p od}(p > m)

)

✶✹✻



▼♦➺❡♠② t❡r❛③ ③❛st♦s♦✇❛➣ r❡❣✉➟➛ ✇♥✐♦s❦♦✇❛♥✐❛ ❘✸ ✐ ✉③②s❦✉❥❡♠②
(
{p := n; while p < m do p := p+ n od}(p > m)
⇒ {p := n; while p < m do p := 2 ∗ p od}(p > m)

)

�

❑♦❧❡❥♥② ❧❡♠❛t ♣♦tr③❡❜♥② ❞♦ ✉❞♦✇♦❞♥✐❡♥✐❛ t✇✐❡r❞③❡♥✐❛

▲❡♠❛t ✼✳✶✷✳

✭✸✼✮ (zm ∗ y = xn)⇒







if odd(m) then y := y ∗ z fi;
m := mdiv 2;
z := z ∗ z






(zm ∗ y = xn)

st✇✐❡r❞③❛✱ ➺❡ ❢♦r♠✉➟❛ zm ∗ y = xn ❥❡st ♥✐❡③♠✐❡♥♥✐❦✐❡♠ ♣r♦✲
❣r❛♠✉ ✇②st➛♣✉❥→❝❡❣♦ ✇ ♣♦✇②➺s③②♠ ❧❡♠❛❝✐❡✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ✇ tr③❡❝❤ ➟❛t✇②❝❤ ❦r♦❦❛❝❤✳
✶✮ ❋♦r♠✉➟❛ ✇②♠✐❡♥✐♦♥❛ ✇ ❧❡♠❛❝✐❡ ❥❡st ró✇♥♦✇❛➺♥❛ ♥❛st➛♣✉❥→✲
❝❡❥ ❢♦r♠✉❧❡

✭✸✽✮ (zm ∗ y = xn)⇒
{

if odd(m) then y := y ∗ z fi;
m := mdiv 2;

}

((z ∗ z)m ∗ y = xn)

✷✮ ❏❡s③❝③❡ r❛③ st♦s✉❥❡♠② ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛
✭✸✾✮ (zm ∗ y = xn)⇒

{
if odd(m) then y := y ∗ z fi;

}
((z ∗ z)mdiv 2 ∗ y = xn)

❝③②❧✐
✭✹✵✮ (zm ∗ y = xn)⇒

{
if odd(m) then y := y ∗ z fi;

}
((z)m ∗ y = xn)

✸✮

✭✹✶✮ (zm ∗ y = xn)⇒
(

odd(m) ∧ {y := y ∗ z}((z ∗ z)mdiv2 ∗ y = xn)
∨¬odd(m) ∧ (zm ∗ y = xn)

)

❝③②❧✐
✭✹✷✮ (zm ∗ y = xn)⇒ (zm ∗ y = xn)

�

◆❛ ♣♦❞st❛✇✐❡ t②❝❤ ❞✇✉ ❧❡♠❛tó✇ ♠♦➺❡♠② ♣r③❡♣r♦✇❛❞③✐➣ ❞♦✲
✇ó❞ t✇✐❡r❞③❡♥✐❛ ♦ ♣♦♣r❛✇♥♦➧❝✐ ♣r♦❣r❛♠✉ ❇P ✇③❣❧➛❞❡♠ ✇❛✲
r✉♥❦✉ ♣♦❝③→t❦♦✇❡❣♦ n > 0 ✐ ✇❛r✉♥❦✉ ❦♦➠❝♦✇❡❣♦ y = xn✳ ❲②❦♦✲
r③②st❛♠② ♥❛st➛♣✉❥→❝→ r❡❣✉➟➛ ✇♥✐♦s❦♦✇❛♥✐❛

δ ⇒Mδ

δ ∧ {while γ doM od}true⇒ {while γ doM od}(¬γ ∧ δ)
✼✳✻✳ ◆❛❥♠♦❝♥✐❡❥s③② ♥❛st➛♣♥✐❦ ♣r♦❣r❛♠✉ ▼✳

❉❡✜♥✐❝❥❛ ✼✳✹✳ ◆❛❥♠♦❝♥✐❡❥s③②♠ ♥❛st➛♣♥✐❦✐❡♠ ✇❛r✉♥❦✉ ✇st➛♣✲
♥❡❣♦ α ✐ ♣r♦❣r❛♠✉ K ✇ str✉❦t✉r③❡ ❛❧❣❡❜r❛✐❝③♥❡❥ A ❥❡st t❛❦❛
❢♦r♠✉➟❛ β✱ ❦tór❛ s♣❡➟♥✐❛ ♥❛st➛♣✉❥→❝❡ ✇❛r✉♥❦✐

✭✶✮ ❥❡➧❧✐ ❞❛♥❡ ♣♦❝③→t❦♦✇❡ v s♣❡➟♥✐❛❥→ ✇❛r✉♥❡❦ ✇st➛♣♥② α ✐
♦❦r❡➧❧♦♥② ❥❡st ✇②♥✐❦ v′ = KA(v) t♦ ❦♦➠❝♦✇② st❛♥ ♣❛♠✐➛❝✐
v′ s♣❡➟♥✐❛ ✇❛r✉♥❡❦ β✳▼ó✇✐♠② ❦rót❦♦✱ ❢♦r♠✉➟❛ β ❥❡st
♥❛st➛♣♥✐❦✐❡♠ ♣❛r②✿ ❢♦r♠✉➟❛ α ✐ ♣r♦❣r❛♠ K✳

✶✹✼



✭✷✮ ❉❧❛ ❞♦✇♦❧♥❡❥ ❢♦r♠✉➟② δ ❥❡➧❧✐ δ ❥❡st ♥❛st➛♣♥✐❦✐❡♠ ♣❛r②
α ✐ K✱ t♦ ✐♠♣❧✐❦❛❝❥❛ (β ⇒ δ) ❥❡st ❢♦r♠✉➟→ ♣r❛✇❞③✐✇→ ✇
str✉❦t✉r③❡ A✳

Pr③②❦➟❛❞

Pr③②❦➟❛❞ ✼✳✸✳ ❘♦③✇❛➺♠② ♥❛st➛♣✉❥→❝② ♣r♦❣r❛♠ M

❜❡❣✐♥
③✿❂①❀ ②✿❂✶❀
✇❤✐❧❡ z − y ≥ 0
❞♦

③✿❂③✲②❀
②✿❂②✰✷

❞♦♥❡
❡♥❞

✐♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡rs R ✇✐t❤ t❤❡ ✉s✉❛❧ ✐♥t❡r♣r❡✲
t❛t✐♦♥ ♦❢ t❤❡ s②♠❜♦❧s +,−, 0, 1, 2,=,≥ ✳
❚❤❡ ✈❛r✐❛❜❧❡ y t❛❦❡s ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥s❡❝✉t✐✈❡ ♦❞❞ ♥✉♠✲
❜❡rs✳ ❆s ❛ r❡s✉❧t✱ ❛❢t❡r ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ✐t❤ ✐t❡r❛t✐♦♥✱ t❤❡ ✈❛❧✉❡s
♦❢ ✈❛r✐❛❜❧❡s z, y ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱
v(x)− 1− 3− 5− ...− (2i− 1) ❛♥❞ (2i+ 1)✳
❙✐♥❝❡

∑

0≤j≤i

(2j − 1) = i2✱

t❤❡ ✈❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ z ❛❢t❡r t❤❡ ✐t❤ ✐t❡r❛t✐♦♥ ✐s v(x)− i2✳ ❚❤❡ ✐♥✲
str✉❝t✐♦♥ ✏✇❤✐❧❡✏ ✐s ❡①❡❝✉t❡❞ ✉♥t✐❧ t❤❡ ❞✐✛❡r❡♥❝❡ v(x)− i2− (2i+1)
✐s ❧❡ss t❤❛♥ ③❡r♦✱ ✐✳❡✳ ✇❤❡♥ ✇❡ ✜♥❞ ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r ♥✱ s✉❝❤
t❤❛t
(n+ 1)2 > v(x) ❛♥❞ n2 < v(x)✳

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ z ✐s ❡q✉❛❧ t♦ v(x) −
⌊√

v(x)
⌋2

✱ ❛♥❞ t❤❡

✈❛❧✉❡ ♦❢ y ✐s 2
⌊√

(x)
⌋

+1✳ ❇r✐❡✢②✱ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ v(x) > 0 ❤♦❧❞s ❢♦r
t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ v✱ t❤❡♥ t❤❡ ♣r♦❣r❛♠ M ❤❛s ❛ ✜♥✐t❡✱ s✉❝❝❡ss❢✉❧
❝♦♠♣✉t❛t✐♦♥✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ z ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠
t❤❡ ❣r❡❛t❡st ✐♥t❡❣❡r sq✉❛r❡ ♥✉♠❜❡r ❧❡ss t❤❛♥ v(x)✳
❚❤❡ ❢♦r♠✉❧❛
β ≡ (z = x− ⌊√x⌋2) ∧ (y = 2 ⌊√x⌋+ 1) ∧ x > 0
✐s t❤❡ str♦♥❣❡st ♣♦st❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❛ ≡ ①>✵ ✇✐t❤ r❡✲
s♣❡❝t t♦ ♣r♦❣r❛♠ ▼ ✐♥ t❤❡ ❞❛t❛ str✉❝t✉r❡ ❝♦♥s✐❞❡r❡❞✳
■♥❞❡❡❞✱ ✐❢ R, v |= x > 0✱ t❤❡♥✱ ❛❢t❡r ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ M✱
t❤❡ ✈❛❧✉❛t✐♦♥ MR(v) s❛t✐s✜❡s t❤❡ ❢♦r♠✉❧❛ β ❢r♦♠ t❤❡ ❛❜♦✈❡ ❛♥❛✲
❧②s✐s✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✮ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✐s t❤✉s s❛t✐s✜❡❞✳
▲❡t δ ❜❡ ❛ ❢♦r♠✉❧❛ s✉❝❤ t❤❛t ❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ v✱
R, v |= a ❛♥❞ v ∈ Dom(MR) ✐♠♣❧✐❡s R,MR(v) |= d✳
❈♦♥s✐❞❡r ❛♥② ✈❛❧✉❛t✐♦♥ ✈✬ ❛♥❞ ❧❡t ❘✱✈✬|= ❜✳ ❚❤❡♥

v′(y) = 2
⌊√

v′(x)
⌋2

+ 1✱

v′(z) = v′(x)−
⌊√

v′(x)
⌋2

✱
v′(x) > 0✳

✶✹✽



❍❡♥❝❡ R, v′ |= α✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣r♦❣r❛♠ M ❤❛s ❛ ✜♥✐t❡ ❝♦♠✲
♣✉t❛t✐♦♥ ❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❛t✐♦♥ v′✱ ✐✳❡✳ v′ ∈ Dom(MR)✳ ❯s✐♥❣ ♦✉r
❛ss✉♠♣t✐♦♥✱ ✇❡ t❤❡♥ ❤❛✈❡ R,MR(v

′) |= (δ∧β)✳ ❙✐♥❝❡ t❤❡ ❜❡❤❛✈✐♦✉r
♦❢ t❤❡ ♣r♦❣r❛♠ M ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ x✱
✇❤✐❝❤✱ ✐♥ ❢❛❝t✱ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❞✉r✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥✱ t❤❡
r❡s✉❧t✐♥❣ ✈❛❧✉❛t✐♦♥ MR(v

′) ♠❛② ❞✐✛❡r ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❛t✐♦♥
♦♥❧② ♦♥ ✈❛r✐❛❜❧❡s y ♦r z✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s✱ t❤❡
✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s z, y ❛❢t❡r ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ M s❛t✐s❢②
❝♦♥❞✐t✐♦♥ β✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ MR(v

′) = v′ ❛♥❞ R, v′ |= δ ❛♥❞ ✜♥❛❧❧②
R, v′ |= (β =⇒ δ) ❢♦r ❛❧❧ ✈❛❧✉❛t✐♦♥s v′✱ ✐✳❡✳ R |= (β =⇒ δ)✳

✼✳✼✳ P❡✇♥❛ ✇➟❛s♥♦➧➣ ❞r③❡✇ ❜✐♥❛r♥②❝❤ ♣♦s③✉❦✐✇❛➠✳ ❲ ❛❧❣♦✲
r②t♠✐❝③♥❡❥ t❡♦r✐✐ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ♥❛❧❡➺② ✉❞♦✇♦❞♥✐➣✱ ➺❡
✳✳✳

❶✇✐❝③❡♥✐❛

✼✳✶✳ ❯❞♦✇♦❞♥✐❥✱ ❞❧❛ ❦❛➺❞❡❥ ♣❛r② ❧✐❝③❜ a > 0 ✐ ǫ > 0 ✇❛rt♦➧❝✐
③♠✐❡♥♥❡❥ x ♦❜❧✐❝③♦♥❡ ♣r③❡③ ♣r♦❣r❛♠② ✶✻ ✐ ✶✼ s→ ró✇♥❡✳

✼✳✷✳ ❯❞♦✇♦❞♥✐❥✱ ➺❡ ✇ ❝✐❡❧❡ ❧✐❝③❜ r③❡❝③②✇✐st②❝❤ ♣r❛✇❞③✐✇❛
❥❡st ♥❛st➛♣✉❥→❝❛ ✐♠♣❧✐❦❛❝❥❛

✭✹✸✮







t := x;
while t ≤ y do

t := t+ x
od







(x > y)⇒







u := z;
while u ≥ ǫ do

u := u/2
od







(u < ǫ)

✶✹✾





❘❖❩❉❩■❆➟ ✽

❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇

❲✐❞③✐❡❧✐➧♠②✱ ➺❡ ✇✐❡❧❡ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥②❝❤ ♣r♦❣r❛♠ó✇
♠♦➺♥❛ ✇②r❛③✐➣ ❥❛❦♦ ❢♦r♠✉➟② ❛❧❣♦r②t♠✐❝③♥❡✳
❲ t②♠ r♦③❞③✐❛❧❡ ♦❞♣♦✇✐❛❞❛♠② ♥❛ ❦✐❧❦❛ ♣♦❞st❛✇♦✇②❝❤ ♣②t❛➠✿

• ❝③② ♣♦❞❛♥❡ ✇❝③❡➧♥✐❡❥ ❛❦s❥♦♠❛t② ✐ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛
♦ ♣r♦❣r❛♠❛❝❤ st❛♥♦✇✐→ ❦♦♠♣❧❡t♥② ③❡st❛✇ ♥❛r③➛❞③✐❄
Pr♦❜❧❡♠ t❡♥ ③❛❥♠♦✇❛➟ ♥❛s ♦❞ ♣♦❝③❛t❦✉✳ ❑✐❧❦❛ ♣r❛❝
③❛✇✐❡r❛ t✇✐❡r❞③❡♥✐❡ ♦ ♣❡➟♥♦➧❝✐ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇
❬▼✐r✼✶✱ ▼✐r✼✼✱ ❇❑❘✾✶✱ ❑r❡✼✼❛❪

• ❝③② ❛❦s❥♦♠❛t② r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ♦♣✐s✉❥→ s❡♠❛♥✲
t②❦➛ ♣r♦❣r❛♠ó✇ ✇ s♣♦só❜ ❥❡❞♥♦③♥❛❝③♥②❄

• ❥❛❦✐❡ ✇♥✐♦s❦✐ ♠♦➺♥❛ ✇②❝✐→❣♥→➣ ③ t✇✐❡r❞③❡♥✐❛ ♦ ♣❡➟♥♦✲
➧❝✐ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ t❥✳ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥❄

Pr♦❣r❛♠②✱ ❛❧❣♦r②t♠② st❛♥♦✇✐→ ✇❛➺♥② s❦➟❛❞♥✐❦ ❥➛③②❦❛ ❥❛❦✐♠ ♣♦✲
s➟✉❣✉❥→ s✐➛ ♣r♦❣r❛♠✐➧❝✐ ✐ ♠❛t❡♠❛t②❝②✳ ❖❞ t②s✐→❝❧❡❝✐ ❛❧❣♦r②t♠②
s→ ✉➺②t❡❝③♥②♠✐ ♥❛r③➛❞③✐❛♠✐✳ ❇② ♥✐❡ r♦③✇♦❞③✐➣ s✐➛ ❞➟✉❣♦✱ ③❛✲
✉✇❛➺♠②✱ ➺❡ ❯r③→❞ P❛t❡♥t♦✇② ❯❙❆ r❡❥❡str✉❥❡ ③❣➟♦s③❡♥✐❛ ♣❛t❡♥✲
t♦✇❡ ❛❧❣♦r②t♠ó✇✳ ▼❛ t♦ s✇ó❥ ✇②♠✐❛r ✜♥❛♥s♦✇②✳ ❆❧❣♦r②t♠②
s→ ❝③➛➧❝✐→ ✇②♣♦✇✐❡❞③✐✱ ♥♣✳ s→ ❝②t♦✇❛♥❡✳ ❆❧❣♦r②t♠② s→ t❛❦➺❡
♣r③❡❞♠✐♦t❡♠ ✇②♣♦✇✐❡❞③✐✱ ♥♣✳ ✇ ③❞❛♥✐✉ ♦③♥❛❥♠✉❥→❝②♠ ♦ ♣♦✲
♣r❛✇♥♦➧❝✐ ❞❛♥❡❣♦ ♣r♦❣r❛♠✉✳ ▼❛t❡♠❛t②❝② ♠❛❥→ ❞♦❝③②♥✐❡♥✐❛ ③
❛❧❣♦r②t♠❛♠✐ ♦❞ t②s✐➛❝② ❧❛t✳ ◆✐❡ ♦❞❝③✉✇❛♥♦ ♣♦tr③❡❜② tr❛❦t♦✲
✇❛♥✐❛ ❛❧❣♦r②tó✇ ✇ s♣♦só❜ ró✇♥♦r③➛❞♥② ③ ✇②r❛➺❡♥✐❛♠✐ ③❞❛♥✐♦✲
✇②♠✐ ✐✴❧✉❜ ♥❛③✇♦✇②♠✐✳ ▼❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ③ ♣❡✇♥→ ♥✐❡❦♦♥s❡✲
❦✇❡♥❝❥→ ✳✳✳ ❘♦❧❛ ❛❧❣♦r②t♠ó✇ ♥✐❡ ❜②➟❛ ❞♦st❛t❡❝③♥✐❡ ✉✇②♣✉❦❧❛♥❛✳

Pr♦❣r❛♠✐➧❝✐ ♣♦❥❛✇✐❧✐ s✐➛ ♥✐❡ t❛❦ ❞❛✇♥♦✳ ❩❞→➺②❧✐ ❥❡❞♥❛❦ ③❣r♦✲
♠❛❞③✐➣ ♦❧❜r③②♠✐ ③❛só❜ ❞♦➧✇✐❛❞❝③❡➠✳

❖❜✐❡ ♣❛rt✐❡ tr❛❦t✉❥→ ❛❧❣♦r②t♠② ✇ s♣♦só❜ ✐♥t✉✐❝②❥♥②✳ ▼✐❡✲
s③❛❥→❝ ❥➛③②❦ ✐ ♠❡t❛❥➛③②❦✳ ❲ s③❝③❡❣ó❧♥♦➧❝✐✱ ❞♦str③❡❣❛♠② ❜r❛❦
♣r❡❝②③❥✐ ✇ ♣r③❡❝❤♦❞③❡♥✐✉ ♣♦♠✐➛❞③② ✇②r❛➺❡♥✐❛♠✐ ✐ s❡♠❛♥t②❦→✳

✶✳ ❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇

❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ❥❡st r❛❝❤✉♥❦✐❡♠ ❧♦❣✐❝③♥②♠ ✭③♦❜✳ ❘②s✳
✶ str✳ ①✈✐✐✐✮ ❜➛❞→❝②♠ r♦③s③❡r③❡♥✐❡♠ r❛❝❤✉♥❦✉ ♣r❡❞②❦❛tó✇✳ ❇➛✲
❞③✐❡♠② ✉➺②✇❛➣ ③❛♠✐❡♥♥✐❡ ♥❛③✇✿ ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛ ✐ r❛❝❤✉✲
♥❡❦ ♣r♦❣r❛♠ó✇✳

✶✺✶



❘❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇ ❆▲ t♦ ③❜✐ór s②st❡♠ó✇ ❢♦r♠❛❧♥②❝❤ ❝❡❝❤✉✲
❥→❝②❝❤ s✐➛ ✇s♣ó❧♥②♠ s❝❤❡♠❛t❡♠✳ ◆❛ ❦❛➺❞② t❛❦✐ s②st❡♠ S s❦➟❛✲
❞❛❥→ s✐➛ ❥➛③②❦ L ✐ ♦♣❡r❛❝❥❛ ❦♦♥s❡❦✇❡♥❝❥✐ s②♥t❛❦t②❝③♥❡❥ ✭❧♦❣✐❝③✲
♥❡❥✮ C✳ ❙②st❡♠ S = 〈L, C〉 ♥❛③②✇❛➣ ❜➛❞③✐❡♠② s②st❡♠❡♠ ❞❡❞✉❦✲
❝②❥♥②♠✳ ❲s③②st❦✐❡ ❥➛③②❦✐ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ✭♠ó✇✐♠② t❡➺
❥➛③②❦✐ ❛❧❣♦r②t♠✐❝③♥❡✮ ♠❛❥→ ♣♦❞♦❜♥→ str✉❦t✉r➛✳ ◆❛ ③❜✐ór WFF
✇②r❛➺❡➠ ♣♦♣r❛✇♥✐❡ ③❜✉❞♦✇❛♥②❝❤ ✭❛♥❣✳ ✇❡❧❧ ❢♦r♠❡❞ ❢♦r♠✉❧❛s✮
s❦➟❛❞❛❥→ s✐➛ ③❜✐ór t❡r♠ó✇ T ✱ ③❜✐ór ❢♦r♠✉➟ F ✐ ③❜✐ór ♣r♦❣r❛♠ó✇
P✳

WFF = T ∪ F ∪ P
❑❛➺❞② ❥➛③②❦ r❛❝❤✉♥❦✉ ♠❛ t➛ s❛♠→ ❣r❛♠❛t②❦➛✳ ❘ó➺♥✐❝❛ ♣♦♠✐➛✲
❞③② ❞✇♦♠❛ ❥➛③②❦❛♠✐ ❛❧❣♦r②t♠✐❝③♥②♠✐ ♠♦➺❡ ✇②♥✐❦❛➣ ③ ♣r③②❥➛✲
❝✐❛ ✐♥♥❡❣♦ ❛❧❢❛❜❡t✉✳ ❆❧❢❛❜❡t A ❝③②❧✐ ③❜✐ór s②♠❜♦❧✐ ❛t♦♠♦✇②❝❤
❞③✐❡❧✐ s✐➛ ♥❛ ♣♦❞③❜✐♦r② ✇❡❞➟✉❣ ✇s♣ó❧♥❡❣♦ s❝❤❡♠❛t✉✿ ③❜✐ór V
③♠✐❡♥♥②❝❤✱ ③❜✐ór Φ ❢✉♥❦t♦ró✇✱ ③❜✐ór R ♣r❡❞②❦❛tó✇✱ ③❜✐ór s♣ó❥✲
♥✐❦ó✇ ❧♦❣✐❝③♥②❝❤✱ ③❜✐ór ♦♣❡r❛t♦ró✇ ♣r♦❣r❛♠♦t✇ór❝③②❝❤✱ ③❜✐ór
s②♠❜♦❧✐ ♣♦♠♦❝♥✐❝③②❝❤ Aux✳

A = {V ∪ Φ ∪R ∪Aux}
❖♣ró❝③ s②st❡♠ó✇ ❞❡❞✉❦❝②❥♥②❝❤ r♦③♣❛tr②✇❛♥❡ s→ t❡➺ t❡♦r✐❡✳
❚❡♦r✐❛ T = 〈L, C,A〉 t♦ tró❥❦❛✱ ♥❛ ❦tór→ s❦➟❛❞❛❥→ s✐➛ ❥➛③②❦ L✱ ♦♣❡✲
r❛❝❥❛ ❦♦♥s❡❦✇❡♥❝❥✐ C ♦r❛③ ❛❦s❥♦♠❛t② s♣❡❝②✜❝③♥❡ ❞❧❛ ❞❛♥❡❥ t❡♦r✐✐
A✳ ❖st❛t♥✐ ❡❧❡♠❡♥t tró❥❦✐ A t♦ ③❜✐ór ❢♦r♠✉➟ ✐♥♥②❝❤ ♥✐➺ ❛❦s❥♦✲
♠❛t② ❧♦❣✐❦✐✳ ▼ó✇✐♠② ❛❦s❥♦♠❛t② s♣❡❝②✜❝③♥❡ t❡♦r✐✐ T ✳

✶✳✶✳ ❏➛③②❦ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳ ❲ ♣♦♣r③❡❞♥✐❝❤ r♦③❞③✐❛✲
➟❛❝❤ ✇♣r♦✇❛❞③❛❧✐➧♠② ✇✐❡❧❡ ❡❧❡♠❡♥tó✇ ❥➛③②❦❛✳ ♥❛♣✐s③ ❚❡r❛③
tr③❡❜❛ ❞♦❞❛➣ ❦✇❛♥t②✜❦❛t♦r② ✐t❡r❛❝❥✐✳✳✳

✶✳✷✳ ❙❡♠❛♥t②❦❛✳ Pr③②♣♦♠✐♥❛♠② ③♥❛❝③❡♥✐❡ ❢♦r♠✉➟ Kα ✐ ✇♣r♦✲
✇❛❞③❛♠② ③♥❛❝③❡♥✐❡ ❦✇❛♥t②✜❦❛tó✇ ✐t❡r❛❝❥✐ ❲❛rt♦➧➣ ❢♦r♠✉➟② ❛❧✲
❣♦r②t♠✐❝③♥❡❥ ♣♦st❛❝✐ Kα ❣❞③✐❡ ♥❛♣✐s K ❥❡st ♦③♥❛❝③❡♥✐❡♠ ♣r♦✲
❣r❛♠✉✱ ❛ ♥❛♣✐s α ♦③♥❛❝③❛ ❢♦r♠✉➟➛ ✇②③♥❛❝③❛ s✐➛ ✇❡❞➟✉❣ ♥❛st➛✲
♣✉❥→❝❡❣♦ ✇③♦r✉

(Kα)A(v) =

{

αA(KA(v)) ❣❞② ✇②♥✐❦ KA(v) ♣r♦❣r❛♠✉ K ❥❡st ♦❦r❡➧❧♦♥②✱
0 ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉ ✇❛rt♦➧❝✐→ ❢♦r♠✉➟② ❥❡st ❢❛➟s③✳

❲❛rt♦➧❝✐ ❢♦r♠✉➟ ③❛✇✐❡r❛❥→❝②❝❤ ❦✇❛♥t②✜❦❛t♦r② ✐t❡r❛❝❥✐ ♦❦r❡➧❧❛
s✐➛ ♥❛st➛♣✉❥→❝②♠✐ ✇③♦r❛♠✐

(⋃

Kα
)

A
(v) = sup

i∈N

{(Ki α)A(v)}

t❥✳ ❢♦r♠✉➟❛
⋃
Kα ♣r③②❥♠✉❥❡ ✇❛rt♦➧➣ ♣r❛✇❞❛ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱

❣❞② ✐st♥✐❡❥❡ ✐t❡r❛❝❥❛ Ki ♣r♦❣r❛♠✉ K t❛❦❛✱ ➺❡ ♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦✲
❣r❛♠✉ Ki ③❛❝❤♦❞③✐ ❢♦r♠✉➟❛ α✱
♦r❛③

(⋂

Kα
)

A
(v) = inf

i∈N

{(Ki α)A(v)}

t❥✳ ❢♦r♠✉➟❛
⋂
Kα ♣r③②❥♠✉❥❡ ✇❛rt♦➧➣ ♣r❛✇❞❛ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱

❣❞② ❞❧❛ ❦❛➺❞❡❥ ✐t❡r❛❝❥✐ Ki ♣r♦❣r❛♠✉ K✱ ♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦❣r❛♠✉

✶✺✷



Ki ③❛❝❤♦❞③✐ ❢♦r♠✉➟❛ α✳
❩❛✉✇❛➺✱ t❛✉t♦❧♦❣✐→ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ❥❡st ❢♦r♠✉➟❛

✭❲❤■t✮ {while γ do K od}α⇔
⋃

{if γ then K fi}(¬γ ∧ α)

✶✳✸✳ ❆❦s❥♦♠❛t② r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳

❉❡✜♥✐❝❥❛ ✽✳✶✳ ❆❦s❥♦♠❛t❡♠ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ❥❡st ❦❛➺❞❛
❢♦r♠✉➟❛✱ ❦tór❡❥ str✉❦t✉r❛ ❥❡st ③❣♦❞♥❛ ③ ❥❡❞♥②♠ ③ ♣♦♥✐➺s③②❝❤
s❝❤❡♠❛tó✇ ❛❦s❥♦♠❛tó✇ ❆①✶ ✕ ❆①✷✸✳ �

❆❦s❥♦♠❛t② r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ s→ t❛✉t♦❧♦❣✐❛♠✐✱ t③♥✳ ❢♦r✲
♠✉➟② t❡ ♣r③②❥♠✉❥→ ✇❛rt♦➧➣ tr✉❡ ✇ ❦❛➺❞❡❥ str✉❦t✉r③❡ ❞❛♥②❝❤ ✐
❞❧❛ ❦❛➺❞❡❣♦ ✇❛rt♦➧❝✐♦✇❛♥✐❛ ③♠✐❡♥♥②❝❤✳

Pr③②❦➟❛❞ ✽✳✶✳ ❏❡st ❛❦s❥♦♠❛t❡♠ ❢♦r♠✉➟❛

(x < y
︸ ︷︷ ︸

α

∧ z2 < 0
︸ ︷︷ ︸

β

⇒ z2 < 0
︸ ︷︷ ︸

β

) .

❲s❦❛➺✱ ❦tór② t♦ ❛❦s❥♦♠❛t✳

✶✳✸✳✶✳ ❆❦s❥♦♠❛t② r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳ ❆❦s❥♦♠❛t❡♠ r❛❝❤✉♥❦✉
♣r♦❣r❛♠ó✇ ❥❡st ❦❛➺❞❛ ❢♦r♠✉➟❛ ③❜✉❞♦✇❛♥❛ ✇❡❞➟✉❣ ❥❡❞♥❡❣♦ ③ ♣♦✲
♥✐➺s③②❝❤ s❝❤❡♠❛tó✇✳

✶✺✸



Ax1 ((α⇒ β)⇒ ((β ⇒ δ)⇒ (α⇒ δ)))

Ax2 (α⇒ (α ∨ β))
Ax3 (β ⇒ (α ∨ β))
Ax4 ((α⇒ δ) ⇒ ((β ⇒ δ) ⇒ ((α ∨ β)⇒ δ)))

Ax5 ((α ∧ β)⇒ α)

Ax6 ((α ∧ β)⇒ β)

Ax7 ((δ ⇒ α)⇒ ((δ ⇒ β)⇒ (δ ⇒ (α ∧ β))))
Ax8 ((α⇒ (β ⇒ δ)) ≡ ((α ∧ β)⇒ δ))

Ax9 ((α ∧ ¬α)⇒ β)

Ax10 ((α⇒ (α ∧ ¬α))⇒ ¬α)
Ax11 (α ∨ ¬α)
Ax12 ((x := τ)true⇒ ((∀x)α(x)⇒ (x := τ)α(x))),

❣❞③✐❡ t❡r♠ τ ❥❡st t❡❣♦ s❛♠❡❣♦ t②♣✉ ❝♦ ③♠✐❡♥♥❛ ①
Ax13 (∀x)α(x) ≡ ¬(∃x)¬α(x)
Ax14 K((∃x)α(x)) ≡ (∃y)(Kα(x/y)), ❞❧❛ y /∈ V (K)

Ax15 K(α ∨ β) ≡ ((Kα) ∨ (Kβ))

Ax16 K(α ∧ β) ≡ ((Kα) ∧ (Kβ))

Ax17 K(¬α)⇒ ¬(Kα)
Ax18 ((x := τ)γ ≡ (γ(x/τ) ∧ (x := τ)true)) ∧ ((q := γ′)γ ≡ γ(q/γ′))
Ax19 ❜❡❣✐♥ K;M ❡♥❞α ≡ K(Mα)

Ax20 ✐❢ γ t❤❡♥ K ❡❧s❡ M ✜α ≡ ((¬γ ∧Mα) ∨ (γ ∧Kα))
Ax21 ✇❤✐❧❡ γ ❞♦ K ♦❞ α ≡ ((¬γ ∧ α) ∨ (γ ∧K(✇❤✐❧❡ γ ❞♦ K ♦❞(α))))

Ax22
⋂

Kα ≡ (α ∧ (K
⋂

Kα))

Ax23
⋃

Kα ≡ (α ∨ (K
⋃

Kα))

❘❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛✳
❉❡✜♥✐❝❥❛ ✽✳✷✳ ❘❡❣✉➟❛ ✇♥✐♦s❦♦✇❛♥✐❛ ✭❛♥❣✳ ✐♥❢❡r❡♥❝❡ r✉❧❡✮ t♦

♦♣❡r❛❝❥❛ ♣r③②♣♦r③→❞❦♦✇✉❥→❝❛ ♣❡✇♥❡♠✉ ③❜✐♦r♦✇✐ ❢♦r♠✉➟ Z✱ ❢♦r✲
♠✉➟➛ α ✳✳✳
❋♦r♠✉➟② βi ③❡ ③❜✐♦r✉ Z s→ ♥❛③②✇❛♥❡ ♣r③❡s➟❛♥❦❛♠✐ r❡❣✉➟② ✇♥✐♦✲
s❦♦✇❛♥✐❛✳ ❋♦r♠✉➟❛ α ❥❡st ✇♥✐♦s❦✐❡♠✱ ❛❧❜♦ ❦♦♥❦❧✉③❥→✱ r❡❣✉➟②
✇♥✐♦s❦♦✇❛♥✐❛✳ �

❘❡❣✉➟➛ ✇♥✐♦s❦♦✇❛♥✐❛ ♣r③❡❞st❛✇✐❛♠② ✇ ♣♦st❛❝✐ ❢♦r♠❛❧♥❡❣♦
✉➟❛♠❦❛✳

{βi}i∈I

α
❘❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ♣r♦✇❛❞③→ ♦❞ t❛✉✲
t♦❧♦❣✐✐ ✇ ♣r③❡s➟❛♥❦❛❝❤ ❞♦ t❛✉t♦❧♦❣✐✐ ✕ ✇♥✐♦s❦✉✳ P♦♥✐➺❡❥ ✇②❧✐✲
❝③❛♠② ♣♦❞st❛✇♦✇❡ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳

✶✺✹



❲ ❞♦✇♦❞❛❝❤ ✇➟❛s♥♦➧❝✐ ❛❧❣♦r②t♠✐❝③♥②❝❤ ♣r♦❣r❛♠ó✇ ♥❛♣♦t❦❛s③
❥❡s③❝③❡ ✐♥♥❡✱ ♣♦♠♦❝♥✐❝③❡ ✭✇tór♥❡✮✱ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛✳

R1
α, (α⇒ β)

β

R2
(α⇒ β)

(Kα⇒ Kβ)

R3
{s(if γ then K fi)i(¬γ ∧ α)⇒ β}i∈N

(s(while γ do K od α)⇒ β)

R4
{(Kiα⇒ β)}i∈N

(
⋃
Kα⇒ β)

R5
{(α⇒ Kiβ)}i∈N

(α⇒ ⋂
Kβ)

R6
(α(x) ⇒ β)

((∃x)α(x) ⇒ β)

R7
(β ⇒ α(x))

(β ⇒ (∀x)α(x))

❲ r❡❣✉➟❛❝❤ R6 ✐ R7✱ ♣r③②❥♠✉❥❡ s✐➛✱ ➺❡ x ♥✐❡ ❥❡st ③♠✐❡♥♥→ ✇♦❧♥→
✇ ❢♦r♠✉❧❡ β✱ t✳❥✳ x /∈ FV (β)✳ ❘❡❣✉➟❛ R6 ❥❡st r❡❣✉➟→ ✇♣r♦✇❛❞③❛✲
♥✐❛ ❦✇❛♥t②✜❦❛t♦r❛ ❡❣③②st❡♥❝❥❛❧♥❡❣♦ ✇ ♣♦♣r③❡❞♥✐❦✉ ✐♠♣❧✐❦❛❝❥✐✳
❘❡❣✉➟❛ R7 ❥❡st r❡❣✉➟→ ✇♣r♦✇❛❞③❛♥✐❛ ❦✇❛♥t②✜❦❛t♦r❛ ♦❣ó❧♥❡❣♦ ✇
♥❛st➛♣♥✐❦✉ ✐♠♣❧✐❦❛❝❥✐✳
❘❡❣✉➟② R4 ✐ R5 s→ ❛❧❣♦r②t♠✐❝③♥②♠✐ ♦❞♣♦✇✐❡❞♥✐❦❛♠✐ r❡❣✉➟ R6

✐ R7✱ ♣♦③✇❛❧❛❥→ ✇♣r♦✇❛❞③✐➣ ❦✇❛♥t②✜❦❛t♦r ✐t❡r❛❝❥✐✳ ❘❡❣✉➟❛ R4

✇♣r♦✇❛❞③❛ s③❝③❡❣ó➟♦✇② ❦✇❛♥t②✜❦❛t♦r ✐t❡r❛❝❥✐ ✇ ♣♦♣r③❡❞♥✐❦✉
✐♠♣❧✐❦❛❝❥✐✳ ❘❡❣✉➟❛ R5 ✇♣r♦✇❛❞③❛ ♦❣ó❧♥② ❦✇❛♥t②✜❦❛t♦r ✐t❡r❛❝❥✐
✇ ♥❛st➛♣♥✐❦✉ ✐♠♣❧✐❦❛❝❥✐✳ ❘❡❣✉➟② t❡ ♠❛❥→ ❥❡❞♥❛❦ ✐♥♥② ❝❤❛r❛❦t❡r✱
♣♦♥✐❡✇❛➺ ③❜✐♦r② ✐❝❤ ♣r③❡s➟❛♥❡❦ s→ ③❜✐♦r❛♠✐ ♥✐❡s❦♦➠❝③♦♥②♠✐✳
❘❡❣✉➟❛ R3 ✇♣r♦✇❛❞③❛♥✐❛ ✐♥str✉❦❝❥✐ ✇❤✐❧❡ ✇ ♣♦♣r③❡❞♥✐❦✉ ✐♠♣❧✐✲
❦❛❝❥✐ t❡➺ ♠❛ ♥✐❡s❦♦➠❝③♦♥② ③❜✐ór ♣r③❡s➟❛♥❡❦✳ ❘❡❣✉➟② R3, R4, R5 s→
♥❛③②✇❛♥❡ r❡❣✉➟❛♠✐ ω✳

❖♣❡r❛❝❥❛ s②♥t❛❦t②❝③♥❡❥ ❦♦♥s❡❦✇❡♥❝❥✐ C✳
❉❡✜♥✐❝❥❛ ✽✳✸✳ ◆✐❡❝❤ X ❜➛❞③✐❡ ③❜✐♦r❡♠ ❢♦r♠✉➟ ✉st❛❧♦♥❡❣♦ ❥➛✲

③②❦❛ L✳ ❩❜✐ór C(X) s②♥t❛❦t②❝③♥②❝❤ ❦♦♥s❡❦✇❡♥❝❥✐ ③❜✐♦r✉ X ❥❡st
t♦ ♥❛❥♠♥✐❡❥s③② ③❜✐ór ❢♦r♠✉➟ t❛❦✐✱ ➺❡

• ❩❜✐ór C(X) ③❛✇✐❡r❛ ✇s③②st❦✐❡ ❛❦s❥♦♠❛t② r❛❝❤✉♥❦✉ ♣r♦✲
❣r❛♠ó✇ Ax✱ ✐

• ③❜✐ór C(X) ③❛✇✐❡r❛ ✇s③②st❦✐❡ ❢♦r♠✉➟② ③❡ ③❜✐♦r✉ X✱ ✐
• ❥❡➧❧✐ ❞♦ ③❜✐♦r✉ C(X) ♥❛❧❡➺→ ✇s③②st❦✐❡ ♣r③❡s➟❛♥❦✐ ♣❡✇♥❡❥
r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛ Ri, i = 1, . . . , 7 t♦ ❞♦ ③❜✐♦r✉ C(X)
♥❛❧❡➺② t❡➺ ❦♦♥❦❧✉③❥❛ t❡❥ r❡❣✉➟②✳

❲➟❛s♥♦➧❝✐ ♦♣❡r❛❝❥✐ ❦♦♥s❡❦✇❡♥❝❥✐ C
❝✶✮ X ⊂ C(X)✱

✶✺✺



❝✷✮ X ⊂ Y ♣♦❝✐→❣❛ C(X) ⊂ C(Y )✱
❝✸✮ C(X) ❂C(C(X))

◆✐❡❝❤ T = 〈L, C,A〉 ❜➛❞③✐❡ t❡♦r✐→ ❛❧❣♦r②t♠✐❝③♥→✳

❉❡✜♥✐❝❥❛ ✽✳✹✳ ❚✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ T ❥❡st ❦❛➺❞❛ ❢♦r♠✉➟❛ α
♥❛❧❡➺→❝❛ ❞♦ ③❜✐♦r✉ C(A)✳

◆❛ ♦③♥❛❝③❡♥✐❡ t❡❣♦ ❢❛❦t✉ ♠♦➺♥❛ st♦s♦✇❛➣ ró➺♥❡ ③❛♣✐s②✿
A ⊢ α ✕ ❝♦ s✐➛ ❝③②t❛ ❢♦r♠✉➟❛ α ♣♦s✐❛❞❛ ❞♦✇ó❞ ③❡ ③❜✐♦r✉ A✱ ❧✉❜
α ∈ C(A) ✕ ❢♦r♠✉➟❛ α ❥❡st ❦♦♥s❡❦✇❡♥❝❥→ ③❜✐♦r✉ A✳

Pr③②❦➟❛❞ ✽✳✷✳ t✉ ♣r③②❦➟❛❞②

✷✳ ❑✐❧❦❛ ♣r③②❦➟❛❞ó✇

✷✳✶✳ ❲②r❛➺❛❧♥♦➧➣ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥②❝❤✳

✷✳✷✳ ❉♦✇♦❞② ✲ ✇②❜r❛♥❡ ♣r③②❦➟❛❞②✳

✷✳✸✳ ❆❧❣♦r②t♠✐❝③♥❡ t❡♦r✐❡✳

✸✳ P❡➟♥♦➧➣ ❆▲

❲ t②♠ ♠✐❡❥s❝✉ ③❛st❛♥♦✇✐♠② s✐➛ ♥❛❞ ♠♥❛st➛♣✉❥→❝②♠✐ ♣②t❛✲
♥✐❛♠✐✿

• ❝③② ❥❡➧❧✐ ✉❞♦✇♦❞♥✐➛ ❢♦r♠✉➟➛ α✱ t♦ ❝③② ❥❡st ♦♥❛ ♣r❛✇✲
❞③✐✇❛❄

• ❝③② ❢♦r♠✉➟❛ ♣r❛✇❞③✐✇❛ ♣♦s✐❛❞❛ ❞♦✇ó❞❄
• ❝③② ❢♦r♠✉➟❛ ✇②♣r♦✇❛❞③♦♥❛ ♣r③② ♣♦♠♦❝② r❛❝❤✉♥❦✉ ♣r♦✲
❣r❛♠ó✇ ✐ ❛❦s❥♦♠❛tó✇ str✉❦t✉r② ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ ❥❡st
♣r❛✇❞③✐✇❛ ✇ t❡❥ str✉❦t✉r③❡❄

• ❝③② ❦❛➺❞② ♠♦❞❡❧ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ ❧✐❝③❜ ❝❛➟❦♦✇✐✲
t②❝❤ ❥❡st ✐③♦♠♦r✜❝③♥② ③ ♠♦❞❡❧❡♠ ✇③♦r❝♦✇②♠ ✭❧❡♣✐❡❥
♣♦✇✐❡❞③✱ ♠♦❞❡❧❡♠ st❛♥❞❛r❞♦✇②♠✮❄

• ❝③② t❡♦r✐❛ ♥✐❡s♣r③❡❝③♥❛ ♣♦s✐❛❞❛ ♠♦❞❡❧❄
❚✇✳ ♦ ♣❡➟♥♦➧❝✐ ✐ ❝♦ ③ ♥✐❡❣♦ ✇②♥✐❦❛

❚✇✐❡r❞③❡♥✐❡ ✽✳✶✳ ✭♦ ♣❡➟♥♦➧❝✐ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✮
◆✐❡❝❤ T = 〈L, C,A〉 ❜➛❞③✐❡ t❡♦r✐→ ♥✐❡s♣r③❡❝③♥→✱ ♥✐❡❝❤ α ❜➛❞③✐❡
❢♦r♠✉➟→ ✇ ❥➛③②❦✉ t❡❥ t❡♦r✐✐✳
◆❛st➛♣✉❥→❝❡ ③❞❛♥✐❛ s→ ró✇♥♦✇❛➺♥❡✿

✐✮ ❋♦r♠✉➟❛ α ❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ T ✱ A ⊢ α
✐✐✮ ❢♦r♠✉➟❛ α ❥❡st ♣r❛✇❞③✐✇❛ ✇ ❦❛➺❞②♠ ♠♦❞❡❧✉ t❡♦r✐✐ T ✱
A |= α✳

Pr③②❦➟❛❞✳ P♦♣r❛✇♥♦➧➣ ♣r♦❣r❛♠✉ s✇❛♣ ✲ ✇ ❦❛➺❞❡❥ str✉❦t✉r③❡
❞❛♥②❝❤ ♣r♦❣r❛♠ s✇❛♣ ❥❡st ♣♦♣r❛✇♥②✳ ◆❛✇❡t ✇ t②❝❤ ♦ ❦tór②❝❤
❞♦♣✐❡r♦ ❜➛❞③✐❡♠② ♠ó✇✐➣✳
❩❛✉✇❛➺✱ ➺❡ ❞♦✇ó❞ ♣♦♣r❛✇♥♦➧❝✐ ❛❧❣♦r②t♠✉ s✇❛♣ ❦♦r③②st❛ ✇②✲
➟→❝③♥✐❡ ③ ❞✇ó❝❤ ❛❦s❥♦♠❛tó✇ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ✐ ➺❛❞♥❡❣♦
❛❦s❥♦♠❛t✉ ❥❛❦✐❡❥➧ str✉❦t✉r② ❞❛♥②❝❤✳ ❩❣♦❞♥✐❡ ③ t✇✐❡r❞③❡♥✐❡♠ ♦

✶✺✻



♣❡➟♥♦➧❝✐ ✇➟❛s♥♦➧➣ ❛❧❣♦r②t♠ s✇❛♣ ③❛♠✐❡♥✐❛ ♠✐❡❥s❝❛♠✐ ✇❛rt♦➧❝✐
③♠✐❡♥♥②❝❤ ① ✐ ② ❥❡st ♣r❛✇❞③✐✇❛ ✇ ❦❛③❞❡❥ str✉❦t✉r③❡ ❞❛♥②❝❤✳

❆❧❣♦r②t♠ ❊✉❦❧✐❞❡s❛ ✲ ♣♦♣r❛✇♥♦➧➣ ♥✐❡ ❥❡st t❛✉t♦❧♦❣✐→✳ ✭❙③♦❦
P✐t❛❣♦r❡❥❝②❦ó✇✮ ❆❧❡ ❛❧❣✳ ❊✉❦❧✐❞❡s❛ ③❛tr③②♠✉❥❡ s✐❡ ✇ str✉❦t✉r③❡
❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ ✐ ♣♦tr❛✜♠② t♦ ✉❞♦✇♦❞♥✐➣✳

✹✳ ❆▲ ❞❡✜♥✐✉❥❡ s❡♠❛♥t②❦➛ ♣r♦❣r❛♠ó✇ ✇❤✐❧❡

❲ t②♠ ♣♦❞r♦③❞③✐❛❧❡ ❦♦♥t②♥✉✉❥❡♠② ❞②s❦✉s❥➛ ♥❛ t❡♠❛t ③✇✐→③❦✉
s❡♠❛♥t②❦✐ ❥➛③②❦❛✭✲ó✇✮ ♣r♦❣r❛♠♦✇❛♥✐❛ ✐ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳
❲❝③❡➧♥✐❡❥ ✉st❛❧✐❧✐➧♠② t❛❦✐ ③✇✐→③❡❦ ♣♦♠✐➛❞③② ♦♣❡r❛❝❥❛♠✐ s②♥✲
t❛❦t②❝③♥❡❥ ✐ s❡♠❛♥t②❝③♥❡❥ ❦♦♥s❡❦✇❡♥❝❥✐✳ ❖❜❡❝♥✐❡✱ ♣♦❞❡❥♠✉✲
❥❡♠② ♣ró❜➛ ③r♦③✉♠✐❡♥✐❛ ✇ ❥❛❦✐ s♣♦só❜ ♣r③②❥➛❝✐❡ s②st❡♠✉ ❢♦r✲
♠❛❧♥❡❣♦ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥ ✭t❥✳ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✮ ♠♦➺❡
✇♣➟②♥→➣ ♥❛ r❡❛❧✐③❛❝❥➛ ♠❛s③②♥② ✇✐rt✉❛❧♥❡❥ ✐ ❦♦♠♣✐❧❛t♦r❛ ❥➛③②❦❛
♣r♦❣r❛♠♦✇❛♥✐❛✳ ▼♦❣❧✐➧♠② ✇❝③❡➧♥✐❡❥ ③❛♦❜s❡r✇♦✇❛➣✱ ➺❡ s❡♠❛♥✲
t②❝③♥❡ r❡❣✉➟② ♦❜❧✐❝③❛♥✐❛ ✇❛rt♦➧❝✐ ❢♦r♠✉➟ ✐✴❧✉❜ ✇②❦♦♥②✇❛♥✐❛
♣r♦❣r❛♠ó✇ ③♥❛❥❞✉❥→ s✇♦❥❡ ♦❞♣♦✇✐❡❞♥✐❦✐ ✇ s❝❤❡♠❛t❛❝❤ ❛❦s❥♦✲
♠❛tó✇✳
●➟ó✇♥②♠ ♣②t❛♥✐❡♠✱ ❥❛❦✐❡ st❛✇✐❛♠② ✇ t②♠ ♣♦❞r♦③❞③✐❛❧❡ ❥❡st✿
✇ ❥❛❦✐♠ st♦♣♥✐✉ ❛❦s❥♦♠❛t② ❞❡t❡r♠✐♥✉❥→ s♣♦só❜ ✇②❦♦♥②✇❛♥✐❛
♣r♦❣r❛♠ó✇✱ t❥ ✐❝❤ s❡♠❛♥t②❦➛✳ ❈③② ♠♦➺♥❛ ♣r③②❥→➣ s②st❡♠ ❞❡✲
❞✉❦❝②❥♥② ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥ ❥❛❦♦ ❞❡✜♥✐❝❥➛ s❡♠❛♥t②❦✐ ♣r♦❣r❛✲
♠ó✇ ✭♥❛♣✐s❛♥②❝❤ ✇ ❥➛③②❦✉ L5✮✳

❉❡✜♥✐❝❥❛ ✽✳✺✳ ❙tr✉❦t✉r→ s❡♠❛♥t②❝③♥→ ❞❧❛ ❛❧❣♦r②t♠✐❝③♥❡❣♦
❥➛③②❦❛ L ♥❛③②✇❛➣ ❜➛❞③✐❡♠② tró❥❦➛ 〈A, I, |= 〉✱ ❣❞③✐❡✱
A ❥❡st str✉❦t✉r→ ❛❧❣❡❜r❛✐❝③♥→✱
I ❥❡st ✐♥t❡r♣r❡t❛❝❥→ ♣r♦❣r❛♠ó✇ ✭t❥✳ ❢✉♥❦❝❥→✱ ❦tór❛ ❦❛➺❞❡♠✉ ♣r♦✲
❣r❛♠♦✇✐ ♣r③②♣♦r③→❞❦♦✇✉❥❡ ♣❡✇♥❛ r❡❧❛❝❥➛ ❜✐♥❛r♥→ ✇ ③❜✐♦r③❡
✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤ ✇ str✉❦t✉r③❡ A✮ ✐
|= ❥❡st r❡❧❛❝❥→ s♣❡➟♥✐❛❧♥♦➧❝✐✱

♣r③② ❝③②♠ tró❥❦❛ 〈A, I, |= 〉 ♠❛ ♥❛st➛♣✉❥→❝❡ ✇➟❛s♥♦➧❝✐
✭✶✮ ❙tr✉❦t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛ A ❥❡st ❡❦s♣r❡s②✇♥❛✱ t❥✳ ❞❧❛ ❦❛➺✲

❞❡❣♦ ❡❧❡♠❡♥t✉ a ∈ A ✐st♥✐❡❥❡ t❛❦✐ t❡r♠ τa ✇ ❥➛③②❦✉ L✱
➺❡ τaA(v) = a✱ ♠✐❡③❛❧❡➺♥✐❡ ♦❞ ✇❛rt♦s❝✐♦✇❛♥✐❛ v✳

✭✷✮ ■♥t❡r♣r❡t❛❝❥❛ t❡r♠ó✇ ✐ ❢♦r♠✉➟ ♣✐❡r✇s❡❣♦ r③❡❞✉ ❥❡st
③❞❡✜♥✐♦✇❛♥❛ t❛❦ ❥❛❦ ✇ ❧♦❣✐❝❡ ♣✐❡r✇s③❡❣♦ r③➛❞✉ ✭♣♦r✳✮✳

✭✸✮ ◆❛st❡♣✉❥→❝❛ ✇➟❛s♥♦➧➣ r❡❧❛❝❥✐ s♣❡➟♥✐❛❧♥♦➧❝✐ ③❛❝❤♦❞③✐ ❞❧❛
❦❛➺❞❡❣♦ ✇❛rt♦➧❝✐♦✇❛♥✐❛ v ✇ A

A, v |=Mα ✐✛ (∃v′)(v, v′ ∈ I(M) ❛♥❞ A, v′ |= α.

