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1. Introduction

The 3z + 1 problem remained open for over 80 years. It was formulated in 1937 by Lothar Collatz. The
problem became quite popular due to its wording, for it is short and easy to comprehend.

Collatz remarked that for any given natural number n > 0, the sequence {n;} defined by the following
recurrence

ng=mn
n; + 2 when n; is even recl
i = {31. n; +1 when n: is odd for #.20 ( )
seem always reach the value 1.
He formulated the following conjecture
for all n exists ¢ such thatn; =1 (Collatz conjecture)

One can give another formulation of the hypothesis of Collatz ﬂ

The number of papers devoted to the problem surpasses 200, c.f. [LaglQ] . It is worthwhile to consult
social media: wikipedia, youtube etc, there you can find some surprising ideas to prove the Collatz
hypothesis as well as a technical analysis of the problem.

Computers are used and still work in the search of an eventual counterexample to the Collatz conjecture.
The reports on progress appear each year. We claim that the counterexample approach is pointless, i.e.
the computers can be turned off. We shall prove that the program that searches a counterexample will
never stop.

Our goal will be achieved if we prove that for each number n the computation of the following C'
algorithm is finite.

while n # 1 do
Cl: if even(n) thenn :=n = 2elsen :=3n+ 1fi
od
Now, a couple of questions arise. Programs (algorithms) are expressions without possibility to assign

a logical meaning to them. We need a formula ©¢; such that it obviously expresses the termination
property of program C', a verifiable proof II of the formula and a definition of relation C of deducibility.

f(n,i)/2 if f(n,14) is even

. Now, conjecture reads V,, 3; f(n,i) = 1.
3. f(n,d)+1 if f(n,i)is odd ! f(n, )

"Let £(n,0) L n,and f(n,i+1) g{
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Ah, we need also a specification of the domain in which the algorithm is to be executed, i.e. the axioms
Az of the algebraic structure of natural numbers.

QUESTION 1. How to express the termination property of a program K as a formula © i (i.e. a Boolean
expression)?

Note, there is no first-order logical formula that express the halting property. First, let us recall the
theorem on incompleteness of arithmetics, cf. Kurt Godel . According to Godel, the property to be a
natural number is not expressible by any set of first-order formulas. The reader may wish to note, that
halting property of the algoritm

q:=0;whileqg#ndoqg:=q+1od

is valid in a data structure iff n is a standard (i.e. reachable) natural number. Therefore the halting
property allow to define the set of natural numbers. In this situation it seems natural to pass from first-
order language to larger algorithmic language. We enlarge the set of well formed expressions: beside
terms and formulas of first order language we accept algorithms and we modify the definition of logical
formulas. The simplest algorithmic formulas are of the form: (algorithm){formula).

As an example of an algorithmic formula consider the expression

Vn{q :=0;while g #ndoq:=qg+1o0d} (n=q)

The latter formula is valid iff every element n can be reached from O by adding 1.
Now our goal is to prove the following formula

while n # 1 do
Vi if even(n) thenn :=n +2elsen:=3n+1fi ) (n=1) (1)
od

from the axioms of algorithmic theory of natural numbers AT N, c.f. subsection For the formula
expresses the termination property of program CI.

QUESTION 2. How to prove such algorithmic formula?

Note, all structures that assure the validity of axioms are isomorphic (this is the categoricity theorem).
Therefore, the termination formula, can be either proved (with the inference rules and axioms of calculus
of programs AL, or validated in this unique model of axioms of AT N .

Let us make made a simple observation. The computation of Collatz algorithm if succesful goes through
intermediate values. The following diagram illustrates a computation where odd numbers were encoun-
tered x times.

n—>2%—>(3*(2%)+1)—> (3*(220)+1>/2k1—>---—> (2]%) = }

(Dg)

2k1

\ 5+ :
where kg = exp(n,2), k1 = exp(3 - o5 T 1,2), ke = exp(3x —22— +1,2),...

“Note, the function exp returns the largest exponent of 2 in the prime factorization of number .
exp(x,2) g {l:=0;y := z;while even(y) do ! := 1 + 1; y := y/2 od}(result =) ie. | = exp(z,2) .
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How the present paper is related to our earlier one? In our previous paper [MS21] we remarked
that the computation of Collatz algorithm is finite iff there exist three natural numbers z, y, z such that:
a) the equation n - 3* + y = 27 is satisfied and

b) the computation of another algorithm /C is finite, the algorithm computes on triples(z, y, z).

It is worthwhile to mention that the subsequent triples are decreasing.

The proof we wrote there [MS21]] is overly complicated.

Here we show that the 4-argument relation
{n,z,y,z} : {IC}(true).
is elementary recursive, since it may be expressed by an arihmetic expression with operator 3.
The present paper shows arguments simpler and easier to follow.
Main points of the proof
* Collatz algorithm does not require multiplication operation, addition suffices.