❲ ♣r③❡❝✐✇✐❡➠st✇✐❡ ❞♦ s❡♠❛♥t②❦✐ ♦♣✐s❛♥❡❥ ✇ ♣♦♣r③❡❞♥✐❝❤
r♦③❞③✐❛➟❛❝❤ ♥✐❡ ❜➛❞③✐❡♠② ③❛❦➟❛❞❛➣ ♥✐❝③❡❣♦ ♦ ♠❡❝❤❛♥✐③♠❛❝❤ ♦❜✲
❧✐❝③❡➠ ❛♥✐ ♦ ✐♥t❡r♣r❡t❛❝❥✐ ♦♣❡r❛t♦ró✇ ♣r♦❣r❛♠♦t✇ór❝③②❝❤✳ ❑rót❦♦
♠ó✇✐→❝ ♥✐❡ ③♥❛♠② ❦♦♠♣✉t❡r❛ K5✳
❏❡❞②♥❡ ③❛➟♦➺❡♥✐❡ ❥❛❦✐❡ ♣r③②❥♠✐❡♠② t♦✱ ➺❡ ❦❛➺❞② ♣r♦❣r❛♠ ✇②✲
③♥❛❝③❛ r❡❧❛❝❥➛ ❜✐♥❛r♥→ ✇ ③❜✐♦r③❡ ✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤✳

✶✺✼



◆✐❡❝❤ tró❥❦❛ 〈A, I, |= 〉 ❜➛❞③✐❡ str✉❦t✉r→ s❡♠❛♥t②❝③♥→✳ ❲t❡❞②
♠❛ ♠✐❡❥s❝❡ ♥❛st➛♣✉❥→❝❛ ✇➟❛s♥♦➧➣ s❡♣❛r♦✇❛❧♥♦➧❝✐✳

▲❡♠❛t ✽✳✷✳ ❉❧❛ ❦❛➺❞❡❥ ♣❛r② ✇❛rt♦➧❝✐♦✇❛➠ ③♠✐❡♥♥②❝❤ v, v′ ✐♥
A✱ ✇❛rt♦➧❝✐♦✇❛♥✐❛ t❡ s→ ró➺♥❡✱ v 6= v′ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞② ❣❞②
✐st♥✐❡❥❡ ♣❡✇♥❛ ❢♦r♠✉➟❛ α ❥❡ ♦❞ró➺♥✐❛❥→❝❛ t❥✳ t❛❦❛✱ ➺❡ A, v |= α ✐
A, v′ |= ¬α✳

❉♦✇ó❞✳ ◆✐❡❝❤ v, v′ ❜➛❞❛ ❞✇♦♠❛ ró➺♥②♠✐ ✇❛rt♦➧❝✐♦✇❛♥✐❛♠✐ ✇
str✉❦t✉r③❡ A✱ v 6= v′✳ ■st♥✐❡❥❡ ✇t❡❞② ③♠✐❡♥♥❛ z t❛❦❛✱ ➺❡ v(z) 6= v′(z)✳
❏❡➧❧✐ ③♠✐❡♥♥❛ z ❥❡st ③♠✐❡♥♥→ ③❞❛♥✐♦✇→✱ t♦ ❦➟❛❞→❝ α = z ✭❧✉❜
α = ¬z✮✱ ✉③②s❦✉❥❡♠② A, v |= α ✐ A, v′ |= ¬α✳
❏❡➧❧✐ z ❥❡st ③♠✐❡♥♥→ ✐♥❞②✇✐❞✉♦✇→ ❛♥❞ v(z) = a✱ t♦ ❦➟❛❞→❝ α = (τa =
z) ✭♣r③②♣♦♠♥✐❥♠②✱ str✉❦t✉r❛ ❞❛♥②❝❤ (A) ❥❡st ❡❦s♣r❡s②✇♥❛ ✕ ③♦❜✳
③❛➟♦➺❡♥✐❡ ✭✶✮✮✱ ♦tr③②♠✉❥❡♠②✱ ➺❡ A, v |= (τa = z) ✐ non A, v′ |= (τa = z)✳
❾❛t✇✐❡❥ ✉❞♦✇♦❞♥✐➣ ✐♠♣❧✐❦❛❝❥➛ ♦❞✇r♦t♥→✳ ❏❡s❧✐ v = v′✱ t❥✳ ❣❞②
❞❧❛ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥ z✱ v(z) = v′(z)✱ t♦ ❞❧❛ ❦❛➺❞❡❥ ❢♦r♠✉➟② α✱ A, v |=
α ✇tt✇ ❣❞② A, v′ |= α. �

❉❡✜♥✐❝❥❛ ✽✳✻✳ ❙tr✉❦t✉r❛ s❡♠❛♥t②❝③♥❛ 〈A, I, |=〉 ❥❡st st❛♥❞❛r✲
❞♦✇❛ ❥❡➧❧✐ s♣❡➟♥✐♦♥❡ s→ ♥❛st➛♣✉❥→❝❡ ✇❛r✉♥❦✐ ❞❧❛ ❦❛➺❞❡❥ ♣❛r②
♣r♦❣r❛♠ó✇ K,M ∈ P ✱ ❞❧❛ ❦❛➺❞❡❥ ❢♦r♠✉➟② ♦t✇❛rt❡❥ γ ∈ Fo ✐ ❞❧❛ ❦❛➺✲
❞❡❥ ③♠✐❡♥♥❡❥ x ∈ V ✐ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ✇②r❛➺❡♥✐❛ ω, ✇❤❡r❡ idA(γ) =
{(v, v) : A, v |= γ}

I(x := ω) = {(v, v′) : v′(x) = ωA(v), v
′(z) = v(z) ❢♦r z 6= x}

I(begin K;M end) = I(K) ◦ I(M)

I(if γ then K else M fi) = idA(γ) ◦ I(K) ∪ idA(¬γ) ◦ I(M)

I(while γ do Kod) =
⋃

I(ifγ then K fi)i ◦ idA(¬γ).

▲❡♠❛t ✽✳✸✳ ❏❡s❧✐ 〈A, I, |=〉 ❥❡st st❛♥❞❛r❞♦✇→ str✉❦t✉r→ s❡♠❛♥✲
t②❝③♥→✱ t♦ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ♣r♦❣r❛♠✉ M ✐ ❞❧❛ ❞♦✇♦❧♥②❝❤ ✇❛rt♦✲
➧❝✐♦✇❛➠ v, v′ ✇ str✉❦t✉r③❡ A✱

(v, v′) ∈ I(M) ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞② ❣❞② (v, v′) ∈MA.

t❥✳ r❡❧❛❝❥❛ I(M) ❥❡st ró✇♥❛ r❡❧❛❝❥✐ ✇②③♥❛❝③♦♥❡❥ ♣r③❡③ st❛♥❞❛r✲
❞♦✇❡ ♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠✉ M ✇ str✉❦t✉r③❡ ❞❛♥②❝❤ A✳

❉♦✇ó❞ ✇②♥✐❦❛ ✇♣r♦stt ③ ♣r③②❥➛t②❝❤ ❞❡✜♥✐❝❥✐✳

❉❡✜♥✐❝❥❛ ✽✳✼✳ ❙tr✉❦t✉r❛ s❡♠❛♥t②❝③♥❛ 〈A, I, |=〉 ❥❡st ♠♦❞❡❧❡♠
s②st❡♠✉ ❢♦r♠❛❧♥❡❣♦ AL(Π) ❥❡➧❧✐

❛✮ ❞❧❛ ❦❛➺❞❡❣♦ ❛❦s❥♦♠❛t✉ α ③ s②st❡♠✉ AL(Π)✱③❛❝❤♦❞③✐ A |=
α ✱

❜✮ ❞❧❛ ❦❛➺❞❡❥ r❡❣✉➟② r ✇♥✐♦s❦♦✇❛♥✐❛ ③ s②st❡♠✉ AL(Π)✱ ♣r❛✇✲
❞③✐✇♦➧➣ ✇s③②st❦✐❝❤ ♣r③❡s➟❛♥❡❦ r❡❣✉➟② r ♣♦❝✐→❣❛ ♣r❛✇✲
❞③✐✇♦➧➣ ❦♦♥❦❧✉③❥✐ ✇ t❡❥ r❡❣✉❧❡✳

◆❛st➛♣✉❥→❝❡ t✇✐❡r❞③❡♥✐❡ ✇②♥✐❦❛ ❜❡③♣♦➧r❡❞♥✐♦ ③ ❧❡♠❛t✉ ✽✳✸
✐ ③ t✇✐❡r❞③❡♥✐❛ ♦ ♣❡➟♥♦➧❝✐ ❄❄✳
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❚✇✐❡r❞③❡♥✐❡ ✽✳✹✳ ❑❛➺❞❛ st❛♥❞❛r❞♦✇❛ str✉❦t✉r❛ s❡♠❛♥t②❝③♥❛
❥❡st ♠♦❞❡❧❡♠ s②st❡♠✉ ❢♦r♠❛❧♥❡❣♦ AL(Π) r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇
✭t❥✳ ❧♦❣✐❦✐ ❛❧❣♦r②t♠✐❝③♥❡❥✮✳

❲ ♣♦③♦st❛➟❡❥ ❝③➛➧❝✐ t❡❣♦ ♣♦❞r♦③❞③✐❛➟✉ ❜➛❞③✐❡♠② ❞♦✇♦❞③✐➣
✐♠♣❧✐❦❛❝❥✐ ♦❞✇r♦t♥❡❥ ❜❛❞❛❥→❝ ❥❛❦ s♣❡➟♥✐❛♥✐❡ ❛❦s❥♦♠❛tó✇ r❛✲
❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ✇②♠✉s③❛ ♦❦r❡s❧♦♥❡ ✇➟❛s♥♦➧➣✐ ✐♥t❡r♣r❡t❛❝❥✐
I✳

▲❡♠❛t ✽✳✺✳ ❏❡➧❧✐ str✉❦t✉r❛ s❡♠❛♥t②❝③♥❛ 〈A, I, |=〉 ❥❡st ♠♦❞❡❧❡♠
✇s③②st❦✐❝❤ ❢♦r♠✉➟ ♣♦st❛❝✐ ✇②♠✐❡♥✐♦♥❡❥ ✇ ❛❦s❥♦♠❛❝✐❡ ❆①✶✻

Ax16 : M(α ∧ β) ≡ (Mα ∧Mβ)

❣❞③✐❡ ✇②r❛➺❡♥✐❛ α, β s→ ❞♦✇♦❧♥②♠✐ ❢♦r♠✉➟❛♠✐ ❛❧❣♦r②t♠✐❝③♥②♠✐✱
t♦ ❞❧❛ ❦❛③❞❡❣♦ ♣r♦❣r❛♠✉ M, I(M) ❥❡st ❢✉♥❦❝❥→ ❝③➛➧❝✐♦✇→ ♥❛ ③❜✐♦✲
r③❡ W ✇s③②st❦✐❝❤ ✇❛rt♦➧❝✐♦✇❛➠ ✇ t❡♥ s❛♠ ③❜✐ór✳

❉♦✇ó❞✳ ❩❛➟ó➺♠②✱ ➺❡ ❞❧❛ ♣❡✇♥②❝❤ ✇❛rt♦➧❝✐♦✇❛➠ v, v′, v′′ ♠❛♠②
(v, v′′) ∈ I(M) ✐ (v, v′) ∈ I(M) ♦r❛③ v′′ 6= v′✱ ✳ ❲t❡❞② ③ ❧❡♠❛t✉ ✽✳✷ ✇②✲
♥✐❦❛✱ ➺❡ ✐st♥✐❡❥❡ ❢♦r♠✉➟❛ α0 t❛❦❛✱ ➺❡ A, v′ |= α0 ✐ A, v′′ |= ¬α0✳ ❆ ✇✐➛❝
A, v |= Mα0 ✐ A, v |= M¬α0✳ ❙t♦s✉❥→❝ ❛❦s❥♦♠❛t ❆①✶✻ ♦tr③②♠✉❥❡♠②
A, v |= M(α0 ∧ ¬α0)✱ s♣r③❡❝③♥♦➧➣✳ ❲ t❡♥ s♣♦só❜ ✇②❦❛③❛❧✐➧♠②✱ ➺❡
❞❧❛ ❦❛➺❞❡❣♦ ✇❛r♦➧❝✐♦✇❛♥✐❛ v✱ ✐st♥✐❡❥❡ ❝♦♥❛❥✇②➺❡❥ ❥❡❞♥♦ ✇❛rt♦✲
➧❝✐♦✇❛♥✐❡ v′ t❛❦✐❡✱ ➺❡ (v, v′) ∈ I(M)✱ ♦③♥❛❝③❛ t♦✱ ③❡ ❞❧❛ ❦❛➺❞❡❣♦
♣r♦❣r❛♠✉ M✱ ❥❡❣♦ ✐♥t❡r♣r❡t❛❝❥❛ I(M) ❥❡st ❢✉♥❦❝❥→ ❝③➛➧❝✐♦✇→✳ �

▲❡♠❛t ✽✳✻✳ ❏❡➧❧✐ str✉❦t✉r❛ s❡♠❛♥t②❝③♥❛ 〈A, I, |=〉 ❥❡st ♠♦❞❡❧❡♠
❞❧❛ ❛❦s❥♦♠❛tó✇ ❆①✶✻ ✐ ❆①✶✾

Ax19 begin K;M end α ⇐⇒ K(Mα),

t♦ ❞❧❛ ❦❛➺❞❡❥ ♣❛r② ♣r♦❣r❛♠ó✇ K ✐ M✱
I(begin K;M end) = I(K) ◦ I(M),

t❥✳ ✐♥t❡r♣r❡t❛❝❥❛ ③➟♦③❡♥✐❛ ♣r♦❣r❛♠ó✇ K ✐ M✱ ❥❡st s✉♣❡r♣♦③②❝❥→
✐♥t❡r♣r❡t❛❝❥✐ I(K) ♦r❛③ I(M)✳

❉♦✇ó❞✳ ◆✐❡❝❤ (v, v′) ∈ I(begin K;M end) ✐ A, v′ |= α✳ ❲t❡❞②
A, v |= begin K;M end α ,

✐ ♥❛ ♠♦❝② ❛❦s❥♦♠❛t✉ ❆①✶✾✱ A, v |= K(Mα)✳ ❩ ❞❡✜♥✐❝❥✐ str✉❦t✉r②
s❡♠❛♥t②❝③♥❡❥ ✇②♥✐❦❛✱ ➺❡ ✐st♥✐❡❥→ ✇❛rt♦➧❝✐♦✇❛♥✐❛ v2, v3 t❛❦✐❡✱ ➺❡
(v, v2) ∈ I(K), (v2, v3) ∈ I(M) ♦r❛③ A, v3 |= α✳ ◆❛ ♠♦❝② ❧❡♠❛t✉ ✽✳✺✱ ✇❛r✲
t♦➧❝✐♦✇❛♥✐❛ v2 ✐ v3 s→ ✇②③♥❛❝③♦♥❡ ❥❡❞♥♦③♥❛❝③♥✐❡✳ ♥✐❡③❛❧❡➺♥✐❡ ♦❞
❢♦r♠✉➟② α✳ ▼♦➺❡♠② ♣♦✇tór③②❝ t❡♥ ❛r❣✉♠❡♥t ❞❧❛ ❞♦✇♦❧♥❡❥ ❢♦r✲
♠✉➟② β✱ ✐ ❞♦✇✐❡➧➣✱ ➺❡ A, v′ |= β ✐♠♣❧✐❦✉❥❡ A, v3 |= β✳ ❚❛❦ ✇✐➛❝✱
③ ❧❡♠❛t✉ ✽✳✷✱ ♦tr③②♠❛♠② (v, v2) ∈ I(K), (v2, v

′) ∈ I(M) ✐ v3 = v′✳ ❲
❦♦♥s❡❦✇❡♥❝❥✐ (v, v′) ∈ I(K) ◦ I(M)✳ ❩❛✇✐❡r❛♥✐❡ ✇ ❞r✉❣→ str♦♥➛ ❞♦✲
✇♦❞③✐♠② ✇ ♣♦❞♦❜♥② s♣♦só❜✳ �

▲❡♠❛t ✽✳✼✳ ❏❡➧❧✐ str✉❦t✉r❛ s❡♠❛♥t②❝③♥❛ 〈A, I, |=〉 ❥❡st ♠♦❞❡❧❡♠
❛❦s❥♦♠❛tó✇ ❆①✶✾✱ ❆①✶✻ ✐ ❆①✷✵

Ax20 : if γ then K else M fiα ⇐⇒ (γ ∧Kα) ∨ (¬γ ∧M α),

✶✺✾



t♦ ❞❧❛ ❞♦✇♦❧♥②❝❤ ♣r♦❣r❛♠ó✇ K,M ✐ ❞❧❛ ❞♦✇♦❧♥❡❥ ❢♦r♠✉➟② ♦t✇❛r✲
t❡❥ γ✱

I(if γ then K else M fi) = idA(γ) ◦ I(K) ∪ idA(¬γ) ◦ I(M).

▲❡♠❛t ✽✳✽✳ ❏❡➧❧✐ str✉❦t✉r❛ s❡♠❛♥t②❝③♥❛ 〈A, I, |=〉 ❥❡st ♠♦❞❡❧❡♠
❛❦s❥♦♠❛tó✇ ❆①✶✻✱ ❆①✶✾✱ ❆①✷✵ ✐
Ax21 : while γ do K odα⇐⇒ ((¬γ ∧ α) ∨ (γ ∧K(while γ do K odα))),

t♦ ❞❧❛ ❞♦✇♦❧♥❡❥ ❢♦r♠✉➟② ♦t✇❛rt❡❥ γ ✐ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ♣r♦❣r❛♠✉
M ③❛❝❤♦❞③✐

⋃

i∈N

I((if γ then M fi)i) ◦ idA(¬γ) ⊂ I(while γ do M od).

✳

❉♦✇ó❞✳ ❩❛➟ó➺♠②✱ ➺❡ (v, v′) ∈ ⋃

i∈N

I((if γ then M fi)i) ◦ idA(¬γ)✳

❲②♥✐❦❛ st→❞✱ ➺❡ ✐st♥✐❡❥❡ ❧✐❝③❜❛ ♥❛t✉r❛❧♥❛ m t❛❦❛✱ ➺❡ A, v′ |= ¬γ ✐
(v, v′) ∈ I((if γ then M fi)m)✳

❏❡➧❧✐✱ ❞❧❛ ♣❡✇♥❡❥ ❢♦r♠✉➟② α✱ ③❛❝❤♦❞③✐ A, v′ |= α✱ t♦ ③❛❝❤♦❞③✐ t❡➺
A, v |= (if γ then M fi)m(¬γ∧α) ✐ ③ ♣r❛✇❞③✐✇♦➧❝✐ ❛❦s❥♦♠❛t✉ ❆①✷✶ ✇
♥❛s③❡❥ str✉❦t✉r③❡ s❡♠❛♥t②❝③♥❡❥✱ ♠❛♠②

A, v |= while γ do M od α.

❲②♥✐❦❛ st→❞✱ ➺❡ ✐st♥✐❡❥❡ ✇❛rt♦➧❝✐♦✇❛♥✐❡ v′′✱ ❦tór❡ ❥❡st ✇②③♥❛✲
❝③♦♥❡ ❥❡❞♥♦③♥❛❝③♥✐❡ ✭③♦❜✳ ❧❡♠❛t ✽✳✺✮ ✐ t❛❦✐❡✱ ➺❡ (v, v′′) ∈ I(while γ do M od)
❛♥❞ A, v′′ |= α✳ P♦♥✐❡✇❛➺ ♣♦✇②➺s③② ❛r❣✉♠❡♥t ♠♦➺❡ ❜②❝ ♣♦✇tó✲
r③♦♥② ❞❧❛ ❞♦✇♦❧♥❡❥ ❢♦r♠✉➟② α✱ t♦ ♥❛ ♠♦❝② ❧❡♠❛t✉ ✽✳✷ ♦tr③②♠✉✲
❥❡♠② ró✇♥♦➧➣ v′ = v′′✳ ❆ ✇✐➛❝

(v, v′) ∈ I(while γ do M od).

�

▲❡♠❛t ✽✳✾✳ ❏❡➧❧✐ str✉❦t✉r❛ s❡♠❛♥t②❝③♥❛ 〈A, I, |=〉 ❥❡st ♠♦❞❡❧❡♠
❛❦s❥♦♠❛tó✇ ❆①✶✻✱ ❆①✶✾✱ ❆①✷✵✱ ❆①✷✶ ✐ ❥❡➧❧✐ r❡❣✉➟❛ ✇♥✐♦s❦♦✇❛✲
♥✐❛ ❘✸ ❥❡st ♣♦♣r❛✇♥❛ ✇ t❡❥ str✉❦t✉r③❡✱ t♦

I(while γ do K od) =
⋃

i∈N

I((if γ then K fi)i) ◦ idA(¬γ).

✳

❉♦✇ó❞✳ ◆✐❡❝❤ (v, v′) ∈ I( while γ do M od) ✐ ♥✐❡❝❤ A, v′ |= α✳ ❩❛✲
➟ó➺♠②✱ ➺❡ x1, x2, ..., xk s→ ✇s③②st❦✐♠✐ ③♠✐❡♥♥②♠✐ ✐♥❞②✇✐❞✉♦✇②♠✐ ✐
q1, ..., ql s→ ✇s③②st❦✐♠✐ ③♠✐❡♥♥②♠✐ ③❞❛♥✐♦✇②♠✐✱ ❦tór❡ ✇②st➛♣✉❥→
✇ ❢♦r♠✉❧❡ while γ do M odα✳ Pr③②❥♠✐❥♠② ♣♦♥❛❞t♦✱ ➺❡ v(xj) = aj
❞❧❛ 1 ≤ j ≤ k✳ ◆✐❡❝❤ β ❜➛❞③✐❡ ❢♦r♠✉➟→ ♦♣✐s✉❥→❝→ ✇❛rt♦➧❝✐♦✇❛♥✐❡
v ③♠✐❡♥♥②❝❤ x1, x2, ..., xk, q1, ..., ql ✱ ♥♣✳

β = (x1 = a1) ∧ (x2 = a2) ∧ ... ∧ (xk = ak) ∧ q′1 ∧ ... ∧ q′l,
❣❞③✐❡ ♣♦❞❢♦r♠✉➟❛ q′i ♦③♥❛❝③❛ qi ❥❡➧❧✐ v(qi) = 1 ❛ ♣♦❞❢♦r♠✉➟❛ q′i
❥❡st ♣♦st❛❝✐ ¬qi ❥❡➧❧✐ v(qi) = 0✳ ❆ ✇✐➛❝ ♠❛♠② A, v |= β ✐ A, v |=
while γ do M odα ✐✱ ✇♦❜❡❝ t❡❣♦✱ A, v 2|= while γ do M odα ⇒
¬β)✳ ❙t♦s✉❥→❝ r❡❣✉➟➛ ❘✸✱ st✇✐❡r❞③❛♠② ✐st♥✐❡♥✐❡ t❛❦✐❡❥ ❧✐❝③❜②

✶✻✵



♥❛t✉r❛❧♥❡❥ m✱ ➺❡ nonA |= (if γ then M fi)m(α∧¬γ) ¬β✳ ❆ ✇✐➛❝ ✐st♥✐❡❥❡
✇❛rt♦➧❝✐♦✇❛♥✐❡ v′′ t❛❦✐❡✱ ➺❡ A, v′′ |= (if γ then M fi)m(α∧¬γ) ✐ A, v“ |= β✱
s❦→❞ ✇②♥✐❦❛✱ ♥❛ ♠♦❝② ♣r③②❥➛t❡❥ ❞❡✜♥✐❝❥✐ ❢♦r♠✉➟② β✱ ➺❡ A, v |=
(if γ then M fi)m(α∧¬γ)✳ Pr③②❥♠✐❥♠②✱ ➺❡ m ❥❡st ♥❛❥♠♥✐❡❥s③→ ❧✐❝③❜→
♥❛t✉r❛❧♥→ ♦ t❡❥ ✇➟❛s♥♦➧❝✐✳ ❆ ✇✐➛❝ ✐st♥✐❡❥❡ ✇❛rt♦➧❝✐♦✇❛♥✐❡ v′′✱
t❛❦✐❡✱ ➺❡ (v, v“) ∈ I(if γ then M fi)m ✐ A, v“ |= (a ∧ ¬g)✳

❯❞♦✇♦❞♥✐♠② t❡r❛③✱ ➺❡ ❞❧❛ ❞♦✇♦❧♥❡❤❥ ❢♦r♠✉➟② δ✱ A, v′ |= d ✐♠✲
♣❧✐❡s A, v“ |= (δ ∧ ¬γ)✳ P♦✇t❛r③❛❥→❝ ♣♦✇②➺s③❡ r♦③✉♠♦✇❛♥✐❡ ✉③②✲
s❦✉❥❡♠② A, v |= if γ then M fi)j(δ∧¬γ) ❞❧❛ ♣❡✇♥❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥
j✳ ❩ ③❛➟♦➺❡♥✐❛ ♦ ❧✐❝③❜✐❡ m ✐ ③ ❛❦s❥♦♠❛t✉ ❆①✷✵ ✇②♥✐❦❛✱ ➺❡ m ≤ j✳
❆ ✇✐➛❝ A, v |= if γ then M fi)m(δ∧γ)✳ ◆❛ ♠♦❝② ❧❡♠❛t✉ ✽✳✺ ✐ ❞❡✜♥✐❝❥✐
✇❛rt♦➧❝✐♦✇❛♥✐❛ v′′✱ ♦tr③②♠✉❥❡♠② A, v“ |= (δ ∧ ¬γ)✳

❯❞♦✇♦❞♥✐❧✐➧♠② ✇✐➛❝✱ ➺❡ ✐st♥✐❡❥❡ ❧✐❝③❜❛ ♥❛t✉r❛❧♥❛ m ✐ ✇❛r✲
t♦➧❝✐♦✇❛♥✐❡ v′′ t❛❦✐❡✱ ➺❡ (v, v′′) ∈ Iif γ then M fi)m ✐ ❞❧❛ ❞♦✇♦❧♥❡❥
❢♦r♠✉➟② δ✱ ❥❡➧❧✐ A, v′ |= δ t♦ A, v′′ |= (δ ∧ ¬γ)✳ ❩ ❧❡♠❛t✉ ✽✳✷ v′′ = v′ ❛
✇✐➛❝

(v, v′) ∈ I(if γ then M fi)m ◦ idA(¬γ).
�

▲❡♠❛t ✽✳✶✵✳ ❏❡➧❧✐ str✉❦t✉r❛ s❡♠❛♥t②❝③♥❛ 〈A, I, |=〉 ❥❡st ♠♦❞❡✲
❧❡♠ ❞❧❛ ❛❦s❥♦♠❛t✉ ❆①✶✽

Ax18 : (x := τ)γ(x) ≡ γ(x/τ) ∧ (τ = τ)(q := γ)γ(q) ≡ γ(q/γ),

✱ t♦ ❞❧❛ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥ ✐♥❞②✇✐❞✉♦✇❡❥ x ✐ ❞❧❛ ❞♦✇♦❧♥❡❣♦ t❡r♠✉
τ ♦❦r❡➧❧♦♥② ❥❡st ✇②♥✐❦ I(x := τ) = {(v, v′) : τA(v) ✐ v′(x) = τA(v)✱ ♦r❛③
v′(z) = v(z) ❢♦r z 6= x}✳ ♣❛♠✐❡t❛❥ ♦ t❡r♠❛❝❤ ❝③❡s❝✐♦✇②❝❤✱ ❝③② ❥❡ t✉
♠❛♠②❄❄ ✐ ❞❧❛ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥ ③❞❛♥✐♦✇❡❥ q ♦r❛③ ❞♦✇♦❧♥❡❥ ❢♦r✲
♠✉➟② ♦t✇❛rt❡❥ γ′ ③❛❝❤♦❞③✐ I(q := g′) = {(v, v′) : v′(q) = gA(v) ✐ v′(z) =
v(z) ❞❧❛ z 6= q}✳

❉♦✇ó❞✳ ◆✐❡❝❤ (v, v′) ∈ I(x := t), v′(x) = a ✐ v′(z) = b ❢♦r s♦♠❡ ✈❛r✐❛✲
❜❧❡ z 6= x✳ ❇② ♣❛rt ✭✶✮ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s❡♠❛♥t✐❝ str✉❝t✉r❡✱
t❤❡r❡ ❡①✐st t❡r♠s τa ❛♥❞ τb ✇✐t❤♦✉t ❢r❡❡ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t

A, v′ |= (x = ta) ∧ (z = tb)✳
❚❤✉s
A, v |= (x := t)((x = ta) ∧ (z = tb))✳
❆♣♣❧②✐♥❣ ❛①✐♦♠ ❆①✶✽✱ ✇❡ ♦❜t❛✐♥
A, v |= (ta = ta) ∧ (tb = tb) ∧ (t = t)✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t tA(v) ✐s ❞❡✜♥❡❞ ❛♥❞ tA(v) = taA(v) = a = v′(x)

❛♥❞ v(z) = tbA(v) = b = v′(z)✳ ❍❡♥❝❡ t❤❡ ✐♥❝❧✉s✐♦♥ ⊂ ❤❛s ❜❡❡♥
❞❡♠♦♥str❛t❡❞✳

❚♦ ♣r♦✈❡ t❤❡ ✐♥✈❡rs❡ ✐♥❝❧✉s✐♦♥ ❧❡t tA(v) ❜❡ ❞❡✜♥❡❞ ❛♥❞ v′(x) =
a = tA(v), v′(z) = v(z) = b✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s❡♠❛♥t✐❝ str✉❝t✉r❡✱
t❤❡r❡ ❡①✐st ta ❛♥❞ tb ✇❤✐❝❤ ❛r❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❡❧❡♠❡♥ts a ❛♥❞ b ♦❢
t❤❡ ✉♥✐✈❡rs❡ ♦❢ A✳ ❚❤✉s

A, v′ |= (x = ta) ∧ (z = tb) ∧ (t = t)
❙✉❜st✐t✉t✐♥❣ g ✐♥ ❛①✐♦♠ ❆①✶✽ ❜② t❤❡ ❢♦r♠✉❧❛ (x = ta)∧ (z = tb)

❣✐✈❡s A, v |= (x := t)((x = ta) ∧ (z = tb))✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
s❛t✐s✜❛❜✐❧✐t② r❡❧❛t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛ ✈❛❧✉❛t✐♦♥ v“ s✉❝❤ t❤❛t

(v, v“) ∈ I(x := t) ❛♥❞A, v“ |= (x = ta) ∧ (z = tb)✱

✶✻✶



✐✳❡✳
v“(x) = tav“(z) = tb✳
❋r♦♠ ♦✉r ❛ss✉♠♣t✐♦♥s✱ ✇❡ ❤❛✈❡ v“(x) = v′(x) ❛♥❞ v“(z) = v′(z)✳

❙✐♥❝❡ z ✇❛s ❛♥ ❛r❜✐tr❛r② ✈❛r✐❛❜❧❡ s✉❝❤ t❤❛t z 6= x✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡
t❤❛t v“ = v′✱ ❛♥❞ t❤❡r❡❢♦r❡ (v, v′) ∈ I(x := t)✳

❚❤❡ ❛♥❛❧♦❣♦✉s ♣r♦♦❢ ❢♦r t❤❡ ❛ss✐❣♥♠❡♥t ✐♥str✉❝t✐♦♥ ♦❢ t❤❡
❢♦r♠ (q := γ) ✐s ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳ �

❩ ♣♦✇②➺s③②❝❤ ❢❛❦tó✇ ✇②♥✐❦❛ ♥❛t②❝❤♠✐❛st ❣➟ó✇♥② ✇②♥✐❦ t❡❣♦
♣♦❞r♦③❞③✐❛➟✉✳

❚✇✐❡r❞③❡♥✐❡ ✽✳✶✶✳ ❑❛➺❞❛ str✉❦t✉r❛ s❡♠❛♥t②❝③♥❛✱ ❦tór❛ ❥❡st
♠♦❞❡❧❡♠ ❢♦r♠❛❧♥❡❣♦ s②st❡♠✉ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ❥❡st str✉❦✲
t✉r→ st❛♥❞❛r❞♦✇→✳

❲❡ ❤❛✈❡ ♣r♦✈❡❞ ✐♥ t❤✐s ✇❛② t❤❛t ❛①✐♦♠s ♦❢ t❤❡ s②st❡♠ AL(Π)
❞❡t❡r♠✐♥❡ ♣r♦♣❡rt✐❡s ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡ t❤❛t ✐♥✲
t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦❣r❛♠s ✐s st❛♥❞❛r❞✳ ❇② ❧❡♠♠❛ ✹✳✺✳✷ ✇❡ ❤❛✈❡
♣r♦✈❡❞ t❤❡r❡❢♦r❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ♠♦❞❡❧ ♦❢ AL(Π)
❛♥❞ ♦❢ st❛♥❞❛r❞ s❡♠❛♥t✐❝ str✉❝t✉r❡✳ ❚❤✉s ❜② ❧❡♠♠❛ ✽✳✷ ❛①✐♦♠s
♦❢ ❛❧❣♦r✐t❤♠✐❝ ❧♦❣✐❝ ❆▲✭Π✮ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡ t❤❡ s❡♠❛♥t✐❝s ♦❢
♣r♦❣r❛♠s ♦❢ t❤❡ ❝❧❛ss Π✳ ▼♦r❡♦✈❡r t❤✐s ✐s ❥✉st t❤❡ s❡♠❛♥t✐❝s
❞❡✜♥❡❞ ❜② t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✐♥ t❤❡ s❡❝t✐♦♥ ❄❄✳

❞♦♣✐s③♠② ❝♦s ♦ ✐♥♥②♠ ♣♦❞❡❥s❝✐✉ ❞♦ s❡♠❛♥t②❦✐ ❛❦s❥♦♠❛t②❝③✲
♥❡❥✦✦✦✦✦

✺✳ ❉❡✜♥✐❝❥❡

❑♦❧❡❥♥❡ ♥❛r③➛❞③✐❛ ♣r♦❣r❛♠♦✇❛♥✐❛ t♦ ❜❧♦❦✐✱ ❢✉♥❦❝❥❡✱ ♣r♦❝❡✲
❞✉r② ✐ ❦❧❛s②✳ ❩❛♥✐♠ ♣r③❡❥❞③✐❡♠② ❞♦ ♦♠❛✇✐❛♥✐❛ t②❝❤ ♣♦❥➛➣✱ ❦♦✲
♥✐❡❝③♥❡ ❥❡st ③r♦③✉♠✐❡♥✐❡ ❝③②♠ ♦♥❡ s→✳ Pr③②❞❛ s✐➛ ♥❛♠ ❛♥❛❧✐③❛
♣♦❥➛❝✐❛ ❞❡✜♥✐❝❥✐ ✇ ❥➛③②❦❛❝❤ ♣✐❡r✇s③❡❣♦ r③➛❞✉✳

• ❲ ❥➛③②❦✉ L5 ♠♦➺♥❛ ③❛♣r♦❣r❛♠♦✇❛➣ ❦❛➺❞→ ❢✉♥❦❝❥➛ ♦❜✲
❧✐❝③❛❧♥→ ✭t❡③❛ ❚✉r✐♥❣❛✲❈❤✉r❝❤❛✮✳ ❉❧❛❝③❡❣♦ ✇✐➛❝ ✇ ❥➛✲
③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ✇②st➛♣✉❥❛ ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐✱
♣r♦❝❡❞✉r✱ ❦❧❛s❄ ❏❛❦→ r♦❧➛ ♦❞❣r②✇❛❥→✱ ♥♣✳ ❞❡❦❧❛r❛✲
❝❥❡ ❢✉♥❦❝❥✐❄ ◆✐❡✇→t♣❧✐✇✐❡ s→ ✉➺②t❡❝③♥❡✳ ❈③② ❥❡❞♥❛❦
✇➟❛➧❝✐✇✐❡ ♣♦❥♠✉❥❡♠② ❥❛❦ s✐➛ ♥✐♠✐ ♣♦s➟✉❣✐✇❛➣❄ Pr❛✲
❣♥✐❡♠② ③✇ró❝✐➣ ❚✇♦❥→ ✉✇❛❣➛ ♥❛ ♣♦tr③❡❜➛ ❞②s❝②♣❧✐♥②
✇❡ ✇♣r♦✇❛❞③❛♥✐✉ ❞❡❦❧❛r❛❝❥✐✳

• ❲ ❧♦❣✐❝❡ ♠❛t❡♠❛t②❝③♥❡❥ ♦♠❛✇✐❛ s✐➛ ♣♦❥➛❝✐❡ ❞❡✜♥✐❝❥✐
✐ ✉st❛❧❛ s✐❡ ❦✐❧❦❛ ✇❛➺♥②❝❤ ❢❛❦tó✇✳ ❖ ❝③②♠ ♣✐s③❡♠②
♣♦♥✐➺❡❥✳ Pr③②❥♠✉❥❡ s✐➛✱ ➺❡ ❞❡✜♥✐❝❥→ ❥❡st ♣❛r❛ ✇②r❛➺❡➠

〈definiendum〉{ =⇔}〈definiens〉
♦❞❞③✐❡❧♦♥②❝❤ ③♥❛❦✐❡♠ ró✇♥♦✇❛➺♥♦s❝✐ ❧✉❜ ③♥❛❦✐❡♠ ró✇✲
♥♦➧❝✐✳
❉❡✜♥✐❡♥❞✉♠ ❝③②❧✐ ✇②r❛➺❡♥✐❡ ❞❡✜♥✐♦✇❛♥❡✱ ♠❛ ♣♦st❛➣
❛❧❜♦ ❢♦r♠✉➟② ❛t♦♠♦✇❡❥ ρ(x1, . . . , xn) ❛❧❜♦ t❡r♠✉ ❡❧❡♠❡♥✲
t❛r♥❡❣♦ φ(x1, . . . , xm)✳ ❙②♠❜♦❧ ρ ❥❡st ♥♦✇②♠ ♣r❡❞②❦❛t❡♠✱

✶✻✷



t❥✳ ♦③♥❛❝③❡♥✐❡♠ ♥♦✇♦ ✇♣r♦✇❛❞③❛♥❡❥ r❡❧❛❝❥✐✳ P♦❞♦❜✲
♥✐❡✱ s②♠❜♦❧ φ ❥❡st ♥♦✇②♠✱ ♥✐❡ ✇②st➛♣✉❥→❝②♠ ❞♦ t❡❥
♣♦r② ✇ ❥➛③②❦✉ t❡♦r✐✐ T ♦③♥❛❝③❡♥✐❡♠ ♥♦✇❡❥ ♦♣❡r❛❝❥✐✳

❏❛✇♥❛✱ ❧✉❜ ♥✐❡✉✇✐❦➟❛♥❛✱ ❞❡✜♥✐❝❥❛ r❡❧❛❝❥✐✳ ❏❛✇♥❛✱
❧✉❜ ♥✐❡✉✇✐❦➟❛♥❛ ❞❡✜♥✐❝❥❛ r❡❧❛❝❥✐ ❥❡st ró✇♥♦✇❛③♥♦➧❝✐→

ρ(x1, . . . , xn)⇔ α(x1, . . . , xn)

◆♦✇② ♣r❡❞②❦❛t ρ ❞❡✜♥✐♦✇❛♥② ❥❡st ♣r③❡③ ❢♦r♠✉➟➛ α(x1, . . . , xn)✱
❦tór❛ ♠❛ ❞♦❦➟❛❞♥✐❡ t❡ s❛♠❡ ③♠✐❡♥♥❡ ✇♦❧♥❡ x1, . . . , xn✱
❥❛❦✐❡ ✇②st➛♣✉❥→ ♣♦ ❧❡✇❡❥ str♦♥✐❡ ❞❡✜♥✐❝❥✐ ✐ ♣♦♥❛❞t♦✱ ✇
❢♦r♠✉❧❡ α(x1, . . . , xn) ♥✐❡ ✇②st➛♣✉❥❡ s②♠❜♦❧ ❞❡✜♥✐♦✇❛♥②
ρ✳

◆✐❡❥❛✇♥❛✱ ❧✉❜ ✉✇✐❦➟❛♥❛✱ ❞❡✜♥✐❝❥❛ r❡❧❛❝❥✐✳

❏❛✇♥❛ ❞❡✜♥✐❝❥❛ ❢✉♥❦t♦r❛✳ ◆❛♣✐s ♣♦st❛❝✐
ϕ(x1, . . . , xn) = τ(x1, . . . , xn)

❥❡st ❞❡✜♥✐❝❥→ ♥♦✇❡❣♦ ❢✉♥❦t♦r❛ ❥❡➧❧✐ ✶✮ s②♠❜♦❧ ϕ ♥✐❡ ✇②✲
st➛♣♦✇❛➟ ❞♦t→❞ ✇ ❥➛③②❦✉ r♦③✇❛➺❛♥❡❥ t❡♦r✐✐✱ ✷✮ ✇②r❛➺❡✲
♥✐❡ τ(x1, dots, xn) ❥❡st t❡r♠❡♠ ✭✇②r❛➺❡♥✐❡♠ ♥❛③✇♦✇②♠✮
✐ ✇②st➛♣✉❥→ ✇ ♥✐♠ ❞♦❦➟❛❞♥✐❡ t❡s❛♠❡ ③♠✐❡♥♥❡ x1, . . . , xn
❝♦ ♣♦ ❧❡✇❡❥ str♦♥✐❡ ró✇♥♦➧❝✐✳

◆✐❡❥❛✇♥❛ ❞❡✜♥✐❝❥❛ ❢✉♥❦t♦r❛✳ ❉❡✜♥✐❡♥❞✉♠ ❝③②❧✐ ✇②✲
r❛➺❡♥✐❡ ❞❡✜♥✐✉❥→❝❡ ✭❥❡st t♦ ♦❞♣♦✇✐❡❞♥✐♦✱ ❢♦r♠✉➟❛ ❧✉❜
t❡r♠✮✱ ❥❡st ✇②r❛➺❡♥✐❡♠ ♦ t❛❦✐♠ s❛♠②♠ ③❜✐♦r③❡ ③♠✐❡♥✲
♥②❝❤ ✇♦❧♥②❝❤✳x1, . . . , xn ❥❡st ✇②r❛➺❡♥✐❡♠ ✇ ❥❡❞♥❡❥ ③ tr③❡❝❤
♣♦st❛❝✐✿
✭✐✮ ❢♦r♠✉➟❛ α(x1, . . . , xn)
✭✐✐✮ ❢♦r♠✉➟❛ ∀x1

. . . ∀xn
∃y β(x1, . . . , xn, y) ❥❡st t✇✐❡r❞③❡♥✐❡♠

t❡♦r✐✐ T ✳ ❄
✭✐✐✐✮ t❡r♠ τ(x1, . . . , xm)

• ❲ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ❥❡st tr♦❝❤➛ ✐♥❛❝③❡❥ ♣♦♥✐❡✇❛➺
❞❡✜♥✐❡♥s ♠♦➺❡ ❜②➣ ❢♦r♠✉➟→ ❛❧❣♦r②t♠✐❝③♥→ t❥✳ ✇ ❞❡✲
✜♥✐❝❥✐ ♠♦➺❡ ♣♦❥❛✇✐➣ s✐➛ ❛❧❣♦r②t♠✳ P♦♠✐➛❞③② ❥❛✇♥→ ✐
♥✐❡❥❛✇♥→ ❞❡✜♥✐❝❥→ ❢✉♥❦t♦r❛ ♠♦➺♥❛ ✉♠✐❡➧❝✐➣ ✇✐❡❧❡ ró➺✲
♥②❝❤ ♣♦st❛❝✐ ❞❡✜♥✐❝❥✐
φ(x1, ..., xn)

df
= K τ ✱ ✇ t❡r♠✐❡ Kτ ♥✐❡ ✇②st➛♣✉❥❡ s②♠❜♦❧

❞❡✜♥✐♦✇❛♥② φ✳
✳✳✳ ❥✳✇✳ ❛❧❡ ❞♦♣✉s③❝③❛❧♥❡ ❥❡st ❜② ♣♦ ♣r❛✇❡❥ str♦♥✐❡ ❞❡✲
✜♥✐❝❥✐ ✇②st➛♣♦✇❛➟ s②♠❜♦❧ ❞❡✜♥✐♦✇❛♥②
❞❧❛ r❡❧❛❝❥✐ ρ(x1, ..., xn)

df≡Mα ♣♦❞♦❜♥✐❡
❥❛✇♥❛ ❞❡✜♥✐❝❥❛ ♣r❡❞②❦❛t✉ ρ ✇②♠❛❣❛ ❜② ♣♦ ♣r❛✇❡❥ str♦✲
♥✐❡ ♥✐❡ ✇②st➛♣♦✇❛➟ t❡♥ s②♠❜♦❧✱
♥✐❡❥❛✇♥❛ ❞❡✜♥✐❝❥❛ ✳✳✳
❙❢♦r♠✉➟♦✇❛➣ ✇❛r✉♥❦✐ ❦♦♥✐❡❝③♥❡ ❜② ③❛❝❤♦❞③✐➟② t✇✐❡r✲
❞③❡♥✐❛ ♦ ✐st♥✐❡♥✐✉ ♠♦❞❡❧✉ ✐ ♦ ♥✐❡✐st♦t♥♦➧❝✐ ❞❡✜♥✐❝❥✐✳
P♦❞❛➣ ❦♦♥tr♣r③②❦➟❛❞②✳

✶✻✸



• ①①① ✳✳✳
❩✇r❛❝❛♠② ✉✇❛❣➛ ♥❛ ♣♦❞♦❜✐❡➠st✇♦ ❞❡✜♥✐❝❥✐ ✭❥❛❦✐❡ ♣r③②❥♠✉❥❡

s✐➛ ✇ tr❛❦❝✐❡ r♦③✇✐❥❛♥✐❛ t❡♦r✐✐ ♠❛t❡♠❛t②❝③♥②❝❤✮ ✐ ❞❡❦❧❛r❛❝❥✐
❢✉♥❦❝❥✐✱ ❥❛❦✐❡ ✇②st➛♣✉❥→ ✇ ♣r♦❣r❛♠❛❝❤✳

Pr③②♣♦♠♥✐❥♠② ♣❛r➛ ✐st♦t♥②❝❤ ❢❛❦tó✇ ③♥❛♥②❝❤ ✇ ♣♦❞st❛✇❛❝❤
♠❛t❡♠❛t②❦✐✳ ❘♦③♣❛tr✉❥❡♠② r❛❝❤✉♥❡❦ ♣r❡❞②❦❛tó✇ ✐ t❡♦r✐❡ ❡❧❡✲
♠❡♥t❛r♥❡ ✭t③♥✳ ♣✐❡r✇s③❡❣♦ r③➛❞✉✮✳
❉♦❞❛♥✐❡ ❞♦ ♣❡✇♥❡❥ t❡♦r✐✐ ♠❛t❡♠❛t②❝③♥❡❥ T ✱ ❦tór❛ ❥❡st ✇②③♥❛✲
❝③♦♥❛ ♣r③❡③ ❥❡❥ ❥➛③②❦ L✱ ♦♣❡r❛❝❥➛ ❦♦♥s❡❦✇❡♥❝❥✐ C ✐ ③❜✐ór ❛❦s❥♦✲
♠❛tó✇ ♥✐❡❜➛❞→❝②❝❤ ❛❦s❥♦♠❛t❛♠✐ ❧♦❣✐❦✐ A

T = 〈L, C,A〉
♣❡✇♥②❝❤ ❞❡✜♥✐❝❥✐ ♥♦✇②❝❤ ❢✉♥❦t♦ró✇ ✐ ♣r❡❞②❦❛tó✇ ❦❛➺❡ ♥❛♠
♠ó✇✐➣ ♦ ♥♦✇❡❥ t❡♦r✐✐ T ′ = 〈L′, C′,A′〉✳ ❏➛③②❦ L′ ♥♦✇❡❥ t❡♦r✐✐ ❥❡st ❜♦✲
❣❛ts③② ♦❞ ❥➛③②❦❛ L ♣♦♥✐❡✇❛➺ ✇♣r♦✇❛❞③♦♥♦ ♥♦✇❡ s②♠❜♦❧❡ ❢✉♥❦✲
t♦ró✇ ✐ ♣r❡❞②❦❛tó✇✳ ❖❞♣♦✇✐❡❞♥✐♦ ❜♦❣❛ts③❡ s→ ③❜✐♦r② t❡r♠ó✇ ✐
❢♦r♠✉➟ ✳ L * L′

❖♣❡r❛❝❥❛ ❦♦♥s❡❦✇❡♥❝❥✐ C ③❛❝❤♦✇✉❥❡ ✇s③②st❦✐❡ s❝❤❡♠❛t② ❛❦s❥♦✲
♠❛tó✇ ❧♦❣✐❝③♥②❝❤ ✐ r❡❣✉➟ ✇♥✐♦s❦♦✇❛♥✐❛✱ ❛❧❡ ✇ ♣♦♥✐❡✇❛➺ ❥➛③②❦
L′ ❥❡st ❜♦❣❛ts③② ♦❞ ❥➛③②❦❛ L✱ t♦ ♠❛♠② ♥♦✇❡ ❛❦s❥♦♠❛t② ❧♦❣✐❦✐ ✐
♥♦✇❡ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛✳
❩❜✐ór A′ ❛❦s❥♦♠❛tó✇ t❡♦r✐✐ T ′ ♣♦✇st❛❥❡ ♣r③❡③ ❞♦❞❛♥✐❡ ❞♦ ③❜✐♦r✉
A ③❡st❛✇✉ ❞♦➟→❝③❛♥②❝❤ ❞❡✜♥✐❝❥✐✳ A * A′✳

❖ ❧♦❣✐❝❡ ♣✐❡r✇s③❡❣♦ r③➛❞✉✱ ❛ ✇➟❛➧❝✐✇✐❡ ♦ t❡♦r✐❛❝❤ ♣✐❡r✇s③❡❣♦
r③➛❞✉ ❞♦✇♦❞③✐ s✐➛ ❞✇✉ ❢❛❦tó✇✿

❚✶✮ ❏❡➧❧✐ t❡♦r✐❛ T ♣♦s✐❛❞❛ ♠♦❞❡❧✱ t♦ t❡♦r✐❛ T ′ t❡➺ ♣♦s✐❛❞❛
♠♦❞❡❧✱ ❛ ✇✐➛❝ ❥❡st ♥✐❡s♣r③❡❝③♥❛✳

❚✷✮ ❑❛➺❞❡ t✇✐❡r❞③❡♥✐❡ α ♥♦✇❡❥ t❡♦r✐✐ T ′ = 〈L′, C′,A′〉✱ ❦tór❡
❥❡st ❢♦r♠✉➟→ ❥➛③②❦❛ L st❛r❡❥ t❡♦r✐✐ ❥❡st t✇✐❡r❞③❡♥✐❡♠
t❡♦r✐✐ T ✳

C(A) = C′(A′) ∩ F
❚✇✐❡r❞③❡♥✐❡ ❚✷ ♥❛③②✇❛♥❡ ❥❡st t✇✐❡r❞③❡♥✐❡♠ ♦ ♥✐❡✐st♦t♥♦➧➣✐ ❞❡✲
✜♥✐❝❥✐✳ ❲ ❥➛③②❦✉ ❛♥❣✐❡❧s❦✐♠ ✉➺②✇❛♥② ❥❡st ③✇r♦t ❝♦♥s❡r✈❛t✐✈❡
❡①t❡♥s✐♦♥✳ ❈③②❧✐ t❡♦r✐❛ T ′ ❥❡st ✳✳✳

❑♦❧❡❥♥② ❢❛❦t ♦ ♣♦❞♦❜♥❡❥ ✇②♠♦✇✐❡ ③♦st❛➟ ✇②♣♦✇✐❡❞③✐❛♥② ✐
✉❞♦✇♦❞♥✐♦♥② ♣r③❡③ ❙✳ ❑❧❡❡♥❡❣♦ ❬❑❧❡✸✻❪✳

❚✸✮ ❑❛➺❞❛ ❢✉♥❦❝❥❛ r❡❦✉r❡♥❝②❥♥❛ ❥❡st µ✲r❡❦✉r❡♥❝②❥♥❛✳
❖③♥❛❝③❛ t♦ t②❧❡✱ ➺❡ ❦❛➺❞❛ ❢✉♥❦❝❥❛ ♦❜❧✐❝③❛❧♥❛ ♦❦r❡➧❧♦♥❛ ♥❛ ③❜✐♦✲
r③❡ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ ❞♦❞❛t♥✐❝❤✱ ❥❡st ♣r♦❣r❛♠♦✇❛❧♥❛ ✇ ❥➛③②❦✉
L5✳ P♦❞❦r❡➧❧♠②✱ ❢✉♥❦❝❥❛ ♠❛ ❜②➣ ♦❜❧✐❝③❛❧♥❛ t③♥✳ ❞❧❛ ❦❛➺❞❡❣♦
❛r❣✉♠❡♥t✉ ♠❛ ✐st♥✐❡➣ ♦❦r❡➧❧♦♥② ✇②♥✐❦✳ ❚❡♥ ✇❛r✉♥❡❦ ❥❡st ❢✉♥✲
❞❛♠❡♥t❛❧♥②✳ ◆✐❡s♣❡➟♥✐❡♥✐❡ t❡❣♦ ✇❛r✉♥❦✉ ♠♦➺❡ s♣♦✇♦❞♦✇❛➣
s♣r③❡❝③♥♦➧➣ ✇ s②st❡♠✐❡ ✇②❦♦r③②st✉❥→❝②♥♠ ❢♦r♠❛❧✐③♠ ❍♦❛r❡✬❛✳
P✐s❛❧✐ ♦ t②♠ ▼✳ ❲❛♥❞ ❬❲❛♥✼✽❪ ✐ ▼✳ ❖✬❉♦♥♥❡❧❧❬❖✬❉✽✷❪✳
❏❡st❡➧♠② ♣r③❡❦♦♥❛♥✐✱ ➺❡ t❡ t✇✐❡r❞③❡♥✐❛ ❚✶✮ ✐ ❚✷✮ ♠ó✇✐→ ♥❛♠✱
➺❡ ❥❡➧❧✐ ♣r♦❣r❛♠ ✭❧✉❜ ❥❛❦✐➧ ❥❡❣♦ ♠♦❞✉➟✮ ③❛✇✐❡r❛ ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦✲
❝❥✐✱ t♦

✶✻✹



• ♦③♥❛❝③❛ t♦ t②❧❡✱ ➺❡ ✇③❜♦❣❛❝❛♠② ❥➛③②❦✱
• str✉❦t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛ ✭♠♦❞❡❧✮ ③♦st❛❥❡ ✇③❜♦❣❛❝♦♥❛✱
• r♦③s③❡r③❡♥✐❡ ❥❡st ♥✐❡✐st♦t♥❡✱ ✇ t②♠ s❡♥s✐❡✱ ➺❡ ❞♦❞❛♥✐❡
❞❡❦❧❛r❛❝❥✐ ♥♦✇②❝❤ ❢✉♥❦❝❥✐ ♥✐❡ ✇③❜♦❣❛❝❛ ③❜✐♦r✉ t✇✐❡r✲
❞③❡➠✱

• ✇③❜♦❣❛❝❡♥✐❡ str✉❦t✉r② ❞❛♥②❝❤ ❥❡st ♦❜❧✐❝③❛❧♥❡ ✇ t❡r♠✐✲
♥❛❝❤ ❞♦t②❝❤❝③❛s♦✇❡❥ str✉❦t✉r② ❞❛♥②❝❤✳ ❚③♥✳ ❥❡s❧✐ ❞♦✲
t②❝❤❝③❛s♦✇❛ str✉❦t✉r❛ ❞❛♥②❝❤ ❜②➟❛ ♦❜❧✐❝③❛❧♥❛ t♦ ♥♦✇❛
str✉❦t✉r❛ ❥❡st t❡➺ str✉❦t✉r→ ♦❜❧✐❝③❛❧♥❛

P❛♠✐➛t❛❥♠②✱ ➺❡ r❛❝❤✉♥❡❦ ♣r♦❣r❛♠ó✇✱ ❝③②❧✐ ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛✱
♠❛ ♥❛st➛♣✉❥→❝❛ ✇➟❛s♥♦➧➣✿
❚✇✐❡r❞③❡♥✐❡ ✭❙❦♦❧❡♠❛✲▲♦❡✈❡♥❤❡✐♠❛✮ ❏❡➧❧✐ t❡♦r✐❛ ❛❧❣♦r②t♠✐❝③♥❛
♠❛ ♠♦❞❡❧ t♦ ♣♦s✐❛❞❛ t❡➺ ♠♦❞❡❧ ♣r③❡❧✐❝③❛❧♥② ✇ ❞③✐❡❞③✐♥✐❡ ❧✐❝③❜
♥❛t✉r❛❧♥②❝❤✳

❲❛rt♦ t❡➺ ✇s♣♦♠♥✐❡➣ ✇②♥✐❦ ▲❛s③❧♦ ❑❛❧♠ár❛ ❬❑❛❧✺✺❪✱ ✳✳✳
❲ t②♠ ♠✐❡❥s❝✉ ✇②❦❛➺❡♠② ♥✐❡✐st♦t♥♦➧❝ ❥❛✇♥②❝❤ ❞❡✜♥✐❝❥✐ ✇

r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✳ ✷ t✇✐❡r❞③❡♥✐❛ ✐ ❞♦✇♦❞②
◆❛t♦♠✐❛st ✇♣r♦✇❛❞③❛♥✐❡ ❞❡✜♥✐❝❥✐ ♥✐❡❥❛✇♥②❝❤ ✭♣r♦❣r❛♠✐➧❝✐

♥❛③②✇❛❥→ t❛❦✐❡ ❞❡✜♥✐❝❥❡ r❡❦✉r❡♥❝②❥♥②♠✐✮ ✇②♠❛❣❛ ✇✐❡❧❦✐❡❥ ♦str♦➺✲
♥♦➧❝✐✳

❩❜✐ór ❞❡✜♥✐❝❥✐ ♥✐❡❥❛✇♥②❝❤ ♠♦➺❡ ③❛✇✐❡r❛➣ s♣r③❡❝③♥♦➧❝✐✳ ❲
t❛❦✐♠ ♣r③②♣❛❞❦✉ ♥✐❡ ♠♦➺♥❛ ✉❞♦✇♦❞♥✐❝ ✇➟❛s♥♦➧❝✐ ❚✶✮✳

❩❜✐ór ❞❡✜♥✐❝❥✐ ♥✐❡❥❛✇♥②❝❤✱ ❛ ♥❛✇❡t ❞❡✜♥✐❝❥✐ ❛❧❣♦r②t♠✐❝③♥②❝❤
♠♦➺❡ ❜②❝ czczy t③♥✳ ❞❡✜♥✐❝❥❡ ♠♦❣→ ❜②➣ s♣❡➟♥✐❛♥❡ ♣r③❡③ ✇✐❡❧❡
ró➺♥②❝❤ ❢✉♥❦❝❥✐✳

❲r❡s③❝✐❡ ❞❡✜♥✐❝❥❡ ♣♦✇✐♥♥② ❣✇❛r❛♥t♦✇❛❝ ✐st♥✐❡♥✐❡ ✇❛rt♦➧❝✐
❞❡✜♥✐♦✇❛♥❡❥ ❢✉♥❦❝❥✐✳

❑❛➺❞❛ ③ t②❝❤ ✇➟❛s♥♦➧❝✐ s❡♠❛♥t②❝③♥②❝❤ ❥❡st ❜❛r❞③♦ ✇❛➺♥❛ ✐
♥❛r✉s③❡♥✐❡ ❦tór❡❥❦♦❧✇✐❡❦ ③ ♥✐❝❤ ♠♦➺❡ ③❛❦♦➠❝③②➣ s✐➛ ♥✐❡♣♦✇♦✲
❞③❡♥✐❡♠ ♦❜❧✐❝③❡➠✳

❲➟❛s♥♦➧➣ ♥✐❡s♣r③❡❝③♥♦➧❝✐ ✭♥✐❡❥❛✇♥②❝❤ t❥✳ r❡❦✉r❡♥❝②❥♥②❝❤✮
❞❡❦❧❛r❛❝❥✐ ❢✉♥❦❝❥✐ ♥✐❡ ❥❡st t♦➺s❛♠❛ ③ ✇➟❛s♥♦➧❝✐❛ st♦♣✉ ♣r♦❣r❛♠✉✳
❉❧❛❝③❡❣♦❄

P♦❞♦❜♥✐❡ ③ ✇➟❛s♥♦s❝✐❛ s❡♠❛♥t②❝③♥→✿ ♥✐❡❥❛✇♥❡✭r❡❦✉r❡♥❝②❥♥❡✮
❞❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐ ③ ♣❡✇♥❡❣♦ ③❜✐♦r✉ ❞❡❦❧❛r❛❝❥✐ ❩✱ ♥✐❡ ❣✇❛r❛♥✲
t✉❥→ ❥❡❞♥♦③♥❛❝③♥♦➧❝✐ t❛❦✐❝❤ ❢✉♥❦❝❥✐✳
❚❡❣♦ t②♣✉ ✇➟❛s♥♦➧➣ s❡♠❛♥t②❝③♥❛ ♣♦✇✐♥♥❛ ❜②➣ r♦③♣♦③♥❛♥❛ ✐
♥s♣r❛✇✐♦♥❛ ✇ ♠✐❛r➛ ♠♦③❧✐✇♦➧❝✐✳ ◆✐❡ ❥❡st t♦ ✇➟❛s♥♦➧❝ t♦➺s❛♠❛
③ ❜r❛❦✐❡♠ ✇➟❛s♥♦➧❝✐ st♦♣✉✳ ❉❧❛❝③❡❣♦❄

■♥❛❝③❡❥ ♠ó✇✐→❝✱ ♣r♦❣r❛♠✐st❛ ✇♣r♦✇❛❞③❛❥→❝② ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦✲
❝❥✐ f✱ ❧✉❜ ③❡st❛✇✉ Z ❞❡❦❧❛r❛❝❥✐ ❢✉♥❦❝❥✐ ♣♦✇✐♥✐❡♥ ♣r③❡♣r♦✇❛❞③✐➣
❞♦✇ó❞✱ ➺❡ t❛❦✐ ③❡st❛✇ ❞❡❦❧❛r❛❝❥✐ ❥❡st ♥✐❡s♣r③❡❝③♥② ✭ ❛ ✇✐➛❝ ♠❛
r♦③✇✐→③❛♥✐❡✮ ✐ ➺❡ r♦③✇✐→③❛♥✐❡ ❥❡st t②❧❦♦ ❥❡❞♥♦✳

❩✇ró❝✐♠② t❡➺ ✉✇❛❣➛ ♥❛ ♣r♦❜❧❡♠ ♥✐❡s♣r③❡❝③♥♦➧❝✐ ✇♣r♦✇❛✲
❞③❛♥②❝❤ ❞❡✜♥✐❝❥✐✳ ▼❛ t♦ ✐st♦t♥❡ ③♥❛❝③❡♥✐❡ ❞❧❛ ♣r♦❣r❛♠♦✇❛♥✐❛
③ ❢✉♥❦❝❥❛♠✐✳

t✉ ♣r③❡♥✐❡➧ ③ s❡❦❝❥✐ ❢✉♥❦❝❥❡ ■

✶✻✺



❶✇✐❝③❡♥✐❛

✽✳✶✳ ❯❞♦✇♦❞♥✐❥ ♣♦✇②➺s③② ❧❡♠❛t ✽✳✼✳

✽✳✷✳ ❈③② ♣♦tr❛✜s③ ✇②♣r♦✇❛❞③✐➣ t♦ t✇✐❡r❞③❡♥✐❡ ③ ❛❦s❥♦♠❛tó✇
❆▲ ♣♦❞❛♥②❝❤ ♣♦♥✐➺❡❥❄

✽✳✸✳ ◆❛r②s✉❥ ❞✐❛❣r❛♠② ❢♦r♠✉➟② {while γ do K od}α ♦r❛③ ❢♦r✲
♠✉➟②

⋃{if γ then K fi}(¬γ ∧ α)✳ P♦ró✇♥❛❥✳
✽✳✹✳ P♦ró✇♥❛❥ ❢♦r♠✉➟➛ WhIt ③ ✇③♦r❡♠ ♣♦❞❛♥②♠ ♣r③❡③ ❉✐❥❦✲

str➛ ✇ ❬❉✐❥✼✽❪ str✳ ✸✻ ✭♦r❛③ ✹✵✮ ✐ ③❡❝❤❝✐❡❥ s❦♦♠❡♥t♦✇❛➣✳

❚❖❉❖
P♦➟→❝③②➣ tr③② ♥❛st➛♣♥❡ r♦③❞③✐❛➟② ✇ ❥❡❞❡♥✿ ❋✉♥❦❝❥❡✱ ♣r♦❝❡❞✉r②
✐ ❜❧♦❦✐ ❄

✶✻✻



❘❖❩❉❩■❆➟ ✾

L6 ❇❧♦❦✐

L0  L1  L2  L3  L4  L5  L6  L7  L8  L9  L10  L11  L12

■♥str✉❦❝❥❡ ❜❧♦❦✉ ♠❛❥→ t❛❦→ ♣♦st❛➣ ❥❛❦ ♣r♦❣r❛♠ ✭✇ ✇❡rs❥✐ ③❛✲
❝③②♥❛❥→❝❡❥ s✐➛ ♦❞ s➟♦✇❛ ❜❧♦❝❦✮✳
❩♥❛♥❡ s→ ❝♦ ♥❛❥♠♥✐❡❥ tr③② ♣♦✇♦❞② ❞❧❛ ❦tór②❝❤ ✇❛rt♦ st♦s♦✇❛➣
✐♥str✉❦❝❥❡ ❜❧♦❦✉✿

• ❣❞② ♣❡✇♥❡ ✐♥str✉❦❝❥❡ I ✇②❦♦r③②st✉❥→ ❞♦❞❛t❦♦✇❡ ③❛✲
s♦❜② ✭✇♣r♦✇❛❞③❛♥❡ ♣r③❡③ ❧♦❦❛❧♥❡ ❞❡❦❧❛r❛❝❥❡✮ D✱

❜❧♦❝❦ D ❜❡❣✐♥ I ❡♥❞
• ❣❞② ❝❤❝❡♠② ♣♦❞③✐❡❧✐➣ ♣r❛❝➛ ♥❛❞ ♣r♦❣r❛♠❡♠ ♥❛ ❞✇❛
③❡s♣♦➟② ♣r❛❝✉❥→❝❡ ♥✐❡③❛❧❡➺♥✐❡ ✇t❡❞② ❦❛➺❞② ③ ♥✐❝❤ ♠♦➺❡
♦♣r❛❝♦✇②✇❛➣ s✇ó❥ ❜❧♦❦✳ P♦✇st❛➟❡ ❜❧♦❦✐ B1 ✐ B2 ♠♦❣→
❦♦r③②st❛➣ ③ ✇s♣ó❧♥②❝❤ ❞❡❦❧❛r❛❝❥✐ ♣r♦❣r❛♠✉✱ ❛ ❦❛➺❞② ③
♥✐❝❤ ♠♦➺❡ ❞❧❛ s✇♦✐❝❤ ♣♦tr③❡❜ ✇♣r♦✇❛❞③✐➣ ❞❡❦❧❛r❛❝❥❡
D1 ✭♦❞♣✳ D2✮✳

• ❈③❛s❛♠✐ tr③❡❜❛ ✇②❦♦♥❛➣ ♣❡✇✐❡♥ ❛❧❣♦r②t♠ ✇ ➧r♦❞♦✇✐✲
s❦✉ ③❛❞❡❦❧❛r♦✇❛♥②♠ ♣r③❡③ ❦❧❛s➛ ♦ ♥❛③✇✐❡ K✳ ❙t♦s✉✲
❥❡♠② ✇t❡❞② ✐♥str✉❦❝❥➛ ❜❧♦❦✉ ♣r❡✜❦s♦✇❛♥❡❣♦

♣r❡❢ K ❜❧♦❝❦ D ❜❡❣✐♥ I ❡♥❞✳
❖ t❡❥ ✐♥str✉❦❝❥✐ ♥❛♣✐s③❡♠② ♦❜s③❡r♥✐❡❥ ✇ ♥❛st➛♣♥❡❥ ❝③➛✲
➧❝✐ Pr♦❣r❛♠✉❥ ③ ❦❧❛s→✳

✶✳ ❙❦➟❛❞♥✐❛

❉♦ ③❜✐♦r✉ ✐♥str✉❦❝❥✐ ❞♦❞❛❥❡♠② ♥❛♣✐s② ③❜✉❞♦✇❛♥❡ ✇ ♥❛st➛✲
♣✉❥→❝② s♣♦só❜✳

❜❧♦❝❦
D

❜❡❣✐♥
I

❡♥❞
❣❞③✐❡ s②♠❜♦❧ D ♦③♥❛❝③❛ ❝✐→❣ ❞❡❦❧❛r❛❝❥✐✱ ❛ s②♠❜♦❧ I ♦③♥❛❝③❛ ❝✐→❣
✐♥str✉❦❝❥✐✳
P♦♥✐➺s③② ♣r③②❦➟❛❞ ✉❦❛③✉❥❡ ♣❡✇♥→ ♠♦t②✇❛❝❥➛ ❞❧❛ ✇♣r♦✇❛❞③❡♥✐❛
✐♥str✉❦❝❥✐ ❜❧♦❦✉✳ ❏❡➺❡❧✐ ❝❤❝❡♠② ♥❛♣✐s❛➣ ♣❡✇✐❡♥ ❝✐→❣ ✐♥str✉❦❝❥✐ I✱
✐ ✇ t②♠ ❝✐→❣✉ ♣♦tr③❡❜✉❥❡♠② ③♠✐❡♥♥②❝❤ r♦❜♦❝③②❝❤✱ t♦ ✐♥str✉❦✲
❝❥❛ ❜❧♦❦✉ ♣♦③✇♦❧✐ ♥❛♠ ✇♣r♦✇❛❞③✐➣ t❛❦✐❡ ③♠✐❡♥♥❡ ❜❡③ ♥❛r✉s③❡✲
♥✐❛ ✭t❥✳ ❜❡③ ❦♦♥✢✐❦t✉✮ ❞♦t②❝❤❝③❛s ✉➺②✇❛♥②❝❤ ③♠✐❡♥♥②❝❤✳ ❚♦
❥❡st ✇❛➺♥❡✱ ❜♦✇✐❡♠ ♣♦③✇❛❧❛ r♦③❞③✐❡❧✐➣ ♣r❛❝➛ ✇ ③❡s♣♦❧❡✳ ●❞②

✶✻✼



❥❡❞❡♥ ③❡s♣ó➟ ♠❛ ③❛♣r♦❣r❛♠♦✇❛➣ ❜❧♦❦ B1✱ ❛ ❞r✉❣✐ ♠❛ ③❛ ③❛❞❛✲
♥✐❡ ♥❛♣✐s❛➣ ❜❧♦❦ B2✱ t♦ ✇ ♦❜✉ ❜❧♦❦❛❝❤ ♠♦➺♥❛ ✉➺②✇❛➣ ♦t♦❝③❡♥✐❛
✇s♣ó➟❞③✐❡❧♦♥❡❣♦ ✐ ✇ ❦❛➺❞②♠ ❜❧♦❦✉✱ ❜❡③♣✐❡❝③♥✐❡✱ ❜❡③❦♦♥✢✐❦t♦✇♦
✉➺②✇❛➣ ✇➟❛s♥❡❣♦ ➧r♦❞♦✇✐s❦❛✳ ❲ ❜❧♦❦✉ B1 ✇♣r♦✇❛❞③❛♠② ❥❡❣♦
➧r♦❞♦✇✐s❦♦ ❧♦❦❛❧♥❡ ♣♦♣r③❡③ ❞❡❦❧❛r❛❝❥❡ D1✳ ❲ ❜❧♦❦✉ B2 ❞❡❦❧❛r❛✲
❝❥❡ D2 r♦③s③❡r③❛❥→ ✇s♣ó❧♥❡ ➧r♦❞♦✇✐s❦♦ ✇ ✐♥♥② s♣♦só❜✳

Pr③②❦➟❛❞ ✾✳✶✳ ❲ ♣♦♥✐➺s③②♠ ♣r♦❣r❛♠✐❡ ③❛✇❛rt② ❥❡st ♠♦❞✉➟
❜❧♦❦✉

♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✵
✈❛r ② ❂ ✵
✈❛r t ❂ ✵

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀

❜❧♦❝❦
✈❛r t✿ ✐♥t❡❣❡r
❜❡❣✐♥
t ✿❂ ① ❀
① ✿❂ ② ❀
② ✿❂ t❀

❡♥❞❀

✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮
❡♥❞

❩❛✉✇❛➺✱ ✇❡✇♥→tr③ ❜❧♦❦✉ ✇②st➛♣✉❥→✱ ③♠✐❡♥♥❛ t ✕ ❧♦❦❛❧♥❛ ✐ ❞✇✐❡
③♠✐❡♥♥❡ x ✐ y ➵ ③❡✇♥→tr③✲✲ ♥✐❡❧♦❦❛❧♥❡✳
◆✐❡❧♦❦❛❧♥❛ ③♠✐❡♥♥❛ t ♥✐❡ ❥❡st ❞♦st➛♣♥❛ ✇❡✇♥→tr③ ❜❧♦❦✉✳

●❞② ✇s❦❛③❛♥❡ ❥❡st ❜② ③♠✐❡♥♥❛ i ✉➺②✇❛♥❛ ✇ ✐♥str✉❦❝❥✐ ❢♦r ♥✐❡
❜②➟❛ ✉➺②t❛ ♣♦③❛ t→ ✐♥str✉❦❝❥→✱ t♦ ♠♦➺❡♠② ♦❣r❛♥✐❝③②➣ ❥❡❥ ③❛s✐➛❣
✇ t❛❦✐ s♣♦só❜✳

Pr③②❦➟❛❞ ✾✳✷✳

s✿❂ ✵❀
❜❧♦❝❦

✈❛r ✐✿ ✐♥t❡❣❡r
❜❡❣✐♥

❢♦r ✐✿❂ ✶ t♦ ♥ ❞♦ s ✿❂ s✰ ❆✭✐✮✯❇✭✐✮ ♦❞
❡♥❞

❲ ♥✐❡❦tór②❝❤ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ ❦❛➺❞❛ ✐♥str✉❦❝❥❛ ❢♦r
❥❡st t❛❦✐♠ ❜❧♦❦✐❡♠✳

❯✇❛❣❛✳ ❖♣ró❝③ ③♠✐❡♥♥②❝❤✱ ❞❡❦❧❛r❛❝❥❛ ❜❧♦❦✉ ♠♦➺❡ ✇♣r♦✇❛❞③❛➣
❧♦❦❛❧♥❡ ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐✱ ♣r♦❝❡❞✉r ✐ ❦❧❛s✳

❙tr✉❦t✉r❛ ♠♦❞✉➟ó✇ ♣r♦❣r❛♠✉✳ Pr♦❣r❛♠② ✇ ❥➛③②❦✉ L6 ♠❛❥→
str✉❦t✉r➛ ❞r③❡✇❛✳ ❲➛③➟❛♠✐ s→ ❜❧♦❦✐✳ ❘❡❧❛❝❥❛ ❜❡③♣♦➧r❡❞♥✐❡❣♦

✶✻✽



③❛✇✐❡r❛♥✐❛ s✐➛ ❥❡❞♥❡❣♦ ❜❧♦❦✉ ✇ ❞r✉❣✐♠ ❜➛❞③✐❡ ♦③♥❛❝③❛♥❛ str③❛➟❦→
decl←−−✳ ❇❧♦❦ ♣r♦❣r❛♠✉ ▼❛✐♥ ❥❡st ❦♦r③❡♥✐❡♠ ❞r③❡✇❛✳

Pr③②❦➟❛❞ ✾✳✸✳ ❘②s✉♥❡❦ ♣r③❡❞st❛✇✐❛ str✉❦t✉r➛ ❜❧♦❦ó✇ ♣❡✇✲
♥❡❣♦ ♣r♦❣r❛♠✉ P✳

Program

Blok L

Blok LL Blok LR

Blok R

Blok RL Blok RM Blok RR

❞❡
❝❧ ❞❡❝❧

❞❡
❝❧

❞
❡❝❧ ❞❡

❝❧

❞❡❝❧

❞❡❝❧

❲♥❛st➛♣♥②❝❤ r♦③❞③✐❛➟❛❝❤✱ ③✇➟❛s③❝③❛ ✇ r♦③❞③✐❛❧❡ ❄❄ ❉③✐❡❞③✐✲
❝③❡♥✐❡✱ str✉❦t✉r❛ ♠♦❞✉➟ó✇ ♦❦❛➺❡ s✐➛ ❜❛r❞③✐❡❥ s❦♦♠♣❧✐❦♦✇❛♥❛✳

✷✳ ❑♦♠♣✉t❡r K6

❲②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❜❧♦❦✉ ♣♦❧❡❣❛ t②♠✱ ➺❡ ❞♦ ③❜✐♦r✉ ❥❡❞♥♦✲
st❡❦ ❞②♥❛♠✐❝③♥②❝❤ ❞♦❞❛✇❛♥❛ ❥❡st ♥♦✇❛ ❥❡❞♥♦st❦❛ o✳ ❙tr✉❦t✉r❛
❥❡❞♥♦st❦♦ o ❥❡st ♣♦❞♦❜♥❛ ❞♦ str✉❦t✉r② r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣r♦✲
❣r❛♠✉ ❣➟ó✇♥❡❣♦ ▼❛✐♥✳
❆❧❡ t❛❦❛ ❥❡❞♥♦st❦❛ ❥❡st ✇②♣♦s❛➺♦♥❛ ✇ str③❛➟❦➛ ❙▲✱ ❦tór❛ ♣r③②✲
❞❛❥❡ s✐➛ ❣❞② ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ♥❛♣♦t②❦❛ ♥❛ ③♠✐❡♥♥→ ♥✐❡❧♦✲
❦❛❧♥→✳ ❘❡❦♦r❞ ❛❦t②✇❛❝❥✐ ❜❧♦❦✉ ✇②♣♦s❛➺♦♥② ❥❡st ✇ ❥❡s③❝③❡ ❥❡❞♥→
str③❛➟❦➛ ❉▲✳

Pr③②❦➟❛❞②
P♦♣❛tr③♠② ❥❛❦ ♣r③❡❜✐❡❣❛ ✇②❦♦♥❛♥✐❡ t❡❣♦ ♣r♦❣r❛♠✉✳ ❙t❛♥ ♣♦✲
❝③→t❦♦✇②✱ t♦ r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉✳

♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✵
✈❛r ② ❂ ✵
✈❛r t ❂ ✵

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

Procesor

◆❛st➛♣♥② st❛♥✱ ♣♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛✱ ①✿❂❦

✶✻✾



♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✲✶✷
✈❛r ② ❂ ✵
✈❛r t ❂ ✵

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

Procesor

◆❛st➛♣♥② st❛♥✱ ♣♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ ②✿❂❧

♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✸✺
✈❛r ② ❂ ✵
✈❛r t ❂ ✵

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

Procesor

◆❛st➛♣♥② st❛♥✱ ♣♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ t✿❂①✰②✳

♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✲✶✷
✈❛r ② ❂ ✸✺
✈❛r t ❂ ✷✸

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

Procesor

◆❛st➛♣♥② st❛♥✱ r♦③♣♦❝③②♥❛♠② ✇②❦♦♥②✇❛♥✐❡ ✐♥str✉❦❝❥✐ ❜❧♦❦✉

✶✼✵



♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✲✶✷
✈❛r ② ❂ ✸✺
✈❛r t ❂ ✷✸

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

❜❧♦❝❦
✈❛r t ❂ ✵

❜❡❣✐♥
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀

❡♥❞❀

❙▲

❉▲

Procesor

◆❛ r②s✉♥❦✉ ✇✐❞❛➣✱ ➺❡ ❦♦♠♣✉t❡r ✉t✇♦r③②➟ ♥♦✇→ ❥❡❞♥♦st❦➛ ❞②♥❛✲
♠✐❝③♥→ ✭❥❡❥ str✉❦t✉r❛ ❥❡st ♣♦❞♦❜♥❛ ❞♦ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣r♦✲
❣r❛♠✉ ▼❛✐♥✮✳ ❘❡❦♦r❞ ❛❦t②✇❛❝❥✐ ❜❧♦❦✉ ❥❡st ✇②♣♦s❛➺♦♥② ✇ ❞✇✐❡
str③❛➟❦✐ ❙▲ ✐ ❉▲✳ ■❝❤ ③♥❛❝③❡♥✐❡ ♦❦❛➺❡ s✐➛ ③❛ ❝❤✇✐❧➛✳ Pr♦❝❡s♦r
③❛❝③②♥❛ ✇②❦♦♥②✇❛♥✐❡ ✐♥str✉❦❝❥✐ ❜❧♦❦✉✳

Pr③②st➛♣✉❥❡♠② ❞♦ ✇②❦♦♥❛♥✐❛ ♣✐❡r✇s③❡❥ ✐♥str✉❦❝❥✐✳ ●❞③✐❡ ❥❡st
③♠✐❡♥♥❛ t❄ Pr♦❝❡s♦r s③✉❦❛ ③♠✐❡♥♥❡❥ t ✇ ❜❧♦❦✉ ✐ ③♥❛❥❞✉❥❡✳
❩♠✐❡♥♥❛ ①❄ ◆✐❡ ♠❛ ❥❡❥ ✇➧ró❞ ③♠✐❡♥♥②❝❤ ③❛❞❡❦❧❛r♦✇❛♥②❝❤ ✇
❜❧♦❦✉ ✕ s③✉❦❛♠② ❞❛❧❡❥ ♣r③❡❝❤♦❞③→❝ ♣♦ str③❛➟❝❡ ❙▲✳ ❩♥❛❧❡③✐♦♥♦✳
❖t♦ ❝♦ ✇✐❞③✐♠② ♣♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ t✿❂①✳

♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✲✶✷
✈❛r ② ❂ ✸✺
✈❛r t ❂ ✷✸

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

❜❧♦❝❦
✈❛r t ❂ ✲✶✷

❜❡❣✐♥
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀

❡♥❞❀

❙▲

❉▲

Procesor

❚❡r❛③ ❞r✉❣❛ ✐♥str✉❦❝❥❛✳ ❾❛t✇♦ s✐➛ ❞♦♠②➧❧✐➣ ❝♦ s✐➛ ❞③✐❡❥❡✳ ❩♠✐❛♥❛
❞♦❦♦♥✉❥❡ s✐➛ ✇ r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ ▼❛✐♥✳ ❖t♦ ❝♦ ✇✐❞③✐♠② ♣♦
✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ ①✿❂②✳

✶✼✶



♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✸✺
✈❛r ② ❂ ✸✺
✈❛r t ❂ ✷✸

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

❜❧♦❝❦
✈❛r t ❂ ✲✶✷

❜❡❣✐♥
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀

❡♥❞❀

❙▲

❉▲

Procesor

❖st❛♥✐❛ ✐♥str✉❦❝❥❛ ❜❧♦❦✉✳ P♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ ②✿❂t ✇✐❞③✐♠②
t❛❦✐ ♦❜r❛③✳

♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✸✺
✈❛r ② ❂ ✲✶✷
✈❛r t ❂ ✷✸

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

❜❧♦❝❦
✈❛r t ❂ ✲✶✷

❜❡❣✐♥
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀

❡♥❞❀

❙▲

❉▲

Procesor

❩❛❦♦➠❝③♦♥♦ ✇②❦♦♥②✇❛♥✐❡ ❜❧♦❦✉✳ ❙tr③❛➟❦❛ ❙▲ st❛❥❡ s✐➛ ③❜➛❞♥❛✳
●❞③✐❡ ♥❛❧❡➺② ❦♦♥t②♥✉♦✇❛➣❄ Pr♦❝❡s♦r ♣r③❡s✉✇❛♠② ✇③❞➟✉➺ str③❛➟❦✐
❉▲✳ ▼♦➺♥❛ ✉s✉♥→➣ r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ❜❧♦❦✉✳ ❩❛ ❝❤✇✐❧➛✱ ✇ ♥❛✲
st➛♣♥②♠ r♦③❞③✐❛❧❡ ③♦❜❛❝③②♠②✱ ➺❡ ♦s♦❜♥❛ str③❛➟❦❛ ❉▲ ❥❡st ♥✐❡✲
③❜➛❞♥❛✳ ❚②❧❦♦ ✇ ♣r③②♣❛❞❦✉ ✐♥str✉❦❝❥✐ ❜❧♦❦✉ str③❛➟❦✐ ❙▲ ✐ ❉▲
♠❛❥→ t❡♥ s❛♠ ♣♦❝③→t❡❦ ✐ ❦♦♥✐❡❝✳

♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✸✺
✈❛r ② ❂ ✲✶✷
✈❛r t ❂ ✷✸

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

❜❧♦❝❦
✈❛r t ❂ ✲✶✷

❜❡❣✐♥
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀

❡♥❞❀

❉▲

Procesor

❚❡r❛③ ♠♦➺♥❛ ✇②❞r✉❦♦✇❛➣ ✇②♥✐❦✐✳

✶✼✷



♣r♦❣r❛♠ ❙❲❆P③❇❧♦❦✐❡♠❀
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✸✺
✈❛r ② ❂ ✲✶✷
✈❛r t ❂ ✷✸

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀
❜❧♦❝❦
✳ ✳ ✳

❡♥❞❀
✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮

❡♥❞

Procesor

❩❛♣❛♠✐➛t❛❥♠②✿
• ❲s③②st❦✐❡ ♠♦❞✉➟② ③❛✇❛rt❡ ✇ ♣r♦❣r❛♠✐❡ t♦ ♠♦❞✉➟②
❜❧♦❦✉✳ ✭Pr♦❣r❛♠ t❡➺ ❥❡st ❜❧♦❦✐❡♠✳✮
❘❡❦♦r❞② ❛❦t②✇❛❝❥✐ t♦ r❡❦♦r❞② ❛❦t②✇❛❝❥✐ ❜❧♦❦✉✳

• ♣r♦❝❡s♦r ✇s❦❛③✉❥❡ ♥❛ ❥❡❞❡♥ r❡❦♦r❞ ❛❦t②✇❛❝❥✐✿ r❡❦♦r❞
❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦ ▼❛✐♥ ❧✉❜ r❡❦♦r❞ ❛❦t②✲
✇❛❝❥✐ ❥❛❦✐❡❣♦➧ ❜❧♦❦✉✳

• ❙▲ ✕ t❛ str③❛➟❦❛ ✇s❦❛③✉❥❡ ❣❞③✐❡ ❥❡st r♦③s③❡r③❡♥✐❡ ♣❛✲
♠✐➛❝✐✳

• ❉▲ ✕ t❛ str③❛➟❦❛ ✇s❦❛③✉❥❡ ♣r♦❝❡s♦r♦✇✐ ❣❞③✐❡ ♥❛❧❡➺②
❦♦♥t②♥✉♦✇❛➣ ✇②❦♦♥②✇❛♥✐❡ ♣♦❧❡❝❡➠ ♣♦ ✇②♣❡➟♥✐❡♥✐✉ ✇s③②st✲
❦✐❝❤ ③❛❞❛➠ ③ ❜✐❡➺→❝❡❣♦ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐✳

• ❜✐♥❞ ✕ ❢✉♥❦❝❥❛ ♣r③②♣♦r③→❞❦♦✇✉❥→❝❛ ✇②st→♣✐❡♥✐✉ ③♠✐❡♥✲
♥❡❥ x ✇ ✐♥str✉❦❝❥✐ I ③❛✇❛rt❡❥ ✇ ♠♦❞✉❧❡ m ♣r♦❣r❛♠✉
t❛❦✐ ♠♦❞✉➟ m′ t❡❣♦ ♣r♦❣r❛♠✉✱ ❦tór② ③❛✇✐❡r❛ ❞❡❦❧❛r❛✲
❝❥➛ ③♠✐❡♥♥❡❥ x ✐ ❥❡st ♣r③② t②♠ ♥❛❥♠♥✐❡❥s③②♠ ♠♦❞✉➟❡♠
③❛✇✐❡r❛❥→❝②♠ ♠♦❞✉➟ m✳

bind(x,m)
df
=







m′ = Decli(m) ♣r③② ❝③②♠ i ❥❡st ♥❛❥♠♥✐❡❥s③→ ❧✐❝③❜→ t❛❦→✱
➺❡ ♠♦❞✉➟ Decli(m),③❛✇✐❡r❛ ❞❡❦❧❛r❛❝❥➛
③♠✐❡♥♥❡❥ x,

❇❾⑩❉ t❥✳ ♣r♦❣r❛♠ ❥❡st ♥✐❡♣♦♣r❛✇♥②
③♠✐❡♥♥❛ x ♥✐❡③❛❞❡❦❧❛r♦✇❛♥❛ ✇ ➺❛❞♥②♠
❜❧♦❦✉ ♦❜❡❥♠✉❥→❝②♠ ❜❧♦❦ m✳

❲ ♥❛s③②♠ ♣r③②❦➟❛❞③✐❡ ✳ ✳ ✳❲②st❛r❝③② ③❛♣❛♠✐➛✲
t❛➣ ✐❧❡ r❛③② ♥❛❧❡➺② ♣r③❡❥➧➣ ❞♦ ♠♦❞✉➟✉ ♦❜❡❥♠✉❥→✲
❝❡❣♦ ❞❛♥② ♠♦❞✉➟✳ ▲✐❝③❜❛ t❛ ③♦st❛♥✐❡ ✇②❦♦r③②✲
st❛♥❛ ♣r③❡③ ❦♦♠♣✉t❡r K6 ♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛
♣r♦❣r❛♠✉✳

• ✜♥❞ ✕ ❢✉♥❦❝❥❛ ♣r③②♣♦r③→❞❦♦✇✉❥→❝❛ ✇②st→♣✐❡♥✐✉ ③♠✐❡♥✲
♥❡❥ x ✇ ✐♥str✉❦❝❥✐ I ♦❞♣♦✇✐❡❞♥✐ r❡❦♦r❞ ❛❦t②✇❛❝❥✐✱ ✇
❦tór②♠ ✐♥str✉❦❝❥❛ i ♠♦➺❡ ③❛♣✐s❛➣ ♥♦✇→ ✇❛rt♦➧➣ ③♠✐❡♥✲
♥❡❥ x✱ ❧✉❜ ③ ❦tór❡❣♦ ✐♥str✉❦❝❥❛ i ♦❞❝③②t❛ ✇❛rt♦➧➣ ③♠✐❡♥✲
♥❡❥ x✳

✶✼✸



find(x, o)
df
= SLi(o)

❉♦❦➟❛❞♥✐❡❥s③② ♦♣✐s t❡❥ ❢✉♥❦❝❥✐ ♣♦❞❛♠② ✇ ♥❛st➛♣♥②❝❤
r♦③❞③✐❛➟❛❝❤✳

✸✳ ❙❡♠❛♥t②❦❛

❏❛❦ ♥❛♣✐s❛➣ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ❜❧♦❦✉❄
❲②❣❧→❞❛ ♥❛ t♦✱ ➺❡ ❦❛➺❞② ♠♦❞✉➟ ✭♦❞♣✳ ❦❛➺❞❛ ❥❡❞♥♦st❦❛ ❞②♥❛✲
♠✐❝③♥❛✮ ♣♦✇✐♥✐❡♥ ❜②➣ ❛♥❛❧✐③♦✇❛♥② ✇ ♥♦✇❡❥ t❡♦r✐✐✳ ❉❧❛❝③❡❣♦❄
■♥str✉❦❝❥❛ ❜❧♦❦✉ ③❛✇✐❡r❛ ✇②r❛➺❡♥✐❛ ✐ ✐♥str✉❦❝❥❡ ③❛✇✐❡r❛❥→❝❡ ♥♦✇❡
③♠✐❡♥♥❡ ✭✐ ③❛s➟❛♥✐❛❥→❝❡ ♥✐❡❦tór❡ ③♠✐❡♥♥❡ ③❛❞❡❦❧❛r♦✇❛♥❡ ✇ ♠♦✲
❞✉❧❡ ❧✉❜ ♠♦❞✉➟❛❝❤ ♦❜❡❥♠✉❥→❝②❝❤ ✐♥str✉❦❝❥➛ ❜❧♦❦✉✳ ❉❛❧❡❥✱ ✇
❜❧♦❦✉ ♠♦➺❡♠✉ ③❛❞❦❧❛r♦✇❛➣ ♥♦✇❡ ♣r♦❝❡❞✉r② ✐ ❢✉♥❦❝❥❡✱ ❛ ♥❛✇❡t
❦❧❛s②✳ ❖③♥❛❝③❛ t♦ ♣r③②❥➛❝✐❡ ♥♦✇❡❣♦ ③❡st❛✇✉ ❞❡✜♥✐❝❥✐✳ ❉❡✜✲
♥✐❝❥❡ t❡ ♣♦✇✐♥♥② ❜②➣ ♥✐❡s♣r③❡❝③♥❡ ✭s→ t♦ ❜♦✇✐❡♠ ❛❦s❥♦♠❛t②
❞❡✜♥✐✉❥→❝❡ ♥♦✇❡ ♥♦✇❡ ♦♣❡r❛❝❥❡✮ ③ t②♠✐ ❞❡✜♥✐❝❥❛♠✐✱ ❦tór❡ ♥✐❡
s→ ③❛s➟♦♥✐➛t❡ ♣r③❡③ ♥♦✇♦ ❞❡❦❧❛r♦✇❛♥❡ ❢✉♥❦❝❥❡ ✐ ♣r♦❝❡❞✉r②✳

Pr③②❦➟❛❞ ✾✳✹✳ ❲tr❛❦❝✐❡ ✇②❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉ str✉❦t✉r❛
r❡❦♦r❞ó✇ ❛❦t②✇❛❝❥✐ ♦❞③✇✐❡r❝✐❡❞❧❛ str✉❦t✉r➛ ♠♦❞✉➟ó✇✳

Pr♦❣r❛♠

❇❧♦❦ ▲

❇❧♦❦ ▲▲ ❇❧♦❦ ▲❘

❇❧♦❦ ❘

❇❧♦❦ ❘▲ ❇❧♦❦ ❘▼ ❇❧♦❦ ❘❘

❞❡
❝❧ ❞❡❝❧

❞❡
❝❧

❞
❡❝❧ ❞❡

❝❧

❞❡❝❧

❞❡❝❧

▼❛✐♥

r❡❝ ▲

r❡❝ ▲❘

❙▲

❙
▲

♣r♦❝❡ss♦r

◆❛ ❞♦❧♥❡❥ ✭s③❛r❡❥✮ ♣➟❛s③❝③②③♥✐❡ ✉♠✐❡s③❝③♦♥♦ ♠♦❞✉➟②✳ ❙tr③❛➟❦✐
❞❡❝❧ ✇s❦❛③✉❥→ ♠♦❞✉➟ m′ ♦❜❡❥♠✉❥→❝② ❞❛♥② ♠♦❞✉➟ m✳ ❖③♥❛❝③❛
t♦ t②❧❡✱ ➺❡ ③♠✐❡♥♥❛ ♥✐❡❧♦❦❛❧♥❛ ✇ ❜❧♦❦✉ m ❜➛❞③✐❡ ♣♦s③✉❦✐✇❛♥❛
✇ ❜❧♦❦✉ decl(m)✳
◆❛ ❣ór♥❡❥✭③✐❡❧♦♥❡❥✮ ♣➟❛s③❝③②➵♥✐❡ ✉♠✐❡s③❝③♦♥♦ r❡❦♦r❞② ❛❦t②✇❛✲
❝❥✐✳ ❩❛✉✇❛➺✱ ♣♦❞❝③❛s ✇②❦♦♥❛♥✐❛ ♣r♦❣r❛♠✉ ✐st♥✐❡❥→ r❡❦♦r❞② ❛❦✲
t②✇❛❝❥✐ t②❧❦♦ ♣❡✇♥②❝❤ ♠♦❞✉➟ó✇✳
▼❛✐♥ ❥❡st r❡❦♦r❞❡♠ ❛❦t②✇❛❝❥✐ ❜❧♦❦✉ ❣➟ó✇♥❡❣♦ t❥✳ ♣r♦❣r❛♠✉✱
r❡❝ ▲ ❥❡st r❡❦♦r❞❡♠ ❛❦t②✇❛❝❥✐ ❜❧♦❦✉ ▲✱ r❡❝ ▲❘ ❥❡st r❡❦♦r❞❡♠

✶✼✹



❛❦t②✇❛❝❥✐ ❜❧♦❦✉ ▲❘✳ ◆❛ r②s✉♥❦✉ ✉❥➛t♦ ❝❤✇✐❧➛✱ ❣❞② t❡♥ ✇➟❛➧♥✐❡
r❡❦♦r❞ ❥❡st ❛❦t②✇♥② t③♥✳ ♣r♦❝❡s♦r ✇②❦♦♥✉❥❡ ✐♥str✉❦❝❥❡ ✭♥✐❡✇✐✲
❞♦❝③♥❡ ♥❛ r②s✉♥❦✉✮ ③ r❡❦♦r❞✉ r❡❝ ▲❘✳ �

❩❛❝③♥✐❥♠② ♦❞ ♥❛st➛♣✉❥→❝❡❣♦ s❝❤❡♠❛t✉✿ ❦❛➺❞❛ ❢♦r♠✉➟❛ ♥❛✲
st➛♣✉❥→❝❡❥ ♣♦st❛❝✐ ❥❡st t❛✉t♦❧♦❣✐→✳







❜❧♦❝❦
✈❛r x : T

❜❡❣✐♥
I(x, z)

❡♥❞







α(z)⇔







❜❧♦❝❦
✈❛r y : T

❜❡❣✐♥
I(x/y, z)

❡♥❞







α(z)

❣❞③✐❡ ③♠✐❡♥♥❛ y ❥❡st ❞♦❜r❛♥❛ t❛❦✱ ➺❡ ♥✐❡ ✇②st➛♣✉❥❡ ✇ ✐♥str✉❦✲
❝❥❛❝❤ I(x)✳ ❋♦r♠✉➟❛ α ❥❡st ❞♦✇♦❧♥❛✳ ❆❧❡ t♦ ♥✐❡ ♦♣✐s✉❥❡ ❝❛➟❡❥
♣r❛✇❞② ▼♦➺❡s③ ♣r③②❥→➣ ♥❛st➛♣✉❥→❝② s❝❤❡♠❛t ❛❦s❥♦♠❛tó✇ ❜❧♦❦✉

{block var x : T begin I(x) end}α⇔ {I(x/y)}α

❣❞③✐❡ ③♠✐❡♥♥❛ y ♥✐❡ ✇②st➛♣✉❥❡ ✇ ✐♥str✉❦❝❥❛❝❤ I✳
●r❛➺②♥❛ ③❛✉✇❛➺②➟❛✱ ➺❡ ♥✐❡ ♥❛♣✐s❛♥♦ ♥✐❝ ♦ ♣♦③♦st❛➟②❝❤ ③♠✐❡♥✲
♥②❝❤ ✐ ✐♥♥②❝❤ ❞❡❦❧❛r❛❝❥❛❝❤✳

❆♥❛❧✐③♦✇❛♥✐❡ ✐♥str✉❦❝❥✐ ❜❧♦❦✉✳ P♦❞❝③❛s ❛♥❛❧✐③② ✐♥str✉❦❝❥✐ ❜❧♦❦✉
♥❛❧❡➺② ♣❛♠✐➛t❛➣ ♦ ♣❛r✉ ③❛s❛❞❛❝❤✿

• ❇❧♦❦ ❥❡st ✐♥str✉❦❝❥→ ③➟♦➺♦♥→✳
• ■♥str✉❦❝❥❡ ❜❧♦❦✉ ♣♦s➟✉❣✉❥→ s✐➛ ③❛s♦❜❛♠✐ ❧♦❦❛❧♥②♠✐ ✕
③❛❞❡❦❧❛r♦✇❛♥②♠✐ ✇ t②♠ ❜❧♦❦✉✱ ❛ t❛❦➺❡ ③❛s♦❜❛♠✐ ③❛✲
st❛♥②♠✐ ✕ ♦♣✐s❛♥②♠✐ ✐ ③❛❞❡❦❧❛r♦✇❛♥②♠✐ ✇❝③❡➧♥✐❡❥✳
Pr③②❥♠✐❥♠②✱ ➺❡ ❞♦ ❛♥❛❧✐③② ♦t♦❝③❡♥✐❛ ❜❧♦❦✉ ♥❛❧❡➺② st♦✲
s♦✇❛➣ t❡♦r✐➛ TG = 〈L, C,A〉 ❚❡♦r✐❛ TB = 〈LB , CB ,AB〉✱ ❦tór❛
♦❞ t❡♦r✐✐ TB ró➺♥✐ s✐➛ ✇ s♣♦só❜ ♥❛st➛♣✉❥→❝②✿✳✳✳

• ●❧♦❜❛❧♥② ❡❢❡❦t ✐♥str✉❦❝❥✐ ❜❧♦❦✉ ♠♦➺♥❛ ♦♣✐s②✇❛➣ ✐♠♣❧✐✲
❦❛❝❥→

T ⊢ α⇒ {I}β

❣❞③✐❡
•

✸✳✶✳ ❊❧✐♠✐♥❛❝❥❛ ❜❧♦❦✉✳ ■♥str✉❦❝❥❛ ❜❧♦❦✉ ③❛✇❛rt❛ ✇ ③❡✇♥➛tr③✲
♥②♠ ✭t❥✳ ♦❜❡❥♠✉❥❛❝②♠ ❥→✮ ❜❧♦❦✉ ♠♦➺❡ ❜②➣ ✇②❡❧✐♠✐♥♦✇❛♥❛ ✇
t❡♥ s♣♦só❜✿

✶✼✺



❜❧♦❝❦
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✵
✈❛r ② ❂ ✵
✈❛r t ❂ ✵

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀

❜❧♦❝❦
✈❛r t✿ ✐♥t❡❣❡r
❜❡❣✐♥
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀
❡♥❞❀

✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮
❡♥❞

❜❧♦❝❦
❝♦♥st ❦❂ ✲✶✷ ✱ ❧❂✸✺ ❀
✈❛r ① ❂ ✵
✈❛r ② ❂ ✵
✈❛r t ❂ ✵
✈❛r t✷ ❂ ✵

❜❡❣✐♥
① ✿❂ ❦❀ ②✿❂ ❧❀ t✿❂①✰②❀

t✷ ✿❂①❀
①✿❂②❀
② ✿❂ t✷❀

✇r✐t❡❧♥✭✏①❂ ✑✱①✱✏②❂ ✑✱②✱ ✏t❂✑✱t✮
❡♥❞

❲ t❡♥ s❛♠ s♣♦só❜ ♠♦③♥❛ ✉s✉♥→➣ ✐♥str✉❦❝❥➛ ❜❧♦❦✉ ③❛✇❛rt❡❣♦
✇ ❦❛➺❞②♠ ✐♥♥②♠ ♠♦❞✉❧❡✱♣r♦❝❡❞✉r②✱ ❢✉♥❦❝❥✐✱ ❦❧❛s②✱ ✇s♣ó➟♣r♦✲
❣r❛♠✉✱ ♣r♦❝❡s✉✳
◆✐❡ ❥❡st t♦ ❥❡❞♥❛❦ ♥❛❥❧❡♣s③❛ ♠❡t♦❞❛✳ P♦ ♣✐❡r✇s③❡ ❥❡st❡➧♠② ③♦✲
❜♦✇✐→③❛♥✐ ❞♦❦♦♥❛➣ ❦➟♦♣♦t❧✐✇❡❥ ❞❧❛ ♥❛s③❡❥ ♣❛♠✐➛❝✐ tr❛♥s❢♦r♠❛✲
❝❥✐ t❡❦st✉✳ ◆❛❧❡➺② ❦❛③❞→ ③♠✐❡♥♥→ ③❛❞❡❦❧❛r♦✇❛♥→ ✇ ❜❧♦❦✉ ✇❡✲
✇♥➛tr③♥②♠ ③❛st→♣✐➣ ♥♦✇→ ③♠✐❡♥♥→ ❥❛❦❛ ♥✐❡ ✇②st➛♣✉❥❡ ✇ ❜❧♦❦✉
③❡✇♥➛tr③♥②♠✳ ❲ ♥❛s③②♠ ♣r③②♣❛❞❦✉ ♥✐❡❝❤ t♦ ❜➛❞③✐❡ t✷✳ ❉♦
❞❡❦❧❛r❛❝❥✐ ❜❧♦❦✉ ③❡✇♥➛tr③♥❡❣♦ ♥❛❧❡➺② ❞♦❞❛➣ ❞❡❦❧❛r❛❝❥➛ ♥♦✇❡❥
③♠✐❡♥♥❡❥✳ ❯s✉♥→➣ ❞❡❦❧❛r❛❝❥➛ ③♠✐❡♥♥❡❥ t ♦r❛③ s➟♦✇❛ ❜❧♦❝❦✱ ❜❡✲
❣✐♥ ♦r❛③ ❡♥❞✳
❏❡➧❧✐ ♥❛s③ ♣r♦❣r❛♠ ♠❛ ✇✐➛❝❡❥ ❜❧♦❦ó✇ ✇❡✇♥➛tr③♥②❝❤ t♦ ➟❛t✇♦
♣♦♣❡➟♥✐➣ ❜➟→❞✳
P♦ ❞r✉❣✐❡ t❛ ♠❡t♦❞❛ ♥✐❡ ❞❛❥❡ s✐➛ ③❛st♦s♦✇❛➣ ✇ ♣r③②♣❛❞❦✉ ❣❞②
♠❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ③ ✐♥str✉❦❝❥→ ♣r♦❝❡❞✉r②✱ ③♦❜✳ ♥❛st➛♣♥② r♦③✲
❞③✐❛➟✳

✸✳✷✳ ❯❞♦✇♦❞♥✐❥ ❧❡♠❛t✳ ❯❞♦✇♦❞♥✐❥ ❧❡♠❛t ♦ ♥❛st➛♣✉❥→❝②♠ s❝❤❡✲
♠❛❝✐❡

α⇒ {I(x/z)}β
❣❞③✐❡ ❢♦r♠✉➟❛ α ✳✳✳
P♦③✇♦❧✐ ❈✐ t♦ ♥❛ ✉❞♦✇♦❞♥✐❡♥✐❡ ♥♦✇❡❥ ❢♦r♠✉➟② ③❛✇✐❡r❛❥→❝❡❥ ✐♥✲
str✉❦❝❥➛ ❜❧♦❦✉

δ ⇒







block

D
begin

I1;
block var x begin I(x) end;
I2;

end







γ

Pr③②❦➟❛❞✳✳✳
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❲②❞❛❥❡ s✐➛✱ ➺❡ ❜r❛❦✉❥❡ ♠✐ ♣♦♠②s➟✉ ❥❛❦ ♦♣✐s❛➣ ➧r♦❞♦✇✐s❦♦✳
❲ ♦♣✐s✐❡ ❦♦♠♣✉t❡r❛ t♦ s✐➛ ♣♦❦❛③✉❥❡✱ ❛❧❡ ✇ ❢♦r♠✉➟❛❝❤❄

✹✳ ❚❡♦r✐❛ T6
❏❡➧❧✐ ✇ ♣r♦❣r❛♠✐❡ ✇②st➛♣✉❥→ ❜❧♦❦✐✱ ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐✱ ♣r♦✲

❝❡❞✉r✱ ❦❧❛s t♦ ♠❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ③ ♣r③❡❝❤♦❞③❡♥✐❡♠ ♦❞ ❥❡❞♥❡❥
t❡♦r✐✐ ❞♦ t❡♦r✐✐ ✇✐➛❦s③❡❥ ✇ t②♠ s❡♥s✐❡✱ ➺❡ ❥❡❥ ❥➛③②❦ ❥❡st ❜♦❣❛ts③②
♦✿ ♥♦✇♦ ③❛❞❡❦❧❛r♦✇❛♥❡ ③♠✐❡♥♥❡✱ ♥♦✇❡ ③❛❞❡❦❧❛r♦✇❛♥❡ ❢✉♥❦❝❥❡
❡t❝✳

❏❛❦ t♦ s✐➛ ♠❛ ♦❞③✇✐❡r❝✐❡❞❧✐➣ ✇ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇❄ ❑❛➺❞②
♠♦❞✉➟ ♣r♦❣r❛♠✉ ♥❛❧❡➺② r♦③♣❛tr②✇❛➣ ✇ ✐♥♥❡❥ t❡♦r✐✐✳ ❏❡➺❡❧✐ ❞♦
t❡❥ ♣♦r② ♣r♦❣r❛♠ ✇♣r♦✇❛❞③✐➟ ♥ t❡♦r✐✐ t♦ ♥♦✇❛ ❞❡❦❧❛r❛❝❥❛ ✇♣r♦✲
✇❛❞③❛ t❡♦r✐➛ n + 1 ♣✐❡r✇s③→✳ ▼❛♠② t✉ ③❡ ③❥❛✇✐s❦✐❡♠ ♥✐❡s♣♦t②✲
❦❛♥②♠ ✇ ♠❛t❡♠❛t②❝❡✿ ❏❡❞❡♥ ♣r♦❣r❛♠ ♠♦➺❡ ✇♣r♦✇❛❞③❛➣ s❡t❦✐
t❡♦r✐✐✳ Pr③② ❝③②♠ ✇♣r♦✇❛❞③❛♥✐❡ t♦ ♥✐❡ ♠❛ ♠✐❡❥s❝❛✦✳ Pr♦❣r❛♠✐✲
➧❝✐ ♥✐❡ s→ s✇✐❛❞♦♠✐ t❡❣♦ r♦❜✐→✳ Pr❛❝✉❥→ ✐♥t✉✐❝②❥♥✐❡✳ ◆❛ ♣♦❝✐❡❝❤➛
♠♦➺❡♠② ③❛✉✇❛➺②➣✱ ➺❡ t❡♦r✐❡ ③❛✇✐❡r❛❥→ s✐➛ ✇ s♦❜✐❡ t❛❦ ❥❛❦ ♠♦✲
❞✉➟② ③❛✇✐❡r❛❥→ s✐➛ ✇ s♦❜✐❡✳ ❩ ❥❡❞♥❡❥ str♦♥② str✉❦t✉r❛ ♠♦❞✉➟ó✇
♣r♦❣r❛♠✉ ❥❡st str✉❦t✉r→ ❞r③❡✇❛✳
❘②s✉♥❡❦❄
❩ ❞r✉❣✐❡❥ str♦♥② ✇ ❦❛➺❞②♠ ♠♦♠❡♥❝✐❡ ✭✇ ❦❛➺❞②♠ ♠♦❞✉❧❡✮ ❞♦
❥❡❣♦ ❛♥❛❧✐③② ✇②st❛r❝③❛ ♥❛♠ ③♥❛❥♦♠♦➧❝ t❡❥ ❣❛➟➛③✐ ❞r③❡✇❛ ♠♦❞✉✲
➟ó✇ ❦tór❛ ♣r♦✇❛❞③✐ ♦❞ ❞❛♥❡❣♦ ♠♦❞✉➟✉ ✭♥❛ r❛③✐❡✱ ❜❧♦❦✉ ✕ ❛❧❡ t♦
s✐➛ ③❛r❛③ ③♠✐❡♥✐✮ ❞♦ ♠♦❞✉➟✉ ❦♦r③❡♥✐❛ t③♥✳ ❞♦ ❜❧♦❦✉ ▼❆■◆✳

❄❄ ▼♦➺❡♠② ❢♦r♠❛❧✐③♠ ♣♦❞③✐❡❧✐➣ ♥❛ ✇❛rst✇②✿ ✇♣r♦✇❛❞③❛✲
❥→❝ ❞❡✜♥✐❝❥❡ ✭♣r③❡③ ✐♥❞✉❦❝❥➛✮ ❦♦❧❡❥♥②❝❤ ✇❛rst✇ ❬tr♦❝❤➛ t♦ ♠♦➺❡
♣r③②♣♦♠✐♥❛➣ ♣r❛❝➛ ❍❡❧♠✉t❛ ❚❤✐❡❧❡✳❪

❲♥✐♦s❡❦✳ ❑❛➺❞② ♣r♦❣r❛♠ ❞❡✜♥✐✉❥❡ s✇♦❥→ ✇➟❛s♥→ t❡♦r✐➛ ♣♦✲
♥✐❡✇❛➺ ❞❡❦❧❛r❛❝❥❡ t♦ ❢♦r♠❛ ③❞❡✜♥✐♦✇❛♥✐❛✿ ③❜✐♦r✉ ③♠✐❡♥♥②❝❤✱
③❜✐♦r✉ ❞❡✜♥✐♦✇❛♥②❝❤ ❢✉♥❦❝❥✐✱ ③❜✐♦r✉ ❞❡✜♥✐♦✇❛♥②❝❤ ✐♥str✉❦❝❥✐
✭✐♥str✉❦❝❥❡ ♣r♦❝❡❞✉r②✦✮✱ ③❜✐♦r✉ ❞❡✜♥✐♦✇❛♥②❝❤ t②♣ó✇ ♦❜✐❡❦t♦✲
✇②❝❤✳

❈♦ ✇✐➛❝❡❥✱ ❙tr✉❦t✉r❛ ③❛❣♥✐❡➺❞➺❡➠ ♠♦❞✉➟ó✇ ✉❥❛✇♥✐❛✱ ➺❡ ♠❛♠②
❞♦ ❝③②♥✐❡♥✐❛ ③ ❤✐❡r❛r❝❤✐→ t❡♦r✐✐✳ ❲ ❦❛➺❞②♠ ♠♦❞✉❧❡ ♦❜♦✇✐→③✉❥❡
✐♥♥② ❛❧❢❛❜❡t ❡t❝✳

■♥❢♦r♠❛❝❥❛ ♦ ❣r❛✜❡ ♠♦❞✉➟ó✇ ✐ r❡❧❛❝❥❛❝❤ decl ♦r❛③ inh ❥❡st
❜❛r❞③♦ ✇❛➺♥❛✳

❙t♦s✉❥→❝ ✐♥str✉❦❝❥➛ ❜❧♦❦✉✿
• ♣r♦❣r❛♠✐st❛ ③♠✐❡♥✐❛ t❡♦r✐➛ ✕ r♦③s③❡r③❛ ③❜✐ór ③♠✐❡♥✲
♥②❝❤✱ ❞♦❞❛❥❡ ♥♦✇❡ ❞❡✜♥✐❝❥❡ ✱ ❡t❝✳

• ♠♦➺♥❛ t❛❦➺❡ ♣♦tr❛❦t♦✇❛➣ t➛ ✐♥str✉❦❝❥➛ ❜❧♦❦✉ I ❥❛❦♦
✇➟❛➧♥✐❡ ♥♦✇→ ✐♥str✉❦❝❥➛

α⇒ Iβ

❥❡s❧✐ t♦ ♠♦➺❡ ♣♦♠ó❝ t♦ ✇❛rt♦ ✉❞♦✇♦❞♥✐➣ t❛❦✐ ❧❡♠❛t
(α⇒ Iβ)