* There is a computable data structure 9t (c.f. table[I] page [22]) such that:
a) there are infinite computations of Collatz algorithm (c.f. subsection and
b) all axioms of elementary theory of addition in natural numbers (c.f. subsection[7.2)) are valid in
the structure 1.

* Therefore the Collatz hypothesis is not a theorem of the first-order theory of addition, nor Peano
arithmetic.

* Moreover, the hypothesis can not be written as a first-order formula.

* For a given element n Collatz algorithm terminates iff there exist three elements z, y, z such that
the equality n - 3* 4+ y = 2% holds and triple’s algorithm I C' terminates (c.f. [MS21])).

* The second,underlined part of the latter conjunction can be stated as: there is the least triple x,y, z
that satisfies following conjunction

rz—1 ) Sk Xm:k z
n_3x+<2(3x—1—3_2j—0 ])> = 927=0 ! A z:ij ANy=2°—n-3"

Jj=0

* From this we will show that, for every standard, reachable natural number n, Collatz algorithm
halts, or equivalently, if for an element n the computation of Collatz algorithm is infinite, then the
element 7 is not a standard natural number (see below).

2. A counterexample

We argue, that the formulation of the Collatz problem must be made with more precision. For there are
several algebraic structures that can be viewed as structure of natural numbers of addition. Some of them
admit infinite computations of Collatz algorithm.

We recall less known fact: arithmetic (i.e. first-order theory of natural numbers) has standard (Archimedean)
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model O as well as another non-Archimedean model 90| The latter structure allows for the existence of
infinitely great elements.

Goedel’s incompleteness theorem shows that there is no elementary theory 7' of natural numbers, such
that every model is isomorphic to the standard model.

Two things are missing from the commonly accepted text: 1) What do we mean by proof? 2) what
properties of natural numbers can be used in the proof? We recall an algebraic structure 91 that mod-
els [Grz71]] all axioms of elementary theory of addition of natural numbers, yet it admits unreachable
elements [Tar34]. It means that the model contains element £, such that the computation of Collatz algo-
rithm that starts with ¢ is infinite.

Example of a finite execution
(13,0) “2¥" (40,0) 5 (20,0) =5 (10,0) =5, (5,0) "2 (16,0) TF (8,0) I (4,0) T (2,0) I (1,0)
Example of an infinite execution
1 3 3 9

1, =2 1, +2 1, +2 x34+1 =2 3, 2 X341 L2 9
SyEE g Sy TR Sy TR, ) B g, Dy ER g Dy E2 g Dy By Ty F2ig T
0y by hepa Ty Byepg Byepg By apn 9yep 9

4
As you can guess, the data structure contains pairs (k,w) where k is an integer and w is a non-negative,
rational number. The addition operation is defined componentwise. A pair (k,w) divided by 2 returns
(k=2,w-=2).
The reader may prefer to think of complex numbers instead of pairs, e.g. (2 + 19781') may replace the pair

9
<2a @>

The following observation seems to be of importance:.

+2

Remark 2.1. There exists an infinite computation c of Collatz algorithm in the structure 9N, such that
the computation c does not contain a cycle, and the sequence of pairs is not diverging into still growing
pairs. The latter means, that there exist two numbers l; € Z and ly € Q, such that for every step (k,v)
of computation c, the inequalities hold k < Iy Nv < ;.

More details can be found in subsection [7.1]

3. Collatz tree

It is easy to notice that the set of those natural numbers for which the computation of the Collatz algo-
rithm is finite, forms a tree.

Definition 3.1. Collatz tree DC is a subset D C N of the set N of natural numbers and the function f
defined on the set D \ {0, 1}.
DC = (D, f)
where D C N,1€ D, f: D\ {0,1} — D.
Function f is determined as follows

f(n) = n+2 whenn mod2=0
N 3n+1 whenn mod2=1

3A. Tarski [Tar34] confirms that S. Jaskowski observed (in 1929) that the subset of complex numbers M Y {a +bi € C: (a €
ZAbEQA(b>0A(b=0 = a>0))} satisfies all axioms of Presburger arithmetic.
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, the set D is the least set containing the number 1 and closed with respect to the function f,
D={ne€N:Jienfiin)=1}.

As it is easy to see, this definition is highly entangled and the decision whether the set D contains every
natural number is equivalent to the Collatz problem.

Remark 3.1. Set D has the following properties :

re€D = (x+x)€eD (2)

(:EED/\EIy:U:y+y) — yeD 3)
(reDAFyr=y+y+1) = (z+z+z+1)€D (4)
(reDA(FFe=z+z+1Az=c+e+te+1)) = e€D 5)

Implications (2) and (5) show left and right son of element .
Let us note,

Remark 3.2. Let p be an odd , natural number p = 25 + 1, then if p € D then the number 4p + 1 is an
element of the Collatz tree too, 4p + 1 € D.