✶✼✼



• ✐♥str✉❦❝❥❛ ❜❧♦❦✉ ✉♠♦➺❧✐✇✐❛ ➟❛t✇❡ ✐ ❞♦❦➟❛❞♥❡ ♦❦r❡➧❧❡✲
♥✐❡ ③❜✐♦r✉ ③♠✐❡♥♥②❝❤ ♥✐❡✐st♦t♥②❝❤ ❞❧❛ ♣❡✇♥❡❥ ❝③➛➧❝✐
♣r♦❣r❛♠✉✳ ▼✐❛♥♦✇✐❝✐❡ ✐♥str✉❦❝❥❛ ❜❧♦❦✉
❜❧♦❝❦
✈❛r ①✱②✱③✿❚

❜❡❣✐♥
▼

❡♥❞
♣♦③✇❛❧❛ ✇②❦♦♥❛➣ ❛❧❣♦r②t♠ M ③❛♣❡✇♥✐❛❥→❝ ♣r③② t②♠✱
➺❡ ✇❛rt♦➧❝✐ t②❝❤ tr③❡❝❤ ③♠✐❡♥♥②❝❤ ♥✐❡ ✇♣➟②♥→ ♥❛ ❞③✐❛✲
➟❛♥✐❡ ✐♥♥②❝❤ ✐♥str✉❦❝❥✐ ♣r♦❣r❛♠✉✱ ❚❡ tr③② ③♠✐❡♥♥❡ ♠❛❥→
✇♣➟②✇ t②❧❦♦ ♥❛ ✇②❦♦♥❛♥✐❡ ❛❧❣♦r②t♠✉M ✇❡✇♥→tr③ ❜❧♦❦✉✳
P♦✇tór③♠②✱ ❥❡➧❧✐ ❛♥❛❧✐③❛ ♣r♦❣r❛♠✉ ♠❛ ♦❞❜②✇❛➣ s✐➛ ✇
t❡♦r✐✐ T ✱ t♦ ❛♥❛❧✐③✉❥→❝ ❞③✐❛➟❛♥✐❡ ❜❧♦❦✉ ♣r❛❝✉❥❡♠② ✇
♥♦✇❡❥ ❜♦❣❛ts③❡❥ t❡♦r✐✐ T ′✳

✶✼✽
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L8 ❋✉♥❦❝❥❡

❲♠❛t❡♠❛t②❝❡ ✇♣r♦✇❛❞③❛♠② ❞❡✜♥✐❝❥❡ s②♠❜♦❧✐ ❢✉♥❦❝②❥♥②❝❤
✐ r❡❧❛❝②❥♥②❝❤✱ ♣♦ t♦✱ ❜② ♦♣❡r♦✇❛➣ ❦róts③②♠✐ ❢♦r♠✉➟❛♠✐✳ ❋♦r✲
♠❛❧♥✐❡ r③❡❝③ ❜✐♦r→❝✱ ❞♦❞❛♥✐❡ ♥♦✇❡❥ ❞❡✜♥✐❝❥✐ ♦③♥❛❝③❛ ③♠✐❛♥➛
✭r♦③s③❡r③❡♥✐❡✮ ❥➛③②❦❛ t❡♦r✐✐ ✇ ❦tór❡❥ ♣r♦✇❛❞③✐♠② r♦③✉♠♦✇❛♥✐❛
✐ ♣r③❡❥➧❝✐❡ ❞♦ ♥♦✇❡❥ t❡♦r✐✐✳ ❲ ♥❛t✉r❛❧♥② s♣♦só❜ ♣♦❥❛✇✐❛❥→ s✐➛
♣②t❛♥✐❛✿ ✶➦❝③② ♣r③②❥➛❝✐❡ ♥♦✇❡❥ ❞❡✜♥✐❝❥✐ ♥✐❡ ♣r♦✇❛❞③✐ ❞♦ s♣r③❡❝③✲
♥♦➧❝✐❄ ✷➦❝③② ♣r③②❥➛❝✐❡ ♥♦✇❡❥ ❞❡✜♥✐❝❥✐ ♣♦③✇❛❧❛ ✉❞♦✇♦❞♥✐➣ ❝♦➧
♥♦✇❡❣♦ ✭❥❛❦✐➧ ♥♦✇② ❢❛❦t✮ ♦ ♣♦❥➛❝✐❛❝❤ st❛r❡❥ t❡♦r✐✐✱ ❝③❡❣♦ ♥✐❡
♠♦➺♥❛ ✉❞♦✇♦❞♥✐➣ ✇ st❛r❡❥ t❡♦r✐✐❄ ❲ ③✇✐→③❦✉ ③ t②♠✱ ✇♣r♦✇❛✲
❞③❡♥✐❡ ♥♦✇❡❥ ❞❡✜♥✐❝❥✐ ❥❡st ♦❜➟♦➺♦♥❡ ♣❡✇♥②♠✐ ✇❛r✉♥❦❛♠✐✳

❲ ➧r♦❞♦✇✐s❦✉ ♣r♦❣r❛♠✐stó✇✱ st✇✐❡r❞③❛♠② t♦ ③❡ s♠✉t❦✐❡♠✱
♥✐❦t ♥✐❡ ③❛❞❛❥❡ s♦❜✐❡ t❛❦✐❝❤ ♣②t❛➠✱ ❛ ♣♦✇✐♥✐❡♥✳ ❘♦③✇✐♥✐❡♠②
t❡♥ t❡♠❛t ♣♦♥✐➺❡❥✳ ❩ ❞r✉❣✐❡❥ str♦♥② ró➺♥♦r♦❞♥❡ ❢♦r♠② ❥❛❦✐❡
♠♦➺❡ ♣r③②❥♠♦✇❛➣ ❞❡❦❧❛r❛❝❥❛ ❢✉♥❦❝❥✐ ✇ ♣r♦❣r❛♠♦✇❛♥✐✉ st✇❛r③❛
✇✐❡❧❡ ✐♥t❡r❡s✉❥→❝②❝❤ ♠♦➺❧✐✇♦➧❝✐✳ ❢✉♥❦❝❥❛ ♥✐❡♦❦r❡s❧♦♥❛ ❥❡❞♥♦✲
③♥❛❝③♥♦➧➣ ❢✳

Pr③②❦➟❛❞ ✶✵✳✶✳ ❲ str✉❦t✉r③❡ ❞❛♥②❝❤ ❧✐❝③❜② ❝❛➟❦♦✇✐t❡✱ ❝③②❧✐
❞❧❛ ♣r♦❣r❛♠✐stó✇ ✇ t②♣✐❡ ✐♥t❡❣❡r✱ ♠♦➺♥❛ ♦❦r❡➧❧✐➣ r❡❧❛❝❥➛ parzyste
✐ ♦♣❡r❛❝❥➛ ❞✐✈✷✳
▼❛t❡♠❛t②❦ ③❛♣✐s③❡ t♦ t❛❦✿

even(n)
df⇔ ∃z(n = z + z)

n❞✐✈2 = y
df⇔ (n = y + y) ∨ (n = y + y + 1)

Pr♦❣r❛♠✐st❛ ♥❛♣✐s③❡ ❛❧❣♦r②t♠②✱ ♥❛ ♣r③②❦➟❛❞ t❛❦✿
✉♥✐t ❞✐✈✷✿ ❢✉♥❝t✐♦♥✭♥✿ ✐♥t❡❣❡r✮✿ ✐♥t❡❣❡r❀
✈❛r ✐✱❥✿ ✐♥t❡❣❡r

❜❡❣✐♥

✐✿❂✵❀ ❥✿❂✵❀
✇❤✐❧❡ ✐❁♥ ❞♦

✐✿❂✐✰✷❀ ❥✿❂❥✰✶❀
♦❞❀
r❡s✉❧t ✿❂ ❥❀

❡♥❞ ❞✐✈✷

✉♥✐t ❡✈❡♥✿ ❢✉♥❝t✐♦♥✭♥✿ ✐♥t❡❣❡r✮✿ ❇♦♦❧❡❛♥❀
✈❛r ✐✿ ✐♥t❡❣❡r

❜❡❣✐♥

✐✿❂✵❀
✇❤✐❧❡ ✐❁♥ ❞♦

✐✿❂✐✰✷❀
♦❞❀
r❡s✉❧t ✿❂ ✐❂♥❀

❡♥❞ ❞✐✈✷

❖❜❛❥ ✭♠♥✐❡❥ ❧✉❜ ❜❛r❞③✐❡❥ ➧✇✐❛❞♦♠✐❡✮ ✇②❦♦r③②st✉❥→ ❞✇❛ t✇✐❡r✲
❞③❡♥✐❛ t❡♦r✐✐ ❧✐❝③❜

∀n∃z((n = z + z) ∨ (n = z + z + 1))

∀n, x, y(n = x+ x ∧ n = y + y)⇒ x = y
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❩❛❥♠✐❡♠② s✐➛ ♥❛❥♣✐❡r✇ ❞❡✜♥✐❝❥❛♠✐ ❢✉♥❦❝❥✐ ✐ r❡❧❛❝❥✐ ✇❡❞➟✉❣
✇③♦r✉ ③♥❛♥❡❣♦ ③ ♣♦❞st❛✇ ♠❛t❡♠❛t②❦✐✳

◆✐❡❝❤ ♥❛♣✐s α(x1, . . . , xm) ❜➛❞③✐❡ ✇②r❛➺❡♥✐❡♠ ❜♦♦❧♦✇s❦✐♠ ✭t❥✳❢♦r♠✉➟→
♦t✇❛rt→ ✭♣♦r✳ ✸✳✷✳✷✮✱ t❛❦→✱ ➺❡ ❝✐→❣ x1, . . . , xm ③❛✇✐❡r❛ ✇s③②st❦✐❡
③♠✐❡♥♥❡ ✇②st➛♣✉❥→❝❡ ✇ ❢♦r♠✉❧❡ α(x1, . . . , xm)✳ ◆✐❡❝❤ ♥❛♣✐s ρα ❜➛✲
❞③✐❡ ✐❞❡♥t②✜❦❛t♦r❡♠✱ ❦tór② ♥✐❡ ✇②st➛♣✉❥❡ ✇ ❢♦r♠✉❧❡ α✳

❉❡✜♥✐❝❥❛ ✶✵✳✶✳ ◆❛♣✐s ③❜✉❞♦✇❛♥② ✇❡❞➟✉❣ ♥❛st➛♣✉❥→❝❡❣♦ s❝❤❡✲
♠❛t✉ ❥❡st ❞❡❦❧❛r❛❝❥→ ❢✉♥❦❝❥✐ ❜♦♦❧♦✇s❦✐❡❥

✉♥✐t ρα✿ ❢✉♥❝t✐♦♥✭x1 : T1, . . . , xm : Tm✮✿❇♦♦❧❡❛♥
❜❡❣✐♥
r❡s✉❧t✿❂ α(x1, . . . , xm)

❡♥❞ ρα

Pr③②❦➟❛❞ ✶✵✳✷✳ ❋✉♥❦❝❥➛ ❝❤❛r❛❦t❡r②st②❝③♥→ r❡❧❛❝❥✐ ❧✐❝③❜❛ ①
❥❡st ❞③✐❡❧♥✐❦✐❡♠ ❧✐❝③❜② ② ♠♦➺♥❛ ③❛❞❡❦❧❛r♦✇❛➣ ✇ ♥❛st➛♣✉❥→❝②
s♣♦só❜

✉♥✐t ❏❡st❉③✐❡❧♥✐❦✐❡♠✿ ❢✉♥❝t✐♦♥✭①✱②✿ ✐♥t❡❣❡r✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ✭② ♠♦❞ ① ❂ ✵✮

❡♥❞ ❏❡st❉③✐❡❧♥✐❦✐❡♠
✐ ♠♦➺♥❛ ✇②❦♦r③②st②✇❛➣ ❞♦ ❜✉❞♦✇❛♥✐❛ ✇②r❛➺❡➠ ❜♦♦❧♦✇s❦✐❝❤✱
♥♣✳
✭❏❡st❉③✐❡❧♥✐❦✐❡♠✭✷✱①✮ ♦r ❏❡st❉③✐❡❧♥✐❦✐❡♠✭✷✱✸①✰✶✮✮✳

◆✐❡❝❤ ♥❛♣✐s τ(x1, . . . , xm) ❜➛❞③✐❡ ✇②r❛➺❡♥✐❡♠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②♠
✭♣♦r✳ ✸✳✷✳✶✮✱ t❛❦✐♠✱ ➺❡ ❝✐→❣ x1, . . . , xm ③❛✇✐❡r❛ ✇s③②st❦✐❡ ③♠✐❡♥♥❡
✇②st➛♣✉❥→❝❡ ✇ ✇②r❛➺❡♥✐✉ τ(x1, . . . , xm)✳ ◆✐❡❝❤ ♥❛♣✐s φτ ❜➛❞③✐❡
✐❞❡♥t②✜❦❛t♦r❡♠✱ ❦tór② ♥✐❡ ✇②st➛♣✉❥❡ ✇ ❢♦r♠✉❧❡ τ ✳

❉❡✜♥✐❝❥❛ ✶✵✳✷✳ ◆❛♣✐s ③❜✉❞♦✇❛♥② ✇❡❞➟✉❣ ♥❛st➛♣✉❥→❝❡❣♦ s❝❤❡✲
♠❛t✉ ❥❡st ❞❡❦❧❛r❛❝❥→ ❢✉♥❦❝❥✐ t②♣✉ ✐♥t❡❣❡r

✉♥✐t φτ ✿ ❢✉♥❝t✐♦♥✭x1 : T1, . . . , xm : Tm✮✿✐♥t❡❣❡r
❜❡❣✐♥
r❡s✉❧t✿❂ τ(x1, . . . , xm)

❡♥❞ φτ

●❞③✐❡ ♠♦➺♥❛ ✉♠✐❡➧❝✐➣ ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥✐❄ ❉❡❦❧❛r❛❝❥❛ ❢✉♥❦✲
❝❥✐ ♠♦➺❡ ✇②st→♣✐➣ ✇➧ró❞ ❞❡❦❧❛r❛❝❥✐ ❞♦✇♦❧♥❡❣♦ ♠♦❞✉➟✉✱ ❛ ✇✐➛❝✿
♣r♦❣r❛♠✉✱ ❜❧♦❦✉✱ ♣r♦❝❡❞✉r②✱ ❢✉♥❦❝❥✐✱ ❦❧❛s②✱ ✇s♣ó➟♣r♦❣r❛♠✉✱
♣r♦❝❡s✉ ✐ ♠♦❞✉➟✉ ♦❜s➟✉❣✐ s②❣♥❛➟✉✳ ❏❡➧❧✐ ✇ ♣❡✇♥②♠ ♠♦❞✉❧❡
③♥❛❥❞✉❥→ s✐➛ ❞✇✐❡ ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐ ♦ t❡❥ s❛♠❡❥ ♥❛③✇✐❡ t♦ ♣r♦✲
❣r❛♠ ③❛✇✐❡r❛ ❜➟→❞ s♣r③❡❝③♥♦➧❝✐✳ ❑♦♠♣✐❧❛t♦r ✇②❦r②✇❛ t❛❦✐ ❜➟→❞
✐ ♦❞r③✉❝❛ ♣r♦❣r❛♠ ③❛✇✐❡r❛❥→❝② ♣♦❞✇ó❥♥→ ❞❡❦❧❛r❛❝❥➛ t❡❥ s❛♠❡❥
❢✉♥❦❝❥✐✳ ■♥❛❝③❡❥ ♠ó✇✐→❝✱ ✇ ❦❛➺❞②♠ ♠♦❞✉❧❡ ♣♦♣r❛✇♥❡❣♦ ♣r♦✲
❣r❛♠✉ ❦❛➺❞❛ ③❛❞❡❦❧❛r♦✇❛♥❛ ✇ ♥✐♠ ✇✐❡❧❦♦➧➣ ❥❡st ③❛❞❡❦❧❛r♦✇❛♥❛
❥❡❞❡♥ r❛③✳

✶✽✵



✶✳ ♣r③②❦➟❛❞②

❲②❦♦r③②st❛♠② ♣♦♣r③❡❞♥✐❡ r♦③✇❛➺❛♥✐❛ ❜② ♣♦❞❛➣ ❦✐❧❦❛ ♣r③②✲
❦➟❛❞ó✇✳

Pr③②❦➟❛❞ ✶✵✳✸✳ ❋✉♥❦❝❥❛ ♦❜❧✐❝③❛❥→❝❛ n✲t→ ♣♦t➛❣➛ ❧✐❝③❜② x✳
✉♥✐t ♣♦✇❡r✿ ❢✉♥❝t✐♦♥✭①✱♥✿✐♥t❡❣❡r✮✿ ✐♥t❡❣❡r❀
✈❛r ③✱②✱♠✿ ✐♥t❡❣❡r

❜❡❣✐♥

③✿❂①❀ ②✿❂✶❀♠✿❂♥❀
✇❤✐❧❡ ♠ 6= ✵ ❞♦

✐❢ ♦❞❞✭♠✮ t❤❡♥ ②✿❂ ②✯③ ✜❀
♠ ✿❂ ♠ ❞✐✈ ✷❀
③✿❂③✯③

♦❞ ❀
r❡s✉❧t ✿❂ ②✯③❀

❡♥❞ ♣♦✇❡r❀

❯✇❛❣❛✳ ❩ ♣♦st❛❝✐ t❡❥ ❞❡❦❧❛r❛❝❥✐ ➟❛t✇♦ ✇✐❞❛➣✱ ➺❡ ♦❜❧✐✲
❝③❡♥✐❡ ③❛❧❡➺② t②❧❦♦ ♦❞ ❛r❣✉♠❡♥tó✇ x ✐ n✱ ♥✐❡ ✇②st➛♣✉❥→
③♠✐❡♥♥❡ ♥✐❡❧♦❦❛❧♥❡✳ ❚❛❦❛ ❞❡❦❧❛r❛❝❥❛ ♠♦➺❡ ❜②➣ ♣r③❡♥✐❡✲
s✐♦♥❛ ✇ ❞♦✇♦❧♥❡ ♠✐❡❥s❝❡ ♣r♦❣r❛♠✉✳ ▼♦➺♥❛ ❥→ s❦♦♣✐♦✇❛➣
❞♦ ❞♦✇♦❧♥❡❣♦ ♣r♦❣r❛♠✉✳ ❉❡❦❧❛r❛❝❥❛ t❛❦❛ ♠♦➺❡ s✐➛ ❜❡③✲
♣✐❡❝③♥✐❡ ③♥❛❧❡➵➣ ✇ ❜✐❜❧✐♦t❡❝❡ ♣r♦❝❡❞✉r✳

❲②❦♦r③②st✉❥→❝ r♦③✇❛➺❛♥✐❛ ♣♦❞r♦③❞③✐❛➟✉ ✼✳✺✱ str✳ ✶✹✻✱ st✇✐❡r✲
❞③❛♠②✿ ❥❡➺❡❧✐ ♦❜✐❡ ✇❛rt♦➧❝✐ x ✐ n s→ ❞♦❞❛t♥✐❡✱ t♦ ✇②♥✐❦✐❡♠ ❥❡st
xn✳ ❖❜❧✐❝③❡♥✐❡ ✇②♥✐❦✉ ✇②♠❛❣❛ log n ♠♥♦➺❡➠✳

Pr③②❦➟❛❞ ✶✵✳✹✳ ❋✉♥❦❝❥❛ sqrt ♦❜❧✐❝③❛❥→❝❛ ♣✐❡r✇✐❛ts❡❦ ❦✇❛❞r❛✲
t♦✇② ❧✐❝③❜② x✳
✉♥✐t sqrt✿ ❢✉♥❝t✐♦♥✭a, ǫ✿ r❡❛❧✮✿ r❡❛❧❀
✈❛r x✿ r❡❛❧❀

❜❡❣✐♥

✐❢ a < 0 t❤❡♥ r❛✐s❡ ◆❡❣❛t✐✈❡❆r❣❙qrt ✜ ❀
x✿❂(a+ 1)/2❀
✇❤✐❧❡ (x− a/x) ≥ ǫ ❞♦ x✿❂ (x+ a/x)/2 ♦❞❀
r❡s✉❧t ✿❂ x

❡♥❞ sqrt

❚✇✐❡r❞③❡♥✐❡ ✶✻✱ str✳ ✶✸✽✱ ✉♣❡✇♥✐❛ ♥❛s ♦ ♣♦♣r❛✇♥♦➧❝✐ ✇②♥✐❦✉✳

◆✐❡❝♦ ❜❛r❞③✐❡❥ s❦♦♠♣❧✐❦♦✇❛♥② ♣r③②❦➟❛❞✳

Pr③②❦➟❛❞ ✶✵✳✺✳ ✐❧♦❝③②♥ ♠❛❝✐❡r③②
✉♥✐t ▼✉❧t▼❛t✿ ❢✉♥❝t✐♦♥✭❆✱❇✿ ❛rr❛②♦❢ ❛rr❛②♦❢ r❡❛❧✮✿ ❛rr❛②♦❢ ❛r✲
r❛②♦❢ r❡❛❧❀

❡♥❞ ▼✉❧t▼❛t

✶✽✶



✷✳ ◆✐❡✐st♦t♥♦➧➣ ❞❡✜♥✐❝❥✐

❚✇✐❡r❞③❡♥✐❡ ♦ r♦③s③❡r③❛♥✐✉ ♠♦❞❡❧✉ ♣♦♣r③❡③ ♣r③②❥➛❝✐❡ ③❡✲
st❛✇✉ ❞❡✜♥✐❝❥✐✳
◆✐❡❝❤ T = 〈L,C,A〉 ❜➛❞③✐❡ ♣❡✇♥→ t❡♦r✐❛ ❛❧❣♦r②t♠✐❝③♥→ ♦❦r❡➧❧♦♥→
♣r③❡③ ❥➛③②❦ L✱ ♦♣❡r❛❝❥➛ s②♥t❛❦t②❝③♥❡❥ ❦♦♥s❡❦✇❡♥❝❥✐ C ✐ ③❜✐ór
s♣❡❝②✜❝③♥②❝❤ ❞❧❛ t❡❥ t❡♦r✐ ❛❦s❥♦♠❛tó✇ A✳ ◆✐❡❝❤ DF ❜➛❞③✐❡ ③❡✲
st❛✇❡♠ ❞❡✜♥✐❝❥✐✳ ❉♦❞❛t❦♦✇❡ ③❛➟♦➺❡♥✐❡ ♦ ❞❡✜♥✐❝❥❛❝❤ ③❡ ③❜✐♦r✉
DF ❜r③♠✐ ✳✳✳ Pr③②❥➛❝✐❡ t❛❦✐❡❣♦ ③❡st❛✇✉ ♣♦③✇❛❧❛ ♦❦r❡➧❧✐➣ ♥♦✇→
t❡♦r✐➛ T = 〈L′, C ′, A′〉✱ ❣❞③✐❡ ❥➛③②❦ L′ ✳✳✳✉③✉♣❡➟♥✐➣

❚✇✐❡r❞③❡♥✐❡ ✶✵✳✶✳ ❑❛➺❞② ♠♦❞❡❧ A t❡♦r✐✐ T ♠♦➺♥❛ r♦③s③❡r③②➣
❞♦ ♠♦❞❡❧✉ ❞❧❛ t❡♦r✐✐ T ′✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ♣♦❞♦❜♥✐❡ ❞♦ ❞♦✇♦❞✉ ✇ ❦s✐→➺❝❡
❘❛s✐♦✇❡❥ ✐ ❙✐❦♦rs❦✐❡❣♦ str✳ ✸✷✷ �

❉②s❦✉s❥❛✳

❚✇✐❡r❞③❡♥✐❡ ✶✵✳✷✳ ❚❡♦r✐❛ T ′ ♦tr③②♠❛♥❛ ③ ♥✐❡s♣r③❡❝③♥❡❥ t❡♦r✐✐
T ♣r③❡③ ♣r③②❥➛❝✐❡ ③❜✐♦r✉ ❞❡✜♥✐❝❥✐ ✳✳✳ ❥❡st ❥❡❥ ♥✐❡✐st♦t♥②♠ r♦③s③❡✲
r③❡♥✐❡♠✳

C(A) = C′(A′) ∩ F
❉♦✇ó❞✳ ◆❛❧❡➺② ✉❞♦✇♦❞♥✐➣✱ ➺❡ ③❜✐ór t✇✐❡r❞③❡➠ st❛r❡❥ t❡♦r✐✐ T

❥❡st ró✇♥② ♣♦❞③❜✐♦r♦✇✐ ③❜✐♦r✉ t✇✐❡r❞③❡➠ ♥♦✇❡❥ t❡♦r✐✐ T ✱ ❦tór②
③❛✇✐❡r❛ t②❧❦♦ ❢♦r♠✉➟② F ③ ❥➛③②❦❛ st❛r❡❥ t❡♦r✐✐✳ P♦r✳ ❬❘❙✻✸❪
❘❛s✲❙✐❦ str✳ ✷✵✸ ✐ str✳ ✸✷✷ �

❏❛❦✐❡ ✇❛r✉♥❦✐ ♠❛❥→ ❜②❝ s♣❡➟♥✐♦♥❡ ❜② t✇✐❡r❞③❡♥✐❡ ❜②➟♦ ♣r❛✇✲
❞③✐✇❡✳ ▲✉❜ ✐♥❛❝③❡❥✱ ❝♦ s✐➛ st❛♥✐❡ ❣❞② ♥♣✳ ③r❡③②❣♥✉❥❡♠② ③ ✇②✲
♠❛❣❛♥✐❛ ❜② s②♠❜♦❧ ρα ❞❡✜♥✐♦✇❛♥❡❥ ❢✉♥❦❝❥✐ ♥✐❡ ✇②st➛♣♦✇❛➟ ✇
❢♦r♠✉❧❡ α✳

❘♦③♣❛tr③♠② ♥❛st➛♣✉❥→❝→ ❞❡❦❧❛r❛❝❥➛

Pr③②❦➟❛❞ ✶✵✳✻✳

✉♥✐t ❋❜✿ ❢✉♥❝t✐♦♥✭①✿ ✐♥t❡❣❡r✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ¬ ❋❜✭①✮

❡♥❞ ❋❜
❩❛✉✇❛➺♠②✱ ➺❡ ♥✐❡ ✐st♥✐❡❥❡ ❢✉♥❦❝❥❛ Fb s♣❡➟♥✐❛❥→❝❛ ró✇♥♦✇❛➺♥♦➧➣
Fb(x)⇔ ¬Fb(x)✳ Pr③②❥➛❝✐❡ t❛❦✐❡❥ ❞❡❦❧❛r❛❝❥✐ ♣♦✇♦❞✉❥❡ ♣r③❡❥➧❝✐❡ ❞♦
t❡♦r✐✐ T ′ s♣r③❡❝③♥❡❥✳

❑♦❧❡❥♥② ♣r③②❦➟❛❞✳
❘♦③♣❛tr③♠② ♥❛st➛♣✉❥→❝→ ❞❡❦❧❛r❛❝❥➛

Pr③②❦➟❛❞ ✶✵✳✼✳

✉♥✐t ❋❝✿ ❢✉♥❝t✐♦♥✭①✿ ✐♥t❡❣❡r✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ❋❝✭①✮

❡♥❞ ❋❝
❉♦✇♦❧♥❛ ❢✉♥❦❝❥❛ Fc(x) s♣❡➟♥✐❛ ró✇♥♦✇❛➺♥♦➧➣ Fc(x)⇔ Fc(x)✳

✶✽✷



Pr③②❦➟❛❞ó✇ ♣♦❞♦❜♥②❝❤ ❞♦ t②❝❤ ❞✇ó❝❤✱ ♠♦➺♥❛ ♣♦❞❛➣ ❜❛r✲
❞③♦ ✇✐❡❧❡✳ ❲♥✐♦s❦✐ ③ ♥✐❝❤ ✇②♣➟②✇❛❥→❝❡ s→ t❛❦✐❡✿ ✶➦ Pr③②❥➛❝✐❡
❞❡❦❧❛r❛❝❥✐✱ ❦tór❡ ♣r♦✇❛❞③→ ❞♦ ♥♦✇❡❥ s♣r③❡❝③♥❡❥ t❡♦r✐✐ ❥❡st ❜❡③✲
s❡♥s♦✇♥❡✱ ❥❡st str❛t→ ❝③❛s✉✳❞❧❛❝③❡❣♦❄ ✇②❥❛➧♥✐❥✦ ❩❛❞❜❛❥♠② ♦ t♦✱
❜② ③❡st❛✇ ❞❡❦❧❛r❛❝❥✐ ❢✉♥❦❝❥✐ ❜②➟ ♥✐❡s♣r③❡❝③♥②✦ ✷➦ ❩❛❞❜❛❥♠② t❡➺
♦ t♦✱ ❜② ✉❦➟❛❞ ❢✉♥❦❝❥✐ ✇②③♥❛❝③♦♥② ♣r③❡③ ③❡st❛✇ ❞❡❦❧❛r❛❝❥✐ ❜②➟
✇②③♥❛❝③♦♥② ❥❡❞♥♦③♥❛❝③♥✐❡✳ ❲ ♣r③❡❝✐✇♥②♠ ✇②♣❛❞❦✉ str❛❝✐♠②
❝③❛s ♥❛ ♥❛♣r❛✇✐❛♥✐❡ t❛❦✐❡❣♦ ❜➟➛❞✉ ✇ ♣r♦❥❡❦t♦✇❛♥✐✉ ✇②♠❛❣❛➠
♥❛ ♦♣r♦❣r❛♠♦✇❛♥✐❡✳ ♣r③❡❝③②t❛❥ str✳ ✷✵✸ ✐ ✸✷✹ ❦s✐→➺❦✐ ❘❙

❖❜❧✐❝③❛❧♥♦➧➣✳ ❲ ♦❞ró➺♥✐❡♥✐✉ ♦❞ r♦③✇❛➺❛➠ ♣r③❡♣r♦✇❛❞③❛♥②❝❤
✇ ♣♦❞r➛❝③♥✐❦❛❝❤ ❧♦❣✐❦✐ ♠❛t❡♠❛t②❝③♥❡❥✱ ♠✉s✐♠② s✐➛ ③❛st❛♥♦✇✐➣
♥❛❞ ❡❢❡❦t②✇♥♦➧❝✐→ ❞❡❦❧❛r♦✇❛♥②❝❤ ❢✉♥❦❝❥✐✳ ◆✐❡ ✇②st❛r❝③② ❜♦✲
✇✐❡♠ st✇✐❡r❞③✐➣✱ ➺❡ ❢✉♥❦❝❥❛ ✐st♥✐❡❥❡✱ ♥❛❧❡➺② ✇②❦❛③❛➣✱ ➺❡ ♣r③②✲
❥➛❝✐❡ ❞❡❦❧❛r❝❥✐ ❢✉♥❦❝❥✐ ♣r♦✇❛❞③✐ ♦❞ str✉❦t✉r② ♦❜❧✐❝③❛❧♥❡❥ A ❞♦
str✉❦t✉r② ♦❜❧✐❝③❛❧♥❡❥ A′✳ ❲ ③✇✐→③❦✉ ③ t②♠ ✇ ❞❡✜♥✐❝❥❛❝❤ ❢✉♥❦✲
❝❥✐ ❜♦♦❧♦✇s❦✐❝❤ ✭t❥✳ r❡❧❛❝❥✐✮ r♦❞③❛❥✉ ♣✐❡r✇s③❡❣♦✱ ❜➛❞③✐❡♠② ✇②✲
♠❛❣❛➣ ❜② ❞❡✜♥✐❡♥s ❜②➟ ❢♦r♠✉➟→ ♣♦st❛❝✐ M γ✳ ■ r③❡❝③②✇✐➧❝✐❡✱ ✇
♥✐❡✉✇✐❦➟❛♥②❝❤ ❞❡❦❧❛r❛❝❥❛❝❤ ❢✉♥❦❝❥✐ ❜♦♦❧♦✇s❦✐❝❤ ♠♦➺❡♠② ♣r③②✲
❥→➣✱ ➺❡ s❛ ♦♥❡ ♣♦st❛❝✐
✉♥✐t ρ✿ ❢✉♥❝t✐♦♥✭♣❛r❛♠s✮✿ ❜♦♦❧❡❛♥❀
D

❜❡❣✐♥
I
r❡s✉❧t ✿❂ γ

❡♥❞
❈♦ t♦ ③♥❛❝③② ♥✐❡✉✇✐❦➟❛♥❡❄ ♦❜❥❛➧➠ ◆❛❧❡➺② ❥❡s③❝③❡ ✇r❛③ ③ t❛❦→
❞❡❦❧❛r❛❝❥→ ❞♦➟→❝③②❝ ❞♦✇ó❞✱ ➺❡ ❛❧❣♦r②t♠ ♦♣✐s❛♥② ✐♥str✉❦❝❥❛♠✐ B
♥✐❡ ③❛♣➛t❧✐ s✐➛ ✐ ♥✐❡ ③❡r✇✐❡ ♦❜❧✐❝③❡♥✐❛✳ ❚③♥✳ ✇②♠❛❣❛♠② ❜② ❥❡❣♦
♦❜❧✐❝③❡♥✐❛ ❜②➟② s❦♦➠❝③♦♥❡ ✐ ✉❞❛♥❡✳

P♦❞♦❜♥✐❡ ❥❡➧❧✐ ❞❡✜♥✐❝❥❛ ❢✉♥❦❝❥✐ ❥❡st ✉✇✐❦➟❛♥❛ ✭③♥❛❝③② t♦ ♠♥✐❡❥
✇✐➛❝❡❥ t♦ s❛♠♦ ❝♦ ❢✉♥❦❝❥❛ r❡❦✉r❡♥❝②❥♥❛ ✭✇ s❧❛♥❣✉ ♣r♦❣r❛♠✐✲
stó✇✮ t♦ ✇r❛③ ♣r③②❥➛❝✐❡♠ t❛❦✐❡❥ ❞❡✜♥✐❝❥✐ ♥❛❧❡➺② ❞♦➟→❝③②➣ ❞♦✇ó❞✱
➺❡ ♦❜❧✐❝③❡♥✐❛ ❜➛❞❛ ✉❞❛♥❡ ✐ s❦♦➠❝③♦♥❡✳ ❏❡➧❧✐ t❡❣♦ ♥✐❡ ③r♦❜✐♠②✱
t♦ ♠♦➺❡ ♦❦❛③❛➣ s✐➛✱ ➺❡ ♥✐❡ ✐st♥✐❡❥❡ ✇②♥✐❦✳ ❆ ❝♦ ③❛t❡♠ ✐❞③✐❡ ♥✐❡
✐st♥✐❡❥❡ ♠♦❞❡❧ ❞❧❛ ♥♦✇❡❥ t❡♦r✐✐✳ ❚r③❡❜❛ t❡➺ ✉❞♦✇♦❞♥✐➣✱ ➺❡ ❞❧❛
❦❛➺❞❡❣♦ ③❡st❛✇✉ ❛r❣✉♠❡♥tó✇ ✐st♥✐❡❥❡ ❝♦♥❥✇②➺❡❥ ❥❡❞❡♥ ✇②♥✐❦✳
❚♦ ❥❡st ③♥❛❝③♥✐❡ ➟❛t✇✐❡❥s③❡✳

❉❡❦❧❛r❛❝❥❡ ✉✇✐❦➟❛♥❡✳ ◆✐❡❝❤ ♥❛♣✐s K τ(x1, . . . , xm) ❜➛❞③✐❡ ✇②r❛✲
➺❡♥✐❡♠ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇②♠ ✭♣♦r✳ ❄❄✮✱ t❛❦✐♠✱ ➺❡ ❝✐→❣ x1, . . . , xm
③❛✇✐❡r❛ ✇s③②st❦✐❡ ③♠✐❡♥♥❡ ✇②st➛♣✉❥→❝❡ ✇ ✇②r❛➺❡♥✐✉ K τ(x1, . . . , xm)✳
◆✐❡❝❤ ♥❛♣✐s φτ ❜➛❞③✐❡ ✐❞❡♥t②✜❦❛t♦r❡♠✱ ❦tór② ♥✐❡ ✇②st➛♣✉❥❡ ✇
❢♦r♠✉❧❡ τ ✳ ❉♦ ✇♣r♦✇❛❞③❡♥✐❛ ❞❡✜♥✐❝❥✐ ✇❡❞➟✉❣ ♣♦♥✐➺s③❡❣♦ s❝❤❡✲
♠❛t✉ ✇②♠❛❣❛♥❡ ❥❡st ❜② ❢♦r♠✉➟❛ st♦♣✉ ♣r♦❣r❛♠✉ K✱ ♥♣✳ K true
❜②➟❛ t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ T ✇ ❦tór❡❥ ♣r❛❝✉❥❡♠②✳✇②t➟✉♠❛❝③✦

❉❡✜♥✐❝❥❛ ✶✵✳✸✳ ◆❛♣✐s ③❜✉❞♦✇❛♥② ✇❡❞➟✉❣ ♥❛st➛♣✉❥→❝❡❣♦ s❝❤❡✲
♠❛t✉ ❥❡st ❞❡❦❧❛r❛❝❥→ ❢✉♥❦❝❥✐ t②♣✉ ✐♥t❡❣❡r

✶✽✸



✉♥✐t ψτ ✿ ❢✉♥❝t✐♦♥✭x1 : T1, . . . , xm : Tm✮✿✐♥t❡❣❡r
❜❡❣✐♥
❑❀
r❡s✉❧t✿❂ τ

❡♥❞ ψτ

❩♦❜❛❝③♠② ♣❛r➛ ♣r③②❦➟❛❞ó✇

Pr③②❦➟❛❞ ✶✵✳✽✳ ❚✉ ✇st❛✇✐➣ ♣❛r➛ ❢✉♥❦❝❥✐ ✇②✇♦➟✉❥→❝②❝❤ s✐➛
♥❛✇③❛❥❡♠✳

❑♦❧❡❥♥❡ ♣②t❛♥✐❡ ❥❛❦✐❡ s✐➛ ♣♦❥❛✇✐❛✱ t♦ ❝③② t❡❣♦ r♦❞③❛❥✉ ❞❡✜✲
♥✐❝❥❡ ♣♦③✇❛❧❛❥→ ♥❛ ✐st♦t♥❡ ✇③❜♦❣❛❝❡♥✐❡ ♠♦❝② ♦❜❧✐❝③❡♥✐♦✇❡❥❄

❏❛✇♥❡ ✐ ♥✐❡❥❛✇♥❡ ❞❡✜♥✐❝❥❡
❉❡✜♥✐❝❥❡ ♥✐❡❥❛✇♥❡ ❛ r❡❦✉rs❥❛
❏❛❦ s✐➛ ♠❛ ❥❡❞♥♦ ❞♦ ❞r✉❣✐❡❣♦❄
❉❡✜♥✐❝❥❡ ✇ ❦tór②❝❤ ❞❡✜♥✐❡♥s ❥❡st t❡r♠❡♠ ❛❧❣♦r②t♠✐❝③♥②♠

♣♦st❛❝✐ Mτ ❧✉❜ ❢♦r♠✉➟→ ❛❧❣♦r②t♠✐❝③♥→ ♣♦st❛❝✐ Kα ❣❞③✐❡ α ❥❡st
❢♦r♠✉➟→ ♦t✇❛rt→✳

❏❡➧❧✐ ❞❡✜♥✐❝❥❡ s→ t❛❦✐❡✳✳✳✱ t♦ r♦③s③❡r③❡♥✐❡ ♠♦❞❡❧✉ A t❡♦r✐✐ T
❞♦ ♥♦✇❡❣♦ ♠♦❞❡❧✉ ❥❡st ♦❜❧✐❝③❛❧♥❡ ✭♦ ✐❧❡ ♠♦❞❡❧ A ❜②➟ ♦❜❧✐❝③❛❧♥②✮✳

❲ ❧♦❣✐❝❡ ♠❛t❡♠❛t②❝③♥❡❥ ❞❡✜♥✐❝❥❛ ❢✉♥❦❝❥✐ ❥❡st ❛❧❜♦ ❥❛✇♥❛ ✕ ✐
♥✐❡ ③❛✇✐❡r❛ ❧♦❦❛❧♥②❝❤ ❞❡✜♥✐❝❥✐✱ ❛❧❜♦ ❥❡st ♥✐❡❥❛✇♥❛ t③♥✳ ✉✇✐❦➟❛♥❛
✕ ❝♦ t♦ ♦③♥❛❝③❛❄ ❝③② ♠♦➺♥❛ ✇t❡❞② ✇♣r♦✇❛❞③❛➣ ✇❡✇♥➛tr③♥❡ ❞❡✲
❦❧❛r❛❝❥❡❄ ❞❡✜♥✐❝❥❡❄✳

❉❡✜♥✐❝❥❛ ❢✉♥❦❝❥✐ ❥❡st ♣r③②❥♠♦✇❛♥❛ ❥❛❦♦ ❛❦s❥♦♠❛t ❞❡✜♥✐✉❥→❝②
♥♦✇→ ♦♣❡r❛❝❥➛✳

❲ ♣r♦❣r❛♠♦✇❛♥✐✉✱ ③✇➟❛s③❝③❛ ✇ ♣r♦❣r❛♠♦✇❛♥✐✉ ♦❜✐❡❦t♦✲
✇②♠ ❞❡❦❧❛r❛❝❥❛ ♠❡t♦❞② ✇ ❦❧❛s✐❡ ❞❡✜♥✐✉❥❡ s♣♦só❜ ♦❜❧✐❝③❛♥✐❛
❆▲❊ ♥✐❡❦♦♥✐❡❝③♥✐❡ ❥❡st t♦ ♦♣✐s ✇➟❛s♥♦➧❝✐ ♠❡t♦❞②✳

▼♦➺❡ ♦❦❛③❛➣ s✐➛✱ ➺❡ ③♥❛♠② ❞❡❦❧❛r❝❥➛ ♠❡t♦❞② ♥♣✳ ♣✉s❤ ✇
❦❧❛s✐❡ st♦s②✱ ❛❧❡ tr✉❞♥♦ ❥❡st ♦❞❝③②t❛➣ ✇➟❛s♥♦➧❝✐ t❡❥ ♠❡t♦❞②✳ ❇♦
♥♣✳ ♣♦tr③❡❜❛ ❦✐❧❦✉ ❢♦r♠✉➟ ✇ ❦tór②❝❤ ✇②st❡♣✉❥❡ ❢✉♥❦❝❥❛ ♣✉s❤
❜② ♦tr③②♠❛➣ s♣❡❝②✜❦❛❝❥➛ ❝③②❧✐ ❛❦s❥♦♠❛t②③❛❝❥➛✳

P♦♥❛❞t♦✱ ✐♠♣❧❡♠❡♥t❛❝❥❛ ♠❡t♦❞② ❥❡❞♥❛ ♥✐❡ ✇②❦❧✉❝③❛ ✐♥♥❡❣♦
s♣♦s♦❜✉ ③❛✐♠♣❧❡♠❡♥t♦✇❛♥✐❛ ♠❡t♦❞② ♣✉s❤✳

P♦❞s✉♠✉❥♠②✳ ❩ t②❝❤ ✉✇❛❣ ✇②♥✐❦❛✱ ➺❡

• ❲ ♣r♦❣r❛♠♦✇❛♥✐✉ ③ ❦❧❛s❛♠✐ ✐ ♦❜✐❡❦t❛♠✐ ❦♦♥✐❡❝③♥❡ ❥❡st
st♦s♦✇❛♥✐❡ ♠♦❞✉➟ó✇ s♣❡❝✐✜❝❛t✐♦♥✳
P♦♥✐❡✇❛③ ♥✐❡ ♠♦➺♥❛ ✉③♥❛➣ ♠♦❞✉➟✉ ✐♠♣❧❡♠❡♥t✉❥→❝❡❣♦
③❛ ♣❡➟♥② ♦♣✐s ③❛♠✐❡r③❡♥✐❛✳ ▼♦❞✉➟ ❦❧❛s② ❥❡st ✐♠♣❧❡✲
♠❡♥t❛❝❥→ ✕ ❥❡❞♥→ ③ ✇✐❡❧✉✳ ❚❛❦ ❥❡st ✇ ♣r③②♣❛❞❦✉ ❦❧❛s✱
❦♦❧❡❥❡❦ ❋■❋❖✱ ❦♦♥t❡♥❡ró✇ ❡t❝✳

✶✽✹



• ❑❛➺❞② ♠♦❞✉➟ ♠❛ ♣r❛✇♦ ✇♣r♦✇❛❞③❡♥✐❛ s✇♦✐❝❤ ❧♦❦❛❧✲
♥②❝❤ ❞❡✜♥✐❝❥✐✿ ③♠✐❡♥♥②❝❤✱ ❢✉♥❦❝❥✐✱ ❦❧❛s ✳✳✳ ❲ ❦♦♥s❡✲
❦✇❡♥❝❥✐ str✉❦t✉r❛ ♣r♦❣r❛♠✉ ❥❡st ❜❛r❞③✐❡❥ s❦♦♠♣❧✐❦♦✲
✇❛♥❛ ♥✐➺ t♦ s♣♦t②❦❛ s✐➛ ✇ ♣♦❞st❛✇❛❝❤ ♠❛t❡♠❛t②❦✐✳

❏❡st t♦ ✇②③✇❛♥✐❡ ❞❧❛ ❜❛❞❛❝③②✳

✸✳ ❋✉♥❦❝❥♦♥❛➟②

Pr♦♣♦♥✉❥❡♠② ❜② ❞❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐ ✇ ❦tór②❝❤ ♣r③②♥❛❥♠♥✐❡❥
❥❡❞❡♥ ❛r❣✉♠❡♥t ❥❡st ❢✉♥❦❝❥→ ♥❛③②✇❛➣ ❢✉♥❦❝❥♦♥❛➟❛♠✐ ✐ ♦❞♣♦✲
✇✐❡❞♥✐♦ st♦s♦✇❛➣ t❡r♠✐♥ ❢✉♥❝t✐♦♥❛❧✳
Pr③②❦➟❛❞✳
❆❧❣♦r②t♠ ❜✐s❡❦❝❥✐ ❥❡st ♣r③②❦➟❛❞❡♠ ❢✉♥❦❝❥♦♥❛➟✉✳

✉♥✐t ❜✐s❡❝t✐♦♥✿ ❢✉♥❝t✐♦♥❛❧✭❛✱❜✱❡♣s✿r❡❛❧❀ ❢✉♥❝t✐♦♥ ❢✭①✿r❡❛❧✮✿r❡❛❧✮✿ r❡❛❧❀
✈❛r ♠✿r❡❛❧

❜❡❣✐♥

✐❢

✳ ✳ ✳
✜

❡♥❞ ❜✐s❡❝t✐♦♥❀

❆❧❡ ✇❛rt♦➧❝✐→ ♥✐❡ ❥❡st ❢✉♥❦❝❥❛✦ P②t❛♥✐❡✿ ❝③② ♣♦tr❛✜♠② st✇♦r③②➣
♠♦❞✉➟✱ ❦tór❡❣♦ ❛r❣✉♠❡♥t❡♠ ❥❡st ❢✉♥❦❝❥❛ f ✐ ❦tór② ③✇r❛❝❛ ❥❛❦♦
✇②♥✐❦ ♥❛③✇➛ ♥♦✇❡❥ ❢✉♥❦❝❥✐ g❄ Pró❜➛ ♦❞♣♦✇✐❡❞③✐ ♣r③❡❞st❛✇✐♠②
✇ ♥❛st❡♣♥❡❥ ❝③➛➧❝✐ t❡❥ ❦s✐→➺❦✐✱ ✇ r♦③❞③✐❛❧❡ ✶✸✳

❶✇✐❝③❡♥✐❛

✶✵✳✶✳ ❈✐→❣ ❋✐❜♦♥❛❝❝✐❡❣♦ ❥❡st ♦♣✐s❛♥② ✇ ♥❛st➛♣✉❥→❝② s♣♦só❜

fn
df
=







0 gdy n = 0

1 gdy n = 1

fn−2 + fn−1 gdy n ≥ 2

❚✇♦❥❡ ③❛❞❛♥✐❡ ♣♦❧❡❣❛ ♥❛ ♣♦ró✇♥❛♥✐✉ ❦✐❧❦✉ ró➺♥②❝❤ s♣♦s♦❜ó✇
♦❜❧✐❝③❛♥✐❛ ✇❛rt♦➧❝✐ ♥✲t❡❣♦ ❡❧❡♠❡♥t✉ ❝✐→❣✉ ❋✐❜♦♥❛❝❝✐❡❣♦✿

• ❜❡③♣♦➧r❡❞♥✐♦ ✇②❦♦r③②st✉❥→❝ ❞❡✜♥✐❝❥➛ ❝✐→❣✉ ✕ r❡❦✉rs❥❛✱
• ♦❜❧✐❝③❛❥→❝ ❦♦❧❡❥♥♦ f0, f1, . . . fn−2, fn−1 ✕ ✐t❡r❛❝❥❛✱
• ✇②❦♦r③②st✉❥→❝ ✇③ór ❇✐♥❡t❛✱

P♦ró✇♥❛❥ ❝③❛s② ✇②❦♦♥❛♥✐❛ ❚✇♦✐❝❤ tr③❡❝❤ ♣r♦❣r❛♠ó✇ ❞❧❛ ♦❜❧✐✲
❝③❡♥✐❛ ✇❛rt♦➧❝✐ f30✳

✶✵✳✷✳ ❖s③❛❝✉❥ ❦♦s③t ❦❛➺❞❡❥ ③ ♠❡t♦❞✳
❈③② ♠♦➺♥❛ ♦❜❧✐❝③②➣ ✇❛rt♦➧➣ fn ✇ ❝③❛s✐❡ ❧♦❣❛r②t♠✐❝③♥②♠ O(log n)❄

✶✵✳✸✳ ❋✉♥❦❝❥❛ ❆❝❦❡r♠❛♥♥❛✳ ❚♦ ③❛❞❛♥✐❡ ❥❡st tr✉❞♥✐❡❥s③❡✳
❉❡✜♥✐❝❥❛ ❢✉♥❦❝❥✐ ❆❝❦❡r♠❛♥♥❛

✶✽✺



Ack(m,n)
df
=







n+ 1 gdy m = 0

Ack(m− 1, 1) gdy m > 0 i n = 0

Ack(m− 1, Ack(m,n− 1)) gdy m > 0 i n > 0

❞❛❥❡ s✐➛ ➟❛t✇♦ ♣r③❡♣✐s❛➣ ♥❛ ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥✐✳
❛✮ ❩ró❜ t♦ ✐ ♦❜❧✐❝③ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ❆❝❦✭✸✱✷✮✳
❜✮ ❈③② ♣♦tr❛✜s③ ✉❞♦✇♦❞♥✐➣✱ ➺❡ ❚✇ó❥ ♣r♦❣r❛♠ ③❛tr③②♠❛

s✐➛ ✐ ③✇ró❝✐ ✇②♥✐❦ ♣♦ s❦♦➠❝③♦♥②♠ ❝③❛s✐❡❄
❝✮ ❈③② ♣♦tr❛✜s③ ♦s③❛❝♦✇❛➣ ❦♦s③t❄
❞✮ ◆❛♣✐s③ ♣r♦❣r❛♠ ❆ ♦❜❧✐❝③❛❥→❝② ✇❛rt♦➧➣ Ack(m,n) t❡❥ ❢✉♥❦✲

❝❥✐✳ Pr♦❣r❛♠ ❆ ♠❛ ❜②➣ ③❛♣✐s❛♥② ✇ ❥➛③②❦✉ L5 ♣r♦❣r❛✲
♠ó✇ ✐t❡r❛❝②❥♥②❝❤✳ ◆✐❡ ✇♣r♦✇❛❞③❛❥ ❞❡❦❧❛r❛❝❥✐ ❢✉♥❦❝❥✐✳

✶✵✳✹✳ ❈♦ s✐➛ st❛♥✐❡ ❥❡➧❧✐ ✇ ♣r③②❦➟❛❞③✐❡ ✶✵✳✹ ✉s✉♥✐❡♠② ❞❡❦❧❛✲
r❛❝❥➛ ③♠✐❡♥♥❡❥ x ✐ ✇ tr❡➧❝✐ ❢✉♥❦❝❥✐ sqrt ③♠✐❡♥♥→ x ③❛st→♣✐♠② ♣r③❡③
r❡s✉❧t❄

✶✽✻



❘❖❩❉❩■❆➟ ✶✶

L7 Pr♦❝❡❞✉r②

❲ ❦❛➺❞②♠ ♠♦❞✉❧❡ ♣r♦❣r❛♠✉ ♠♦➺❡s③ ✇♣r♦✇❛❞③✐➣ ♥♦✇❡ ♣♦✲
❧❡❝❡♥✐❡ ❞❡❦❧❛r✉❥→❝ ♦❞♣♦✇✐❡❞♥✐→ ♣r♦❝❡❞✉r➛✱ ♥♣✳ P✳

✉♥✐t P✿ ♣r♦❝❡❞✉r❡✭P❛r❛♠❡tr②✮❀
❉❡❦❧❛r❛❝❥❡ ▲♦❦❛❧♥❡

❜❡❣✐♥

■♥str✉❦❝❥❡

❡♥❞ P

❲ t②♠ ♠♦❞✉❧❡ ✭✐ ✇ ❦❛➺❞②♠ ✐♥♥②♠ ♠♦❞✉❧❡✱ ❦tór② ❥❡st ✇ ♥✐♠
③❛✇❛rt②✮ ♠♦➺❡s③ ✉➺②➣ ♣♦❧❡❝❡♥✐❛ ❝❛❧❧ P✭❆r❣✉♠❡♥t②✮✳

❚❖❉❖
✶✳ ❩❛✉✇❛➺✱ ❥❡s❧✐ ♣r♦❝❡❞✉r❛ ✭❧✉❜ ❢✉♥❦❝❥❛✮ ♥✐❡ ♠❛ ✇✐❡❧❦♦s❝✐ ♥✐❡❧♦✲
❦❛❧♥②❝❤✱ t③♥✳ ❦❛➺❞❛ ✇✐❡❧❦♦➧➣ ❥❡st ❛❧❜♦ ♣❛r❛♠❡tr❡♠ ❢♦r♠❛❧♥②♠
❛❧❜♦ ❥❡st ③❛❞❡❦❧❛r♦✇❛♥❛ ❧♦❦❛❧♥✐❡ ✇ t❡❥ ♣r♦❝❡❞✉r③❡ t♦ ♠♦➺♥❛ ❥→
✇②✇♦➟②✇❛➣ ③ ❞♦✇♦❧♥❡❣♦ ♠✐❡❥s❝❛ ③ ❦tór❡❣♦ ❥❡st ❞♦st➛♣♥❛✳
✷✳ ❉❡❦❧❛r❛❝❥❛ ♣r♦❝❡❞✉r② ③ ✇✐❡❧❦♦➧❝✐❛♠✐ ♥✐❡❧♦❦❛❧♥②♠✐
✕ ♠♦➺❡ ❜②➣ ♣r③❡st❛✇✐♦♥❛ ✇ ✐♥♥❡ ♠✐❡❥s❝❡ ♣♦❞ ✇❛r✉♥❦✐❡♠ ✳✳✳
✕ ♠♦➺❡ ❜②➣ ✇②✇♦➟❛♥❛ s❦→❞✐♥→❞ ♣♦❞ ✇❛r✉♥❦✐❡♠ ✳✳✳
❚❡ ✇❛r✉♥❦✐ ♠♦❣→ s✐➛ ró➺♥✐➣✳
✸✳ ❘❡❣✉➟❛ ❦♦♣✐✐ ✕ t♦ ✇➟❛➧❝✐✇✐❡ ❥❡st ♣r③②❥➛❝✐❡✱ s❝❤❡♠❛t✉ ♥✐❡s❦♦➠✲
❝③❡♥✐❡ ✇✐❡❧✉ ❛❦s❥♦♠❛tó✇✳ ❈③②❧✐ ❉❡✜♥✐❝❥❛✦
❆❧❡✳✳✳ ➺❡❜② ❞❡✜♥✐❝❥❛ ♠♦❣➟❛ ❜②➣ ♣r③②❥➛t❛ ♣♦✇✐♥♥② ❜②➣ s♣❡➟♥✐♦♥❡
✇❛r✉♥❦✐✳
▼②➧❧➛✱ ➺❡ r❡❣✉➟❛ ❦♦♣✐✐ ♣♦✇✐♥♥❛ ③♦st❛➣ ♣♦❞❞❛♥❛ ♦❜♦str③❡♥✐♦♠✿
✕ ✉❞♦✇♦❞♥✐❥ ♥✐❡s♣r③❡❝③♥♦➧➣ ✱
✕ ✉❞♦✇♦❞♥✐❥ ❥❡❞♥♦③♥❛❝③♥♦➧➣ ✳✳✳