N . . P d
Similar, interesting properties has the complement of set D, if it is a non-empty set. Let cD 4 N \ D
denote the complement of set D.

Remark 3.3. If the complement cD is a non-empty set, then it has similar properties:

re€cD = (z+z)€cD (6)

(:JcECD/\EIy:c:y+y) — y€cD @)
(recDAIyr=y+y+1) = (r+z+ax+1)€cD 8)
(recDAN(BTe=z24+z2+1ANz=e+e+e+1)) = eccD )

Note, both sets D and cD may be considered as graphs. Their structures are similar. However, the graph
cD is not a tree .

Remark 3.4. [f Collatz conjecture is not true, then both sets D and N \ D are infinite.

From properties (6) and (7) follows the

Fact 3.1. If an = element does not belong to the Collatz tree then the computation of the Collatz algo-
rithm starting with the state v(n) = x is not finite.

Let us note the following observation

Remark 3.5. In a non-standard model of elementary theory of natural numbers with addition, the com-
plement of Collatz tree is an infinite, arborescent graph.

Conjecture 3.1. If the Collatz computation of element z is infinite € cD then for any natural numbers
n,m > 0 the computation of nz <+ m is infinite too, (nx +~m) € cD.
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] \/ Ao/ | O R VA Y A RV
384 11 416 424 426 2560 2688 452 453 2720 454 2728 2730 16384
\ / \/ \ | | NSNS T T T
192 208 212 213 1280 1344 226 1360 227 1364 1365 8192
\ N N/ | | N/ \/
96 104 106 640 672 113 680 682 4096
\ / | | NS | |
48 53 320 336 340 341 2048
24 26 160 168 170 1024
| |
12 13 80 84 512
6 40 42 256
3 20 21 ]28
10 64
|
5 32
16

Figure 1. A fragment of Collatz tree, levels 4-15. It does not include levels 0-3, they consist of elements | —2 —4 — 8§ — .

20T ‘6 Isndny 1210y 210100 / DOINIDS DASMOYAI
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4. Four algorithms, relatives of C'/ algorithm

In this section we present an algorithm G equivalent to the algorithm C' and three algorithms Gr1, Gr2, Gr3
that are successive extensions of the G'r algorithm.

Lemma 4.1. The following algorithm Gr is equivalent to Collatz algorithm C1.

READ(n);
while even(n) do ni=n+2o0d;
while n #1 do

n:=3"n+1;

while even(n) do n:=n + 2 od
od;

Proof:
The equivalence of the algorithms C! and Gr is intuitive. Compare the recurrence of Collatz (recl]) and
the following recurrence (rec2]) that is calculated by the algorithm G'r.
ko = ,2) A ==
for: >0

kir1=exp(3m;+1,2) A miy = 32755:1

One can say the algorithm G7 is obtained by the elimination of if instruction from the Cl algorithm.
However, construction of a formal proof is a non-obvious task. We are leaving this task to the reader. O

Next, we present the algorithm Gr1, an extension of algorithm Gr.

var n,l,i :integer ; K, M :arrayof integer;
| READ(n); i:=0;1:=0;
" while even(n) do ni=n+2;l:=1+10d; K; :=1; M, :=n:
while n #1 do
{ M;=n} ni=3"n+1; [:=0;
A;:| whileeven(n) do ni=n=+2; i:=14+10d; K1 :=1; Miy1 :=n;

{Mi1 = 25032 A Kip = eap(3 My +1,2)} i:=i+1

Grl:

od

Lemma 4.2. Algorithm Gr1 has the following properties:
(7)) Algorithms Gr and Gr1 are equivalent with respect to the halting property.

(i) The sequences {M;} and {K;} calculated by the algorithm Gr1 satisfy the recurrence i.e. for
every natural number ¢ > 0 the equalities M; = m; and K; = k; hold.

Proof:
Both statements are very intuitive. Algorithm Grl is an extension of algorithm Gr. The inserted in-
structions do not interfere with the halting property of algorithm Gr1. Second part of the lemma fol-

lows easily from the remark that Ky = exp(n,2) and My = o7, and that for all ¢ > 0 we have

Ki+1 = 6.’17])(3 * Ml + ]-, 2) and Mi+1 = 3-M;+1 -

oKiy1 *
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Each odd number m in Collatz tree, m € D, initializes a new branch. Let us give a color number = + 1
to each new branch emanating from a branch with color number x.. Note, for every natural numberp the
set of branches of the color p is infinite. Let W, denote the set of natural numbers that obtained the color
xZ.

Besides the levels of Collatz tree, one can distinguish the structure of storeys ( or floors) in the tree .