❉❡❦❧❛r❛❝❥❛ ♣r♦❝❡❞✉r② ❥❡st ❞❡✜♥✐❝❥→ ♥♦✇❡❥ ✐♥str✉❦❝❥✐ ❛t♦♠♦✲
✇❡❥ ③❞❡✜♥✐♦✇❛♥❡❥ ✇ ♣r♦❣r❛♠✐❡✳ ■♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ✳ ✳ ✳ ❩ ✇♣r♦✲
✇❛❞③❡♥✐❡♠ ♣r♦❝❡❞✉r ✇✐→➺❡ s✐➛ ✇✐❡❧❡ ♣②t❛➠ ✐ ♥✐❡❜❛♥❛❧♥②❝❤ ♣r♦✲
❜❧❡♠ó✇✳ Pr♦❜❧❡♠② t❡ ♣♦✇st❛❥→✱ ❣❞② ❝❤❝❡♠② ♠✐❡➣ ❝♦r❛③ ❜❛r✲
❞③✐❡❥ ❛❜str❛❦❝②❥♥❡ ♥❛r③➛❞③✐❛✳
◆❛❥♣✐❡r✇ ♦♠ó✇✐♠② ❞❡❦❧❛r❛❝❥❡ ♣r♦❝❡❞✉r ❜❡③♣❛r❛♠❡tr♦✇②❝❤ ✐
✇②❦♦♥②✇❛♥✐❡ ♦❞♣♦✇✐❡❞♥✐❝❤ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r②✳
P♦t❡♠ ♦♠ó✇✐♠② ♣r♦t♦❦ó➟ ♣r③❡❦❛③②✇❛♥✐❛ ♣❛r❛♠❡tró✇ ❛❦t✉❛❧✲
♥②❝❤ ✐ ♦❞❜✐❡r❛♥✐❛ ✇②♥✐❦ó✇✳ ◆❛s③ ♣♦♠②s➟✿ ♣r♦t♦❦ó➟ ✇②❦♦♥②✇❛✲
♥✐❛ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r②✿

✭✶✮ ✉t✇ór③ ♣❛❝③❦➛ ♣❛r❛♠❡tró✇ ❛❦t✉❛❧♥②❝❤ ✭❝❤❝✐❛➟❜②♠ ♣♦✲
✇✐❡❞③✐❡➣ ♦❜✐❡❦t ✲s②❣♥❛➟✮✱

✶✽✼



✭✷✮ ♣r③❡➧❧✐❥ ❥→ ✇ ♣♦s③✉❦✐✇❛♥✐✉ ♣r♦❝❡❞✉r② ♦ ♥❛③✇✐❡ P ✇③❞➟✉➺
➧❝✐❡➺❦✐ ❙▲✱

✭✸✮ ♣♦ ③♥❛❧❡③✐❡♥✐✉ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡❞✉r② P ✉t✇ór③ ❜❧♦❦ ✭③♠♦✲
❞②✜❦♦✇❛♥→ tr❡➧➣ ♣r♦❝❡❞✉r② P✮ ✐ ✇②❦♦♥❛❥ t❡♥ ❜❧♦❦✳ ❘❡✲
❦♦r❞ ❛❦t②✇❛❝❥✐ t❡❣♦ ❜❧♦❦✉ ♠❛ str③❛➟❦➛ ❙▲ ♣r♦✇❛❞③→❝→
❞♦ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ✇ ❦tór②♠ ③♥❛❧❡➺✐♦♥♦ ❞❡❦❧❛r❛❝❥➛
♣r♦❝❡❞✉r② P ♦r❛③ str③❛➟❦➛ ❉▲ ♣r♦✇❛❞③→❝→ ❞♦ r❡❦♦r❞✉
❛❦t②✇❛❝❥✐ ✇ ❦tór②♠ ✇②❦♦♥❛♥♦ ✐♥str✉❦❝❥➛ ♣r♦❝❡❞✉r②✳

◆✐❡ ③❛♣♦♠♥✐❥✦
❈❛❧❧ P✭❛r❣s✮ ❥❡st ♣r♦t♦❦♦➟❡♠ ✇s♣ó➟♣r❛❝② r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ③❛✲
✇✐❡r❛❥→❝❡❣♦ ✐♥str✉❦❝❥➛ ♣r♦❝❡❞✉r② ✐ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r②
✇②✇♦➟②✇❛♥❡❥✳ ❖♣✐s ♣r③❡s②➟❛♥✐❛ ♣❛r❛♠❡tró✇ ✐ ♦❞❜✐❡r❛♥✐❛ ✇②♥✐✲
❦ó✇✿ ♣♦❞♦❜♥✐❡ ❥❛❦ ✇ ❈❙P✱ ❥❡❞❡♥ ✇②s➟❛ ❞r✉❣✐ ♦❞❜✐❡r❛✳ ❲②❦♦✲
♥❛♥✐❡ ③♠♦❞②✜❦♦✇❛♥❡❣♦ ❜❧♦❦✉ tr❡➧❝✐ ♣r♦❝❡❞✉r② P ♣♦♣r③❡❞③❛♥❡
❥❡st ♣r③❡③ ❝✐→❣ ♣❛r ✳ ✳ ✳

❖♠ó✇✐♠② ❝③➛➧➣ ③ ♥✐❝❤ ✭t③♥✳ t②❝❤ ♣r♦❜❧❡♠ó✇✮ ♥❛ ♣r③②❦➟❛✲
❞③✐❡ ♣r♦❝❡❞✉r② s✇❛♣✳ ❙tr✉❦t✉r❛

• Pr③②❦➟❛❞
• ❙❦➟❛❞♥✐❛
• ❙❡♠❛♥t②❦❛
• ❑♦♠♣✉t❡r
• ❆♥❛❧✐③❛ ♣r③②❦➟❛❞ó✇

✶✳ Pr③②❦➟❛❞② ♣r♦❝❡❞✉r

❑rót❦✐ ♣r③②❦➟❛❞ t♦ ♣r♦❝❡❞✉r❛ ❙✇❛♣✳ Pr③②♣♦♠♥✐❥ s♦❜✐❡ ♣r♦✲
❣r❛♠ ❙✇❛♣ ✐ ③♦❜❛❝③ ❥❛❦ ♠♦➺♥❛ ✇✐❡❧♦❦r♦t♥✐❡ ✇②❦♦r③②st❛➣ ③❞❡✜✲
♥✐♦✇❛♥→ t❛♠ ♦♣❡r❛❝❥➛ ③❛♠✐❛♥② ✇❛rt♦➧❝✐❛♠✐ ③♠✐❡♥♥②❝❤ ① ✐ ②✳

Pr③②❦➟❛❞ ✶✶✳✶✳

♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛✱ ❜✱ ❝✿ ✐♥t❡❣❡r❀
✉♥✐t✿ ❙✇❛♣ ♣r♦❝❡❞✉r❡✭✐♥♦✉t ①✱②✿ ✐♥t❡❣❡r✮❀
✈❛r t✿ ✐♥t❡❣❡r

❜❡❣✐♥

t ✿❂①❀ ①✿❂②❀ ② ✿❂ t❀
❡♥❞ ❙✇❛♣❀

❜❡❣✐♥

r❡❛❞❧♥✭❛✱ ❜✱ ❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

❉r✉❣✐ ♣r③②❦➟❛❞ ✳✳✳ ♠❡r❣❡s♦rt❄ q✉✐❝❦s♦rt❄ s❡❛r❝❤ ✇ ❇❙❚❄
♦❜♠②➧❧
❚r③❡❝✐ ♣r③②❦➟❛❞ t♦ ♣r♦❝❡❞✉r❛ ❲❍■▲❊ ✕ t❛❦✦ ♣r♦❝❡❞✉r❛ ró✇✲
♥♦✇❛➺♥❛ ✐♥str✉❦❝❥✐ ✇❤✐❧❡✳ P♦❦❛③✉❥❡ ➺❡ ♠♦➺♥❛ s✐➛ ♦❜②➣ ❜❡③ ✐♥✲
str✉❦❝❥✐ ✇❤✐❧❡✳ ❏❡➧❧✐ ❦t♦➧ t❛❦ ❧✉❜✐ ✳✳✳ ❲❡➵ ❥❛❦✐➧ ♣r♦❣r❛♠ ③ ✇❤✐❧❡

✶✽✽



✐ ♣r③❡ró❜ ❣♦ ♥❛ ♣r♦❝❡❞✉r➛✳ ◆♣✳ ❜✐s❡❝t✐♦♥

P♦♣❛tr③♠② ❥❛❦ ♣r③❡❜✐❡❣❛ ✇②❦♦♥❛♥✐❡ t❡❣♦ ♣r♦❣r❛♠✉✱ st❛♥ ♣♦✲
❝③→t❦♦✇②✳

♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ✵
✈❛r ❜ ❂ ✵
✈❛r ❝ ❂ ✵
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀
❡♥❞ s✇❛♣❀

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

Procesor

◆❛st➛♣♥② st❛♥✱ ♣♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ r❡❛❞❧♥✭❛✱❜✱❝✮✳ ❖③♥❛❝③♠②
✇❝③②t❛♥❡ ✇✐❡❧❦♦➧❝✐ ♣r③❡③✱ ♦❞♣♦✇✐❡❞♥✐♦✱ ❧✶✱ ❧✷ ✐ ❧✸✳

♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ❧✶
✈❛r ❜ ❂ ❧✷
✈❛r ❝ ❂ ❧✸
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

Procesor

❏❡➧❧✐ l1 ≤ l2 t♦ ♥❛st➛♣♥② st❛♥ ✇②❣❧→❞❛ t❛❦✳
♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ❧✶
✈❛r ❜ ❂ ❧✷
✈❛r ❝ ❂ ❧✸
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

Procesor

◆❛t♦♠✐❛st ❥❡➧❧✐ l1 > l2 t♦ ♥❛st➛♣♥② st❛♥ ✇②❣❧→❞❛ t❛❦✳

✶✽✾



♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ❧✶
✈❛r ❜ ❂ ❧✷
✈❛r ❝ ❂ ❧✸
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿✐♥t❡❣❡r❀

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

❜❧♦❝❦
✈❛r ① ❂ ✵
✈❛r ② ❂ ✵
✈❛r t ❂ ✵

❜❡❣✐♥

①✿❂❛❀ ②✿❂❜❀ ✐♥
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀

❛✿❂①❀ ❜✿❂②❀ ♦✉t
❡♥❞❀

❙▲

❉▲

Procesor

P♦❥❛✇✐➟❛ s✐➛ ♥♦✇❛ ❥❡❞♥♦st❦❛ ❞②♥❛♠✐❝③♥❛✿ r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦✲
❝❡❞✉r② ❙✇❛♣✳ ❯t✇♦r③♦♥♦ ❥→ ✇❡❞➟✉❣ ♥❛st➛♣✉❥❛❝❡❥ r❡❣✉➟② ❦♦♣✐✐✿
❉❡❦❧❛r❛❝❥➛ ♣r♦❝❡❞✉r② ♣r③❡❦s③t❛➟❝❛ s✐➛ ✇ ✐♥str✉❦❝❥➛ ❜❧♦❦✉✳ P❛✲
r❛♠❡tr② ❢♦r♠❛❧♥❡ st❛❥→ s✐➛ ✇✐❡❧❦♦➧❝✐❛♠✐ ✭❧♦❦❛❧♥②♠✐✮ ③❛❞❡❦❧❛✲
r♦✇❛♥②♠✐ ✇❡✇♥→tr③ ❜❧♦❦✉✳ ❲ tr❡➧❝✐ ❜❧♦❦✉ ♣♦❥❛✇✐❛❥→ s✐➛ ♥❛❥✲
♣✐❡r✇ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛✱ t❛❦ ❜② ♣❛r❛♠❡tr♦✇✐ ❢♦r♠❛❧♥❡♠✉ fi
♣r③②♣✐s❛❝ ✇❛rt♦➧➣ ♣❛r❛♠❡tr② ❛❦t✉❛❧♥❡❣♦ ai✱ ♦ ✐❧❡ i✲t② ♣❛r❛♠❡tr
❢♦r♠❛❧♥② ③♦st❛➟ ③❛❞❡❦❧❛r♦✇❛♥② ③ ♠♦❞②✜❦❛t♦r❡♠ ✐♥✳ P♦t❡♠ ✇
tr❡➧❝✐ ❜❧♦❦✉ ♣♦❥❛✇✐❛ s✐➛ tr❡➧❝ ♣r♦❝❡❞✉r② ✭t✉ tr③② ✐♥str✉❦❝❥❡✮✳
P♦t❡♠ ♣♦❥❛✇✐❛❥❛ s✐❡ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛ ♣r③❡❦❛③✉❥→❝❡ ✇❛rt♦✲
➧❝✐ ♣❛r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤ ③❛❞❡❦❧❛r♦✇❛♥②❝❤ ③ ♠♦❞②✜❦❛t♦r❡♠
♦✉t ♦❞♣♦✇✐❡❞♥✐♠ ♣❛r❛♠❡tr♦♠ ❛❦t✉❛❧♥②♠✳
❙♣r❛✇❞➵✱ ➺❡ ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ❞♦✲
♣r♦✇❛❞③✐➟♦ ❞♦ ✉t✇♦r③❡♥✐❛ ♣♦❦❛③❛♥❡❣♦ ♥❛ ♣♦✇②➺s③②♠ r②s✉♥❦✉
r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② ❙✇❛♣✳
❊❢❡❦t❡♠ ✇②❦♦♥❛♥✐❛ ❞✇✉ ♣♦❧❡❝❡➠ ①✿❂❛❀ ②✿❂❜❀ ♣r③❡❦❛③✉❥→❝②❝❤ ♣❛✲
r❛♠❡tr② ❛❦t✉❛❧♥❡ ♣❛r❛♠❡tr♦♠ ❢♦r♠❛❧♥②♠ ❥❡st st❛♥ ♣♦❦❛③❛♥②
♥❛ ♥❛st➛♣✉❥❛❝②♠ r②s✉♥❦✉✳

♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ❧✶
✈❛r ❜ ❂ ❧✷
✈❛r ❝ ❂ ❧✸
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

❜❧♦❝❦
✈❛r ① ❂ ❧✶
✈❛r ② ❂ ❧✷
✈❛r t ❂ ✵

❜❡❣✐♥
①✿❂❛❀ ②✿❂❜❀
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀
❛✿❂①❀ ❜✿❂②❀

❡♥❞❀

❙▲

❉▲

Procesor

P♦ ✇②❦♦♥❛♥✐✉ tr③❡❝❤ ❦♦❧❡❥♥②❝❤ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ③❛✇❛r✲
t②❝❤ ✇ tr❡➧❝✐ ♣r♦❝❡❞✉r② ❙✇❛♣✱ ♥❛ ❦♦❧❡❥♥②♠ r②s✉♥❦✉ ③♦❜❛❝③②♠②
t❛❦✐ ♦❜r❛③✳

✶✾✵



♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ❧✶
✈❛r ❜ ❂ ❧✷
✈❛r ❝ ❂ ❧✸
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

❜❧♦❝❦
✈❛r ① ❂ ❧✷
✈❛r ② ❂ ❧✶
✈❛r t ❂ ❧✶

❜❡❣✐♥
①✿❂❛❀ ②✿❂❜❀
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀
❛✿❂①❀ ❜✿❂②❀

❡♥❞❀

❙▲

❉▲

Procesor

❑♦➠❝③②♠② ✇②❦♦♥②✇❛♥✐❡ ♣r♦❝❡❞✉r② ❙✇❛♣✳ Pr③❡❦❛③✉❥❡♠② ✇❛r✲
t♦➧❝✐ ♣❛r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤ ♦③♥❛❝③♦♥②❝❤ ♠♦❞②✜❦❛t♦r❡♠ ♦✉t
♦❞♣♦✇✐❡❞♥✐♠ ♣❛r❛♠❡tr♦♠ ❛❦t✉❛❧♥②♠✳

♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ❧✷
✈❛r ❜ ❂ ❧✶
✈❛r ❝ ❂ ❧✸
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

❜❧♦❝❦
✈❛r ① ❂ ❧✷
✈❛r ② ❂ ❧✶
✈❛r t ❂ ❧✶

❜❡❣✐♥
①✿❂❛❀ ②✿❂❜❀
t ✿❂①❀
①✿❂②❀
② ✿❂ t❀
❛✿❂①❀ ❜✿❂②❀

❡♥❞❀

❙▲

❉▲

Procesor

❯s✉✇❛♠② r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② ❙✇❛♣✳ Pr♦❝❡s♦r ✇③♥❛✲
✇✐❛ ❞③✐❛➟❛♥✐❡ ✇ r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ ✇s❦❛③❛♥②♠ ♣r③❡③ str③❛➟❦➛
❉▲✳

♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ❧✷
✈❛r ❜ ❂ ❧✶
✈❛r ❝ ❂ ❧✸
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

Procesor

❉♦ t❡❣♦ ♠✐❡❥s❝❛ ♠♦➺♥❛ ❞♦❥➧➣ ❞✇♦♠❛ ró➺♥②♠✐ ❞r♦❣❛♠✐✳ ❖t♦✱
❥❛❦ ③❛♣✐s❛➣ ✇s♣ó❧♥❡ ❝❡❝❤② st❛♥✉ ❥❛❦✐ ✇✐❞③✐♠② ♣♦✇②➺❡❥✳

✶✾✶



♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ♠✐♥✭❧✶✱❧✷✮
✈❛r ❜ ❂ ♠❛①✭❧✶✱❧✷✮
✈❛r ❝ ❂ ❧✸
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

Procesor

❲ ♣♦❞♦❜♥② s♣♦só❜ ♣r③❡❦♦♥✉❥❡♠② s✐➛✱ ➺❡ ♣♦ ✇②❦♦♥❛♥✐✉ ❞r✉✲
❣✐❡❥ ✐♥str✉❦❝❥✐ ✇❛r✉♥❦♦✇❡❥ ✐❢ ❜ ❃❝ ✳ ✳ ✳ ✜ ③❛❝❤♦❞③✐ ró✇♥♦➧➣ c =
max(max(a, b), c)✳ ◆❛t♦♠✐❛st ♥✐❡ ✇✐❛❞♦♠♦ ❝③② a < b✳

♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ♠✐♥✭❧✶✱❧✷✮
✈❛r ❜ ❂ ♠❛①✭❧✶✱❧✷✮
✈❛r ❝ ❂ ♠❛①✭♠❛①✭❧✶✱❧✷✮✱❝✮
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

Procesor

P♦ ✇②❦♦♥❛♥✐✉ tr③❡❝✐❡❥ ✐♥str✉❦❝❥✐ ✇❛r✉♥❦♦✇❡❥ s♣❡➟♥✐♦♥❡ s→ ❞✇✐❡
r❡❧❛❝❥❡ a ≤ b ✐ c = max(max(l1, l2), l3)✳ ❲♦❜❡❝ t❡❣♦ ✐♥str✉❦❝❥❛ ✇r✐✲
t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮ ✇②❞r✉❦✉❥❡ ✇❛rt♦➧❝✐ a, b, c ✇ ♣♦r③→❞❦✉ ♥✐❡✲
♠❛❧❡❥→❝②♠✳ ❈❤❝❡s③ t♦ s♣r❛✇❞➵✳ ❆❧❡ ❝♦ ❞❧❛ ❈✐❡❜✐❡ ③♥❛❝③② s➟♦✇♦
s♣r❛✇❞➵❄

♣r♦❣r❛♠ s♦rt✉❥✸❡❧❡♠❡♥t②❀
✈❛r ❛ ❂ ♠✐♥✭❧✶✱♠✐♥✭❧✷✱❧✸✮✮
✈❛r ❜ ❂ ♠❛①✭♠✐♥✭❧✶✱❧✷✮✱♠✐♥✭❧✷✱❧✸✮✮
✈❛r ❝ ❂ ♠❛①✭♠❛①✭❧✶✱❧✷✮✱❧✸✮
✉♥✐t ❙✇❛♣✿ ♣r♦❝❡❞✉r❡✭①✱②✿ ✐♥t❡❣❡r❀ ✳ ✳ ✳

❜❡❣✐♥
r❡❛❞❧♥✭❛✱❜✱❝✮❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✐❢ ❜ ❃ ❝ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❜✱❝✮ ✜❀
✐❢ ❛ ❃ ❜ t❤❡♥ ❝❛❧❧ ❙✇❛♣✭❛✱❜✮ ✜❀
✇r✐t❡❧♥✭✏❛❂ ✑✱❛✱✏❜❂ ✑✱❜✱ ✏❝❂✑✱❝✮

❡♥❞

Procesor

❘♦③♣❛tr③♠② ❦♦❧❡❥♥② ♣r③②❦➟❛❞

✶✾✷



✷✳ ❙❦➟❛❞♥✐❛

❩❛❝③②♥❛♠② ♦❞ ♣r♦❝❡❞✉r ③ ♣❛r❛♠❡tr❛♠✐ ✐♥✱ ♦✉t✱ ✐♥♦✉t✳ ❇❡③
♣r♦❝❡❞✉r ✐ t②♣ó✇ ❥❛❦♦ ♣❛r❛♠❡tró✇✳
❑➟♦♣♦t② ③ ♣r♦❝❡❞✉r❛♠✐ ❥❛❦♦ ♣❛r❛♠❡tr❛♠✐ ✕ ♣r♦❜❧❡♠② ♣♦✇✐❡r③✲
❝❤♦✇♥❡ ✭❾❛t✇✐❡❥s③❡✮ ③❛♣♦❜✐❡❣❛➣ ✇②✇♦➟❛♥✐✉ ③ ♣❛r❛♠❡tr❡♠ P ♦
♥✐❡♣r❛✇✐❞➟♦✇❡❥ ❧✐❝③❜✐❡ ❛r❣✉♠❡♥tó✇✱ t②♣❛❝❤ ❛r❣✉♠❡♥tó✇✳ Pr♦✲
❜❧❡♠② tr✉❞♥✐❡❥s③❡ ✕ ♣♦❥❛✇✐❛❥→ s✐➛ ✇t❡❞② ❣❞② ❛✉t♦r ♣r♦❝❡❞✉r②
③❛❦➟❛❞❛✱ ③❡ ♣❛r❛♠❡tr ❛❦t✉❛❧♥② s♣❡➟♥✐❛ ❥❛❦✐➧ ✇❛r✉♥❡❦✱ ❛ ✉③②t✲
❦♦✇♥✐❦ ✭t❥✳ ❛✉t♦r ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r②✮ ♥✐❡ ❞♦♣✐❧♥♦✇❛➟ ❜② ✇❛✲
r✉♥❡❦ t❡♥ ③♦st❛➟ ③❛♣❡✇♥✐♦♥②✳
❲❨▼❨➅▲ ♣r③②❦➟❛❞✳
❙tr✉❦t✉r❛ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡❞✉r② ❥❡st ♣♦❞♦❜♥❛ ❞♦ str✉❦t✉r② ❜❧♦❦✉✳

❉❡✜♥✐❝❥❛ ✶✶✳✶✳ ◆✐❡❝❤ Ψ, κ1, ..., κn ❜➛❞→ ✐❞❡♥t②✜❦❛t♦r❛♠✐✱ µ1, ..., µn

❜➛❞→ s➟♦✇❛♠✐ ③ tró❥❡❧❡♠❡♥t♦✇❡❣♦ ③❜✐♦r✉ {in, out, inout} ✳✳✳
❉❡❦❧❛r❛❝❥❛ ♣r♦❝❡❞✉r② Ψ ♠❛ ♥❛st➛♣✉❥→❝→ ♣♦st❛➣

nazwa
︷ ︸︸ ︷

✉♥✐t Ψ : ♣r♦❝❡❞✉r❡

❧✐st❛ ♣❛r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤
︷ ︸︸ ︷

(µ1 κ1 : T1, . . . , µn κn : Tn) ;
︸ ︷︷ ︸

♥❛❣➟ó✇❡❦ ♣r♦❝❡❞✉r②

D ❜❡❣✐♥ I ❡♥❞ Ψ
︸ ︷︷ ︸

tr❡➧➣ ♣r♦❝❡❞✉r②

■❞❡♥t②✜❦❛t♦r Ψ ❥❡st ♥❛③✇→ ③❛❞❡❦❧❛r♦✇❛♥❡❥ ♣r♦❝❡❞✉r②✱ ❈✐→❣
♥❛♣✐só✇ µ1 κ1 : T1, µn κn : Tn ❥❡st ❧✐st→ ♣❛r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤
♣r♦❝❡❞✉r② Ψ✳ ■❞❡♥t②✜❦❛t♦r κi ❥❡st ❢♦r♠❛❧♥②♠ i✲t②♠ ♣❛r❛♠❡tr❡♠
t②♣✉ ♣✐❡r✇♦t♥❡❣♦ ❧✉❜ t❛❜❧✐❝♦✇❡❣♦ Ti✳ ❙➟♦✇♦ µi ♦❦r❡s❧❛ s♣♦só❜
♣r③❡❦❛③②✇❛♥✐❛ ♣❛r❛♠❡tr✉ ❛❦t✉❛❧♥❡❣♦ ✕ ♦❜❥❛➧♥✐♠② t♦ ♥✐❡❝♦ ❞❛✲
❧❡❥✳
▲✐st❛ ❞❡❦❧❛r❛❝❥✐ ❧♦❦❛❧♥②❝❤ D✱ ③❛ró✇♥♦ ♣r♦❣r❛♠✉ ❥❛❦ ✐ ♣r♦❝❡❞✉r②
♠♦➺❡ ③❛✇✐❡r❛➣ ❞❡❦❧❛r❛❝❥❡ ♣r♦❝❡❞✉r ✐ ❞❡❦❧❛r❛❝❥❡ ③♠✐❡♥♥②❝❤ ✐ st❛✲
➟②❝❤✳
❙tr✉❦t✉r❛ ♠♦❞✉➟ó✇ ♣r♦❣r❛♠✉✳ ❩❜✐ór ❜❧♦❦ó✇ ✐ ♣r♦❝❡❞✉r ③❛❞❡✲
❦❧❛r♦✇❛♥②❝❤ ✇ ♣r♦❣r❛♠✐❡ ✇r❛③ ③ r❡❧❛❝❥→ decl ❥❡st ❞r③❡✇❡♠✳

✶✾✸



Pr③②❦➟❛❞ ✶✶✳✷✳

♣r♦❣r❛♠ Pr✼❀
✉♥✐t P✷✿ ♣r♦❝❡❞✉r❡✭✮❀

✉♥✐t P✇✿ ♣r♦❝❡❞✉r❡✭✮❀
❜❡❣✐♥
❝❛❧❧ P✸✭✮❀

❡♥❞ P✇❀
❜❡❣✐♥
✳✳✳
❝❛❧❧ P✇✭✵✮❀
✳✳✳

❡♥❞ P✷❀
✳ ✳ ✳
✉♥✐t P✸✿ ♣r♦❝❡❞✉r❡✭✮❀
✳ ✳ ✳
❡♥❞ P✸❀

❜❡❣✐♥
✳✳✳
❝❛❧❧ P✷✭✮❀

❡♥❞

r②s✳ ❣r❛❢ ♠♦❞✉➟② ✰ ❞❡❝❧ ❈✐→❣ ✐♥str✉❦❝❥✐ I ♠♦➺❡ ③❛✇✐❡r❛➣ ✐♥✲
str✉❦❝❥❡ ③♥❛♥❡ ♥❛♠ ✇❝③❡➧♥✐❡❥ ♦r❛③ ✐♥str✉❦❝❥❡ ♣r♦❝❡❞✉r②✳ ✳✳✳♦❜❥✳

❉❡✜♥✐❝❥❛ ✶✶✳✷✳ ■♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ♠❛ ♥❛st➛♣✉❥→❝→ ❜✉❞♦✇➛

❝❛❧❧ Ψ (ω1, . . . , ωn)
︸ ︷︷ ︸

lista par.aktualnych

❑❛➺❞② ♣❛r❛♠❡tr ❛❦t✉❛❧♥② ωi ♠❛ ❜②➣ ✇②r❛➺❡♥✐❡♠ t②♣✉ Ti ✇②✲
♠✐❡♥✐♦♥❡❣♦ ✇ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡❞✉r② Ψ✳
❏❡➧❧✐ s♣♦só❜ ♣r③❡❦❛③❛♥✐❛ i✲t❡❣♦ ♣❛r❛♠❡tr✉ ❥❡st ♦✉t ❧✉❜ ✐♥♦✉t t♦
✇②r❛➺❡♥✐❡ ωi ♠✉s✐ ❜②➣ ③♠✐❡♥♥→ ✭♣r♦st→ ❧✉❜ ✐♥❞❡❦s♦✇❛♥→✮ t②♣✉
Ti✳

❩❜✐ór ♣r♦❝❡❞✉r ③❛❞❡❦❧❛r♦✇❛♥②❝❤ ✇ ♣r♦❣r❛♠✐❡ ✇r❛③ ③ r❡❧❛❝❥❛
call ❥❡st ❣r❛❢❡♠ ✇②✇♦➟❛➠✳ r②s✳ ♠♦❞✉➟② ✰ ❝❛❧❧

✸✳ ❑♦♠♣✉t❡r K7

❑♦♠♣✉t❡r K7 ③❛❝❤♦✇✉❥❡ ③❞♦❧♥♦➧➣ ✇②❦♦♥②✇❛♥✐❛ ♣♦❧❡❝❡➠ ③♥❛✲
♥②❝❤ ③ ✇❝③❡➧♥✐❡❥s③②❝❤ ✇❡rs❥✐ ❛❜str❛❦❝②❥♥❡❣♦ ❦♦♠♣✉t❡r❛ K6✳ ◆♦✇❛
✉♠✐❡❥➛t♥♦➧➣ t♦

■♥str✉❦❝❥❛ ♣r♦❝❡❞✉r②✳ ❑♦♠♣✉t❡r ♦❜❧✐❝③❛ ♣❛r❛♠❡tr② ❛❦t✉❛❧♥❡
✐ s❦➟❛❞❛ ❥❡ ♥❛ st♦s✳ ◆❛st➛♣♥✐❡ t✇♦r③② ♥♦✇→ ❥❡❞♥♦st❦➛ ❞②♥❛✲
♠✐❝③♥→ t❥✳ r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② ✐ ♣r③❡♥♦s✐ ♣r♦❝❡s♦r ❞♦
✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ✇ t❡❥ ❥❡❞♥♦st❝❡✳ ❘❡t✉r♥ ✲ ✐♥str✉❦❝❥❛
③❛❦♦➠❝③❡♥✐❛ ♦❜❧✐❝③❡➠ ✇ r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r②✳ ❖❞❡✲
s➟❛♥✐❡ ♦❜❧✐❝③♦♥②❝❤ ✇❛rt♦➧❝✐ ❞♦ ♣❛r❛♠❡tró✇ ❛❦t✉❛❧♥②❝❤ ♦❦r❡➧❧♦✲
♥②❝❤ ❥❛❦♦ ♦✉t ❧✉❜ ✐♥♦✉t✳

✶✾✹



✹✳ ❙❡♠❛♥t②❦❛

❩♥❛❝③❡♥✐❡ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ♥✐❡ ❥❡st ♦❝③②✇✐st❡✳ Pr③❡③
♣❡✇✐❡♥ ❝③❛s ♣r③②❥♠♦✇❛♥♦✱ ➺❡ ✐♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ❞❛ s✐➛ ✇②✲
t➟✉♠❛❝③②➣ ♣r③② ♣♦♠♦❝② t③✇✳ r❡❣✉➟② ❦♦♣✐✐✱ ③♦❜❛❝③ ♣♦♥✐➺❡❥✳
❲ ♣r③②♣❛❞❦❛❝❤ ❜❛r❞③✐❡❥ ③➟♦➺♦♥②❝❤ t❛ r❡❣✉➟❛ ♥✐❡ ✇②st❛r❝③❛✳
❖❣ó❧♥② ♣r③②♣❛❞❡❦ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ♦❜❥❛➧♥✐♠② ♦♣✐s✉❥→❝ ♣r♦✲
t♦❦ó➟ ❝❛❧❧ ✕ ✇s♣ó➟♣r❛❝② ❥❡❞♥♦st❦✐ ❞②♥❛♠✐❝③♥❡❥ ③❛✇✐❡r❛❥→❝❡❥ ✐♥✲
str✉❦❝❥➛ ♣r♦❝❡❞✉r② ③ r❡❦♦r❞❡♠ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r②✳ ❘❡❣✉➟❛
❦♦♣✐✐ ✕ ♣✐❡r✇s③❡ ♣r③②❜❧✐➺❡♥✐❡✳
❲②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ❥❡st ró✇♥♦✇❛➺♥❡ ✇②❦♦♥❛♥✐✉
✐♥str✉❦❝❥✐ ♣❡✇♥❡❣♦ ❜❧♦❦✉ s❦♦♥str✉♦✇❛♥❡❣♦ ③ ♣❛r❛♠❡tró✇ ❛❦✲
t✉❛❧♥②❝❤ ✐ tr❡➧❝✐ ♣r♦❝❡❞✉r②✳ ❩❛♠✐❡♥✐❛♠② ✐♥str✉❦❝❥➛ ♣r♦❝❡❞✉r②
♣r③❡③ ♦❞♣♦✇✐❡❞♥✐♦ ③❜✉❞♦✇❛♥② ❜❧♦❦✳ ◆❛❥♣✐❡r✇ ♣r③②❦➟❛❞

Pr③②❦➟❛❞ ✶✶✳✸✳ Pr♦❣r❛♠ ③❛✇✐❡r❛ ❞❡❦❧❛r❛❝❥➛ ♣❡✇♥❡❥ ♣r♦❝❡✲
❞✉r② Psi ✐ ❥❡❞♥→ ❧✉❜ ✇✐➛❝❡❥ ✐♥str✉❦❝❥➛ ♣r♦❝❡❞✉r② ❝❛❧❧ Ps✐✭✳✳✳✮✳

program PrA;
var x, y : integer, z : real;









unit Psi : procedure(in a : integer, out b : real, inout c : integer);
var u : integer;

begin

b := a+ c; u := −11; c := a− u
end Psi;









begin

x := 7; z := x− 5;

❝❛❧❧ Ps✐✭①✯✹✱②✱③✮ ;

writeln(“z =′′, z, “y =′′, y)
end

✶✾✺



❚❡♥ ♣r♦❣r❛♠ ❥❡st ró✇♥♦✇❛➺♥② ♣r♦❣r❛♠♦✇✐ ♥❛♣✐s❛♥❡♠✉ ♣♦♥✐➺❡❥

program PrAMod;
var x, y : integer, z : real;












unit Psi : procedure( ✐♥ ❛✿✐♥t❡❣❡r✱♦✉t ❜✿r❡❛❧✱ ✐♥♦✉t ❝✿ ✐♥t❡❣❡r );

✈❛r ✉✿ ✐♥t❡❣❡r❀
❜❡❣✐♥
❜✿❂❛✰❝❀ ✉✿❂✲✶✶❀ ❝✿❂❛✲✉

❡♥❞ Psi;












begin

x := 7; z := x− 5;






block

var a : integer, b : real, c : integer;
var u : integer

begin

a := x ∗ 4; c := z; (∗ ♣♦❜r❛♥✐❡ ♣❛r❛♠❡tró✇ ✐♥✿ ❛ ✐ ❝ ∗)
b := a+ c; u := −11; c := a− u (∗ t♦ ❥❡st tr❡➧➣ Ps✐ ∗)
y := b; z := c (∗♦❞❡s➟❛♥✐❡ ♣❛r❛♠❡tró✇ ♦✉t✿ ❜ ✐ ❝✱ ∗)

end







(∗ ≡ callPsi...∗)

writeln(“z =′′, z, “y =′′, y)
end

❑♦❧❡❥♥② ♣r③②❦➟❛❞

Pr③②❦➟❛❞ ✶✶✳✹✳ ❲ t②♠ ♣r③②❦➟❛❞③✐❡ ♣♦❦❛➺❡♠②✱ ➺❡ ♠♦➺❡ ✐st✲
♥✐❡➣ ❦♦♥✢✐❦t ♥❛③✇✿ ❧♦❦❛❧♥❛ ♥❛③✇❛ ♣❛r❛♠❡tr✉ ❢♦r♠❛❧♥❡❣♦ ✐ ♥✐❡✲
❧♦❦❛❧♥❛ ③♠✐❡♥♥❛ ✇②st➛♣✉❥→❝❛ ✇ ♣❛r❛♠❡tr③❡ ❛❦t✉❛❧♥②♠✳
❚r❛♥s♠✐s❥❛ ♣❛r❛♠❡tr✉ ❛❦t✉❛❧♥❡❣♦ ❞♦ ♣❛r❛♠❡tr✉ ❢♦r♠❛❧♥❡❣♦ ❜✉✲
❞③✐ ✇ t②♠ ♣r③②♣❛❞❦✉ ✇→t♣❧✐✇♦➧❝✐✳
❛ ✿❂ ✭②✰✸✮✯❛
❲❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ✭②✰✸✮✯❛ ♣♦✇✐♥♥❛ ❜②➣ ♦❜❧✐❝③♦♥❛ ♣r③❡❞ ♣r③❡✲
❦❛③❛♥✐❡♠ ♣❛r❛♠❡tr✉ ❞♦ ♣r♦❝❡❞✉r②✳ ❆ ♣r③②♣✐s❛♥✐❡ ❞♦ ♣❛r❛♠❡tr✉
❢♦r♠❛❧♥❡❣♦ ✭✇✐❡❧❦♦➧❝✐ ❧♦❦❛❧♥❡❥ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r②✮
❥✉➺ ✇❡✇♥→tr③ t❡❣♦ r❡❦♦r❞✉✳ ❏❛❦ ♣♦st→♣✐➣❄
✶✳ ♦❜❧✐❝③ ✇❛rt♦➧➣ ♣❛r❛♠❡tr✉ ❛❦t✉❛❧♥❡❣♦ ✐ ♣r③②♣✐s③ ③♠✐❡♥♥❡❥ ♣♦✲
♠♦❝♥✐❝③❡❥ ✭ró➺♥❡❥ ♦❞ ❞♦ t❡❥ ♣♦r② ③❛❞❡❦❧❛r♦✇❛♥②❝❤ ③♠✐❡♥♥②❝❤✮
♥♣✳ ❛✉① ✿❂ ✭②✰✸✮✯❛✱
✷✳ ③♠✐❡➠ ♥✐❡❝♦ ✐♥str✉❦❝❥➛ ♣r♦❝❡❞✉r②✱ ♥♣✳ ❝❛❧❧ Ps✐✭✳✳✳✱❛✉①✱ ✳✳✳✮

❲ ❦♦❧❡❥♥②♠ ♣r③②❦➟❛❞③✐❡ ♣♦❦❛➺❡♠②✱ ➺❡ str③❛➟❦✐ ❉▲ ✐ ❙▲ ♥✐❡
③❛✇s③❡ ♠✉s③→ ♠✐❡➣ t❡♥ s❛♠ ♣♦❝③→t❡❦ ✐ ❦♦♥✐❡❝✳

✶✾✻



Pr③②❦➟❛❞ ✶✶✳✺✳

♣r♦❣r❛♠ Pr✼❀
✉♥✐t P✷✿ ♣r♦❝❡❞✉r❡✭✮❀

✉♥✐t P✇✿ ♣r♦❝❡❞✉r❡✭✮❀
❜❡❣✐♥
❝❛❧❧ P✸✭✮❀

❡♥❞ P✇❀
❜❡❣✐♥
✳✳✳
❝❛❧❧ P✇✭✵✮❀
✳✳✳

❡♥❞ P✷❀
✳ ✳ ✳
✉♥✐t P✸✿ ♣r♦❝❡❞✉r❡✭✮❀
✳ ✳ ✳
❡♥❞ P✸❀

❜❡❣✐♥
✳✳✳
❝❛❧❧ P✷✭✮❀

❡♥❞

❙t❛t②❝③♥❛ str✉❦t✉r❛ ♠♦❞✉➟ó✇ t❡❣♦ ♣r♦❣r❛♠✉ ❥❡st ✇✐❞♦❝③♥❛
♥❛ r②s✉♥❦✉ ♣♦♥✐➺❡❥✳ ❩✐❡❧♦♥❡ ♣r♦st♦❦→t② r❡♣r❡③❡♥t✉❥→ ♣r♦❝❡❞✉r②
✭❧✉❜ ❜❧♦❦✐✮✳ ❙tr③❛➟❦❛ ❞❡❝❧ ♣r♦✇❛❞③✐ ♦❞ ♠♦❞✉➟✉ ❆ ❞♦ ♠♦❞✉➟✉ ❇
❣❞② t❡♥ ♦st❛t♥✐ ❥❡st ③❛❞❡❦❧❛r♦✇❛♥② ✇ ♠♦❞✉❧❡ ❇✳ ❲ ♣r③②♣❛❞❦✉
❣❞② ♠♦❞✉➟ ❆ ❥❡st ❜❧♦❦✐❡♠✱ str③❛➟❦❛ ❞❡❝❧ ♣r♦✇❛❞③✐ ❞♦ ♠♦❞✉➟✉
③❛✇✐❡r❛❥→❝❡❣♦ t❡♥ ❜❧♦❦ ✇➧ró❞ s✇♦✐❝❤ ✐♥str✉❦❝❥✐✳

P✷

Pr♦❣r❛♠

P✸

P✇

❞❡❝❧ ❞❡❝❧

❞❡❝❧

●r❛❢ ✇②✇♦➟❛➠ ③❛✇✐❡r❛ ♠♦❞✉➟② ♣r♦❣r❛♠✉✳ ❙tr③❛➟❦❛ ❝❛❧❧ ➟→❝③②
♠♦❞✉➟ ❆ ③ ♠♦❞✉➟❡♠ ❇ ❥❡➧❧✐ ✇➧ró❞ ✐♥str✉❦❝❥✐ ♠♦❞✉➟✉ ❆ ✇②✲
st➛♣✉❥❡ ✐♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ❝❛❧❧ ❇✭✳ ✳ ✳ ✮ ❧✉❜✱ ✇ ♣r③②♣❛❞❦✉ ❣❞②
♠♦❞✉➟ ❇ ❥❡st ❜❧♦❦✐❡♠✱ ❣❞② ❜❧♦❦ t❡♥ ✇②st➛♣✉❥❡ ♣♦♠✐➛❞③② ✐♥✲
str✉❦❝❥❛♠✐ ♠♦❞✉➟✉ ❆✳✳

P✷

Pr♦❣r❛♠

P✸

P✇

❝❛❧❧ P✷

❝❛❧❧ P✸❝❛❧❧ P✇

❲ ♣❡✇♥②♠ ♠♦♠❡♥❝✐❡ ♦❜❧✐❝③❡➠ ✐st♥✐❡❥→ ❝③t❡r② r❡❦♦r❞② ❛❦t②✇❛✲
❝❥✐✳

✶✾✼



▼❛✐♥ P✷ P✇ P✸

Procesor
❙▲

❉▲

❙▲

❉▲

❙▲

❉▲

❘❡❧❛❝❥❛ ❞❡❝❧ ♣♦♠✐➛❞③② ♠♦❞✉➟❛♠✐ ✇ st❛t②❝③♥②♠ ❣r❛✜❡ ♠♦❞✉➟ó✇
❞❛❥❡ ♣♦❞st❛✇② ❞♦ st✇♦r③❡♥✐❛ r❡❧❛❝❥✐ ❙▲ ♣♦♠✐➛❞③② ❥❡❞♥♦st❦❛♠✐
❞②♥❛♠✐❝③♥②♠✐ ♠♦❞✉➟ó✇✳
❘❡❧❛❝❥❛ ❝❛❧❧ ✭❣r❛❢ ✇②✇♦➟❛➠ ♣r♦❝❡❞✉r ✇ ❚✇♦✐♠ ♦❜❡❝♥②♠ st❛♥✐❡
✇✐❡❞③② ♦ ♠♦❞✉➟❛❝❤✮ ❥❡st r❡❧❛❝❥→ ♦❞✇r♦t♥→ ❞♦ r❡❧❛❝❥✐ ❉▲ ♣♦♠✐➛✲
❞③② ❥❡❞♥♦st❦❛♠✐ ❞②♥❛♠✐❝③♥②♠✐✳

❞❡❢✳ ➟❛➠❝✉❝❤❛ ❞②♥❛♠✐❝③♥❡❣♦
❆ ♦t♦ r❡❣✉➟❛ ❦♦♣✐✐✳ ■♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ❝❛❧❧ P✭❛✱❜✱❝✮ ♠❛

t❡♥ s❛♠ ❡❢❡❦t ❝♦ ✐♥str✉❦❝❥❛ ❜❧♦❦✉ ③❜✉❞♦✇❛♥❡❣♦ ♥❛ ♣♦❞st❛✇✐❡
tr❡➧❝✐ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡❞✉r② P ✐ ♣♦st❛❝✐ ♣❛r❛♠❡tró✇ ❛❦t✉❛❧♥②❝❤
❛✱ ❜✱ ❝✳

❝❛❧❧ P (a, b, c)α⇔







❜❧♦❝❦
♦❜❧✐❝③ ✇❛rt♦➧❝✐ ❛✱ ❜ ✐ ❝✱
③➟ó➺ ❥❡ ♥❛ st♦s
❜❧♦❝❦
tr❡➧➣ t❡❣♦ ❜❧♦❦✉ ✇❡➵ ③ ❞❡❦❧❛r❛❝❥✐ P❀
♠♦❞②✜❦✉❥→❝ ❥→ ✇ t❡♥ s♣♦só❜✿
♣r③②♣✐s③ ✇❛rt♦➧❝✐ ③❡ st♦s✉
❛✱ ❜ ✐ ❝ ♣❛r❛♠❡tr♦♠ ❢♦r♠❛❧♥②♠
t✉ ✇st❛✇ tr❡➧➣ P
③❛❦♦➠❝③❡♥✐❡ ✕ ♦❞❡❜r❛♥✐❡ ✇②♥✐❦ó✇
❡♥❞
❡♥❞







α

Pr♦❜❧❡♠② ✐ ♣②t❛♥✐❛
❈③② t♦ ♠✉s✐ ❜②➣ t❛❦✐❡ s❦♦♠♣❧✐❦♦✇❛♥❡❄
❩❛✉✇❛➺✱ ♦❜❧✐❝③❡♥✐❡ ✇❛rt♦➧➣✐ ♣❛r❛♠❡tró✇ ♠❛ ♠✐❡❥s❝❡ t❛♠ ❣❞③✐❡
❥❡st ✐♥str✉❦❝❥❛ ♣r♦❝❡❞✉r②✱ ❛❧❡ ❝✐→❣ ❞❛❧s③② ♦❜❧✐❝③❡➠ ♠❛ ♠✐❡❥s❝❡ ✇
r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② P✳ ❏❡➧❧✐ ♣❛r❛♠❡tr② ❛❦t✉❛❧♥❡ s→
③♠✐❡♥♥②♠✐ ❧✉❜ st❛➟②♠✐ t♦ r❡❣✉➟❛ ❦♦♣✐✐ ❥❡st ♣r♦sts③❛✿
❝❛❧❧ P✭❛✱ ❜✱ ❝✮ ③❛st❛♣ ♣r③❡③ ④❢✶✿❂❛❀❢✷✿❂❜❀ tr❡➧➣ P❀ ❜✿❂❢✷❀❝✿❂❢✸
⑥
③❛❦➟❛❞❛♠ t✉ ➺❡ ✇ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡❞✉r② P✱ ❛ ❥❡st ✐♥✱ ❜ ✐♥♦✉t✱ ❝
♦✉t✳ ❏❡➧❧✐ ✇ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ❥❡st ✇②r❛➺❡♥✐❡ ω t♦ ✐♥str✉❦❝❥➛
♣r♦❝❡❞✉r② ❝❛❧❧ P✭❛✱ ω✱ ❝✮ ③❛st❛♣ ♣r③❡③ ④③← ω❀ ❝❛❧❧ P✭❛✱③✱❝✮ ⑥

✹✳✶✳ Pr♦❝❡❞✉r② r❡❦✉r❡♥❝②❥♥❡✳ ❲ t②♠ ♠✐❡❥s❝✉ ♣r③❡❞st❛✇✐♠②
❞✇❛ ♣r③②❦➟❛❞②✿ ♣r♦❝❡❞✉r➛ r❡❦✉r❡♥❝②❥♥→ ♦❜❧✐❝③❛♥✐❛ s✐❧♥✐ ♦r❛③
♣r♦❝❡❞✉r➛ ✉st❛✇✐❛❥→❝→ ✽ ❤❡t♠❛♥ó✇ ♥❛ s③❛❝❤♦✇♥✐❝②✳

✶✾✽



Pr③②❦➟❛❞ ✶✶✳✻✳

♣r♦❣r❛♠ Pr❙❀
✈❛r ❛✱ ✇✿ ✐♥t❡❣❡r❀
✉♥✐t ❢❛❝t✿ ♣r♦❝❡❞✉r❡✭✐♥ ♥✿ ✐♥t❡❣❡r❀ ♦✉t ❢✿ ✐♥t❡❣❡r✮❀
✈❛r ❛✉①✿ ✐♥t❡❣❡r❀ ❜❡❣✐♥
✐❢ ♥❂✵ t❤❡♥ r❡s✉❧t ✿❂✶
❡❧s❡ ❝❛❧❧ ❢❛❝t✭♥✲✶✱ ❛✉①✮❀ r❡s✉❧t ✿❂ ❛✉①✯♥
✜

❡♥❞ ❢❛❝t❀
❜❡❣✐♥
r❡❛❞✭❛✮❀
❝❛❧❧ ❢❛❝t✭❛✱✇✮❀
✇r✐t❡❧♥✭✏❛r❣✉♠❡♥t❂ ✏✱ ❛✱ ✑ s✐❧♥✐❛❂ ✏✱ ✇✮

❡♥❞

❏❡➧❧✐ ✇❝③②t❛♥♦ ❛❂✸ t♦ ❦♦❧❡❥♥❡ ♠✐❣❛✇❦✐ ♦❜❧✐❝③❡♥✐❛ ♠♦❣→ ✇②✲
❣❧→❞❛➣ t❛❦✿

♣r♦❣r❛♠ Pr❙❀
✈❛r ❛✱ ✇✿ ✐♥t❡❣❡r❀
✉♥✐t ❢❛❝t✿ ♣r♦❝❡❞✉r❡✭✐♥ ♥✿ ✐♥t❡❣❡r❀ ♦✉t ❢✿ ✐♥t❡❣❡r✮❀
✈❛r ❛✉①✿ ✐♥t❡❣❡r❀ ❜❡❣✐♥
✐❢ ♥❂✵ t❤❡♥ r❡s✉❧t ✿❂✶
❡❧s❡ ❝❛❧❧ ❢❛❝t✭♥✲✶✱ ❛✉①✮❀
r❡s✉❧t ✿❂ ❛✉①✯♥

✜
❡♥❞ ❢❛❝t❀

❜❡❣✐♥
r❡❛❞✭❛✮❀
❝❛❧❧ ❢❛❝t✭❛✱✇✮❀
✇r✐t❡❧♥✭✏❛r❣✉♠❡♥t❂ ✏✱ ❛✱ ✑ ✇②♥✐❦❂ ✏✱ ✇✮

❡♥❞

♥ ❂ ✸
❢ ❂ ✵
❛✉① ❂

❜❡❣✐♥
♥ ✿❂ ❛ ❀
❜❧♦❝❦
❛✉①✶ ❂ ✵

❜❡❣✐♥
❛✉①✶ ✿❂ ♥✲✶❀
❝❛❧❧ ❢❛❝t✭❛✉①✶✱ ❛✉①✮❀
❢ ✿❂ ♥✯ ❛✉①❀

❡♥❞

✇ ✿❂❢
❡♥❞ ❢❛❝t❀

♥ ❂ ✷
❢ ❂ ✵
❛✉① ❂ ✵

❜❡❣✐♥

♥ ✿❂ ❛✉①✶ ❀
❜❧♦❝❦
❛✉①✶ ❂ ✵

❜❡❣✐♥
❛✉①✶ ✿❂ ♥✲✶❀
❝❛❧❧ ❢❛❝t✭❛✉①✶✱ ❛✉①✮❀
❢ ✿❂ ♥✯ ❛✉①❀

❡♥❞

✇ ✿❂❢
❡♥❞ ❢❛❝t❀

♥ ❂ ✶
❢ ❂ ✵
❛✉① ❂ ✵

❜❡❣✐♥

♥ ✿❂ ❛✉①✶ ❀
❜❧♦❝❦
❛✉①✶ ❂✵

❜❡❣✐♥
❛✉①✶ ❂ ♥✲✶❀
❝❛❧❧ ❢❛❝t✭❛✉①✶✱ ❛✉①✮❀
❢ ✿❂ ♥✯ ❛✉①❀
❡♥❞

❛✉① ✿❂❢
❡♥❞ ❢❛❝t❀

Procesor

❙▲

❉▲

❙▲

❉▲

❙▲

❉▲

t❛ ❦♦♥❝❡♣❝❥❛ r❡❣✉➟② ❦♦♣✐✐ ❥❡st ❜➛❞♥❛✦ ❲✐❞❛➣✱ ➺❡ ❞♦t②❝❤❝③❛s♦✇②
♠♦❞❡❧ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ③❛➟❛♠✉❥❡ s✐➛✳ ◆✐❡ ❥❡st ♣♦♣r❛✇♥②✳
❏❛❦ t♦ ♥❛♣r❛✇✐➣❄
❲ ❦♦♠♣✐❧❛t♦r③❡ ✐♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ❥❡st r❡❛❧✐③♦✇❛♥❛ ✇❡❞➟✉❣
♣✇♥❡❣♦ ♣r♦t♦❦♦➟✉✳ ▼ó✇✐ s✐➛ ♦ s❡❦✇❡♥❝❥✐ ✇②✇♦➟✉❥→❝❡❥✳
✐♥str✉❦❝❥❛ ❝❛❧❧ P✭❛1✱ ✳ ✳ ✳ ✱❛n✮ ❥❡st r❡❛❧✐③♦✇❛♥❛ ♣r③❡③ ✇②❦♦♥❛♥✐❡ ❝✐→❣✉

✶✾✾



♥❛st➛♣✉❥→❝②❝❤ ✐♥str✉❦❝❥✐
♦❜❧✐❝③ ✇❛rt♦➧➣ ♣❛r❛♠❡tr✉ ❛1 ✐ ✇➟ó➺ ♥❛ st♦s
✳ ✳ ✳
♦❜❧✐❝③ ✇❛rt♦➧➣ ♣❛r❛♠❡tr✉ ❛n ✐ ✇➟ó➺ ♥❛ st♦s
♣r③❡❥❞➺ ❞♦ ✇②❦♦♥②✇❛♥✐❛ ✭③♠♦❞②✜❦♦✇❛♥❡❥✮ tr❡➧❝✐ ♣r♦❝❡❞✉r② P✳
P♦ str♦♥✐❡ ♣r♦❝❡❞✉r② P✿
✉t♦➺s❛♠ st♦s ③ ♣❛r❛♠❡tr❛♠✐ ❢♦r♠❛❧♥②♠✐ ✭t❡♥ ③❛❜✐❡❣ ♣♦③✇❛❧❛
③❛♦s③❝③➛❞③✐➣ ❝✐→❣ ✐♥str✉❦❝❥✐
✇❡➵ ③❡ st♦s✉ ✐ ♣r③②♣✐s③ ♣❛r❛♠❛tr♦✇✐ ❢♦r♠❛❧♥❡♠✉ ❢n−i ❬❞❧❛ ✐❂ ✶✱
✳✳✳✱ ♥❪
✇②❦♦♥❛❥ tr❡➧➣ ♣r♦❝❡❞✉r②
♣♦✇ró➣ ❞♦ ❥❡❞♥♦st❦✐ ❞②♥❛♠✐❝③♥❡❥ ✇②✇♦➟✉❥→❝❡❥ ♣r♦❝❡❞✉r➛ P✳
♦❞❜✐❡r③ ✇❛rt♦➧❝✐ ♣r③❡❦❛③❛♥❡ ❞❧❛ ✇②♥✐❦✉✳
❦♦♥✐❡❝ ♣r♦t♦❦♦➟✉ ❈③②t❡❧♥✐❦ ③❡❝❤❝❡ ③❛✉✇❛➺②➣✱ ➺❡ ♣❛r➛ ③✇r♦tó✇
✇ ♣♦✇②➺s③②♠ ♣r♦t♦❦♦❧❡ ♣♦③♦st❛➟♦ ♥✐❡❥❛s♥②❝❤✳ ❚✇ór❝② ❦♦♠♣✐✲
❧❛t♦ró✇ ✇✐❡❞③→ ♦ ❝♦ ❝❤♦❞③✐✳
❏❛❦ ♥❛❧❡➺② r♦③✉♠✐❡➣ s➟♦✇❛ ✉t♦➺s❛♠✐❛♠② st♦s ✇❛rt♦➧❝✐ ♣❛r❛♠❡✲
tró✇ ❛❦t✉❛❧♥②❝❤ ③ ❧✐st❛ ♣❛r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤❄
❏❛❦ ♥❛❧❡➺② r♦③✉♠✐❡➣ ③✇r♦t ♦❞❜✐❡r③ ✇❛rt♦➧❝✐ ♣❛r❛♠❡tró✇ ❢♦r✲
♠❛❧♥②❝❤ ♦③♥❛❝③♦♥❡ ♠♦❞②✜❦❛t♦r❡♠ ♦✉t ❧✉❜ ✐♥♦✉t❄

✹✳✷✳ Pr♦t♦❦ó➟ ❝❛❧❧ ✲ r❡❛❧✐③❛❝❥❛ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r②✳ P♦♥✐➺❡❥
♦♣✐s✉❥❡♠② ♣r♦t♦❦ó➟ r❡❛❧✐③❛❝❥✐ ♣♦❧❡❝❡♥✐❛ ❝❛❧❧✳ ❉♦ ③r♦③✉♠✐❡♥✐❛
❥❛❦ ♦♥ ❞③✐❛➟❛ ✇②st❛r❝③②✱ ➺❡ ♦♣✐s③❡♠② ❣♦ ❞❧❛ ♣r③②♣❛❞❦✉ ❣❞②
♣r♦❝❡❞✉r❛ P ❥❡st ③❛❞❡❦❧❛r♦✇❛♥❛ ✇ t❡♥ s♣♦só❜✿
✉♥✐t P✿ ♣r♦❝❡❞✉r❡✭✐♥ ❛✿ ✐♥t❡❣❡r✱ ✐♥♦✉t ❜✿ ✐♥t❡❣❡r✱ ♦✉t ❝✿ r❡❛❧✮❀
✈❛r t✿ ✐♥t❡❣❡r❀

❜❡❣✐♥

t ✿❂❛❀
❝✿❂✲✼✼❀
❜ ✿❂ t❀

❡♥❞ P

✭✶✮ ◆✐❡❝❤ J ♦③♥❛❝③❛ ❥❡❞♥♦st❦➛ ❞②♥❛♠✐❝③♥→ ✱ ✇ ❦tór❡❥ ♥❛✲
❧❡➺② ✇②❦♦♥❛➣ ♣♦❧❡❝❡♥✐❡

❝❛❧❧ P✭t✰✉✱ ✈✱✇✮

✇②❦♦♥✉❥❡♠② ❝✐→❣ ♣♦➟♦✇✐❝③♥②❝❤ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛
✭t✰✉✮✦✱ ✈✦

♣♦❧❡❣❛ t♦ ♥❛ ✇②s➟❛♥✐✉ ✇❛rt♦➧❝✐ t②❝❤ ❞✇✉ ✇②r❛➺❡➠ ♥❛
st♦s r♦❜♦❝③②✱

✭✷✮ ✉t✇ór③ r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② P ✐ ♣r③❡❥❞➵ ❞♦ ♥✐❡❣♦
• ✇②③♥❛❝③ ❥❡❞♥♦st❦➛ ❞②♥❛♠✐❝③♥→ J ′✱ ❦tór❛ ③❛✇✐❡r❛
❞❡❦❧❛r❛❝❥➛ ♣r♦❝❡❞✉r② P✱
◆✐❡❝❤ ✐❂ ♠✐♥✭❥✿ ❙▲j✭❏✮ ③❛✇✐❡r❛ ❞❡❦❧❛r❛❝❥➛ ♣r♦❝❡✲
❞✉r② P✮✳
❏✬❂ ❙▲i✭❏✮
• ✉t✇ór③ ♥♦✇→ ❥❡❞♥♦st❦➛ ❞②♥❛♠✐❝③♥→ ✕ r❡❦♦r❞ ❛❦✲
t②✇❛❝❥✐ ♣r♦❝❡❞✉r② P✱ ♦③♥❛❝③♠② ❥→ ❑✳

✷✵✵



❑✳❙▲ ✿❂ ❏✬
❑✳❉▲✿❂ ❏

✭✸✮ ❲ r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② P✿
• ♦❞❜✐❡r③ ♣❛r❛♠❡tr② ❛❦t✉❛❧♥❡

❛❄ ❝❄
✇ t❡♥ s♣♦só❜ ❞♦♣❡➟♥✐ s✐➛ ✇②❦♦♥②✇❛♥✐❡ ♣♦❧❡❝❡➠
❛✿❂ t✰✉❀ ❝✿❂✈✳
❩✇ró➣ ✉✇❛❣➛✿ ♦❜❧✐❝③❡♥✐❡ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠ ✭t✰✉✮
♦r❛③ ✈ ✇②❦♦♥✉❥❡ s✐➛ ✇ ♦t♦❝③❡♥✐✉ r❡❦♦r❞✉ ❛❦t②✲
✇❛❝❥✐✱ ✇ ❦tór②♠ ③♥❛❥❞✉❥❡ s✐➛ ♣♦❧❡❝❡♥✐❡ ❝❛❧❧✱ ❛
❞♦❦♦➠❝③❡♥✐❡ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ❞♦❦♦♥✉❥❡ s✐➛
✇ r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② P✳
• ✇②❦♦♥❛❥ ✐♥str✉❦❝❥❡ tr❡➧❝✐ ♣r♦❝❡❞✉r② P✱
♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ t②❝❤ ♣♦❧❡❝❡➠ ✭tr❡➧❝✐ ♣r♦❝❡✲
❞✉r②✮✱ ♠♦➺❡ ❞♦❥➧➣ ❞♦ ♦❞❝③②t②✇❛♥✐❛ ✇❛rt♦➧❝✐ ♣❛✲
r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤ ❛ ✐ ❝ ✭❛ t❛❦➺❡ ❜✮✱ ♠♦➺❡ t❡③
❞♦❥➧➣ ❞♦ ♣r③②♣✐s②✇❛♥✐❛ t②♠ ♣❛r❛♠❡tr♦♠ ♥♦✇②❝❤
✇❛rt♦➧❝✐
• ✇②➧❧✐❥ ✇②♥✐❦✐ ❜✦❝✦ ♥❛ st♦s r♦❜♦❝③② ✱
• ♣♦✇ró➣ ❞♦ ✇②❦♦♥②✇❛♥✐❛ ♣♦❧❡❝❡➠ ✇ ♠✐❡❥s❝✉ ✇②✲
st→♣✐❡♥✐❛ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r②✱ t③♥✳ ♣r♦❝❡s♦r ♣♦✲
✇r❛❝❛ ❞♦ ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ✇ ❥❡❞♥♦st❝❡ ❞②✲
♥❛♠✐❝③♥❡❥ ❏✳

✭✹✮ ❲ ❥❡❞♥♦st❝❡ ❞②♥❛♠✐❝③♥❡❥ J✿
• ♦❞❜✐❡r③ ✇②♥✐❦✐ ✈❄ ✐ ✇❄
✇ t❡♥ s♣♦só❜ ❞♦♣❡➟♥✐ s✐➛ ✇②❦♦♥②✇❛♥✐❡ ♣♦❧❡❝❡➠
✈✿❂❜❀✇✿❂❝
• ❦♦♥t②♥✉✉❥ ♦❜❧✐❝③❡♥✐❡ ✭r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r②
P ❜➛❞③✐❡ ✉s✉♥✐➛t②✮

❍✐st♦r✐❛ ♦❜r❛③❦♦✇❛ ✇ ❞③✐❡s✐➛❝✐✉ ♦❞s➟♦♥❛❝❤✳ ✶✳ P♦❝③→t❡❦ ✇②✲
❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ❝❛❧❧✳

before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after

Procesor

✷✳ ❖❜❧✐❝③♦♥♦ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❡ t = u ✐ ✇②st❛✇✐♦♥♦ ❞♦ ♦❞❡❜r❛✲
♥✐❛✳

✷✵✶



before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after
❙❚❖❙

11

Procesor

✸✳ ❖❜❧✐❝③♦♥♦ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ✈ ✐ ✇②st❛✇✐♦♥♦ ❞♦ ♦❞❡❜r❛♥✐❛✳
before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after
❙❚❖❙

11

−8

Procesor

❉✇✉❦r♦t♥✐❡ ✇②❦♦♥❛♥♦ ♦♣❡r❛❝❥➛ ✇st❛✇ ❞♦ st♦s✉✱ r❛③ ✇❛rt♦➧➣
✇②r❛➺❡♥✐❛ t✰✉ t❥✳ ✶✶✱ ❞r✉❣✐ r❛③ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ✈ t❥✳ ✲✽✳
✹✳ Pr③❡❥➧❝✐❡ ❞♦ ✇②❦♦♥②✇❛♥✐❛ ♣r♦❝❡❞✉r② P✳

before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after

❜❧♦❝❦
✈❛r ❛
✈❛r ❜
✈❛r ❝
✈❛r t

❜❡❣✐♥
❜❄❀ ❛❄❀
t ✿❂❛❀
❛✿❂❜❀
❜ ✿❂ t❀
❜✦❀ ❝✦❀

❡♥❞❀

❙▲

❉▲

Procesor

❙❚❖❙
11

−8

❙tr③❛➟❦❛ ❙▲ ✇s❦❛③✉❥❡ ♥❛ ♣❡✇✐❡♥ r❡❦♦r❞ ❛❦t②✇❛❝❥✐✱ ❦tór② ③❛✲
✇✐❡r❛ ❞❡❦❧❛r❛❝❥➛ ♣r♦❝❡❞✉r② P✳
✺✳ P♦❜r❛♥✐❡ ❞✇✉ ❦♦❧❡❥♥②❝❤ ✇②st❛✇✐♦♥②❝❤ ✇❛rt♦➧❝✐ ✐ ♣r③②♣✐s❛✲
♥✐❡ ✐❝❤ ♣❛r❛♠❡tr♦♠ ❢♦r♠❛❧♥②♠ ✐♥♣✉t ✭t♦ s→ ③♠✐❡♥♥❡✮ ❛ ✐ ❜✳

before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after

❜❧♦❝❦
✈❛r ❛ ✭❂ ✶✶✮
✈❛r ❜ ✭❂ ✲✽✮
✈❛r ❝
✈❛r t

❜❡❣✐♥
❜❄❀ ❛❄❀
t ✿❂❛❀
❝✿❂✲✼✼❀
❜ ✿❂ t❀
❜✦❀ ❝✦❀

❡♥❞❀

❙▲

❉▲

Procesor

❙❚❖❙

✷✵✷



✻✳ ❘♦③♣♦❝③➛❝✐❡ ✇②❦♦♥②✇❛♥✐❛ tr❡➧❝✐ ♣r♦❝❡❞✉r② P✳

before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after

❜❧♦❝❦
✈❛r ❛
✈❛r ❜
✈❛r ❝
✈❛r t

❜❡❣✐♥
❜❄❀ ❛❄❀
t ✿❂❛❀
❝✿❂✲✼✼❀
❜ ✿❂ t❀
❜✦❀ ❝✦❀

❡♥❞❀

❙▲

❉▲

Procesor

❙❚❖❙

✼✳ ❲②❦♦♥❛♥✐❡ ❦♦❧❡❥♥②❝❤ ✐♥str✉❦❝❥✐ tr❡➧❝✐ ♣r♦❝❡❞✉r② P✳

before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after

❜❧♦❝❦
✈❛r ❛
✈❛r ❜
✈❛r ❝
✈❛r t

❜❡❣✐♥
❜❄❀ ❛❄❀
t ✿❂❛❀
❝✿❂✲✼✼❀
❜ ✿❂ t❀
❜✦❀ ❝✦❀

❡♥❞❀

❙❚❖❙

❙▲

❉▲

Procesor

✽✳ ❲②s②➟❛♥✐❡ ✇②♥✐❦ó✇ ♥❛ st♦s✳

before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after

❜❧♦❝❦
✈❛r ❛
✈❛r ❜
✈❛r ❝
✈❛r t

❜❡❣✐♥
❜❄❀ ❛❄❀
t ✿❂❛❀
❝✿❂✲✼✼❀
❜ ✿❂ t❀
❜✦❀ ❝✦❀

❡♥❞❀

❙▲

❉▲

Procesor

❙❚❖❙
11

−77

✷✵✸



✾✳ ❩❛♠❦♥✐➛❝✐❡ r❡❦♦r❞✉ ✇②❦♦♥②✇❛♥✐❛ ♣r♦❝❡❞✉r② P✳
before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after

Procesor

❙❚❖❙
11

−77

✶✵✳ ❖❞❜✐❡r❛♥✐❡ ✇②♥✐❦ó✇ ③❡ st♦s✉✳
before; V al(t+ u) = 11 ∧ V al(v) = −8

call P (t+ y, v, w) ≡































(t+ u)!
v!
call P
v?
w?































after : V al(v) = −77 ∧ V al(w) = 11

Procesor

❙❚❖❙

❘❡❛❧✐③❛❝❥❛ t❡❣♦ ♣r♦t♦❦♦➟✉ ♠♦➺❡ ❜②❝ t❛➠s③❛✳ ❏❡➧❧✐ ✇②❞❛❥❡
❈✐ s✐➛✱ ➺❡ t❡♥ ♣r♦t♦❦ó➟ ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ❥❡st
s❦♦♠♣❧✐❦♦✇❛♥② ✐ ❦♦s③t♦✇♥② ✇ r❡❛❧✐③❛❝❥✐ t♦ ♠❛s③ r❛❝❥➛✳ ❑♦♠✲
♣✐❧❛t♦r ✐ ♠❛s③②♥❛ ✇✐rt✉❛❧♥❛ r❡❛❧✐③✉❥→ t❡♥ s❛♠ ❝❡❧ t❛♥✐❡❥✳ ❲
✐st♥✐❡❥❛❝②❝❤ ✐♥st❛❧❛❝❥❛❝❤ ✇②st❛✇✐❛♥✐❡ ✇❛rt♦➧❝✐ ❥❡st r❡❛❧✐③♦✇❛♥❡
♣r③❡③ ✇st❛✇✐❛♥✐❡ ❞♦ st♦s✉✳ ◆❛t♦♠✐❛st ♦❞❜✐❡r❛♥✐❡ ♣❛r❛♠❡tró✇
❛❦t✉❛❧♥②❝❤ ✐ ♣r③②♣✐s②✇❛♥✐❡ ✇❛rt♦➧❝✐ ♣❛r❛♠❡tr♦♠ ❢♦r♠❛❧♥②♠
♥✐❡ ❦♦s③t✉❥❡ ◆■❈✦✳ ❏❛❦ t♦ ♠♦➺❧✐✇❡❄ ❙♣ró❜✉❥ ♦❞❣❛❞♥→➣✳

Pr③❡❦❛③②✇❛♥✐❡ ♣r♦❝❡❞✉r✱ ❢✉♥❦❝❥✐✱ ❦❧❛s✳ ❏❡➧❧✐ ♣❛r❛♠❡tr❡♠ ❛❦✲
t✉❛❧♥②♠ ❥❡st ❢✉♥❦❝❥❛ t♦ ❞♦ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ✭♣♦♣r③❡③ st♦s✦✮
♣r③❡❦❛③②✇❛♥❛ ❥❡st ♣❛r❛✿ ❁♥❛③✇❛ ❢✉♥❦❝❥✐✱ r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ✇
❦tór②♠ ③❛✇❛rt❛ ❥❡st ❞❡❦❧❛r❛❝❥❛ ❢✉♥❦❝❥✐❃✳
❯✇❛❣❛✳ ▼♦❞✉➟ ♣r♦❝❡❞✉r②✱ ❦tór❡❥ ✭❥❡❞♥②♠ ③✮ ♣❛r❛♠❡tr❡♠ ❥❡st
❢✉♥❦❝❥❛✱ ✳✳✳ ♣♦✇✐♥♥♦ s✐➛ ♥❛③②✇❛➣ ❢✉♥❦❝❥♦♥❛➟❡♠✳

✹✳✸✳ ❙♣r③❡❝③♥♦➧➣✳ ❲ t②♠ ♠✐❡❥s❝✉ ✇❛rt♦ ③✇ró❝✐➣ ✉✇❛❣➛ ♥❛
♠♦➺❧✐✇♦➧➣ ③❛❞❡❦❧❛r♦✇❛♥✐❛ ♣r♦❝❡❞✉r ✇③❛❥❡♠♥✐❡ s♣r③❡❝③♥②❝❤✳

✺✳ ❉♦✇ó❞ ♣r♦❣r❛♠✉ P❛✇❡❧●

Pr③②♣♦♠✐♥❛♠② ♣r♦❣r❛♠ ✵✳✵✳✶ ③ ♣r③❡❞♠♦✇②✳

♣r♦❣r❛♠ P❛✇❡❧●✿
✈❛r ❆✿ ❛rr❛②♦❢ ✐♥t❡❣❡r❀
✈❛r ♥✱ ✐✱ ❦✱ ❧✱ ✉✿ ✐♥t❡❣❡r ❀
✉♥✐t ❉r✉❦✉❥❆✿ ♣r♦❝❡❞✉r❡❀

✈❛r ❥✿ ✐♥t❡❣❡r
❜❡❣✐♥
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❢♦r ❥✿❂❧ t♦ ✉ ❞♦ ✇r✐t❡✭ ❆✭❥✮✮ ♦❞❀
✇r✐t❡❧♥

❡♥❞ ❉r✉❦✉❥❆❀
✉♥✐t ❋✿ ♣r♦❝❡❞✉r❡❀

✈❛r ✐✿ ✐♥t❡❣❡r❀
❜❡❣✐♥

✐❢ ❦❂✉✰✶ t❤❡♥

❝❛❧❧ ❉r✉❦✉❥❆
❡❧s❡

❢♦r ✐✿❂ ❧ t♦ ✉
❞♦

✐❢ ❆✭✐✮❂✵ t❤❡♥

❆✭✐✮ ✿❂ ❦❀ ❦ ✿❂ ❦✰✶❀
❝❛❧❧ ❋❀
❦ ✿❂ ❦✲✶❀ ❆✭✐✮✿❂✵

✜❀
♦❞❀

✜❀
❡♥❞ ❋❀

❜❡❣✐♥

r❡❛❞❧♥✭♥✮❀
❛rr❛② ❆ ❞✐♠✭✶✿♥✮❀
❧✿❂❧♦✇❡r✭❆✮❀ ✉✿❂✉♣♣❡r✭❆✮❀
❢♦r ✐ ✿❂ ❧ t♦ ✉ ❞♦ ❆✭✐✮ ✿❂ ✵ ♦❞❀
❦ ✿❂❧❀
❝❛❧❧ ❋❀
✇r✐t❡❧♥✭✑❇②✇❛❥✏✮

❡♥❞ P❛✇❡❧●

❩❛♠✐❡r③❛♠② ✉❞♦✇♦❞♥✐➣ ♥❛st➛♣✉❥→❝❡

❚✇✐❡r❞③❡♥✐❡ ✶✶✳✶✳ ❉❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥ n ♣r♦❣r❛♠
P❛✇❡❧ ♦❜❧✐❝③❛ ✐ ❞r✉❦✉❥❡ ✇s③②st❦✐❡ ♣❡r♠✉t❛❝❥❡ ③❜✐♦r✉ {1, . . . , n}✳

✺✳✶✳ ❉♦✇ó❞ ▼ ✕ ♠❛t❡♠❛t②❝③♥②✱ ♣r❛✇✐❡ ❢♦r♠❛❧♥②✳ ❩❛❞❛♥✐❡
❥❛❦✐❡ s♦❜✐❡ t❡r❛③ st❛✇✐❛♠② t♦ ♣r③❡❞st❛✇✐❡♥✐❡ ❞♦✇♦❞✉✱ ✇ ❦tó✲
r②♠ ♥✐❡ ♦❞♥♦s✐♠② s✐➛ ❞♦ ♣♦❥➛➣✿ ♦❜❧✐❝③❡♥✐❛✱ st❛♥✉ ♦❜❧✐❝③❡♥✐❛ ❡t❝✳
❉♦✇ó❞ ♠❛ ③❛✇✐❡r❛➣ t②❧❦♦ t❛❦✐❡ ❢♦r♠✉➟②✱ ❦tór❡ s→ ❛❧❜♦ ❛❦s❥♦♠❛✲
t❛♠✐ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤✱ ♣♦r✳ ♣♦❞r♦③❞③✐❛➟
❄❄✱ ③♦❜❛❝③ t❡➺ ❬▼❙✾✷❪✱ ❛❧❜♦ ❛❦s❥♦♠❛t❛♠✐ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✱
③♦❜✳ ❬▼❙✽✼❪✱ ❛❧❜♦ ✇②♥✐❦❛❥→ ③ ③❛st♦s♦✇❛♥✐❛ ♣❡✇♥❡❥ r❡❣✉➟② ✇♥✐♦✲
s❦♦✇❛♥✐❛ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ ❞♦ ♣❡✇♥❡❣♦ ③❜✐♦r✉ ❢♦r♠✉➟ ✇❝③❡✲
➧♥✐❡❥ ✉❞♦✇♦❞♥✐♦♥②❝❤✳ ❲✐❡❧♦❦r♦t♥✐❡ st♦s✉❥❡♠② ♣r❛✇❛ r❛❝❤✉♥❦✉
③❞❛➠ ✐ ✇②❦♦r③②st✉❥❡♠② ✇➟❛s♥♦➧➣ ❡❦st❡♥s❥♦♥❛❧♥♦➧❝✐✳ ❩❛st➛♣✉✲
❥❡♠② ♣❡✇♥→ ♣♦❞❢♦r♠✉➟➛ ψ ❞❛♥❡❥ ❢♦r♠✉➟② φ✱ ❢♦r♠✉➟→ θ ✇✐❡❞③→❝✱
➺❡ ró✇♥♦➧➣ θ ≡ ψ ♣♦s✐❛❞❛ ❞♦✇ó❞✳ ◆✐❡ ❜➛❞③✐❡♠② t❛❦✐❝❤ ♣r③②♣❛❞✲
❦ó✇ r♦③♣❛tr②✇❛➣ ③❜②t s③❝③❡❣ó➟♦✇♦ ❜② ♥✐❡ ③♠→❝✐➣ ❣➟ó✇♥❡❥ ♥✐❝✐
❞♦✇♦❞✉✳ ❉♦♣✉s③❝③❛♠② ③❛st♦s♦✇❛♥✐❡ r❡❣✉➟② ω ✇ ♦❣r❛♥✐❝③♦♥②
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s♣♦só❜✿ ♠♦➺❡s③ ♠✐❛♥♦✇✐❝✐❡ ✉❞♦✇♦❞♥✐➣✱ ♣❡✇♥❡ ♠❡t❛t✇✐❡r❞③❡✲
♥✐❡ st✇✐❡r❞③❛❥→❝❡✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ i ∈ N ❢♦r♠✉➟❛ γi ♣♦s✐❛❞❛ ❞♦✲
✇ó❞ ✐ ③❛st♦s♦✇❛➣ ❥❡❞♥→ ③ ω✲r❡❣✉➟ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇ R3, R6, R7✳

❚❛❦✐ ❞♦✇ó❞ q✉❛s✐✲❢♦r♠❛❧♥②✱ ♠♦➺❡ ✇✐➛❝ ③❛✇✐❡r❛➣ ♥✐❡s❦♦➠✲
❝③♦♥❡ ♣♦❞③❜✐♦r② ❢♦r♠✉➟✳ ❚②♠ ♥✐❡♠♥✐❡❥✱ ❞♦✇♦❞② ♦ ❥❛❦✐❝❤ ♠②✲
➧❧✐♠② ♠♦❣→ ❜②➣ s♣r❛✇❞③❛♥❡ ♠❡❝❤❛♥✐❝③♥✐❡ ♣r③❡③ ♣r♦♦❢✲❝❤❡❝❦❡r✳
❲✐➛❝❡❥ ♦ t②♠ ✇ ♥✐❡♦♣✉❜❧✐❦♦✇❛♥②♠ ❛rt②❦✉❧❡ ❬❙❛❧❛❪✳

❈♦ ♠❛♠② ✉❞♦✇♦❞♥✐➣❄ ❈❡❧ ♥❛s③ ③♦st❛♥✐❡ ♦s✐→❣♥✐➛t② ❣❞② ♣♦✲
tr❛✜♠② ✇②❦❛③❛➣✱ ➺❡ ✶➦✮ ❦❛➺❞❡ ✇②❦♦♥❛♥✐❡ ♣♦❧❡❝❡♥✐❛ ❝❛❧❧ ❉r✉❦✉❥❆
s♣♦✇♦❞✉❥❡ ✇②❞r✉❦♦✇❛♥✐❡ ♣❡✇♥❡❥ ♣❡r♠✉t❛❝❥✐ ❧✐❝③❜ 1, . . . , n✱ ✷➦✮
❧✐❝③❜❛ ✇②❦♦♥❛♥②❝❤ ♣♦❧❡❝❡➠ ❝❛❧❧ ❉r✉❦✉❥❆ ❥❡st ró✇♥❛ n! ♦r❛③ ✸➦✮ ✇②✲
❞r✉❦♦✇❛♥❡ ♣❡r♠✉t❛❝❥❡ ♥✐❡ ♣♦✇t❛r③❛❥→ s✐➛✳

❏❛❦✐❡ ♥❛r③➛❞③✐❛✱ ❥❛❦✐❡ ❛❦s❥♦♠❛t② ✐ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛ s→ ♥✐❡✲
③❜➛❞♥❡ ❞❧❛ ♣r③❡♣r♦✇❛❞③❡♥✐❛ ❞♦✇♦❞✉❄
❲ ❛♥❛❧✐③♦✇❛♥②♠ ♣r♦❣r❛♠✐❡ ✇②st➛♣✉❥→ ③♠✐❡♥♥❡ t②♣✉ ✐♥t❡❣❡r ✐
♦♣❡r❛❝❥❡ ♥❛ ❧✐❝③❜❛❝❤ ❝❛➟❦♦✇✐t②❝❤✳ ❈③② ♠♦➺❡♠② ✉③♥❛➣✱ ➺❡ ❞♦
♣r③❡♣r♦✇❛❞③❡♥✐❛ ❞♦✇♦❞✉ ✇②st❛r❝③② ❛❧❣♦r②t♠✐❝③♥❛ t❡♦r✐❛ ❧✐❝③❜
♥❛t✉r❛❧♥②❝❤ AT N❄ ❩❛✉✇❛➺✳ ✇ ♣r♦❣r❛♠✐❡ P❛✇❡❧● ✇②st➛♣✉❥❡
❛t♦♠♦✇❛ ✐♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ❝❛❧❧ ❋✳ ❏➛③②❦ t❡♦r✐✐ AT N ♥✐❡ ③❛✲
✇✐❡r❛ t❛❦✐❡❥ ✐♥str✉❦❝❥✐ ❛t♦♠♦✇❡❥✱ ❛♥✐ ✭t②♠ ❜❛r❞③✐❡❥✮ ❛❦s❥♦♠❛t✉
♦♣✐s✉❥→❝❡❣♦ ❞③✐❛➟❛♥✐❡ t❡❥ ✐♥str✉❦❝❥✐✳
❚r③❡❜❛ ✇✐➛❝ ♣r③②❥→➣✱ ➺❡ ❞❡❦❧❛r❛❝❥❛ ♣r♦❝❡❞✉r② F ✇♣r♦✇❛❞③♦♥❛
✇ ♣r♦❣r❛♠✐❡ ♦♣✐s✉❥❡ s♣♦só❜ ✇②❦♦♥❛♥✐❛ ♣♦❧❡❝❡♥✐❛ ❝❛❧❧ ❋✱ ❞❡t❡r♠✐✲
♥✉❥❡ ❥❡❣♦ s❡♠❛♥t②❦➛✳ ❆❧❡ ❞❧❛ ♥❛s ✇♣r♦✇❛❞③❡♥✐❡ ❞❡❦❧❛r❛❝❥✐ ♣r♦✲
❝❡❞✉r② F ♦③♥❛❝③❛ ❝♦➧ ✇✐➛❝❡❥✱ ♠✐❛♥♦✇✐❝✐❡✱ ❞❡❦❧❛r❛❝❥❛ ♣r♦❝❡❞✉r②
❋ ❥❡st s❝❤❡♠❛t❡♠ ♥✐❡s❦♦➠❝③♦♥✐❡ ✇✐❡❧✉ ❞♦❞❛t❦♦✇②❝❤ ❛❦s❥♦♠❛tó✇
♣♦st❛❝✐

({call F}ϕ⇔ {BodyF }ϕ)

❣❞③✐❡ ϕ ❥❡st ❞♦✇♦❧♥→ ❢♦r♠✉➟→✳ ❙❦rót BodyF ♦③♥❛❝③❛ tr❡➧➣ ♣r♦✲
❝❡❞✉r② F ✳ ❉♦❦➟❛❞♥✐❡❥✱ ❦❛➺❞❛ ró✇♥♦✇❛➺♥♦➧➣ ③❜✉❞♦✇❛♥❛ ✇❡❞➟✉❣
♣♦♥✐➺s③❡❣♦ s❝❤❡♠❛t✉ ❥❡st ❞♦❞❛t❦♦✇②♠ ❛❦s❥♦♠❛t❡♠ ♦♣✐s✉❥→❝②♠
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♣r♦❝❡❞✉r➛ F ✳
✭✹✹✮

{call F}ϕ⇔







(∗ ♣♦♥✐➺❡❥ ③♥❛❥❞✉❥❡ s✐➛ tr❡➧➣ ❋ t③♥✳ ❇♦❞②❴❋ ∗)
block

var i : integer;
begin

if k = n+ 1 then call DrukujA
else

for i := 1 to n do

if A[i] = 0 then

A[i] := k; k := k + 1;
call F ;
A[i] := 0; k := k − 1;

fi

od

fi

end block







ϕ

❈♦ ✇✐➛❝❡❥✱ ✇ ♣♦✇②➺s③❡❥ ❢♦r♠✉❧❡✱ ✇ tr❡➧❝✐ ♣r♦❝❡❞✉r② F ♠♦➺♥❛
✇s③②st❦✐❡ ✇②st→♣✐❡♥✐❛ ✐❞❡♥t②✜❦❛t♦r❛ i ró✇♥♦❝③❡➧♥✐❡ ③❛st→♣✐➣
♣r③❡③ ❞♦✇♦❧♥② ✐♥♥② ✐❞❡♥t②✜❦❛t♦r✱ ♣♦r✳ ❢♦r♠✉➟➛ ✭✐s✉❜✮✳ ▼ó✲
✇✐♠②✱ ➺❡ ③♠✐❡♥♥❛ i ③❛❞❡❦❧❛r♦✇❛♥❛ ✇ ❜❧♦❦✉ ❥❡st ③♠✐❡♥♥→ ③✇✐→✲
③❛♥→✳

❉♦✇ó❞ t✇✐❡r❞③❡♥✐❛ ✶✶✳✶ ❜➛❞③✐❡♠② ♣r③❡♣r♦✇❛❞③❛➣ ✇ ❛❧❣♦r②t✲
♠✐❝③♥❡❥ t❡♦r✐✐ T ′✱ ❦tór❛ ♣♦✇st❛❥❡ ③ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ ❧✐❝③❜
♥❛t✉r❛❧♥②❝❤ AT N ♣r③❡③ ❞♦❞❛♥✐❡ ❞♦ ❥➛③②❦❛ ♥♦✇❡❥ ✐♥str✉❦❝❥✐ ❛t♦✲
♠♦✇❡❥ ❝❛❧❧ ❋✱ ✐ ❞♦❞❛♥✐❡ ❞♦ ③❜✐♦r✉ ❛❦s❥♦♠❛tó✇ t❡♦r✐✐ AT N ♥✐❡✲
s❦♦➠❝③♦♥❡❣♦ ③❜✐♦r✉ ❢♦r♠✉➟ ③❜✉❞♦✇❛♥②❝❤ ✇❡❞➟✉❣ ♦♠ó✇✐♦♥❡❣♦
♣♦✇②➺❡❥ s❝❤❡♠❛t✉✳

◆✐❡❝❤ δ(n, k, i1, . . . , ik−1) ❜❡❞③✐❡ ♦③♥❛❝③❡♥✐❡♠ ❢♦r♠✉➟② ♦ ♥❛st➛♣✉❥→✲
❝②♠ s❝❤❡♠❛❝✐❡
✭✹✺✮

δ(n, k, i1, . . . , ik−1)
df≡











(1 ≤ k ≤ n+ 1) ∧
k−1∧

j=1

(
(1 ≤ ij ≤ n) ∧ (A[ij ] = j)

)
∧







z := 0;
for j := 1 to n do

if A[j] = 0 then z := z + 1 fi

od







(z = n− k + 1)











❋♦r♠✉➟➛ δ(n, k, i1, . . . , ik−1) ❝③②t❛ s✐➛ ✇ ♥❛st➛♣✉❥→❝② s♣♦só❜ ✭❥❡st t♦
❥❡❥ ③♥❛❝③❡♥✐❡ s❡♠❛♥t②❝③♥❡✮✿
s♣❡➟♥✐♦♥❡ s→ ♥❛st➛♣✉❥→❝❡ ✇❛r✉♥❦✐

✭✐✮ ❧✐❝③❜❛ ♥❛t✉r❛❧♥❛ n ❥❡st ❞♦❞❛t♥✐❛✱
✭✐✐✮ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ A ❥❡st n✲❡❧❡♠❡♥t♦✇② ♦❜✐❡❦t t❛❜❧✐✲

❝♦✇②✱
✭✐✐✐✮ ❧✐❝③❜❛ ♥❛t✉r❛❧♥❛ k s♣❡➟♥✐❛ ♣♦❞✇ó❥♥→ ♥✐❡ró✇♥♦➧➣ 1 ≤ k ≤

n+1 ✐ ❧✐❝③❜② 1, . . . , k−1 s→ ③❛♣✐s❛♥❡ ✇ ❞♦✇♦❧♥②♠ ✉❦➟❛❞③✐❡
♥❛ ♣♦③②❝❥❛❝❤ i1, . . . , ik−1 t❛❜❧✐❝② A✱ t❥✳ ∀k−1

j=1A[ij ] = j✱

✷✵✼



✭✐✈✮ ♣♦③♦st❛➟❡ ♠✐❡❥s❝❛ t❛❜❧✐❝② A✱ ♦③♥❛❝③♠② ❥❡ rk, . . . , rn✱ s→
ró✇♥❡ ③❡r♦✱ ∀nj=k A[rj ] = 0✳

❯❞♦✇♦❞♥✐♠② ♥❛st➛♣✉❥→❝② ❢❛❦t✳

▲❡♠❛t ✶✶✳✷✳ ◆✐❡❝❤ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ A ❜➛❞③✐❡ n✲❡❧❡♠❡♥t♦✇❛
t❛❜❧✐❝❛ ✭✇❡❦t♦r✮ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤✳ ❑❛➺❞❛ ❢♦r♠✉➟❛ ♦ ♣♦♥✐➺s③②♠
s❝❤❡♠❛❝✐❡ ❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ T ′

✭✹✻✮ T ′ ⊢ δ(n, k, i1, . . . , ik−1)⇒ {call F} δ(n, k, i1, . . . , ik−1).

❉♦✇ó❞✳ ❉♦✇ó❞ ❧❡♠❛t✉ ♣r③❡❜✐❡❣❛ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉
♥❛ ❧✐❝③❜➛ n+ 1− k✱ t❥✳ ❧✐❝③❜➛ ✇♦❧♥②❝❤ ♠✐❡❥s❝ ✇ t❛❜❧✐❝② A✳

❇✵✮✭❜❛③❛✮ ◆✐❡❝❤ k = n+ 1✱ t③♥✳ ❧✐❝③❜❛ ✇♦❧♥②❝❤ ♠✐❡❥s❝ ❥❡st ✵✳
❏❡➧❧✐ s♣❡➟♥✐♦♥② ❥❡st ✇❛r✉♥❡❦ (k = n + 1) ∧ δ(n, k, i1, . . . , in) t♦ t❛✲

❜❧✐❝❛ A ③❛✇✐❡r❛ ♣❡✇♥→ ♣❡r♠✉t❛❝❥➛ ❧✐❝③❜ 1, . . . .n✱ ♣♦♥✐❡✇❛➺ ③❛❝❤♦✲
❞③✐

∧n

j=1A[ij ] = j✳
❏❡st t❛✉t♦❧♦❣✐→ ❢♦r♠✉➟❛

✭✹✼✮ ⊢ δ(n, n+ 1, i1, . . . , in)⇒
n∧

j=1

A[ij ] = j

■♥str✉❦❝❥❛ ✇r✐t❡✭①✮ ♥✐❡ ③♠✐❡♥✐❛ ✇❛rt♦➧❝✐ ➺❛❞♥❡❥ ③♠✐❡♥♥❡❥✳ ❲➟❛✲
s♥♦➧❝✐→ t❡❥ ✐♥str✉❦❝❥✐ ❥❡st

✭✹✽✮ (y = k) ≡ {✇r✐t❡✭①✮}(y = k)

P♦s➟✉❣✉❥→❝ s✐❡ t②♠ ❢❛❦t❡♠ ❞♦✇♦❞③✐♠②✱ ➺❡ ❥❡st t✇✐❡r❞③❡♥✐❡♠
t❡♦r✐✐ T ′ ✐♠♣❧✐❦❛❝❥❛

✭✹✾✮ T ′ ⊢ δ(n, n+ 1, i1, . . . , in)⇒ {call DrukujA}(
n∧

j=1

A[ij ] = j)

P♦st➛♣✉❥→❝ ♣♦❞♦❜♥✐❡ ✉❞♦✇♦❞♥✐♠② ❢♦r♠✉➟➛

✭✺✵✮
(
δ(n, n+ 1, i1, . . . , in)⇒ {call DrukujA} δ(n, n+ 1, i1, . . . , in)

)

▼♦➺♥❛ t♦ ③❛♣✐s❛➣ ♥✐❡❝♦ ✐♥❛❝③❡❥

✭✺✶✮ T ′ ⊢
(
δ(n, k, i1, . . . , in)∧ k = n+1

)
⇒ {call DrukujA} δ(n, n+1, i1, . . . , in)

❑♦r③②st❛♠② ③ r❡❣✉➟② ✇♥✐♦s❦♦✇❛♥✐❛ ✭❄❄✱③♦❜✳ str♦♥➛ ❄❄✮ ♦ ✐♥✲
str✉❦❝❥✐ ✐❢✳
✭✺✷✮

T ′ ⊢
(
δ(n, k, i1, . . . , in)∧ k = n+1

)
⇒







if k = n+ 1
then call DrukujA
else

✭✯ t✉ ✇st❛✇ ❝♦❦♦❧✇✐❡❦ ✯✮
fi







δ(n, n+1, i1, . . . , in)

✷✵✽



❲st❛✇✐❛♠② t♦ ❝♦ ♣♦tr③❡❜❛✱ ❞❜❛❥→❝ ♦ t♦ ❜② ③♠✐❡♥♥❛ in ✇②st➛✲
♣♦✇❛➟❛ t②❧❦♦ ✇ t❡❥ ✐♥str✉❦❝❥✐ ❢♦r✳
✭✺✸✮

T ′ ⊢ (δ(n, k, i1, . . . , in)∧ k = n+1)⇒







if k = n+ 1
then call DrukujA;
else

for in := 1 to n do

if A[in] = 0 then

A[in] := k; k := k + 1;
call F ;
A[in] := 0; k := k − 1;

fi

od

fi







δ(n, n+1, i1, . . . , in)

P♦♥✐❡✇❛➺ ③♠✐❡♥♥❛ in ✇②st➛♣✉❥❡ t②❧❦♦ ✇ t②❝❤ ❦✐❧❦✉ ❧✐♥✐❛❝❤ t♦
♠♦➺❡♠② ③❛st♦s♦✇❛➣ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ❜❧♦❦✉ ✐ ♦tr③②♠❛♠②
✭✐s✉❜✮

T ′ ⊢ δ(n, n+1, i1, . . . , in)⇒







block

var i : integer
begin

if k = n+ 1
then call DrukujA;
else

for i := 1 to n do

if A[i] = 0 then

A[i] := k; k := k + 1;
call F ;
A[i] := 0; k := k − 1;

fi

od

fi

end block







δ(n, n+1, i1, . . . , in)

Pr♦❣r❛♠ ✇②st➛♣✉❥→❝② ✇ ♣♦✇②➺s③❡❥ ❢♦r♠✉❧❡ ✭✐s✉❜✮ t♦ tr❡➧➣ ♣r♦✲
❝❡❞✉r② F ✱ ♠♦➺❡♠② ✇✐➛❝ ③❛st♦s♦✇❛➣ ❛❦s❥♦♠❛t✱ ❝③②❧✐ ❞❡❦❧❛r❛❝❥➛
♣r♦❝❡❞✉r② F

✭✺✹✮ T ′ ⊢ δ(n, n+ 1, i1, . . . , in)⇒ {call F} δ(n, n+ 1, i1, . . . , in)

❝♦ ❦♦➠❝③② ❞♦✇ó❞ ♣r③②♣❛❞❦✉ ❣❞② k = n+ 1✳

❲ ❞❛❧s③❡❥ ❝③➛➧❝✐ ❞♦✇♦❞✉ ✇②❦♦r③②st❛♠② ❞✇✐❡ ♥✐❡✇✐❡❧❦✐❡ ♦❜s❡r✲
✇❛❝❥❡✳ ❩❛✉✇❛➺♠②✱ ➺❡ t✇✐❡r❞③❡♥✐❡♠ r❛❝❤✉♥❦✉ ♣r♦❣r❛♠ó✇✱ ❛
✇✐➛❝ ✐ t❡♦r✐✐ T ′ ❥❡st ♣♦♥✐➺s③❛ ❢♦r♠✉➟❛ ✺✺

❯✇❛❣❛ ✶✶✳✸✳
✭✺✺✮
(
δ(n, k, i1, . . . , ik−1)∧A[p] = 0

)
⇒ {A[p] := k; k := k+1}

(
δ(n, k+1, i1, . . . , ik−1, ik)∧ ik = p

)

❋❛❦t t❡♥ ❥❡st ➟❛t✇→ ❦♦♥s❡❦✇❡♥❝❥→ ③❛st♦s♦✇❛♥✐❛ ❛❦s❥♦♠❛t✉
✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ❄❄✳ ❩ ③❛➟♦➺❡♥✐❛ δ(n, k, i1, . . . , ik−1) ✇②♥✐❦❛✱

✷✵✾



➺❡ t❛❜❧✐❝❛ A ③❛✇✐❡r❛ ✇s③②st❦✐❡ ❧✐❝③❜② 1, . . . , k − 1 ❝③②❧✐
k−1∧

j=1

A[ij ] = j✳

P♦♥❛❞t♦ ♠✐❡❥s❝❡ A[p] t❛❜❧✐❝② A ❥❡st ✇♦❧♥❡✱ ❛ ✇✐➛❝ p 6= ij ❞❧❛ j =
1, . . . , k − 1✳

❙t→❞ ✇②♥✐❦❛✱ ➺❡ {A[p] := k}(
k∧

j=1

A[ij ] = j) ∧ A[p] = k✳ ❩ ❦♦❧❡✐✱ (z =

n− k + 1)⇒ {k := k + 1}(n− k)✳ ❲②♥✐❦❛ st→❞
✭✺✻✮
(
(
k−1∧

j=1

A[ij ] = j)∧z = n−k+1
)
⇒ {A[p] := 0; k := k+1}

(
(

k∧

j=1

A[ij ] = j)∧(z = n−k)
)

P♦❞♦❜♥✐❡✱ ♥❛st➛♣✉❥→❝❛ ❢♦r♠✉➟❛ ✭✺✼✮ ❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ T ′✳

❯✇❛❣❛ ✶✶✳✹✳
✭✺✼✮
(
δ(n, k+1, i1, . . . , ik−1, p) ∧ A[p] = k

)
⇒ {A[p] := 0; k := k−1} δ(n, k, i1, . . . , ik−1)

■✮ ✭❦r♦❦ ✐♥❞✉❦❝②❥♥②✮
✭③❛➟♦➺❡♥✐❡ ✮ ③❛❦➟❛❞❛♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ ✉❦➟❛❞✉ p1, . . . , pk−1 ❧✐❝③❜
♥❛t✉r❛❧♥②❝❤✱ ♥❛st➛♣✉❥→❝❛ ✐♠♣❧✐❦❛❝❥❛ ❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ T ′

✭✺✽✮ T ′ ⊢ δ(n, k, p1, . . . , pk−1)⇒ {call F} δ(n, k, p1, . . . , pk−1).

✭t❡③❛✮ ❲②❦❛➺❡♠②✱ ➺❡ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ✉❦➟❛❞✉ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤
i1, . . . , ik−2 ✐ n−k+2 ♠✐❡❥s❝ ③❡r♦✇②❝❤ ✇ t❛❜❧✐❝② A♠♦➺♥❛ ✉❞♦✇♦❞♥✐➣✱
➺❡

✭✺✾✮ T ′ ⊢ δ(n, k − 1, i1, . . . , ik−2)⇒ {call F} δ(n, k − 1, i1, . . . , ik−2).

❖③♥❛❝③♠② ♠✐❡❥s❝❛ ③❡r♦✇❡ ✇ t❛❜❧✐❝② A ♣r③❡③ rk−1, . . . , rn ❝③②❧✐ ❞❧❛
j = k − 1, . . . , n ③❛❝❤♦❞③✐ A[rj ] = 0✳ ❘♦③♣❛tr③②♠② ♣♦ ❦♦❧❡✐ t❡ ♠✐❡❥✲
s❝❛ ③❡r♦✇❡✳ ❩❛✉✇❛➺♠②✱ ➺❡ ❞❧❛ j = k − 1, . . . , n ♠♦③♥❛ ✉❞♦✇♦❞♥✐➣
✐♠♣❧✐❦❛❝❥❡
✭✻✵✮

A[rj ] = 0∧δ(n, k−1, i1, . . . , ik−2)⇒







A[rj ] := k; k := k + 1;
call F ;
A[rj ] := 0; k := k − 1






δ(n, k−1, i1, . . . , ik−2)

❲②♥✐❦❛ t♦ ③ ❋❛❦tó✇ ✭✶✶✳✸✮ ✐ ✭✶✶✳✹✮✳ ❉❧❛ ❦❛➺❞❡❣♦ j = k − 1, . . . , n
✇❛r✉♥❡❦ A[rj ] = 0∧δ(n, k−1, i1, . . . , ik−2) ♣♦❝✐→❣❛ ③❛ s♦❜→ {A[rj ] := k; k :=
k + 1}δ(n, k, i1, . . . , ik−2, rj) ✭❋❛❦t✭✶✶✳✸✮✮✳ ❩ ③❛➟♦➺❡♥✐❛ ✐♥❞✉❦❝②❥♥❡❣♦

✭✻✶✮ δ(n, k, i1, . . . , ik−1, rj)⇒ {call F} δ(n, k, i1, . . . , ik−2, rj)

❚❡r❛③ ✇②❦♦r③②st❛♠② ❋❛❦t ✭✶✶✳✹✮

✭✻✷✮ δ(n, k, i1, . . . , ik−2, rj)⇒ {A[rj ] := 0; k := k − 1}δ(n, k − 1, i1, . . . , ik−2).

❩ ❦♦❧❡✐ ❞❧❛ A[i] 6= 0 ③❛❝❤♦❞③✐ ✇ ♦❝③②✇✐st② s♣♦só❜

✭✻✸✮ A[i] 6= 0 ∧ δ(n, k − 1, i1, . . . , ik−2)⇒ δ(n, k − 1, i1, . . . , ik−2).

✷✶✵



Pr③②❥♠✐❥♠② ♥❛st➛♣✉❥→❝❡ ♦③♥❛❝③❡♥✐❛
✭✻✹✮

θi(n, k−1, i1, . . . , ik−2)
df≡







A[i] 6= 0 ∧ δ(n, k − 1, i1, . . . , ik−2) ❣❞②A[i] 6= 0

A[i] = 0 ∧







A[i] := k;

k := k + 1;

call F ;

A[i] := 0;

k := k − 1







δ(n, k − 1, i1, . . . , ik−2) ❣❞②A[i] = 0

❲ t❡♥ s♣♦só❜✱ ✇②❦♦r③②st✉❥→❝ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ✇❛r✉♥❦♦✇❡❥
✐❢✱ ✇②❦❛③❛❧✐➧♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ i = 1, . . . , n t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ T ′

❥❡st
✭✻✺✮

T ′ ⊢ δ(n, k − 1, i1, . . . , ik−2)⇒







if A[i] = 0 then

A[i] := k;
k := k + 1;
call F ;
A[i] := 0;
k := k − 1

fi







δ(n, k − 1, i1, . . . , ik−2)

❩❛st♦s✉❥❡♠② ♥❛st➛♣✉❥→❝→ r❡❣✉➟➛ ✇♥✐♦s❦♦✇❛♥✐❛ ♣♦③✇❛❧❛❥→❝→
♥❛ ✇♣r♦✇❛❞③❡♥✐❡ ❦✇❛♥t②✜❦❛t♦r❛ ♦❣ó❧♥❡❣♦ ♦❣r❛♥✐❝③♦♥❡❣♦ ♣♦ ✐♥✲
str✉❦❝❥✐ ❢♦r
✭✇♣r❦✇♦❣✮

n

∀
i=1
{P (i)}ϑ(i), ∀

1≤i<j≤n

(
{P (i); P (j)}ϑ(i) ≡ {P (i)}ϑ(i)

)







for i← 1 to n
do

P (i)
od







n

∀
i=1

ϑ(i)

❜② ✉③②s❦❛➣
✭✻✻✮

T ′ ⊢ δ(n, k − 1, i1, . . . , ik−2)⇒







for i := 1 to n do

if A[i] = 0 then

A[i] := k;
k := k + 1;
call F ;
A[i] := 0;
k := k − 1

fi

od







δ(n, k − 1, i1, . . . , ik−2)

✷✶✶



❲✐❡♠②✱ ➺❡ k−1 6= n+1 ❥❡s③❝③❡ r❛③ ③❛st♦s✉❥❡♠② ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐
✐❢
✭✻✼✮

T ′ ⊢ δ(n, k−1, i1, . . . , ik−2)⇒







if k = n+ 1 then call DrukujA else

for i := 1 to n do

if A[i] = 0 then

A[i] := k;
k := k + 1;
call F ;
A[i] := 0;
k := k − 1

fi

od

fi







δ(n, k−1, i1, . . . , ik−2)

❩❛❞❜❛❧✐➧♠② ♦ t♦ ❜② ③♠✐❡♥♥❛ i ró➺♥✐➟❛ s✐➛ ♦❞ ✇s③②st❦✐❝❤ ✐♥♥②❝❤✱
♠♦➺❡♠② ✇✐➛❝ ③❛st♦s♦✇❛❝ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ❜❧♦❦✉
✭✻✽✮

T ′ ⊢ δ(n, k−1, i1, . . . , ik−2)⇒







block

var i : integer;
begin

if k = n+ 1 then call DrukujA else

for i := 1 to n do

if A[i] = 0 then

A[i] := k;
k := k + 1;
call F ;
A[i] := 0;
k := k − 1

fi

od

fi

end block







δ(n, k−1, i1, . . . , ik−2)

❚❡r❛③ s❦♦r③②st❛♠② ③ ❞❡❦❧❛r❛❝❥✐❂❛❦s❥♦♠❛t✉ ✐♥str✉❦❝❥✐ ❝❛❧❧ ❋ ✐ ✉③②✲
s❦❛♠②

✭✻✾✮ T ′ ⊢ δ(n, k − 1, i1, . . . , ik−2)⇒ {call F} δ(n, k − 1, i1, . . . , ik−2).

❝♦ ❦♦➠❝③② ❞♦✇ó❞ ❧❡♠❛t✉ ✶✶✳✷✳ �

❲ t❡♥ s♣♦só❜ ✉❞♦✇♦❞♥✐❧✐➧♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥✱
❞♦❞❛t♥✐❡❥ n > 0 ♣r♦❣r❛♠ P❛✇❡❧● ③❛❦♦➠❝③② ♦❜❧✐❝③❡♥✐❡✳
P♦③♦st❛❥❡ ❞♦ ✇②❦❛③❛♥✐❛✱ ➺❡ ♣r♦❣r❛♠ t❡♥ ❞r✉❦✉❥❡ ✇s③②st❦✐❡ ♣❡r✲
♠✉t❛❝❥❡ ❧✐❝③❜ 1, . . . , n✳

❩❛✉✇❛➺②❧✐➧♠② ✇❝③❡➧♥✐❡❥✱ ➺❡ ❦❛➺❞❡ ✇②❦♦♥❛♥✐❡ ♣♦❧❡❝❡♥✐❛ ❝❛❧❧ ❉r✉✲
❦✉❥❆ ❞r✉❦✉❥❡ ♣❡✇♥❛ ♣❡r♠✉t❛❝❥➛ ❧✐❝③❜ 1, . . . , n✱ ③♦❜✳ str✳ ✷✵✽✳
❲②❦❛➺❡♠②✱ ➺❡ ♣♦❧❡❝❡♥✐❡ ❝❛❧❧ ❉r✉❦✉❥❆ ❥❡st ✇②❦♦♥❛♥❡ n! r❛③②✳

✷✶✷



❯➟❛t✇✐♠② s♦❜✐❡ ③❛❞❛♥✐❡✱ ✇♣r♦✇❛❞③❛❥→❝ ❞♦ ♣r♦❣r❛♠✉ tr③② ♥✐❡✲
✇✐❡❧❦✐❡ ③♠✐❛♥②✿ ✶➦✮ ❞♦❞❛❥❡♠② ❞❡❦❧❛r❛❝❥➛ ③♠✐❡♥♥❡❥ ❧✐❝③ ♦❜♦❦ ❞❡✲
❦❧❛r❛❝❥✐ ③♠✐❡♥♥②❝❤ ♥✱❦✱❥✱ ✷➦✮ ♦❜♦❦ ♣♦❧❡❝❡♥✐❛ ❝❛❧❧ ❉r✉❦✉❥❆ ❞♦♣✐s✉✲
❥❡♠② ❀ ❧✐❝③✿❂❧✐❝③✰✶✱ ✸➦✮ ✇ ♣r♦❣r❛♠✐❡ ❣➟ó✇♥②♠✱ ♣r③❡❞ ✐♥str✉❦❝❥→
❦✿❂✶ ✇st❛✇✐❛♠② ✐♥str✉❦❝❥➛ ❧✐❝③✿❂✵❀✳
❉❡✜♥✐✉❥❡♠② ✇❛r✉♥❡❦ ♣♦❝③→t❦♦✇②

✭✼✵✮ α(n, k, i1, . . . , ik−1, w)
df≡
(
δ(n, k, i1, . . . , ik−1) ∧ licz = w

)

✐ ✇❛r✉♥❡❦ ❦♦➠❝♦✇②

✭✼✶✮ β(n, k, i1, . . . , ik−1, w)
df≡
(
δ(n, k, i1, . . . , ik−1) ∧ licz = (n− k + 1)! + w

)

◆✐❡tr✉❞♥♦ t❡r❛③ ✉❞♦✇♦❞♥✐➣ ♦❞♠✐❡♥✐♦♥② ✇❛r✐❛♥t ❧❡♠❛t✉ ✶✶✳✷✳

▲❡♠❛t ✶✶✳✺✳
✭✼✷✮ T ′ ⊢ α(n, k, i1, . . . , ik−1, w)⇒ {call F}β(n, k, i1, . . . , ik−1, w).

❉♦✇ó❞ t❡❣♦ ❧❡♠❛t✉ ♥❛➧❧❛❞✉❥❡ ❞♦✇ó❞ ❧❡♠❛t✉ ✶✶✳✷✳
●❞② k = n t♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ ❝❛❧❧ ❉r✉❦✉❥❆ t♦✇❛r③②s③② ✐♥str✉❦✲
❝❥❛ ❧✐❝③✿❂❧✐❝③✰✶✳
❏❡➧❧✐ k < n ✐ t❡③❛ ❥❡st ✉❞♦✇♦❞♥✐♦♥❛ ❞❧❛ k+ 1 t♦ ✐♥str✉❦❝❥❛ ❢♦r ❥❡st
ró✇♥♦✇❛➺♥❛ (n−k+1)✲ ❦r♦t♥❡♠✉ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ ③➟♦③♦♥❡❣♦
④❆❬✐❪✿❂❦❀ ❦✿❂❦✰✶❀ ❝❛❧❧ ❋❀ ❆❬✐❪✿❂✵❀ ❦✿❂❦✲✶ ⑥✱ ③♠✐❡♥♥❛ i ♣r③②❥♠✉❥❡ ✇❛rt♦➧❝✐
rk, . . . , rn ♦ ❦tór②❝❤ ♠ó✇✐❧✐➧♠② ✇❝③❡➧♥✐❡❥✳
❩ ③❛➟♦➺❡♥✐❛ ✐♥❞✉❦❝②❥♥❡❣♦✱ ❦❛➺❞❡ t❛❦✐❡ ♣♦❧❡❝❡♥✐❛ ♣♦✇♦❞✉❥❡ ③✇✐➛❦✲
s③❡♥✐❡ ❧✐❝③♥✐❦❛ ❧✐❝③ ♦ (n−k)!✳ ❘❛③❡♠ ❧✐❝③♥✐❦ ❧✐❝③ ③♦st❛❥❡ ③✇✐➛❦s③♦♥②
♦ (n− k + 1)!✳

❑♦♥✐❡❝ ❞♦✇♦❞✉ ❧❡♠❛t✉ ✶✶✳✺
P♦③♦st❛❥❡ ✉♣❡✇♥✐➣ s✐➛✱ ➺❡ ➺❛❞♥❛ ♣❡r♠✉t❛❝❥❛ ♥✐❡ ③♦st❛➟❛ ✇②❞r✉✲
❦♦✇❛♥❛ ❞✇✉❦r♦t♥✐❡✳
❘③❡❝③②✇✐➧❝✐❡✱ ♣♦tr❛✜♠② ✇②❦❛③❛➣✱ ➺❡ ❥❡➧❧✐ ♣r③②❥→➣ ③♠✐❡♥✐♦♥②
✇❛r✉♥❡❦ ❦♦➠❝♦✇②
✭✼✸✮

β′(n, k, i1, . . . , ik−1, w)
df≡
(
δ(n, k, i1, . . . , ik−1) ∧ licz = (n− k + 1)! + w∧
➺❛❞♥❛ ③ t②❝❤ ♣❡r♠✉t❛❝❥✐ ♥✐❡ ♣♦✇t❛r③❛ s✐➛

)

◆✐❡tr✉❞♥♦ t❡r❛③ ✉❞♦✇♦❞♥✐➣ ♦❞♠✐❡♥✐♦♥② ✇❛r✐❛♥t ❧❡♠❛t✉ ✶✶✳✷✳

▲❡♠❛t ✶✶✳✻✳
✭✼✹✮ T ′ ⊢ α(n, k, i1, . . . , ik−1, w)⇒ {call F}β′(n, k, i1, . . . , ik−1, w).

◆✐❡ ❜➛❞③✐❡♠② ❢♦r♠❛❧✐③♦✇❛➣ t❡❣♦ ❞♦✇♦❞✉✳ ▼♦➺❡s③ s♣ró❜♦✲
✇❛➣ ③r♦❜✐➣ t♦ s❛♠♦❞③✐❡❧♥✐❡✳ ❩❛❝③♥✐❥ ♦❞ ♥❛♣✐s❛♥✐❛ ❢♦r♠✉➟② ✇②✲
r❛➺❛❥→❝❡❥ ✇➟❛s♥♦➧❝ ❞✇✐❡ ♣❡r♠✉t❛❝❥❡ s→ ró③♥❡✳ ◆❛s③ ❛r❣✉♠❡♥t
❥❡st ♣r♦st②✳ P♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ❢♦r ♣♦✇t❛r③❛♠②
(n−k+1) r❛③② ❝③②♥♥♦➧➣ ♥❛st➛♣✉❥→❝→✿ ❞❧❛ j = k, . . . , n✱ ③❛♣✐s③ ❧✐❝③❜➛
k ♥❛ ♠✐❡❥s❝✉ A[rj ] ✐ ♥❛ ♣♦③♦st❛➟②❝❤ (n−k) ✇♦❧♥②❝❤ ♠✐❡❥s❝❛❝❤ ✇②✲
t✇ór③ (n − k)! ró➺♥②❝❤✱ ♣❡r♠✉t❛❝❥✐✳ ❲✐❞③✐♠②✱ ➺❡ ✉t✇♦r③♦♥❡ ✇
t❡♥ s♣♦só❜ (n− k + 1)! ♣❡r♠✉t❛❝❥❡ s→ ró➺♥❡✱ ♥✐❡ ♠❛ ♣♦✇tór③❡➠✳
❑♦♥✐❡❝ ❞♦✇♦❞✉ ❧❡♠❛t✉ ✶✶✳✻ ✐ ❦♦♥✐❡❝ ❞♦✇♦❞✉ t✇✐❡r❞③❡♥✐❛ ✶✶✳✶✳
✖✖✖✖✖✖✖✖✖✖✖✖✖

✷✶✸



✺✳✷✳ ❉♦✇ó❞ ● ✕ s❡♠❛♥t②❝③♥②✱ ❣r❛✜❝③♥② ✕ ✧❥❛❦ t♦ ❞③✐❛➟❛✧❄
❲ t②♠ r♦③❞③✐❛❧❡ ♣r③❡❞st❛✇✐❛♠② ❛r❣✉♠❡♥t② ♥❛ r③❡❝③ t✇✐❡r❞③❡✲
♥✐❛ ✶✶✳✶✱ ❦♦r③②st❛❥→❝ ③ ✇✐❡❞③② ♦ t②♠ ❥❛❦ ✇②❦♦♥②✇❛♥② ❥❡st ♣r♦✲
❣r❛♠✳ ❑♦♥✜❣✉r❛❝❥❛ ✭st❛♥✮ ♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠✉ P❛✇❡❧ ❥❡st ❝✐→✲
❣✐❡♠ r❡❦♦r❞ó✇ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② ❋✳

✐♥t❡❣❡r ❦ ❂ ✷
❛rr❛②♦❢ ✐♥t❡❣❡r ❆
❛rr❛② ❆ ❞✐♠ ✭✶✿✽✮❀
❝❛❧❧ ❋

✐♥t❡❣❡r ✐ ❂ ✸
❆✭✐✮ ✿❂ ❦❀ ❦✿❂❦✰✶❀
❝❛❧❧ ❋
❆✭✐✮✿❂✵❀ ❦✿❂❦✲✶❀

❉▲
❙▲

✐♥t❡❣❡r ✐ ❂ ✻
❆✭✐✮ ✿❂ ❦❀ ❦✿❂❦✰✶❀
❝❛❧❧ ❋
❆✭✐✮✿❂✵❀ ❦✿❂❦✲✶❀

❉▲
❙▲

✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽
✵ ✵ ✶ ✵ ✵ ✷ ✵ ✵

▼❛✐♥ ❋(3)
{k=1} ❋(3,6)

{k=2}

❆♥❛❧✐③❛ ♦❜❧✐❝③❡➠ ♣r♦❣r❛♠✉ P❛✇❡❧
❉r③❡✇♦ ♠♦➺❧✐✇②❝❤ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② ❋ ✭t❥✳ ❤✐st♦r✐✐ ♦❜❧✐❝③❡✲
♥✐❛✮
❑♦r③❡♥✐❡♠ ❞r③❡✇❛ ❥❡st r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦
P❛✇❡❧✳

✐♥t❡❣❡r ❦ ❂ ✵
❛rr❛②♦❢ ✐♥t❡❣❡r ❆
❛rr❛② ❆ ❞✐♠ ✭✶✿✽✮❀
❝❛❧❧ ❋

▼❛✐♥

❉❧❛ ❦❛➺❞❡❣♦ ✇➛③➟❛ w ❞r③❡✇❛ H ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② ❋✱ ❦❛➺❞❡
✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ❝❛❧❧ ❋ ✇ t②♠ r❡❦♦r❞③✐❡ ❛❦t②✇❛✲
❝❥✐ s♣♦✇♦❞✉❥❡ ✉t✇♦r③❡♥✐❡ ♥♦✇❡❣♦ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r②
❋ ✕ s②♥❛ w′

❋(i1,i2,...ik)
{k} ❋(i1,i2,...jk)

{k}

❣r✉♣❛ n− k + 1 st❛♥ó✇
r❡❦♦r❞✉ F

(i1,i2,...ik)
k

❋(i1,i2,...ik,ik+1)

{k+1}

❝❛❧❧ ❋ ❉▲

♣♦③✐♦♠ k✱ ❧✐❝③❜② 1, . . . , k
♥❛ ♣♦③②❝❥❛❝❤ i1, i2, . . . ik ✇ ❆

♣♦③✐♦♠ k + 1✱ ❧✐❝③❜② 1, . . . , k, k + 1 ♥❛ ♣♦③②❝❥❛❝❤ i1, i2, . . . ik, ik+1 ✇ ❆

❉❧❛ ✉st❛❧♦♥❡❣♦ n ❞r③❡✇♦ ❛❦t②✇❛❝❥✐ H ♠❛ ✇✐➛❝ t❛❦✐ ❦s③t❛➟t

✷✶✹



▼❛✐♥

F
(1)
1

❝❛❧❧ ❋
. . .

︸ ︷︷ ︸

n× F
(n)
1

❉▲

F
(1,2)
2

❝❛❧❧ ❋
. . .

︸ ︷︷ ︸

(n−1)× F
(1,n)
2

❉▲

F
(n,1)
2

❝❛❧❧ ❋
. . .

︸ ︷︷ ︸

(n−1)× F
(n,n−1)
2

❉▲

F
(1,n,2)
3

❝❛❧❧ ❋
. . .

︸ ︷︷ ︸

(n−2)× F
(1,n,n−1)
3

❉▲

. . .
︸ ︷︷ ︸

. . .
︸ ︷︷ ︸

◆❛ ❦❛➺❞②♠ ♣♦③✐♦♠✐❡ k, k < n ❦❛➺❞② ✇➛③❡➟ ♠❛ n− k s②♥ó✇✳
❲➛③❡➟ ♥❛ ♣♦③✐♦♠✐❡ n ♠❛ ❥❡❞♥❡❣♦ s②♥❛✱ ❥❡st ♥✐♠ r❡❦♦r❞ ❛❦t②✲
✇❛❝❥✐ ♣r♦❝❡❞✉r② ❉r✉❦✉❥❆✳ ▲✐❝③❜❛ ❧✐➧❝✐ ❞r③❡✇❛ ❛❦t②✇❛❝❥✐ ❥❡st
ró✇♥❛ n!✳ ❙t❛♥ t❛❜❧✐❝② ❆ ♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ t❡❥ ♣r♦❝❡❞✉r②
③ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ k = n ❥❡st t❛❦✐✱ ➺❡ ✇②♣❡➟♥✐♦♥❡ ❥❡st ❦❛➺❞❡
♠✐❡❥s❝❡ ✇ t❡❥ t❛❜❧✐❝②✳ ❲❛rt♦➧❝✐❛♠✐ ③❛♣✐s❛♥②♠✐ ✇ t❡❥ t❛❜❧✐❝② s→
❧✐❝③❜② 1, . . . , n ✐ ➺❛❞♥❛ ❧✐❝③❜❛ s✐➛ ♥✐❡ ♣♦✇t❛r③❛✳
P♦ ♣♦✇r♦❝✐❡ ③ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ♣♦③✐♦♠✉ ❦ ➺❛❞♥❛ ❧✐❝③❜❛ ✇ t❛✲
❜❧✐❝② ❆ ♥✐❡ ❥❡st ✇✐➛❦s③❛ ♦❞ ❦✳
P♦❞s✉♠♦✇✉❥→❝✱ ✇②❞r✉❦♦✇❛♥❡ ③♦st❛♥→ ✇s③②st❦✐❡ ♣❡r♠✉t❛❝❥❡ ❧✐❝③❜
1, . . . , n✳ �

❉♦✇ó❞ ♥✐❡ ♦❞♥♦s③→❝② s✐➛ ❞♦ ♣♦❥➛❝✐❛ ♦❜❧✐❝③❡♥✐❛ ③♦st❛♥✐❡ ♣r③❡❞✲
st❛✇✐♦♥② ♣♦♥✐➺❡❥✳

❉♦✇ó❞✳ ❉♦✇ó❞ t✇✐❡r❞③❡♥✐❛ s♣r♦✇❛❞③❛ s✐➛ ❞♦ ✉❞♦✇♦❞♥✐❡♥✐❛
♥❛st➛♣✉❥→❝❡❣♦ ❧❡♠❛t✉✳

▲❡♠❛t ✶✶✳✼✳ ❩❛➟♦➺❡♥✐❛✿ A ❥❡st t❛❜❧✐❝→ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ ♦
r♦③♠✐❛r③❡ n✳ ▲✐❝③❜❛ n ❥❡st ❞♦❞❛t♥✐❛ n > 0✱ ❩❛❝❤♦❞③❛ ró✇♥♦➧❝✐
l = 1 ✐ u = n✳
▲✐❝③❜❛ k s♣❡➟♥✐❛ ✇❛r✉♥❡❦ 0 ≤ k − 1 ≤ n✳ ◆❛ k ró➺♥②❝❤ ♠✐❡❥s❝❛❝❤
t❛❜❧✐❝② A ③♥❛❥❞✉❥→ s✐➛ ❧✐❝③❜② 1, . . . , k✳
❚❡③❛✳ ❏❡st t✇✐❡r❞③❡♥✐❡♠ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ ❧✐❝③❜ ♥❛t✉r❛❧✲
♥②❝❤ AT N ✉③✉♣❡➟♥✐♦♥❡❥ ❞❡❦❧❛r❛❝❥→ ♣r♦❝❡❞✉r② F ✲ s❝❤❡♠❛t❡♠
❛❦s❥♦♠❛tó✇ {call F}α⇔ {TrescF}α ♥❛st➛♣✉❥→❝❡ ③❞❛♥✐❡

δ ⇒ {k := k + 1; ❝❛❧❧ F}(γ)

❇❛③❛ ✐♥❞✉❦❝❥✐✳ ❉❧❛ n = 1 t❡③❛ t✇✐❡r❞③❡♥✐❛ ❥❡st ♦❝③②✇✐➧❝✐❡
♣r❛✇❞③✐✇❛✳
❑r♦❦ ✐♥❞✉❦❝❥✐✳ ❯❞♦✇♦❞♥✐♠② ♥❛st➛♣✉❥→❝→ t❡③➛✳
❚❡③❛✳ ❉❛♥❛ ❥❡st t❛❜❧✐❝❛ A ♦ r♦③♠✐❛r③❡ ✇✐➛❦s③②♠ ♦❞ n✳ ❚❛✲
❜❧✐❝❛ ③❛✇✐❡r❛ ❞♦❦➟❛❞♥✐❡ j ③❡r✳ P♦③♦st❛➟❡ ♠✐❡❥s❝❛ s→ ✇②♣❡➟♥✐♦♥❡
❧✐❝③❜❛♠✐ ❞♦❞❛t♥✐♠✐ 1, . . . , l✳ ❲❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ k ❥❡st j + 1✳

✷✶✺



❩❛➟ó➺♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② n ≤ j ❥❡st ♣r❛✇❞→✱ ➺❡ ♣r♦❣r❛♠
♦❜❧✐❝③❛ ✐ ❞r✉❦✉❥❡ ✇s③②st❦✐❡ ♣❡r♠✉t❛❝❥❡ ③❜✐♦r✉ {1, . . . , j}✳ ❘♦③♣❛✲
tr✉❥❡♠② ③❜✐ór {1, . . . , j, j + 1}✳ ❲②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❝❛❧❧ ❋ ✇ ♣r♦✲
❣r❛♠✐❡ ❣➟ó✇♥②♠ ♣♦✇♦❞✉❥❡ ✉t✇♦r③❡♥✐❡ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ t❡❥
♣r♦❝❡❞✉r② ✐ ③❛♣♦❝③→t❦♦✇❛♥✐❡ ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ❢♦r✳ ❲
t❛❜❧✐❝② ❆ ♦ j + 1 ❡❧❡♠❡♥t❛❝❤ ♥❛ ♠✐❡❥s❝✉ ✶ ③♦st❛♥✐❡ ✇st❛✇✐♦♥❛
❧✐❝③❜❛ ✶ ✭t③♥✳ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ k✮✳

�

✷✶✻



❘❖❩❉❩■❆➟ ✶✷

Le ❙②❣♥❛➟② ✐ ✐❝❤ ♦❜s➟✉❣❛

L0  L1  L2  L3  L4  L5  L6  L7  Le  L8  L9  L10

❚❡♥ r♦③❞③✐❛➟ ♣♦➧✇✐➛❝❛♠② s②❣♥❛➟♦♠✱ ✇②❥→t❦♦♠ ✐ ✐❝❤ ♦❜s➟✉✲
❞③❡✳
P♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ♦❜❧✐❝③❡➠ ♠♦❣→ ✇②st→♣✐➣ ❞✇❛ ♥✐❡♣♦➺→✲
❞❛♥❡✱ ✇r➛❝③ ❣r♦➵♥❡✱ ③❥❛✇✐s❦❛✿
③❛♣➛t❧❡♥✐❡ ✕ ♦❜❧✐❝③❡♥✐❡ ♥✐❡s❦♦➠❝③→❝❡s✐➛ ❝③②❧✐ ✇②♠❛❣❛❥→❝❡ ✐♥❣❡✲
r❡♥❝❥✐✱ ♣r③❡r✇❛♥✐❛ ♣r❛❝② ♣r♦❣r❛♠✉✱ ❧✉❜
③❡r✇❛♥✐❡ ♦❜❧✐❝③❡➠ ♣r③❡③ ❦♦♠♣✉t❡r ❧✉❜ ♠❛s③②♥➛ ✇✐rt✉❛❧♥→ ❱▲P✱
✇②♥✐❦❛❥→❝❡ ③ ✇②❦r②t❡❣♦ ❜➟➛❞✉ ♥♣✳ ❞③✐❡❧❡♥✐❡ ♣r③❡③ ③❡r♦✱ ♣ró❜❛
❞♦st➛♣✉ ❞♦ ♥✐❡✐st♥✐❡❥→❝❡❣♦ ♦❜✐❡❦t✉✱ ♣ró❜❛ ③❛♣✐s❛♥✐❛ ✇❛rt♦➧❝✐ ✇
♥✐❡✐st♥✐❡❥→❝②♠ ❡❧❡♠❡♥❝✐❡ t❛❜❧✐❝②✱ ✳✳✳
▼❡❝❤❛♥✐③♠ ♣♦❧❡❣❛❥→❝② ♥❛ s②❣♥❛❧✐③♦✇❛♥✐✉ s②t✉❛❝❥✐ ✇②❥→t❦♦✇❡❥
✐ ♦❞♣♦✇✐❡❞♥✐♠ ❥❡❥ ♦❜s➟✉➺❡♥✐✉ ❥❡st ♣♦♠♦❝♥② ✇ ③✇✐➛❦s③❛♥✐✉ ♦❞✲
♣♦r♥♦➧❝✐ ✭❛♥❣✳ r♦❜✉st♥❡ss✮ ♣r♦❣r❛♠✉✳ ❲✐❡♠②✱ ❥❛❦ ❣r♦➵♥②♠
③❥❛✇✐s❦✐❡♠ ❥❡st ③❛♣➛t❧❛♥✐❡ s✐➛✱ ❝③②❧✐ ✇②st→♣✐❡♥✐❡ ♦❜❧✐❝③❡♥✐❛ ♥✐❡✲
s❦♦➠❝③♦♥❡❣♦✳ P♦❞♦❜♥✐❡ ❣r♦➵♥❡ ❥❡st ③❥❛✇✐s❦♦ ♦❜❧✐❝③❡♥✐❛ ♥✐❡✉❞❛✲
♥❡❣♦ ✕ ③❡r✇❛♥❡❣♦✳ Pr③②❦➟❛❞❡♠ ♦❜❧✐❝③❡♥✐❛ ③❡r✇❛♥❡❣♦ ❥❡st ❞♦✲
♣r♦✇❛❞③❡♥✐❡ ❞♦ ❞③✐❡❧❡♥✐❛ ♣r③❡③ ③❡r♦✳

Pr③②❦➟❛❞ ✶✷✳✶✳ ❲✐❡❧❡ ♣r♦❣r❛♠ó✇ ✇②❦♦r③②st✉❥❡ str✉❦t✉r➛ ❞❛✲
♥②❝❤ st♦s② ✐ ♣♦s➟✉❣✉❥❡ s✐➛ ♦♣❡❛r❝❥❛♠✐✿ ♣✉s❤✱ ♣♦♣✱ t♦♣✱ ❡♠♣t②
♥❛ ♥✐❝❤✳ ❈③➛st♦ s✐➛ ③❞❛r③❛✱ ➺❡ ♣r♦❣r❛♠ ✇②❦♦♥✉❥❡ ♦♣❡r❛❝❥➛ ♣♦♣
♥❛ ♣✉st②♠ st♦s✐❡ ❧✉❜ ♦♣❡r❛❝❥➛ ♣✉s❤ ♥❛ st♦s✐❡ ♣❡➟♥②♠✳ ❍❛❦❡r③②
➧✇✐❛❞♦✐❡ ✇②❦♦r③②st✉❥❛t❛❦✐❡ s②t✉❛❝❥❡✳ ▼♦➺♥❛ ✇②♠❛❣❛➣ ❜② ❦❛➺❞❡
✇②❦♦♥❛♥✐❡ ♣♦❧❡❝❡♥✐❛ ♣♦♣ ❜②➟♦ ♣♦♣r③❡❞③♦♥❡ s♣r❛✇❞③❡♥✐❡♠ ❝③②
st♦s ❥❡st ♣✉st②✳ ❈③➛st♦ ✇②♠❛❣❛♥✐❡ t❛❦✐❡ ❥❡st ♥✐❡r❡❛❧✐st②❝③♥❡✳
◆❛t♦♠✐❛st♣r③❡✇✐❞✉❥→❝② ♣r♦❣r❛♠✐st❛ ③❛❞❡❦❧❛r✉❥❡ s②❣♥❛➟ ♥♣✳ s✐✲
❣♥❛❧ ❊♠♣t❙t❦ ✐ ③❛♣❡✇♥✐✱ ➺❡ ♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ♠❡t♦❞② ♣♦♣ s②✲
❣♥❛➟ t❛❦✐ ③♦st❛♥✐❡ ③❣➟♦s③♦♥② r❛✐③❡ ❊♠♣t❙t❦✳ ❲ ♣r③②♣❛❞❦✉ ❣❞② t❛❦✐
❜➟❛❞ ✇②st→♣✐✱ ✉➺②t❦♦✇♥✐❦ ③♦st❛♥✐❡ ♦str③❡➺♦♥② ✐ ❜➛❞③✐❡ ♠ó❣➟ ♦❞✲
♣♦✇✐❡❞♥✐♦ ③❛r❡❛❣♦✇❛➣✳ ◆♣✳ ✇♣r♦✇❛❞③❛❥→❝ ❞❡❦❧❛r❛❝❥➛ ♠♦❞✉➟✉
♦❜s➟✉❣✐ s②❣♥❛➟✉✳ ❖ ❝③②♠ ♦❜s③❡r♥✐❡❥ ♦♣♦✇✐❡♠② ♣♦♥✐➺❡❥✳

◆✐❡ ♣♦✇✐♥♥♦ s✐➛ ♣♦③♦st❛✇✐❛➣ t❛❦✐❝❤ ③❞❛r③❡➠ ❜❡③ ♦❞♣♦✇✐❡❞✲
♥✐❡❥ r❡❛❦❝❥✐✳ ▼✐♥✐♠❛❧♥→ r❡❛❦❝❥→ ♣♦✇✐♥♥♦ ❜②➣ ♣♦✇✐❛❞♦♠✐❡♥✐❡
✉➺②t❦♦✇♥✐❦❛ ♣r♦❣r❛♠✉ ♦ ✇②st→♣✐❡♥✐✉ ❜➟➛❞✉ ✐ ③❛❦♦➠❝③❡♥✐✉ ♣r❛❝②
♣r♦❣r❛♠✉✳ ✭❆❧❡ ❦♦♠✉♥✐❦❛t✏t❡♥ ♣r♦❣r❛♠ ♣♦♣❡➟♥✐➟ ❜➟❛❞ ✐ ③♦✲
st❛♥✐❡ ③❛❦♦➠❝③♦♥②✑ t♦ ♥✐❡ ❥❡st ♦❞♣♦✇✐❡❞♥✐❛ r❡❛❦❝❥❛✳✮ ❑♦♠✉✲
♥✐❦❛t♦✇✐ ♣♦✇✐♥♥❛ t♦✇❛r③②s③②➣ ❞✐❛❣♥♦③❛✳ ▼❛s③②♥❛ ✇✐rt✉❛❧♥❛
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▲♦❣❧❛♥✉ ❞♦st❛r❝③❛ ❦rót❦→ ❞✐❛❣♥♦③➛ ♦ r♦❞③❛❥✉ ❜➟➛❞✉ ✐ ♠✐❡❥s❝✉
✇②st→♣✐❡♥✐❛ ❜➟➛❞✉ ✇ ♣r♦❣r❛♠✐❡✳ Pr♦❣r❛♠✐st❛ ♣♦s➟✉❣✉❥→❝ s✐➛
♠❡❝❤❛♥✐③♠❡♠ s②❣♥❛➟ó✇ ✐ ✐❝❤ ♦❜s➟✉❣✐ ♠♦➺❡ ③♥❛❝③♥✐❡ ✉❧❡♣s③②➣
❞✐❛❣♥♦st②❦➛ ❡✇❡♥t✉❛❧♥②❝❤ ❜➟➛❞ó✇✱ ❛ ✇ ✇✐❡❧✉ ♣r③②♣❛❞❦❛❝❤ ③❛✲
♣r♦❣r❛♠♦✇❛➣ ♦❞♣♦✇✐❡❞♥✐→ r❡❛❦❝❥➛ ♥❛ ③❛s②❣♥❛❧✐③♦✇❛♥② ❜➟→❞✳
❲✐❡❧❡ ❥➛③②❦ó✇ ♣r♦❣r❛♠♦✇❛♥✐❛ ♥✐❡ s②❣♥❛❧✐③✉❥❡ ❣r♦➺♥②❝❤ ❜➟➛❞ó✇✿
♣ró❜❛ ❞♦st➛♣✉ ❞♦ ♥✐❡✐st♥✐❡❥→❝❡❣♦ ❡❧❡♠❡♥t✉ t❛❜❧✐❝②✱ ♣ró❜❛ ❞♦✲
st➛♣✉ ❞♦ ♥✐❡✐st♥✐❡❥→❝❡❣♦ ♦❜✐❡❦t✉ t♦ ❞✇❛ ♣r③②❦➟❛❞② ③ ✇✐❡❧✉ ♣♦✲
❞♦❜♥②❝❤✳
❲❛rt♦ ❜② ♣r♦❣r❛♠✐st❛ ♣r③❡✇✐❞②✇❛➟ ♠♦➺❧✐✇♦➧➣ ✇②st→♣✐❡♥✐❛ ❜➟➛❞✉
♥♣✳ ❞♦st➛♣✉ ❞♦ ♥✐❡✐st♥✐❡❥→❝❡❣♦ ❡❧❡♠❡♥t✉ t❛❜❧✐❝② ✐ ❜② ✇st❛✇✐➟ ✇
♦❞♣♦✇✐❡❞♥✐❡ ♠✐❡❥s❝❛ ♠♦❞✉➟② r❡❛❦❝❥✐ ✭♦❜s➟✉❣✐✮ s②t✉❛❝❥✐ ✇②❥→t✲
❦♦✇②❝❤ ✭❜➟➛❞ó✇✮✳

Pr③②❦➟❛❞ ✶✷✳✷✳ ❲ ♣♦❞r♦③❞③✐❛❧❡ ✼✳✸ ✉❞♦✇♦❞♥✐❧✐➧♠② ♣♦♣r❛✇✲
♥♦➧➣ ❛❧❣♦r②t♠✉ ❜✐s❡❦❝❥❛✳ ❏❡➺❡❧✐ ♣r♦❣r❛♠✐st❛ ✇②❦♦r③②st❛ t❡♥
❛❧❣♦r②t♠ ✐ ③❛❞❜❛ ♣r③② t②♠ ❜② s♣❡➟♥✐♦♥❡ ❜②➟② ③❛➟♦➺❡♥✐❛ t✇✐❡r✲
❞③❡♥✐❛ ✼✳✼✱ t♦ ♥✐❡ st❛♥✐❡ s✐➛ ♥✐❝ ③➟❡❣♦✳ ❆❧❡✳✳✳ ❥❛❦ ♣♦❦❛③✉❥❡
✇✐❡❧♦❧❡t♥✐❡ ❞♦➧✇✐❛❞❝③❡♥✐❡✱ ♣r♦❣r❛♠✐➧❝✐ ❝❤➛t♥✐❡ st♦s✉❥→ ❣♦t♦✇❡
❛❧❣♦r②t♠② ✐ ró✇♥♦❝③❡➧♥✐❡ ❧❡❦❝❡✇❛➺→ s♣r❛✇❞③❛♥✐❡ ❝③② s♣❡➟♥✐♦♥❡
s→ ✇②♠❛❣❛♥✐❛ ❣✇❛r❛♥t✉❥→❝❡ ♦tr③②♠❛♥✐❡ ♣♦♣r❛✇♥❡❣♦ ✇②♥✐❦✉✳
P♦♣❛tr③♠② ❥❛❦ t♦ ♠♦➺❡ ✇②❣❧→❞❛➣✳

♣r♦❣r❛♠ ❆♣♣❧②❇✐s❡❝t✐♦♥❀
✉♥✐t ❜✐s❡❝t✐♦♥✿ ❢✉♥❝t✐♦♥✭❛✱❜✱❡♣s✿r❡❛❧❀❢✉♥❝t✐♦♥ ❢✭①✿r❡❛❧✮✿r❡❛❧✮✿ r❡❛❧❀
✳✳✳

❡♥❞ ❜✐s❡❝t✐♦♥❀
✉♥✐t ❢✶✿ ❢✉♥❝t✐♦♥✭②✿r❡❛❧✮✿ r❡❛❧❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ✽✳✸✯✭②✲✼✮✯✭②✰✶✶✮✯✭✮②✲✸✳✸✮✯✭②✲✷✳✶✮

❡♥❞ ❢✶❀
✉♥✐t ❢✷✿ ❢✉♥❝t✐♦♥✭②✿r❡❛❧✮✿ r❡❛❧❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ✭✸✯②✰✼✮✴✭②✰✺✮

❡♥❞ ❢✷❀
✈❛r ③✱t✿r❡❛❧❀

❜❡❣✐♥

t✿❂ ❜✐s❡❝t✐♦♥✭✲✷✵✱ ✶✶✱ ✵✳✵✵✵✵✶✱ ❢✶✮❀
✇r✐t❡❧♥✭t✮❀
③✿❂ ❜✐s❡❝t✐♦♥✭✲✷✵✱ ✶✶✱ ✵✳✵✵✵✵✶✱ ❢✷✮❀
✇r✐t❡❧♥✭③✮❀

❡♥❞

❈♦ t✉ s✐➛ ♠♦➺❡ st❛➣❄
• ❖❜❧✐❝③❛♥✐❡ ♠✐❡❥s❝❛ ③❡r♦✇❡❣♦ ❢✉♥❦❝❥✐ f1 ♣r③❡❜✐❡❣❛ ❜❡③✲
♣r♦❜❧❡♠♦✇♦✳

• P♦❞❝③❛s s③✉❦❛♥✐❛ ♠✐❡❥s❝❛ ③❡r♦✇❡❣♦ ❢✉♥❦❝❥✐ f2 ♠♦➺❡
❞♦❥➧➣ ❞♦ ❞③✐❡❧❡♥✐❛ ♣r③❡③ ③❡r♦✳

✷✶✽



• ▼♦➺❡♠② t❡➺ ③❛♦❜s❡r✇♦✇❛➣ ♥✐❡❦♦r③②st♥❡ ❡❢❡❦t② ♥✐❡❝✐→✲
❣➟♦➧❝✐ ❢✉♥❦❝❥✐ f2✳

❏❛❦ t❡♠✉ ③❛r❛❞③✐➣❄ P♦♣ró❜✉❥♠②✳

Pr③②❦➟❛❞ ✶✷✳✸✳ ❲♣r♦✇❛❞③❛♠② ❞❡❦❧❛r❛❝❥❡ s②❣♥❛➟ó✇ ✐ ♠♦❞✉➟②
✐❝❤ ♦❜s➟✉❣✐✳

♣r♦❣r❛♠ ❙❛❢❡❇✐s❡❝t✐♦♥❀
s✐❣♥❛❧ ❉✐✈❩❡r♦✱ ❉✐s❝♦♥t✐♥❀
✉♥✐t ❜✐s❡❝t✐♦♥✿ ❢✉♥❝t✐♦♥✭❛✱❜✱❡♣s✿r❡❛❧❀❢✉♥❝t✐♦♥ ❢✭①✿r❡❛❧✮✿r❡❛❧✮✿ r❡❛❧❀
✳✳✳

❡♥❞ ❜✐s❡❝t✐♦♥❀
✉♥✐t ❢✶✿ ❢✉♥❝t✐♦♥✭②✿r❡❛❧✮✿ r❡❛❧❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ✽✳✸✯✭✭②✲✼✮✯✭②✰✶✶✮✮✯✭✭②✲✸✳✸✮✯✭②✲✷✳✶✮✮

❡♥❞ ❢✶❀
✉♥✐t ❢✷✿ ❢✉♥❝t✐♦♥✭②✿r❡❛❧✮✿ r❡❛❧❀
❤❛♥❞❧❡rs
✇❤❡♥ ◆✉♠❊rr♦r✿ r❛✐s❡ ❉✐✈❩❡r♦❀

❡♥❞ ❤❛♥❞❧❡rs❀
❜❡❣✐♥
✐❢ ❛❜s✭②✰✺ ✮❁✵✳✵✵✶ t❤❡♥ r❛✐s❡ ❉✐s❝♦♥t✐♥ ✜❀
r❡s✉❧t ✿❂✭✸✯②✰✼✮✴✭②✰✺✮

❡♥❞ ❢✷❀
✈❛r ③✱t✿r❡❛❧❀
❤❛♥❞❧❡rs
✇❤❡♥ ❉✐✈❩❡r♦✿ ✇r✐t❡❧♥✭✧ ♥❛r✉s③♦♥♦ ✇❛r✉♥❦✐✧✮❀
✇❤❡♥ ❉✐s❝♦♥t✐♥✿ ✇r✐t❡❧♥✭✧ ✇ ♣♦❜❧✐➺✉ ♣✉♥❦t✉ ♥✐❡❝✐→❣➟♦➧❝✐✧✮❀

❡♥❞ ❤❛♥❞❧❡rs❀
❜❡❣✐♥

t✿❂ ❜✐s❡❝t✐♦♥✭✲✷✵✱✶✶✱✵✳✵✵✵✵✶✱❢✶✮❀
✇r✐t❡❧♥✭t✮❀
t✿❂ ❜✐s❡❝t✐♦♥✭✲✷✵✱✶✶✱✵✳✵✵✵✵✶✱❢✷✮❀
✇r✐t❡❧♥✭t✮❀

❡♥❞

❲ ♣r♦❣r❛♠✐❡ ❙❛❢❡❇✐s❡❝t✐♦♥✱ ❥❡➧❧✐ ❞♦❥❞③✐❡ ❞♦ ❞③✐❡❧❡♥✐❛ ♣r③❡③ ③❡r♦
t♦ s②❣♥❛➟ ♦ t②♠ ③❞❛r③❡♥✐✉ ❜➛❞③✐❡ ✇②❣❡♥❡r♦✇♥② ♣r③❡③ ❦♦♠♣✉t❡r
✭t❥✳ ❤❛r❞✇❛r❡✮ ✐ ③♦st❛♥✐❡ ♣r③❡❥➛t② ♣r③❡③ ♠♦❞✉➟ ♦❜s➟✉❣✐ ✇ r❡❦♦r✲
❞③✐❡ ❛❦t②✇❛❝❥✐ ❢✉♥❦❝❥✐ f2✱ ✇ t②♠ ♠♦❞✉❧❡ ③♦st❛♥✐❡ ♣♦❞♥✐❡s✐❡♥②
s②❣♥❛➟ ❉✐✈❩❡r♦✳ ❚❡♥ s②❣♥❛➟ ③♦st❛♥✐❡ ♦❜s➟✉➺♦♥② ✇ ♠♦❞✉❧❡ ♦❜✲
s➟✉❣✐ s②❣♥❛➟ó✇ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦✳ ◆❛t♦♠✐❛st s②t✉❛❝❥❛ ✇ ❦tó✲
r❡❥ ♣♦❞❝③❛s ♦❜❧✐❝③❡➠ ③❜❧✐➺❛♠② s✐➛ ❞♦ ♣✉♥❦t✉ ♥✐❡❝✐→❣➟♦➧❝✐ ❢✉♥❦❝❥✐
f2 ③♦st❛♥✐❡ ③❛s②❣♥❛❧✐③♦✇❛♥❛ ♣r③❡③ ♣r♦❣r❛♠ r❛✐s❡ ❉✐s❝♦♥t✐♥✳

P♦♥✐➺❡❥ ♣r③②t❛❝③❛♠② tr③② ♣r③②❦➟❛❞② ✇ ❦tór②❝❤ ♠❛s③②♥❛ ✇✐r✲
t✉❛❧♥❛ ❱▲P s②❣♥❛❧✐③✉❥❡ ❜➟→❞

✷✶✾



Pr③②❦➟❛❞ ✶✷✳✹✳ P♦❞❛❥❡♠② tr③② ③ ❦✐❧❦✉ ♠♦➺❧✐✇②❝❤ s②❣♥❛❧✐③❛❝❥✐
❜➟➛❞✉ ③❣➟❛s③❛♥②❝❤ ♣r③❡③ ♠❛s③②♥➛ ✇✐rt✉❛❧♥→

• ❘❡❛❦❝❥❛ ♥❛ ❞③✐❡❧❡♥✐❡ ♣r③❡③ ③❡r♦✳
❞✐✈✐s✐♦♥ ❜② ③❡r♦ ❡rr♦r

❧✐♥❡ ✷✸✹

• ❘❡❛❦❝❥❛ ♥❛ ♣♦❧❡❝❡♥✐❡ ✉t✇♦r③❡♥✐❛ t❛❜❧✐❝② ♦ ✉❥❡♠♥❡❥ ❞➟✉✲
❣♦➧❝✐✳
❛rr❛② ❡rr♦r

❧✐♥❡ ✷✸✹

• ❘❡❛❦❝❥❛ ♥❛ ♣ró❜➛ ♦❞❝③②t❛♥✐❛✴③♠♦❞②✜❦♦✇❛♥✐❛ ❡❧❡♠❡♥t✉
t❛❜❧✐❝② s♣♦③❛ ❥❡❥ ③❛s✐➛❣✉✳
❛rr❛② ✐♥❞❡① ❡rr♦r

❧✐♥❡ ✷✸✹

❏❡➺❡❧✐ ✇ ♣r♦❣r❛♠✐❡ ♥✐❡ ✉♠✐❡➧❝✐♠② ♠♦❞✉➟✉ ❤❛♥❞❧❡rs ♣r③❡✲
❝❤✇②t✉❥→❝❡❣♦ ✐ ♦❜s➟✉❣✉❥→❝❡❣♦ s②❣♥❛➟ ♦ t❛❦✐♠ ❜➟➛❞③✐❡✱ t♦ ♦❜❧✐✲
❝③❡♥✐❡ ♣r♦❣r❛♠✉ ③♦st❛♥✐❡ ③❡r✇❛♥❡ ③ ❦rót❦❛ ✐♥❢♦r♠❛❝❥→✿
✇ ✇✐❡rs③✉ ❳❳❳ ♣r♦❣r❛♠✉ ✇②st→♣✐➟ ❜➟→❞
❈③❛s❛♠✐ ❥❡❞♥❛❦ ♠♦➺♥❛ ✇②❦♦r③②st❛➣ ✐♥❢♦r♠❛❝❥➛ ♦ ❜➟➛❞③✐❡ ✇ ❦♦♥✲
str✉❦t②✇♥② s♣♦só❜✳

Pr③②♣♦♠♥✐❥♠② ❞✇❛ ❛❧❣♦r②t♠②✿ ♦❜❧✐❝③❛♥✐❡ ♣✐❡r✇✐❛st❦❛ ❦✇❛✲
❞r❛t♦✇❡❣♦ ✐ r♦③✇✐→③②✇❛♥✐❡ ✉❦➟❛❞✉ ró✇♥❛➠ ❧✐♥✐♦✇②❝❤✳ ❯❞♦✇♦❞✲
♥✐❧✐➧♠②✱ ➺❡ ❣❞② ❛r❣✉♠❡♥t ❢✉♥❦❝❥✐ sqrt ❥❡st ♥✐❡✉❥❡♠♥② t♦ ♦❜❧✐✲
❝③❡♥✐❡ ❛❧❣♦r②t♠✉ ❜➛❞③✐❡ s❦♦➠❝③♦♥❡ ✐ ♦tr③②♠❛♥② ✇②♥✐❦ ❜➛❞③✐❡
♣r③②❜❧✐➺❛➟ ❞♦❦➟❛❞♥→ ✇❛rt♦➧➣

√
a ③ ➺→❞❛♥→ ❞♦❦➟❛❞♥♦➧❝✐→ ǫ✳ ❆ ❝♦

s✐➛ st❛♥✐❡ ❣❞② ❛r❣✉♠❡♥t a ❥❡st ❧✐❝③❜→ ✉❥❡♠♥→❄ ◆✐❡tr✉❞♥♦ s✐➛
♣r③❡❦♦♥❛➣✱ ➺❡ ✇ t②♠ ♣r③②♣❛❞❦✉ ♦❜❧✐❝③❡♥✐❡ ♠♦➺❡ ❜②➣ ❞♦✇♦❧✲
♥✐❡ ❞➟✉❣✐❡ ✭♥✐❡s❦♦➠❝③♦♥❡✮ ✐ ♦❝③②✇✐➧❝✐❡ ♥✐❡ ♣r③②♥♦s✐ ♦❞♣♦✇✐❡❞③✐✳
❏❛❦ s✐➛ ③❛❜❡③♣✐❡❝③②➣ ♣r③❡❞ t❛❦→ ❡✇❡♥t✉❛❧♥♦➧❝✐→❄ ▼♦➺♥❛ ❦❛➺❞❡
✇②st→♣✐❡♥✐❡ ✐♥str✉❦❝❥✐ ①✿❂sqrt✭❜✮ ③❛st→♣✐➣ ✐♥str✉❦❝❥→ ✇❛r✉♥❦♦✇→

✐❢ ❜❃✵ t❤❡♥ ①✿❂sqrt✭❜✮ ❡❧s❡ ✇r✐t❡❧♥✭✏♦❜❧✐❝③❡♥✐❡ ♣✐❡r✇✐❛st❦❛ ❧✐❝③❜② ✉❥❡♠♥❡❥✑✮ ✜

✳ ❚❡♥ s♣♦só❜ ③❛❜❡③♣✐❡❝③❡♥✐❛ ♣r♦❣r❛♠✉ ❥❡st ❥❡❞♥❛❦ ♠➛❝③→❝②
❞❧❛ ♣r♦❣r❛♠✐st②✱ ③♠♥✐❡❥s③❛❥→❝② ❡❢❡❦t②✇♥♦➧➣ ♣♦♣r❛✇♥②❝❤ ♦❜❧✐✲
❝③❡➠ ✭s♣r❛✇❞③❛♥✐❡ ✇❛r✉♥❦✉ t♦ ❞♦❞❛t❦♦✇② ❦♦s③t✮✱ ✐ ③✇✐➛❦s③❛✲
❥→❝② ❦♦s③t ✇②t✇♦r③❡♥✐❛ ♣r♦❣r❛♠✉ ✭❝❤♦➣❜② ♣r③❡③ t♦✱ ➺❡ ③♠✉✲
s③❛♠② s✐➛ ❞♦ ♥❛♣✐s❛♥✐❛ ❞➟✉➺s③❡❣♦ t❡❦st✉✮✳ P♦♥❛❞t♦ ♠❡t♦❞❛ t❛
♥✐❡ ③❛♣♦❜✐❡❣❛ ❜➟➛❞♦✇✐ ♣r③②♣❛❞❦♦✇❡❣♦ ♣♦♠✐♥✐➛❝✐❛ s♣r❛✇❞③❛♥✐❛
✇❛r✉♥❦✉✳
❲ ❞r✉❣✐♠ ♣r③②❦➟❛❞③✐❡ s②t✉❛❝❥❛ ❥❡st ❜❛r❞③✐❡❥ ③➟♦➺♦♥❛✳ P♦❞❝③❛s
r♦③✇✐→③②✇❛♥✐❛ ✉❦➟❛❞✉ ró✇♥❛➠ ♠♦➺❡ ❞♦❥➧➣ ❞♦ ❞③✐❡❧❡♥✐❛ ♣r③❡③
③❡r♦✳ ❖③♥❛❝③❛ t♦✱ ➺❡ ❞❛♥② ✉❦➟❛❞ ró✇♥❛➠ ❥❡st s✐♥❣✉❧❛r♥② ✭t③♥✳
♠❛❝✐❡r③ ✇s♣ó➟❝③②♥♥✐❦ó✇ ♣r③② ♥✐❡✇✐❛❞♦♠②❝❤ ❥❡st ♥✐❡✇➟❛➧❝✐✇❛✮✳
◆✐❡ ♠❛♠② ❥❡❞♥❛❦✱ ➺❛❞♥❡❣♦ ➟❛t✇❡❣♦ t❡st✉ ♣♦③✇❛❧❛❥→❝❡❣♦ ♦r③❡❝
♣r③❡❞ r♦③♣♦❝③➛❝✐❡♠ ♦❜❧✐❝③❡➠✱ ➺❡ ✉❦➟❛❞ ró✇♥❛➠ ♥✐❡ ♣♦s✐❛❞❛ r♦③✲
✇✐→③❛♥✐❛✳ P♦③♦st❛❥❡ ✇✐➛❝ t②❧❦♦ ❥❡❞♥❛ ❞r♦❣❛ ♣♦st➛♣♦✇❛♥✐❛✿ r♦③✲
♣♦❝③→➣ ♦❜❧✐❝③❡♥✐❛ ♥♣✳ ✇❡❞➟✉❣ ♠❡t♦❞② ●❛✉ss❛ ✐ ❣❞② ❞♦❥❞③✐❡ ❜♦

✷✷✵



③❣➟♦s③❡♥✐❛ ❜➟➛❞✉ ❞③✐❡❧❡♥✐❛ ♣r③❡③ ③❡r♦ ♥❛❧❡➺② ❜➟→❞ t❛❦✐ ③✐♥t❡r✲
♣r❡t♦✇❛➣ ✇ ♦❞♣♦✇✐❡❞♥✐ s♣♦só❜✳ ◆♣✳ ③❣➟❛s③❛❥→❝ ❜➟→❞ ✏♠❛❝✐❡r③
❆ ❥❡st ♥✐❡✇➟❛➧❝✐✇❛✑✳
❚❡ ❞✇❛ ♣r③②❦➟❛❞② ♣♦❦❛③✉❥→ ♥✐❡❜❡③♣✐❡❝③❡➠st✇♦ ♦❜✉ ❜➟➛❞ó✇✿ ③❛✲
ró✇♥♦ ❜➟➛❞✉ ♦❜❧✐❝③❡♥✐❛ ♥✐❡s❦♦➠❝③♦♥❡❣♦ ❥❛❦ ✐ ❜➟➛❞✉ ③❡r✇❛♥✐❛
♦❜❧✐❝③❡♥✐❛✳ ◆❛❥❧❡♣✐❡❥ ❜② ❜②➟♦ ✉❞♦✇♦❞♥✐➣ ♦ ❦❛➺❞②♠ ✇②st→♣✐❡♥✐✉
♥❛③❡✇♥✐❦❛ ❢✉♥❦❝②❥♥❡❣♦ sqrt(ω)✱ ➺❡ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ω ❥❡st ♥✐❡✲
✉❥❡♠♥❛✳ ❲ t❛❦✐♠ ✇②♣❛❞❦✉ ♥✐❡ ❣r♦③✐ ✇②st→♣✐❡♥✐❡ ❜➟➛❞✉✳ ❏❡➧❧✐
❥❡❞♥❛❦ ♥✐❡ ♣♦tr❛✜♠② t❡❣♦ ❞♦❦♦♥❛➣ t♦ ♠♦➺♥❛ ✇②s➟❛➣ ♦❞♣♦✇✐❡❞♥✐
s②❣♥❛➟ ✐ ♣r③❡❥→➣ ❣♦ ✇ st♦s♦✇♥②♠ ♠♦❞✉❧❡ ♦❜s➟✉❣✐ s②❣♥❛➟✉✳
Pr③②❦➟❛❞ ❲ ♣❡✇♥②♠ ❜❧♦❦✉ ♣r♦❣r❛♠✉ ③❛✇❛rt♦ ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦✲
❝❥✐ f✱ s②❣♥❛➟✉ S

♣r♦❣r❛♠ ❖❞♣♦r♥②❀
✈❛r ①✿r❡❛❧

❜❡❣✐♥

❜❧♦❝❦

s✐❣♥❛❧ ❯❥❡♠♥②❆r❣✉♠❡♥t❀

✉♥✐t sqrt✿ ❢✉♥❝t✐♦♥✭❛✿r❡❛❧✮✿r❡❛❧❀
✈❛r ①✱❞✿r❡❛❧❀
❝♦♥st ❡♣s✐❧♦♥❂✵✳✵✵✵✵✶❀

❜❡❣✐♥

✐❢ ❛❁✵ t❤❡♥ r❛✐s❡ ❯❥❡♠♥②❆r❣✉♠❡♥t ✜❀

❞✿❂❡♣s✐❧♦♥❀
✇❤✐❧❡ ❞ ❃❂ ❡♣s✐❧♦♥ ❞♦

✐❢ ❞❂❡♣s✐❧♦♥
t❤❡♥ ①✿❂✭❛✰✶✮✴✷
❡❧s❡ ①✿❂✭①✰❛✴①✮✴✷
✜❀
❞✿❂✭①✲❛✴①✮

♦❞

r❡s✉❧t✿❂①
❡♥❞ sqrt

❜❡❣✐♥

❜❧♦❝❦

❤❛♥❞❧❡rs

✇❤❡♥ ❯❥❡♠♥②❆r❣✉♠❡♥t✿ ✇r✐t❡❧♥✭✏❆❧❛r♠✑✮

❡♥❞ ❤❛♥❞❧❡rs
❜❡❣✐♥
①✿❂ ✳ ✳ ✳
✇r✐t❡❧♥✭sqrt✭①✮✮

❡♥❞ ✭✯ ❜❧♦❝❦ ✯✮

❡♥❞ ✭✯ ❜❧♦❝❦ ✯✮

❡♥❞

▼ó✇✐→❝ ♥❛❥❦ró❝❡❥ ♠♦❞✉➟ ♦❜s➟✉❣✐ s②❣♥❛➟✉ ♠❛ str✉❦t✉r➛ ♣♦✲
❞♦❜♥→ ❞♦ tr❡➧❝✐ ♣r♦❝❡❞✉r②✳ ❉❡❦❧❛r❛❝❥❛ s②❣♥❛➟✉ ❥❡st ♣♦❞♦❜♥❛

✷✷✶



❞♦ ♥❛❣➟ó✇❦❛ ❞❡❦❧❛r♦✇❛♥❡❥ ♣r♦❝❡❞✉r②✳
P♦❧❡❝❡♥✐❡ r❛✐s❡ ✉r✉❝❤❛♠✐❛ ♣r♦t♦❦ó➟ ♦ t❛❦✐❡❥ ♥❛③✇✐❡✳ Pr♦t♦❦ó➟
r❛✐s❡ ró➺♥✐ s✐➛ ♦❞ ♣r♦t♦❦♦➟✉ ❝❛❧❧ r❡❛❧✐③✉❥→❝❡❣♦ ✐♥str✉❦❝❥➛ ♣r♦❝❡✲
❞✉r② t②♠✱ ➺❡ ♠♦❞✉➟ ♦❜s➟✉❣✐ s②❣♥❛➟✉ ✇②s③✉❦✐✇❛♥② ❥❡st ✇③❞➟✉➺
➧❝✐❡➺❦✐ str③❛➟❡❦ ❉▲✳
▼❛ t♦ ③♥❛❝③❡♥✐❡ ❞❧❛ ✐♥➺②♥✐❡r✐✐ ♣r♦❣r❛♠♦✇❛♥✐❛ ✕ ♣♦③✇❛❧❛ ❜♦✲
✇✐❡♠ r❡❛❣♦✇❛➣ ♥❛ ❜➟➛❞② ❥❛❦✐❡ ♠♦❣→ ♣♦❥❛✇✐❛➣ s✐➛ ✇ tr❛❦❝✐❡ ✇②✲
❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉✳

❯r✉❝❤❛♠✐❛♥✐❡ ♣r♦t♦❦♦➟✉ r❛✐s❡ ❥❡st r❛❝③❡❥ ❦♦s③t♦✇♥❡ ✐ ♥✐❡ ③❛✲
❧❡❝❛♠② st♦s♦✇❛♥✐❛ ✐♥str✉❦❝❥✐ r❛✐s❡ ❜❡③ ✐st♦t♥❡❥ ♣r③②❝③②♥②✳ ❈③❛✲
s❛♠✐ ❥❡❞♥❛❦ ✉➺②❝✐❡ ♠❡❝❤❛♥✐③♠✉ ♦❜s➟✉❣✐ s②❣♥❛➟ó✇ ❣❞② ♥✐❡ ✇②✲
st➛♣✉❥❡ ➺❛❞❡♥ ❜➟→❞ ♠♦➺❡ ♣r③②♥✐❡➧➣ ❝✐❡❦❛✇❡ r❡③✉❧t❛t②✳

Pr③②❦➟❛❞ ✶✷✳✺✳

♣r♦❣r❛♠ ▼❆❩❊❀
✈❛r ❆ ✿ ❛rr❛②♦❢ ❛rr❛②♦❢ ❜♦♦❧❡❛♥✱
✐✱♥ ✿ ✐♥t❡❣❡r✱
t❤❡r❡❴✐s❴❛❴♣❛t❤ ✿ ❜♦♦❧❡❛♥❀

s✐❣♥❛❧ ❋♦✉♥❞❀

✉♥✐t P❆❚❍ ✿ ♣r♦❝❡❞✉r❡ ✭✐✱❥ ✿ ✐♥t❡❣❡r✮❀
✭✯ t❤❡ ♣r♦❝❡❞✉r❡ ♠❛❦❡s ♦♥❡ ♠♦✈❡ ❢r♦♠✭✐✱❥✮ ✯✮
❜❡❣✐♥
✐❢ ❆✭✐✱❥✮
t❤❡♥ ✭✯ ✇❡ ❝❛♥ ❣♦ t❤r♦✉❣❤ ✭✐✱❥✮ ✜❡❧❞ ✯✮
✐❢ ✐❂♥ ❛♥❞ ❥❂♥ t❤❡♥ r❛✐s❡ ❋♦✉♥❞ ✜❀
✐❢ ✐❁ ♥ t❤❡♥ ❝❛❧❧ P❆❚❍✭✐✰✶✱❥✮ ✜❀
✐❢ ❥❁ ♥ t❤❡♥ ❝❛❧❧ P❆❚❍✭✐✱❥✰✶✮ ✜❀

✜❀

❧❛st❴✇✐❧❧ ✿ ✇r✐t❡✭✐✱❥✮ ❀

✭✯ t❤❡ ♣❛t❤ ❢r♦♠ ❆❬♥✱♥❪ t♦ ❆❬✶✱✶❪ ✇✐❧❧ ❜❡ ♣r✐♥t❡❞ ✯✮
❡♥❞ P❆❚❍❀

❤❛♥❞❧❡rs
✇❤❡♥ ❋♦✉♥❞ ✿ t❤❡r❡❴✐s❴❛❴♣❛t❤ ✿❂tr✉❡❀ ✇✐♥❞

❡♥❞ ❤❛♥❞❧❡rs❀
❜❡❣✐♥ ✭✯ ♠❛✐♥ ♣r♦❣r❛♠ ✯✮
✳✳✳✳ ✭✯ ❝r❡❛t❡ ❛ ♠❛③❡ ❆ ❡t❝✳ ✯✮
❝❛❧❧ P❆❚❍✭✶✱✶✮❀
✐❢ t❤❡r❡❴✐s❴❛❴♣❛t❤ t❤❡♥ ✳✳✳
✳✳✳

❡♥❞ ▼❆❩❊

✶✳ ❙❦➟❛❞♥✐❛

❊❧❡♠❡♥t② ♦❜s➟✉❣✐ s②❣♥❛➟ó✇ s→ r♦③➟♦➺♦♥❡ ✇ ❦✐❧❦✉ ♠✐❡❥s❝❛❝❤
♣r♦❣r❛♠✉✿ ❲ ♣r♦❣r❛♠✐❡ ♠✉s③→ ♣♦❥❛✇✐➣ s✐➛✿

❛✮ ❞❡❦❧❛r❛❝❥❛ s②❣♥❛➟✉✭✲ó✇✮✱
❜✮ ❞❡❦❧❛r❛❝❥❛ ♠♦❞✉➟✉✭✲ó✇✮ ♦❜s➟✉❣✐ s②❣♥❛➟✉ ❤❛♥❞❧❡rs✱

✷✷✷



❝✮ ✐♥str✉❦❝❥❛ r❛✐s❡ ✇②s➟❛♥✐❛ s②❣♥❛➟✉✱
❞✮ ✐♥str✉❦❝❥❛ ❦♦➠❝③→❝❛ ♦❜s➟✉❣➛ s②❣♥❛➟✉✱
❡✮ ♦st❛t♥✐❛ ✇♦❧❛ ❧❛st✇✐❧❧✱ ♣r③②❣♦t♦✇❛♥❛ ♥❛ ✇②♣❛❞❡❦ ✉s✉✲

♥✐➛❝✐❛ ❥❡❞♥♦st❦✐ ❞②♥❛♠✐❝③♥❡❥ ✭r❡❦♦r❞✉ ♣r♦❝❡❞✉r②✱ ♦❜✐❡❦t✉
✐t♣✳✮✳

❯♣r③❡❞③❛♠② ❈③②t❡❧♥✐❦❛✱ ➺❡ ♣r❛❝❛ ③ s②❣♥❛➟❛♠✐ ✐ ✐❝❤ ♦❜s➟✉❣❛
♣r③❡❜✐❡❣❛ ✇ s♣♦só❜ ♦❞♠✐❡♥♥② ♦❞ ❞♦t②❝❤❝③❛s ♥❛❜②t②❝❤ ❞♦➧✇✐❛❞✲
❝③❡➠✳
❙②❣♥❛➟ S ✐ ♦❜s➟✉❣✉❥→❝② ❣♦ ♠♦❞✉➟ ♦❜s➟✉❣✐ H✱ r❛③❡♠ t✇♦r③→ ♣❛r➛
♣♦❞♦❜♥→ ❞♦ ♠♦❞✉➟✉ ♣r♦❝❡❞✉r②✳ ❙→ ❥❡❞♥❛❦ ró➺♥✐❝❡✿ ✭i✮ s②❣♥❛➟ S
✐ ❤❛♥❞❧❡r H ♠♦❣→ ③♥❛❥❞♦✇❛➣ s✐➛ ✇ ró➺♥②❝❤✱ ♦❞❧❡❣➟②❝❤ ♦❞ s✐❡❜✐❡
♠♦❞✉➟❛❝❤ ♣r♦❣r❛♠✉✱ ✭ii✮ ❥❡❞❡♥ s②❣♥❛➟ S ♠♦➺❡ ❜②➣ ♦❜s➟✉❣✐✇❛♥②
✇ ✇✐❡❧✉✱ ró➺♥②❝❤ ♠♦❞✉➟❛❝❤ ♣r♦❣r❛♠✉✳
❉♦❦➟❛❞♥✐❡❥✱ ♦❜s➟✉❣❛ ♣♦❞♥✐❡s✐♦♥❡❣♦ s②❣♥❛➟✉ ♦❞❜②✇❛ s✐➛ ♣♦❞❝③❛s
♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠✉✱ ♠♦➺❡ ✐st♥✐❡➣ ✇✐➛❝❡❥ ❥❡❞♥♦st❡❦ ❞②♥❛♠✐❝③✲
♥②❝❤ ③❛✇✐❡r❛❥→❝②❝❤ ♠♦❞✉➟② ♦❜s➟✉❣✐ ✭❤❛♥❞❧❡r②✮ ♥✐➺ ❞❡❦❧❛r❛❝❥✐
t②❝❤ ❤❛♥❞❧❡ró✇ ✇ t❡❦➧❝✐❡ ♣r♦❣r❛♠✉✳
❑♦❧❡❥♥❛ ♦❞♠✐❛♥❛ ❥❛❦→ s♣♦t②❦❛♠②✱ ✉❝③→❝ s✐➛ s②❣♥❛➟ó✇ ✐ ✐❝❤ ♦❜✲
s➟✉❣✐✱ t♦ ♥✐❡♦❝③②✇✐st② s♣♦só❜ ♦❞s③✉❦✐✇❛♥✐❛ ♠✐❡❥s❝❛ ✇ ❦tór②♠
s②❣♥❛➟ ❜➛❞③✐❡ ♦❜s➟✉➺♦♥②✳ ❲ ♦❞ró➺♥✐❡♥✐✉ ♦❞ st❛t②❝③♥❡❣♦ ✇✐→✲
③❛♥✐❛ ✐♥str✉❦❝❥✐ IP ♣r♦❝❡❞✉r② ③ ❞❡❦❧❛r❛❝❥→ ♣r♦❝❡❞✉r② P ✱ ♠❛♠②
t❡r❛③ ❞♦ ❝③②♥✐❡♥✐❛ ③ ❞②♥❛♠✐❝③♥②♠ ✇✐→③❛♥✐❡♠✳ ❖❞ ♠✐❡❥s❝❛ ✇
❦tór②♠ ✇②st→♣✐➟♦ ♣♦❞♥✐❡s✐❡♥✐❡ s②❣♥❛➟✉ r♦③♣♦❝③②♥❛ s✐➛ ♣♦s③✉✲
❦✐✇❛♥✐❡ ♠♦❞✉➟✉ H ♦❜s➟✉❣✐ ✇③❞➟✉➺ ➧❝✐❡➺❦✐ DL✳

❉❡❦❧❛r❛❝❥❛ s②❣♥❛➟✉✳ ❙②❣♥❛➟ S ♠✉s✐ ❜②➣ ③❛❞❡❦❧❛r♦✇❛♥② ✇
♣r♦❣r❛♠✐❡ ✐ ✇✐❞♦❝③♥② ③ ♠✐❡❥s❝ ✇ ❦tór②❝❤ ❜➛❞③✐❡ ③❣➟❛s③❛♥②✱ ❛
t❛❦➺❡ ✇ t②❝❤ ♠✐❡❥s❝❛❝❤ ❣❞③✐❡ ✉❧♦❦♦✇❛♥❡ ③♦st❛♥→ ♠♦❞✉➟② ♦❜✲
s➟✉❣✐ t❡❣♦ s②❣♥❛➟✉✳
❲②♠❛❣❛♥✐❡ t♦ ♥✐❡ ♦❞♥♦s✐ s✐➛ ❞♦ s②❣♥❛➟ó✇ ❜➟➛❞ó✇ ✇②❦r②✇❛♥②❝❤
✐ ③❣➟❛s③❛♥②❝❤ ❛✉t♦♠❛t②❝③♥✐❡ ♣r③❡③ ♠❛s③②♥➛ ✇✐rt✉❛❧♥→ ❱▲P✳
❉❡❦❧❛r❛❝❥❛ s②❣♥❛➟✉ ♣r③②♣♦♠✐♥❛ ♥❛❣➟ó✇❡❦ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡❞✉r②✳

Pr③②❦➟❛❞✿
s✐❣♥❛❧ ❊rr✶✷✱ ❚❛❜❧✐❝❛❴♦❴✉❥❡♠♥❡❥❴❞➟✉❣♦➧❝✐❀
s✐❣♥❛❧ ❊rr✶✶✭①✿r❡❛❧✱ ❝✿❝❤❛r✮❀

❏❛❦ ✇✐❞❛➣ ❦✐❧❦❛ ❞❡❦❧❛r❛❝❥✐ s②❣♥❛➟✉ ♠♦➺♥❛ ♣♦♣r③❡❞③✐➣ ❥❡❞♥②♠
s➟♦✇❡♠ s✐❣♥❛❧✳ ❩❛❞❡❦❧❛r♦✇❛♥② s②❣♥❛➟ ♠♦➺❡ ♠✐❡➣ ♣❛r❛♠❡tr②
❢♦r♠❛❧♥❡✳

▼♦❞✉➟ ♦❜s➟✉❣✐ s②❣♥❛➟ó✇✳ ▼♦❞✉➟ ♦❜s➟✉❣✐ ♠♦➺❡ ③♥❛❧❡➵➣ s✐➛ ✇
❦❛➺❞②♠ ♠♦❞✉❧❡✿ ❜❧♦❦✉✱ ♣r♦❝❡❞✉r③❡✱ ❦❧❛s✐❡✱ ✇s♣ó➟♣r♦❣r❛♠✐❡✳

❤❛♥❞❧❡rs

✇❤❡♥ ❊rr✶✷✿ ✇r✐t❡❧♥✭✏P♦♠②❧❦❛✑✮❀
✇❤❡♥ ❊rr✶✸✿ ✳✳✳

❡♥❞ ❤❛♥❞❧❡rs

✷✷✸



❲ ♣♦✇②➺s③②♠ ♣r③②❦➟❛❞③✐❡ ♣♦♠✐➛❞③② ✇✐❡rs③❛♠✐ ❤❛♥❞❧❡rs ✐ ❡♥❞
❤❛♥❞❧❡rs ③❛✇❛rt♦ ❞✇❛ ♠♦❞✉➟② ♦❜s➟✉❣✐✿ ❞❧❛ s②❣♥❛➟ó✇ ❊rr✶✷ ✐
❊rr✶✸✳ ❚r♦❝❤➛ ❦➟♦♣♦t✉ ♠♦➺❡ s♣r❛✇✐❛➣ ③❛♣❛♠✐➛t❛♥✐❡✱ ➺❡ ♠♦❞✉➟
♦❜s➟✉❣✐ s②❣♥❛➟ó✇ ♠✉s✐ ❜②➣ ♦st❛t♥✐→ ❞❡❦❧❛r❛❝❥→ ♠♦❞✉➟✉✱ t③♥✳
✇②st➛♣✉❥❡ t✉➺ ♣r③❡❞ s➟♦✇❡♠ ❜❡❣✐♥✳ ◆✐❡ ♥❛❧❡➺② s✐➛ t②♠ ♣r③❡❥♠♦✲
✇❛➣✱ ❦♦♠♣✐❧❛t♦r ♣r③②♣♦♠♥✐ t❡ ③❛s❛❞②✳

❩❣➟❛s③❛♥✐❡ s②❣♥❛➟✉✳ ❩❣➟❛s③❛♥✐❡ ✭❛❧❜♦ ✇②s②➟❛♥✐❡✱ ❛❧❜♦ ♣♦❞✲
♥♦s③❡♥✐❡✮ s②❣♥❛➟✉ r❡❛❧✐③✉❥❡ ♣r♦❣r❛♠ ✇②❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❡ r❛✐s❡✳

r❛✐s❡ ❊rr✶✸❀

❑♦➠❝③❡♥✐❡ ♦❜s➟✉❣✐✳ ❖st❛t♥✐→ ✐♥str✉❦❝❥→ ✇②❦♦♥②✇❛♥→ ♣♦❞✲
❝③❛s ♦❜s➟✉❣✐ s②❣♥❛➟✉ ❥❡st ❞♦♠②➧❧♥✐❡ ♣♦❧❡❝❡♥✐❡ t❡r♠✐♥❛t❡✳ Pr♦✲
❣r❛♠✐st❛ ♠❛ ❝③t❡r② s♣♦s♦❜② ③❛❦♦➠❝③❡♥✐❛ ♦❜s➟✉❣✐ s②❣♥❛➟✉✱ s→
t♦

• t❡r♠✐♥❛t❡✱
✲ ❞♦♠②➧❧♥②✱ ♥❛❥❝③➛➧❝✐❡❥ s♣♦t②❦❛♥② s♣♦só❜ ③❛❦♦➠❝③❡♥✐❛
♦❜s➟✉❣✐ s②❣♥❛➟✉

• ✇✐♥❞✱
• r❡t✉r♥✱
• ❝❛❧❧ ❡♥❞r✉♥
✲ ✇ ♦st❛t❡❝③♥♦➧❝✐ ③❛❦♦➠❝③ ♣r♦❣r❛♠

❖st❛t♥✐❛ ✇♦❧❛✳ P♦♥✐➺❡❥ ♣r③❡❝③②t❛s③ ♦ ③❛♠②❦❛♥✐✉ r❡❦♦r❞ó✇
❛❦t②✇❛❝❥✐✱ ❥❡❞♥♦st❡❦ ❞②♥❛♠✐❝③♥②❝❤ ✇ ❡❢❡❦❝✐❡ ♣♦❧❡❝❡➠ t❡r♠✐✲
♥❛t❡ ✐ ✇✐♥❞✳ Pr♦❣r❛♠✐st❛ ♠♦➺❡ ♣r③②❣♦t♦✇❛➣ ♣♦❧❡❝❡♥✐❛ ♣♦♣r③❡✲
❞③❛❥→❝❡ ③❛♠❦♥✐➛❝✐❡ t❛❦✐❝❤ ❥❡❞♥♦st❡❦ ❞②♥❛♠✐❝③♥②❝❤✳ P♦❧❡❝❡♥✐❛
♦st❛t♥✐❡❥ ✇♦❧✐✱ ✭❧✉❜ ❞❡str✉❦t♦r❛✮ ✉♠✐❡s③❝③❛♠② ❥❛❦♦ ♦st❛t♥✐❡ ✇
t❡❦➧❝✐❡ ♠♦❞✉➟✉ ✭♣r③❡❞ ❡♥❞✮✱ ♣♦♣r③❡❞③❛❥→❝ ❥❡ ❡t②❦✐❡t→ ❧❛st✇✐❧❧✿✳
❩♦❜✳ ♣r③②❦➟❛❞ ✶✷✳✺✳

Pr③②❦➟❛❞

✷✳ ❙❡♠❛♥t②❦❛

❖♠ó✇✐❡♥✐❡ s❡♠❛♥t②❦✐ ③❛❝③②♥❛♠② ✉ ➵ró❞➟❛✳ ❙②❣♥❛➟ ♠♦➺❡
❜②➣ ③❣➟♦s③♦♥② ♣r③❡③ ♣r♦❣r❛♠ ✭♣♦❧❡❝❡♥✐❡ r❛✐s❡✮ ❧✉❜ ♣r③❡③ ♠❛✲
s③②♥➛ ✇✐rt✉❛❧♥→ ❱▲P ✇②❦♦♥✉❥→❝→ ♥❛s③ ♣r♦❣r❛♠✳ ❙②❣♥❛➟♦♠
③❣➟❛s③❛♥②♠ ♣r③❡③ ♠❛s③②♥➛ ❱▲P ♥✐❡ t♦✇❛r③②s③→ ♣❛r❛♠❡tr② ❛❦✲
t✉❛❧♥❡✳ ◆❛t♦♠✐❛st ♣♦❧❡❝❡♥✐❡ r❛✐s❡ ❙ ♠♦➺❡ ♠✐❡➣ ❢♦r♠➛ ♥✐❡♠❛❧
✐❞❡♥t②❝③♥→ ③ ✐♥str✉❦❝❥→ ♣r♦❝❡❞✉r②✱ ♥♣✳ r❛✐s❡ ❙✭✺✳✹✱ ✬①✬✮✳

✷✷✹



Pr♦t♦❦ó➟ r❛✐s❡✳ ❙②❣♥❛➟ S ✐ ♣❛❝③❦❛ ③❣r♦♠❛❞③♦♥②❝❤ ♣❛r❛♠❡✲
tró✇ ❛❦t✉❛❧♥②❝❤✱ ✇➛❞r✉❥❡ ✇③❞➟✉➺ ➧❝✐❡➺❦✐ ❉▲ ✇ ♣♦s③✉❦✐✇❛♥✐✉
❥❡❞♥♦st❦✐ ❞②♥❛♠✐❝③♥❡❥ ③❛✇✐❡r❛❥→❝❡❥ ♠♦❞✉➟ ♦❜s➟✉❣✐ ♣♦❞♥✐❡s✐♦✲
♥❡❣♦ s②❣♥❛➟✉

❙②❣♥❛➟ ♠♦➺❡ ❜②➣ ♣♦❞♥✐❡s✐♦♥② ♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ♣r♦✲
❣r❛♠✉ ❛❧❜♦ ♣r③❡③ ♠❛s③②♥➛ ✇✐rt✉❛❧♥→ ❱▲P ✭♥♣✳ ▼❊▼❊❘❘❖❘✮
❧✉❜ ♣r③❡③ ♣r♦❣r❛♠ ✇②❦♦♥✉❥→❝② ♣♦❧❡❝❡♥✐❡ r❛✐s❡✳
Pr③②❥♠✐❥♠②✱ ➺❡ ③❣➟♦s③❡♥✐❡ s②❣♥❛➟✉ S ♥❛st→♣✐➟♦ ✇ tr❛❦❝✐❡ ✇②❦♦✲
♥②✇❛♥✐❛ ♣♦❧❡❝❡➠ ❥❡❞♥♦st❦✐ ❞②♥❛♠✐❝③♥❡❥ M ✭t③♥✳ M ❥❡st ❛❧❜♦ r❡✲
❦♦r❞❡♠ ❛❦t②✇❛❝❥✐ ❜❧♦❦✉✱ ❢✉♥❦❝❥✐ ❧✉❜ ♣r♦❝❡❞✉r②✮ ❧✉❜ ❥❡st ♦❜✐❡❦✲
t❡♠ ❦❧❛s② ✇ tr❛❦❝✐❡ ✐♥✐❝❥❛❧✐③❛❝❥✐ ✭❦♦♥str✉❦t♦r✮✳

r❛✐s❡ ❙✐❣
▼❉▲

❉▲

❏❡➺❡❧✐ ❥❡❞♥♦st❦❛ ❞②♥❛♠✐❝③♥❛ M ③❛✇✐❡r❛ ♠♦❞✉➟ ♦❜s➟✉❣✐ H ❞❧❛ s②✲
❣♥❛➟✉ S t♦ t❡♥ ♠♦❞✉➟ ③♦st❛♥✐❡ ✇②❦♦♥❛♥②✳
❉♦❦➟❛❞♥✐❡❥✱ t✇♦r③♦♥❛ ❥❡st ✐♥st❛♥❝❥❡ OH t❡❣♦ ♠♦❞✉➟✉ ♦❜s➟✉❣✐
H✱ ❥❡❥ st❛t②❝③♥②♠ ♦❥❝❡♠ ❥❡st M✱ ♦❥❝❡♠ ❞②♥❛♠✐❝③♥②♠ ❥❡st ❥❡❞✲
♥♦st❦❛ ❞②♥❛♠✐❝③♥❛✱ ✇ ❦tór❡❥ ③❣➟♦s③♦♥♦ s②❣♥❛➟ S✱ ✇ t②♠ ❦♦♥✲
❦r❡t♥②♠ ♣r③②♣❛❞❦✉ ❙▲❂❉▲✳
❏❡➧❧✐ ❥❡❞♥♦st❦❛ ❞②♥❛♠✐❝③♥❛ M ♥✐❡ ③❛✇✐❡r❛ ♠♦❞✉➟✉ ♦❜s➟✉❣✐ ❞❧❛
s②❣♥❛➟✉ S t♦ ❦➟❛❞③✐❡♠② M =M.DL ❝③②❧✐ ♣r③❡❝❤♦❞③✐♠② ❞♦ ❞②♥❛✲
♠✐❝③♥❡❣♦ ♦❥❝❛ ❥❡❞♥♦st❦✐ M✳ ▼♦➺♥❛ ♣♦✇✐❡❞③✐❡➣✱ ➺❡ s②❣♥❛➟ S ❥❡st
♣r♦♣❛❣♦✇❛♥② ❞♦ ❞②♥❛♠✐❝③♥❡❣♦ ♦❥❝❛ M✳

❉▲
r❛✐s❡ ❙✐❣

❖1

r❛✐s❡ ❙✐❣
▼ ❉▲❉▲

❙→ ♥❛st➛♣✉❥→❝❡ ♠♦❞②✜❦❛❝❥❡ t❡❣♦ s❝❤❡♠❛t✉ ♣♦st➛♣♦✇❛♥✐❛✿
✕ ❥❡➧❧✐ ❥❡❞♥♦st❦❛ M ❥❡st ✐♥st❛♥❝❥→ ♠♦❞✉➟✉ ♦❜s➟✉❣✐ H✱ t♦ t♦ s②✲
❣♥❛➟ ❥❡st ♣r♦♣❛❣♦✇❛♥② ❞♦ ❥❡❞♥♦st❦✐ ③❛✇✐❡r❛❥→❝❡❥ ❞❡❦❧❛r❛❝❥➛ t❡❣♦
♠♦❞✉➟✉ ♦❜s➟✉❣✐✳ ❲ t②♠ ♣r③②♣❛❞❦✉ ✇ ♣♦s③✉❦✐✇❛♥✐✉ ♦❞♣♦✇✐❡❞✲
♥✐❡❣♦ ♠♦❞✉➟✉ ♦❜s➟✉❣✐ ✇②❦♦♥②✇❛♥❡ ❥❡st ♣r③❡❥➧❝✐❡ ✇③❞➟✉➺ ♦❞♥♦✲
➧♥✐❦❛ ❙▲✳
✕ ❥❡➧❧✐ ❥❡❞♥♦st❦❛ ❞②♥❛♠✐❝③♥❛ M ❥❡st ♦❜✐❡❦t❡♠ ✇s♣ó➟♣r♦❣r❛♠✉
❧✉❜ r❡❦♦r❞❡♠ ❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦ ▼❛✐♥✱ t♦ ♦❜❧✐❝③❡♥✐❡
♣r♦❣r❛♠✉ ❥❡st ❦♦➠❝③♦♥❡✱
✕ ❥❡➧❧✐ M ❥❡st ♦❜✐❡❦t❡♠ ♣r♦❝❡s✉✱ t♦ t♦ ♦❜✐❡❦t t❡♥ ❥❡st ❦♦➠❝③♦♥②
✐ ✉s✉✇❛♥②✳

❉▲
r❛✐s❡ ❙✐❣

❖1

r❛✐s❡ ❙✐❣
❖2

r❛✐s❡ ❙✐❣
▼ ❉▲❉▲❉▲

●❞② ♣♦st➛♣♦✇❛♥✐❡ t♦ ❦♦➠❝③② s✐➛ s✉❦❝❡s❡♠ t③♥✳ ❣❞② ③♥❛❧❡③✐♦♥♦
❥❡❞♥♦st❦➛ ❞②♥❛♠✐❝③♥→ ③❛✇✐❡r❛❥→❝→ ♠♦❞✉➟ ♦❜s➟✉❣✐ ♣♦❞♥✐❡s✐♦✲
♥❡❣♦ s②❣♥❛➟✉✱ t♦ t✇♦r③♦♥② ❥❡st r❡❦♦r❞ ❛❦t②✇❛❝❥✐ t❡❣♦ ♠♦❞✉➟✉✱
❥❡❣♦ ❞②♥❛♠✐❝③♥②♠ ♦❥❝❡♠ ③♦st❛❥❡ ❥❡❞♥♦st❦❛ ✇ ❦tór❡❥ ③❣➟♦s③♦♥♦
s②❣♥❛➟✱ ❥❡❣♦ st❛t②❝③♥②♠ ♦❥❝❡♠ ❥❡st ❥❡❞♥♦st❦❛ ❞②♥❛♠✐❝③♥❛ ✇
❦tór❡❥ ③♥❛❧❡③✐♦♥♦ ♠♦❞✉➟ ♦❜s➟✉❣✐ s②❣♥❛➟✉✳

✷✷✺



r❛✐s❡ ❙✐❣
❖1

r❛✐s❡ ❙✐❣
❖2

r❛✐s❡ ❙✐❣
❖3

❤❛♥❞❧❡rs
✇❤❡♥ ❙✐❣✿ ■❀❏

❡♥❞ ❤❛♥❞❧❡rs

▼

❉▲❉▲❉▲❉▲

◆❛st➛♣✉❥❡ ♣r③❡❦❛③❛♥✐❡ ♣❛r❛♠❡tró✇ ❛❦t✉❛❧♥②❝❤✳
❲②❦♦♥②✇❛♥❡ s→ ♣♦ ❦♦❧❡✐ ✐♥str✉❦❝❥❡ ♠♦❞✉➟✉ ♦❜s➟✉❣✐✳

r❛✐s❡ ❙✐❣
❖1

r❛✐s❡ ❙✐❣
❖2

r❛✐s❡ ❙✐❣
❖3

❤❛♥❞❧❡rs
✇❤❡♥ ❙✐❣✿ ■❀❏

❡♥❞ ❤❛♥❞❧❡rs

▼

■❀
❏❀
✇✐♥❞

❖H

❙▲ ❉▲

❉▲❉▲❉▲❉▲

◆❛ ❦♦♥✐❡❝ ✇②❦♦♥②✇❛♥❡ ❥❡st ❥❡❞♥♦ ③ ♣♦❧❡❝❡➠✿
✇✐♥❞ ✕ ③❛♠②❦❛♥❡ ✐ ✉s✉✇❛♥❡ s→ ✇s③②st❦✐❡ ❥❡❞♥♦st❦✐ ❞②♥❛♠✐❝③♥❡
♣♦❝③②♥❛❥→❝ ♦❞ t❡❥ ✇ ❦tór❡❥ ♣♦❞♥✐❡s✐♦♥♦ s②❣♥❛➟ ❙✱ r❛✐s❡ ❙✱ ❛
❦♦➠❝③→❝ ♥❛ r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ OH ♠♦❞✉➟✉ ♦❜s➟✉❣✐ ❜➟➛❞✉ ❙✳
❲②❦♦♥②✇❛♥✐❡ ♣r♦❣r❛♠✉ ❥❡st ❦♦♥t②♥✉♦✇❛♥❡ ✇ ❥❡❞♥♦st❝❡ ❞②♥❛✲
♠✐❝③♥❡❥✱ ❦tór❛ ③❛✇✐❡r❛ ♠♦❞✉➟ ♦❜s➟✉❣✐ ❜➟➛❞✉ ❙✳
t❡r♠✐♥❛t❡ ✕ ③❛♠②❦❛♥❡ ✐ ✉s✉✇❛♥❡ s→ ✇s③②st❦✐❡ ❥❡❞♥♦st❦✐ ❞②♥❛✲
♠✐❝③♥❡ ♣♦❝③②♥❛❥→❝ ♦❞ t❡❥ ✇ ❦tór❡❥ ♣♦❞♥✐❡s✐♦♥♦ s②❣♥❛➟ ❙✱ r❛✐s❡
❙✱ ❛ ❦♦➠❝③→❝ ♥❛ ❥❡❞♥♦st❝❡ ❞②♥❛♠✐❝③♥❡❥ ▼✱ ❦tór❛ ③❛✇✐❡r❛ ♠♦❞✉➟
♦❜s➟✉❣✐ ❜➟➛❞✉ ❙✳ ❲②❦♦♥②✇❛♥✐❡ ♣r♦❣r❛♠✉ ❦♦♥t②♥✉♦✇❛♥❡ ❥❡st ✇
❥❡❞♥♦st❝❡ ❞②♥❛♠✐❝③♥❡❥ ✇s❦❛③❛♥❡❥ ♣r③❡③ ▼✳❉▲✳

r❛✐s❡ ❙✐❣
❖2

r❛✐s❡ ❙✐❣
❖3

❤❛♥❞❧❡rs
✇❤❡♥ ❙✐❣✿ ■❀❏

❡♥❞ ❤❛♥❞❧❡rs

▼

■❀
❏❀
✇✐♥❞

❖H

❙▲ ❉▲

❉▲❉▲❉▲

❯s✉✇❛♥❡ s→ ❥❡❞♥♦st❦✐ ❞②♥❛♠✐❝③♥❡ ❥❡❞♥❛ ♣♦ ❞r✉❣✐❡❥✳ Pr③❡❞ ③❧✐✲
❦✇✐❞♦✇❛♥✐❡♠ ❥❡❞♥♦st❦✐ ✇②❦♦♥②✇❛♥❛ ❥❡st ♦st❛t♥✐❛ ✇♦❧❛✱ ♦ ✐❧❡ ♦
t♦ ③❛❞❜❛➟❡➧✳

r❛✐s❡ ❙✐❣
❖3

❤❛♥❞❧❡rs
✇❤❡♥ ❙✐❣✿ ■❀❏

❡♥❞ ❤❛♥❞❧❡rs

▼

■❀
❏❀
✇✐♥❞

❖H

❙▲

❉▲❉▲

✷✷✻



r❡t✉r♥ ✕ t♦ ♣♦❧❡❝❡♥✐❡ ♣♦③✇❛❧❛ ♣♦✇ró❝✐➣ ❞♦ ✐♥str✉❦❝❥✐ ♥❛st➛♣✉✲
❥→❝❡❥ ♣♦ ♣♦❧❡❝❡♥✐✉ r❛✐s❡ S✳ ❚♦ ♣♦❧❡❝❡♥✐❡ ♠♦➺❡ ❜②➣ ③❛st♦s♦✇❛♥❡
✇②➟→❝③♥✐❡ ❞♦ ♦❜s➟✉❣✐ s②❣♥❛➟✉ ③❛❞❡❦❧❛r♦✇❛♥❡❣♦ ♣r③❡③ ♣r♦❣r❛♠✳
❝❛❧❧ ❡♥❞r✉♥ ✕ t♦ ♣♦❧❡❝❡♥✐❡ ❦♦➠❝③② ✇②❦♦♥②✇❛♥✐❡ ♣r♦❣r❛♠✉✳

❏❛❦ ③❛❦♦➠❝③②➣ ♦❜s➟✉❣➛ s②❣♥❛➟✉❄ Pr♦❣r❛♠✐st❛ ♠❛ ❞♦ ❞②s✲
♣♦③②❝❥✐ ❝③t❡r② s♣♦s♦❜② ③❛❦♦➠❝③❡♥✐❛ ♦❜s➟✉❣✐ s②❣♥❛➟✉ ❧✉❜ ❜➟❡❞✉
③❣➟❛s③❛♥❡❣♦ ♣r③❡③ s②st❡♠ ♠❛s③②♥② ✇✐rt✉❛❧♥❡❥ ▲♦❣❧❛♥✉✿

• r❡t✉r♥ ✕ ✇②❦♦♥❛♥✐❡ t❡❣♦ ♣♦❧❡❝❡♥✐❛ ✇③♥❛✇✐❛ ♦❜❧✐❝③❡♥✐❡
✇ ♠✐❡❥s❝✉ ♥❛st➛♣✉❥→❝②♠ ♣♦ ✐♥str✉❦❝❥✐ r❛✐s❡✳ ❩✇ró➣
✉✇❛❣➛✱ ♣♦❧❡❝❡♥✐❡ r❡t✉r♥ ♥✐❡ ❥❡st ♦❞♣♦✇✐❡❞♥✐♠ s♣♦s♦✲
❜❡♠ ③❛❦♦➠❝③❡♥✐❛ ♦❜s➟✉❣✐ ❜➟➛❞✉ ③❣➟♦s③♦♥❡❣♦ ♣r③❡ ③♠❛✲
s③②♥❡ ✇✐rt✉❛❧♥❛✳

• t❡r♠✐♥❛t❡ ✕ ✇s③②st❦✐❡ ❥❡❞♥♦st❦✐ ❞②♥❛♠✐❝③♥❡ ✇ ❦tó✲
r②❝❤ ♣♦s③✉❦✐✇♥♦ ♠♦❞✉➟✉ ❤❛♥❞❧❡r❛✱ ➟→❝③♥✐❡ ③ t❛ ❥❡❞✲
♥♦st❦❛ ❞②♥❛♠✐❝③♥❛ ✇ ❦tór❡❥ ③♥❛❧❡③✐♦♥♦ ♠♦❞✉➟ ♦❜s➟✉❣✐
③♦st❛♥→ ③❛❦♦➠❝③♦♥❡ ✐ ✉s✉♥✐➛t❡✳ ❖❜❧✐❝③❡♥✐❡ ❜➛❞③✐❡ ❦♦♥✲
t②♥✉♦✇❛♥❡ ✇ ❥❡❞♥♦st❝❡ ❞②♥❛♠✐❝③♥❡❥ ✇s❦❛③❛♥❡❥ ♣r③❡③
♦❞♥♦➧♥✐❦ ❉▲ ✇ ❥❡❞♥♦st❝❡✱ ❦tór❛ ③❛✇✐❡r❛➟❛ ♠♦❞✉➟ ♦❜✲
s➟✉❣✐ s②❣♥❛➟✉✳
Pr③② t❡❥ ♦❦❛③❥✐ ✇②❦♦♥❛♥❡ ③♦st❛♥❛ ♣♦❧❡❝❡♥✐❛ ♦st❛t♥✐❡❥
✇♦❧✐ ❧❛st✇✐❧❧✳
P♦❧❡❝❡♥✐❡ t❡r♠✐♥❛t❡ ❥❡st ❞♦♠②➧❧♥②♠ s♣♦s♦❜❡♠ ❦♦➠❝③❡♥✐❛
♦❜❧✐❝③❡➠ ✇❡✇♥❛tr③ ♠♦❞✉➟✉ ♦❜s➟✉❣✐ s②❣♥❛➟✉ ✕ ♣♦❞♦❜✲
♥✐❡ ❥❦❛ ♣♦❧❡❝❡♥✐❛ r❡t✉r♥ ❞♦♠②➧❧♥✐❡ ❦♦♥❝③② ♦❜❧✐❝③❡♥✐❡
✇❡✇♥❛tr③ ♠♦❞✉➟✉ ♣r♦❝❡❞✉r② ❧✉❜ ❢✉♥❦❝❥✐✳

• ✇✐♥❞ ✕ t♦ ♣♦❧❡❝❡♥✐❡ ♠❛ ❡❢❡❦t ♣♦❞♥② ❞♦ ♣♦❧❡❝❡♥✐❛ t❡r✲
♠✐♥❛t❡✱ ③ t→ ró➺♥✐❝→✱ ➺❡ ♦❜❧✐❝③❡♥✐❡ ❥❡st ❦♦♥t②♥✉♦✇❛♥❡
✇ ❥❡❞♥♦st❝❡ ❞②♥❛♠✐❝③♥❡❥ ③❛✇✐❡r❛❥→❝❡❥ ♠♦❞✉➟ ♦❜s➟✉❣✐
s②❣♥❛➟✉✳

• ❝❛❧❧ ❡♥❞r✉♥ ✕ ✇ ♦st❛t❡❝③♥♦➧❝✐ ♣r♦❣r❛♠✐st❛ ♠♦➺❡ ③❛✲
❦♦➠❝③②➣ ♦❜❧✐❝③❡♥✐❡ ♣r♦❣r❛♠✉✳

❧❛st✇✐❧❧✳ ●❞② ❥❡❞♥♦st❦❛ ❞②♥❛♠✐❝♥❛ ❥❡st ❦♦➠❝③♦♥❡ ✇ s♣♦só❜
♥✐❡♥♦r♠❛❧♥② ♣r③❡③ ✇②❦♦♥❛♥✐❡ ♣♦❧❡❝❡♥✐❛ t❡r♠✐♥❛t❡ ❧✉❜ ✇✐♥❞✱
✇②❦♦♥②✇❛♥❡ s❛ ♣♦❧❡❝❡♥✐❛✱ ❥❛❦✐❡ ♣r♦❣r❛♠✐st❛ ♣r③②❣♦t♦✇❛➟ ♥❛
t❛❦→ ❡✇❡♥t✉❛❧♥♦➧➣✳

❞③✐❡❞③✐❝③❡♥✐❡ ✈s✳ ♦❜s➟✉❣❛ s②❣♥❛➟ó✇✳ ❍❛♥❞❧❡rs ✭♠♦❞✉❧❡s ❤❛♥✲
❞❧✐♥❣ s✐❣♥❛❧s✮ ❜❡❤❛✈❡ s✐♠✐❧❛r❧② t♦ ✈✐rt✉❛❧ ♣r♦❝❡❞✉r❡s✱ ✐✳❡✳ t❤❡
♥❡✇ ❤❛♥❞❧❡r ❢r♦♠ t❤❡ ♣r❡✜①❡❞ ♠♦❞✉❧❡ r❡♣❧❛❝❡s t❤❡ ♠♦❞✉❧❡ ❢r♦♠
t❤❡ ♣r❡✜①✐♥❣ ♠♦❞✉❧❡✳ ❊①❛♠♣❧❡ ✻

✷✷✼



Pr③②❦➟❛❞ ✶✷✳✻✳

✉♥✐t ❙❚❆❈❑❙✿ ❝❧❛ss ✭t②♣❡ ✿t❡❧❡♠✮❀
s✐❣♥❛❧ ❡♠♣t②❴st❛❝❦✭s✿st❛❝❦✮✱ st❛❝❦❴♦✈❡r✢♦✇✭s✿st❛❝❦✮❀
✉♥✐t st❛❝❦ ✿ ❝❧❛ss ✭s✐③❡✿✐♥t❡❣❡r✮❀
❤✐❞❞❡♥ ♣❧❛❝❡✱ t♦♣❀
✈❛r ♣❧❛❝❡ ✿ ❛rr❛②♦❢ t♦❦❡♥✱
t♦♣✿ ✐♥t❡❣❡r❀
✉♥✐t ♣♦♣✿ ❢✉♥❝t✐♦♥✿t❡❧❡♠❀
❤❛♥❞❧❡rs
✇❤❡♥ ❝♦♥❡rr♦r✿ r❛✐s❡ ❡♠♣t②❴st❛❝❦✭t❤✐s st❛❝❦✮
❡♥❞ ❤❛♥❞❧❡rs❀
❜❡❣✐♥
r❡s✉❧t ✿❂♣❧❛❝❡✭t♦♣✮❀
✭✯✯ ❤❡r❡ ❝♦♥❴❡rr♦r s✐❣♥❛❧ ❝❛♥ ❜❡ r❛✐s❡❞ ❜② r✉♥❴t✐♠❡❴s②st❡♠ ✯✯✮
t♦♣✿❂t♦♣✲✶
❡♥❞ ♣♦♣❀
✉♥✐t ♣✉s❤ ✿ ♣r♦❝❡❞✉r❡ ✭❡✿t❡❧❡♠✮❀
❜❡❣✐♥
✐❢ t♦♣❃ s✐③❡
t❤❡♥
r❛✐s❡ st❛❝❦❴♦✈❡r✢♦✇✭t❤✐s st❛❝❦✮
✜❀
t♦♣✿❂t♦♣✰✶❀
♣❧❛❝❡✭t♦♣✮✿❂❡
❡♥❞ ♣✉s❤❀
✉♥✐t ❡♠♣t②✿ ❢✉♥❝t✐♦♥ ✿ ❜♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂t♦♣❁ ✶
❡♥❞ ❡♠♣t②❀
✉♥✐t ✐♥❝r❡❛s❡ ✿ ♣r♦❝❡❞✉r❡ ✭❛❞❞✐t✐♦♥✿ ✐♥t❡❣❡r✮❀
✈❛r ✐ ✿ ✐♥t❡❣❡r✱
① ✿ ❛rr❛②♦❢ t❡❧❡♠❀
❜❡❣✐♥
❛rr❛② ❳ ❞✐♠ ✭s✐③❡✰❛❞❞✐t✐♦♥✮❀
s✐③❡✿❂s✐③❡✰❛❞❞✐t✐♦♥❀
❢♦r ✐✿❂✶ t♦ ✉♣♣❡r✭♣❧❛❝❡✮
❞♦
①✭✐✮✿❂♣❧❛❝❡✭✐✮
♦❞❀
❦✐❧❧✭♣❧❛❝❡✮❀
♣❧❛❝❡✿❂❳
❡♥❞ ✐♥❝r❡❛s❡✳
❜❡❣✐♥
❛rr❛② ♣❧❛❝❡ ❞✐♠✭✶✿s✐③❡✮❀
❡♥❞ st❛❝❦❀
❤❛♥❞❧❡rs
✇❤❡♥ ❡♠♣t②❴st❛❝❦✿ ✇r✐t❡✭➛♠♣t② st❛❝❦✧✮❀ t❡r♠✐♥❛t❡❀
✇❤❡♥ st❛❝❦❴♦✈❡r✢♦✇✿ ✇r✐t❡✭➧t❛❝❦ ♦✈❡r✢♦✇✧✮❀ t❡r♠✐♥❛t❡❀
✇❤❡♥ ❝♦♥❡rr♦r ✿ ✇r✐t❡✭➛rr♦r ✐♥ st❛❝❦ ✐♥❝r❡❛s✐♥❣✧✮❀
❝❛❧❧ ❡♥❞r✉♥❀
❡♥❞ ❤❛♥❞❧❡rs❀

❡♥❞ ❙❚❆❈❑❙❀

✷✷✽



❆♣♣❧✐❝❛t✐♦♥s
❊①❛♠♣❧❡ ✼

♣r♦❣r❛♠ ❆PP▲■❈❆❚■❖◆❴✶❀
✉♥✐t ❙❚❆❈❑❙✿ ✳✳✳
✉♥✐t ❡❧❡♠❡♥t✿ ✳✳✳
✳✳✳
♣r❡❢ ❙❚❆❈❑❙✭❡❧❡♠❡♥t✮ ❜❧♦❝❦
✈❛r s✶✱s✷ ✿ st❛❝❦
✳✳✳
❤❛♥❞❧❡rs
✇❤❡♥ st❛❝❦❴♦✈❡r✢♦✇ ✿ ✳✳✳
❝❛❧❧ s✳✐♥❝r❡❛s❡✭✼✵✮❀
r❡t✉r♥❀
❡♥❞ ❤❛♥❞❧❡r❀
❜❡❣✐♥ ✭✯✯✯ ❜❧♦❝❦ ✯✯✯✮
✳✳✳
s✶✿❂ ♥❡✇ st❛❝❦✭❝✶✮❀
s✷✿❂ ♥❡✇ st❛❝❦✭❝✷✮❀
✳✳✳
❝❛❧❧ s✶✳♣✉s❤✭❡✮❀
✳✳✳
②✿❂s✷✳♣♦♣❀
✳✳✳
❡♥❞ ✭✯❜❧♦❝❦✯✮❀

❡♥❞ ❆PP▲■❈❆❚■❖◆❴✶

■♥ t❤✐s ❡①❛♠♣❧❡ t❤❡ ❤❛♥❞❧❡r ❢♦r st❛❝❦❴♦✈❡r✢♦✇ ❢r♦♠ t❤❡ ♣r❡✲
✜①❡❞ ❜❧♦❝❦ ♦✈❡rr✐❞❡s t❤❡ ❤❛♥❞❧❡r ❣✐✈❡♥ ✐♥ t❤❡ ❝❧❛ss ❙❚❆❈❑❙✳

❊①❛♠♣❧❡ ✽

♣r♦❣r❛♠ ❘❡✈❡rs❡P♦❧✐s❤◆♦t❛t✐♦♥❀ ✭✯ ❆♣♣❧✐❝❛t✐♦♥ ✷ ✯✮
✉♥✐t ❙❚❆❈❑❙✿ ❝❧❛ss❀ ✳✳✳ ❡♥❞ ❙❚❆❈❑❙❀
✳✳✳
✉♥✐t ❡❧❡♠❡♥t ✿ ❝❧❛ss✭s✐❣♥✿❝❤❛r✮❀
❡♥❞ ❡❧❡♠❡♥t❀
✳✳✳
♣r❡❢ ❙❚❆❈❑❙✭❡❧❡♠❡♥t✮ ❜❧♦❝❦❀
✳✳✳
❤❛♥❞❧❡rs
✇❤❡♥ ❡♠♣t②❴st❛❝❦✿ ✇r✐t❡✭✧
❡rr♦r ✐♥ ❡①♣r❡ss✐♦♥ ✕ t♦♦ ♠❛♥② ✭ ❝❧♦s✐♥❣ ❜r❛❝❦❡ts ✧✮❀
t❡r♠✐♥❛t❡❀
❡♥❞ ❤❛♥❞❧❡rs❀

❜❡❣✐♥ ✭✯❜❧♦❝❦ ✯✮
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✇❤✐❧❡ ♥♦t ❡♦❢
❞♦
r❡❛❞✭①✮❀
✐❢ ①❂ ✬✮✬ t❤❡♥
✭✯ t❛❦❡ ♦♣❡r❛t♦rs ❢r♦♠ st❛❝❦ ✉♥t✐❧ ✭ ✐s ♠❡t ✯✮
❡❧s❡
✳✳✳✳
✜
♦❞
❡♥❞ ✭✯❜❧♦❝❦✯✮
❡♥❞ ❘❡✈❡rs❡P♦❧✐s❤◆♦t❛t✐♦♥❀

❚❤✐s ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤❡r❡ ❛r❡ s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡
✉s❡r ♦❢ ❛ ❝❧❛ss ❙❚❆❈❑❙ ❦♥♦✇s ❤♦✇ t♦ ❤❛♥❞❧❡ t❤❡ s✐❣♥❛❧ ❡♠♣t②❴st❛❝❦
❛♥❞ s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠ ❣r❛❝❡❢✉❧❧② s✐♥❝❡ ✐♥ t❤✐s ❝❛s❡ ❡♠♣t②❴st❛❝❦
♠❡❛♥s t❤❛t t❤❡ ❞❛t❛ ✇❡r❡ ♥♦t ❛ ✇❡❧❧ ❢♦r♠❡❞ ❡①♣r❡ss✐♦♥✳

✸✳ Pr③②❦➟❛❞②

Pr③②❦➟❛❞ s②❣♥❛➟ ❞③✐❡❧❡♥✐❡ ♣r③❡③ ③❡r♦ ♠♦➺❡ ♣♦❥❛✇✐➣ s✐➛ ♣♦❞✲
❝③❛s ✇②❦♦♥②✇❛♥✐❛ ró➺♥②❝❤ ❢r❛❣♠❡♥tó✇ ♣r♦❣r❛♠✉✳
✕ ♣♦❞❝③❛s ♦❜❧✐❝③❛♥✐❛ ✇❛rt♦➧❝✐ ♣❡✇♥❡❥ ❢✉♥❦❝❥✐ ✇②♠✐❡r♥❡❥ ✐ ♦③♥❛✲
❝③❛ ➺❡ ❛r❣✉♠❡♥t ❢✉♥❦❝❥✐ ♥✐❡ ♥❛❧❡➺② ❞♦ ❞③✐❡❞③✐♥② ❢✉♥❦❝❥✐✱
✕ ♣♦❞❝③❛s r♦③✇✐→③②✇❛♥✐❛ ✉❦➟❛❞✉ ró✇♥❛➠ ♠❡t♦❞→ ●❛✉ss❛ ✐ ♦③♥❛✲
❝③❛✱ ➺❡ ♠❛❝✐❡r③ ❆ ❥❡st ♦s♦❜❧✐✇❛✳

✹✳ P♦r❛❞② ✐ ✇♥✐♦s❦✐

●❞③✐❡ ✉♠✐❡➧❝✐➣ ♠♦❞✉➟ ♦❜s➟✉❣✐ s②❣♥❛➟✉❄
◆❛❥❧❡♣✐❡❥ ✇♣✐s❛➣ ❣♦ ✇ ♥❛❥♠♥✐❡❥s③② ♠♦❞✉➟ ③❛✇✐❡r❛❥→❝② ❝✐→❣ ❈
✐♥str✉❦❝❥✐✱ t❛❦✐✱ ➺❡ ♣♦❥❛✇✐❡♥✐❡ s✐➛ ✇②❥→t❦✉ ❙ ♣♦❞❝③❛s ✇②❦♦♥②✲
✇❛♥✐❛ ❦tór❡❥❦♦❧✇✐❡❦ ✐♥str✉❦❝❥✐ ■ ③ ❝✐→❣✉ ❈ ♠❛ ❜②➣ ♦❜s➟✉➺♦♥❡ ✇
t❡♥ s❛♠ s♣♦só❜✳ ▼♦❞✉➟❡♠ t❛❦✐♠ ♠♦➺❡ ❜②➣ ♣r♦❝❡❞✉r❛ P ✭❥❡❥
❞❡❦❧❛r❛❝❥❛✮ ❧✉❜ ❜❧♦❦✳

●❞③✐❡ ✉♠✐❡➧❝✐➣ ❞❡❦❧❛r❛❝❥➛ s②❣♥❛➟✉❄
P❛♠✐➛t❛❥♠② ❞❡❦❧❛r❛❝❥❛ s②❣♥❛➟✉ ♦❞♣♦✇✐❛❞❛ ✭❥❡st ♣♦❞♦❜♥❛ ❞♦✮
♥❛❣➟ó✇❦♦✇✐ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡❞✉r②✳ ▼♦❞✉➟② ♦❜s➟✉❣✐ t❡❣♦ s②❣♥❛➟✉
✭❤❛♥❞❧❡r②✮ t♦ r♦③♠❛✐t❡ tr❡➧❝✐ r❡❛❧✐③✉❥→❝❡ ✇❡③✇❛♥✐❡ ❞♦ ♦❜s➟✉❣✐
s②❣♥❛➟✉✳ ❙②❣♥❛➟ ♣r③②♣♦♠✐♥❛ ❞❡❦❧❛r❛❝❥➛ ♣r♦❝❡❞✉r② ③ ✇✐❡❧♦♠❛
tr❡➧❝✐❛♠✐ t❡❥ ♣r♦❝❡❞✉r② ✉❧♦❦♦✇❛♥②♠✐ ✇ ró➺♥②❝❤ ♠✐❡❥s❝❛❝❤ ♣r♦✲
❣r❛♠✉✳ ❏❡st t♦ ✇②❣♦❞♥❡ ✐ r❛❝❥♦♥❛❧♥❡ ❥❡➧❧✐ ♣❛♠✐➛t❛♠②✱ ③❡ s③✉❦❛✲
♥✐❡ ♦❞♣♦✇✐❡❞♥✐❡❥ r❡❛❦❝❥✐ ♥❛ s②t✉❛❝❥➛ ✇②❥→t❦♦✇→ ✭❜➟→❞✮ ♦❞❜②✇❛
s✐➛ ✇③❞➟✉➺ ➧❝✐❡➺❦✐ ❉▲✳
❩❛✇s③❡ ❜❡③♣✐❡❝③♥✐❡ ♠♦➺♥❛ ③❛❞❡❦❧❛r♦✇❛➣ s②❣♥❛➟ ✇ ❣➟ó✇♥②♠
❜❧♦❦✉ ♣r♦❣r❛♠✉ t❥✳ ♣♦ s➟♦✇✐❡ ♣r♦❣r❛♠✳ ❲❛rt♦ t❡➺ ✇ ❜❧♦❦✉
❣➟ó✇♥②♠ ✉♠✐❡➧❝✐➣ ♠♦❞✉➟ ♦❜s➟✉❣✐ t❡❣♦ s②❣♥❛➟✉✳ ❚❛❦✐ ♠♦❞✉➟
❥❡st ♦st❛t♥✐→ ❞❡s❦→ r❛t✉♥❦✉✳ ❏❡➧❧✐ ❣♦ ③❛❜r❛❦♥✐❡ t♦ ♠♦➺❡♠② ③♦✲
st❛➣ ③ ♣r③❡r✇❛♥②♠ ♦❜❧✐❝③❡♥✐❡♠✐ r❛❝③❡❥ ❦✐❡♣s❦❛ ❞✐❛❣♥♦st②❦→ ➺❡
✇ ♣r♦❣r❛♠✐❡ ♥✐❡ ③♥❛❧❡③✐♦♥♦ ♠♦❞✉➟✉ ♦❜s➟✉❣✐ s②❣♥❛➟✉✳ ❆❧❡ ♥✐❡
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❥❡st t♦ ❦♦♥✐❡❝③♥❡✳
❖❜s➟✉❣❛ s②❣♥❛➟ó✇ ❥❡st ❞♦➧➣ ❦♦s③t♦✇♥❛ ✕ tr③❡❜❛ ♦❞s③✉❦❛➣ ♦❞✲
♣♦✇✐❡❞♥✐ ♠♦❞✉➟ ♦❜s➟✉❣✐ s②❣♥❛➟✉✳ ❲ t❡❥ s②t✉❛❝❥✐ ♣♦➺→❞❛♥❡ ❥❡st
✉❞♦✇♦❞♥✐❡♥✐❡✱ ➺❡ ❜➟→❞ ♥♣✳ ✧ ❛rr❛② ✐♥❞❡① ❡rr♦r ✧ ♥✐❡ ✇②st→♣✐✳
❩❛✉✇❛➺✱ ✇②❦♦r③②st❛♥✐❡ ❢✉♥❦❝❥✐✱ ❧♦✇❡r✭✮ ✐ ✉♣♣❡r✭✮✱ ✇ ♣♦♥✐➺s③❡❥
✐♥str✉❦❝❥✐

❢♦r ✐ ✿❂❧♦✇❡r✭❆✮ t♦ ✉♣♣❡r✭❆✮ ❞♦ ❆✭✐✮✿❂ ω ♦❞

♠♦➺❡ ♣♦♠ó❝ ✇ ♣r③❡♣r♦✇❛❞③❡♥✐✉ ❞♦✇♦❞✉✱ ➺❡ ♥✐❡ ✇②st→♣✐ t❡♥
s②❣♥❛➟ ❜➟➛❞✉✳

P♦ró✇♥❛♥✐❡ ♣r♦t♦❦♦➟ó✇ ❝❛❧❧ ✐ r❛✐s❡✳ ❏❛❦ ♥❛❥❦ró❝❡❥ ♦♣✐s❛➣
ró➺♥✐❝➛ ♣♦♠✐➛❞③② ✐♥str✉❦❝❥→ ♣r♦❝❡❞✉r② ✭✐ ✇②✇♦➟❛♥✐❛ ❢✉♥❦❝❥✐✮
❝❛❧❧✱ ❛ ✐♥str✉❦❝❥→ ♣♦❞♥✐❡s✐❡♥✐❛ s②❣♥❛➟✉ r❛✐s❡❄
▼♦③❡♠② ♣♦✇✐❡❞③✐❡➣ ❝❛❧❧ ♦❞s③✉❦✉❥❡ ♣♦tr③❡❜♥→ ❞❡❦❧❛r❛❝❥➛♣r♦❝❡✲
❞✉r② ✭❧✉❜ ❢✉♥❦❝❥✐✮ ✇③❞➟✉➺ ➧❝✐❡➺❦✐ ♠♦❞✉➟ó✇ ③❛✇✐❡r❛❥→❝②❝❤ ✐♥✲
str✉❦❝❥➛ ♣r♦❝❡❞✉r②✳ Pr♦t♦❦ó➟ r❛✐s❡ ♦❞s③✉❦✉❥❡ ♣♦tr③❡❜♥② ♠♦❞✉➟
♦❜s➟✉❣✐ s②❣♥❛➟✉ ✇③❞➟✉➺ ➧❝✐❡➺❦✐ ❉▲ ✳✳✳ ❙t❛t②❝③♥❡ ❞♦✇✐→③❛♥✐❛
♠♦❣→ ❜②➺ ✇st➛♣♥✐❡ ✇②③♥❛❝③♦♥❡ ♣♦❞❝③❛s ❦♦♠♣✐❧❛❝❥✐ ♣r♦❣r❛♠✉
✐ ❝❛➟② ♠❡❝❤❛♥✐③♠ s✐➛ ✉♣rs③❝③❛✳ ◆❛t♦♠✐❛st ♣r③❡❞ ✇②❦♦♥❛♥✐❡♠
♣r♦❣r❛♠✉ ♥✐❡ s♣♦só❜ ♦❦r❡➧❧✐➣ ❞♦❦→❞ tr❛✜♠② ♣♦s③✉❦✉❥→❝ ♠♦❞✉➟✉
♦❜s➟✉❣✐ s②❣♥❛➟✉✳

❖ ♥❛➧❧❛❞♦✇❛♥✐✉ ✐♥str✉❦❝❥✐ tr② ✳✳✳ ❝❛t❝❤ ❈✰✰ ✐ ❏❛✈②✳ ♥❛♣✐s❛➣

✷✸✶





❈③➛➧➣ ✷

Pr♦❣r❛♠✉❥ ③ ❦❧❛s→
❧✉❜

♣r♦❣r❛♠♦✇❛♥✐❡ ♦❜✐❡❦t♦✇❡