Definition 4.1. Inductive definition of storey (a bunch of branches of the same color).
df i
WOZ{REN:HZ'GN’I%:2}

m

daf
Wei1 = {n€N:3pew, EieN(nzg’W

+1) -2}

Storey number 0 is composed of all numbers being powers of 2. Different storeys are marked by colors .
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Figure 2. Storeys 0 - 4 of Collatz tree

151 908 909 54565460 5461 32768

(VAR VARY,

454 2728 2730 16384

227 1364 1365 8192

NN/

256

128

0l

220 ‘6 1snSny 12101 21D]10D) / LOIAIDS DYSMOYLI
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Let s be a variable not occurring in algorithm Gr1. The following lemma states the partial correctnes of
the algorithm Grl w.r.t. precondition s = n and postcondition s € W;.

Lemma 4.3. Algorithm Gr1 computes the number ¢ of storey W; of number n,
{Gr1}(true) = ((s =n) = {Grl}(s e W;))

Now, we present another algorithm G2 and a lemma.

var n,l, i, x,y, z iinteger ; k,m :arrayof integer;
READ(n); ¢:=0; :=0;

I'2:] whileeven(n) do n=n+2;1:=1+1o0d;
z, ki :=1; my=n; y:=0;

Gr2:| while m; #1 do

nNi=3n+1; i:=i+1;1:=0;

Az:| whileeven(n) do ni=n-=+2;/:=1+10d;
ki:=1l,mi=n; z:=z4+ki; y:=3%xy+2% x:=1

]od

Lemma 4.4. Algorithm Gr2 has the following properties:
(7) Both algorithms G'r1 and G2 are equivalent with respect to the halting property.

(ii) Formula ¢ : |n - 3" 4y = m; - 2° |is an invariant of the program G2 i.e. the formulas and

{To}(n-3" +y=m;-27) (10)
and ' ‘
n-3"+y=m;-2°) = {As}(n-3"+y=m; 27 (11)
are theorems of the algorithmic theory of numbers AT N.

Proof:
Proofs of these formulas are easy, it suffices to apply the axiom of assignment instruction Az1g, O
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Tree of triples (levels 4 — 15)
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220z 6 15MSNY 1210y 211]]0D) / DOIKIDS DYSHOYA
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Subsequent algorithm Gr3 exposes the calculations of x, y, z.

var n,i,aux :integer ; k,m,X,Y,Z : arrayof integer;
1"3:‘ READ(n); i:=0; k; := exp(n,2); m; := ;TL, Zi = ko; Yi, X; :=0;

while n -3¢ +Y; # 2% do

Gr3: aux:=3*"m;+1;

i=it1;

k; := exp(aux, 2); m; :=aux,/2";

Y :=3Y, 1 + 2% Zoi=Zi o+ ki Xii=is

Agi

od

See some properties of the algorithm G73.

Lemma 4.5. Both algorithms G2 and Gr3 are equivalent with respect to the halting property.
For every element n after each i-th iteration of algoritm Gr3, the following formulas are satisfied

0:n-3+Y;, =m;-2% X, =1
i =17 )
§=0

=0

where the sequences {m; }and {k;} are determined by the recurrence (rec2).
In other words

s () {if m; # 1 then Az fi} ¢

Remark 4.1. Hence, for every element n algorithm Gr3 calculates an increasing, monotone sequence
of triples (i (= X;), Y:, Z;).

We can say informally that the algorithm G'r3 performs as follow
1:=0;
whilen ¢ W;doi: =i+ 1 od

Note, one test n - 3' + Y; # 2% suffices to assert that n ¢ W;. There is at most (only) one way from n
to W.




Hotel Collatz

The next figure [4]seems to be somewhat chaotic. Many have heard of Hilbert Hotel. This is an implementation of the Hilbert’s idea.
Imagine, we have to disposition a quarter of infinite plane of land. Our architect envisioned an inifinite set of corridors, or are they towers.
Hotel contains rooms of any natural number. Let n = 2¢ - (2§ + 1) . It means that the room number 7 is located in tower number j on
the floor number ¢ . Each tower is equipped with an elevator (shown as a green line). Moreover, each tower is connected to another by

a staircaise that connects numbers & = 25 + 1 and 3k + 1. This is shown as a red arrow (k, 3k + 1). Note that the red line is drawn if

Figure 4. Hotel Collatz

and only if both of its ends lie inside the drawn fragment of the Collatz hotel. Thus, many lines are omitted. The full (infinite) picture
contains infinitely many of red arrows.

Definition 4.2. The graph HC = (V, E) is defined as follows
V=N B i.e. the set of vertices is the set of standard, reachable, natural numbers

E= {<k,})§ 3 k=p+ptU{(k,3k+1): Fpk=p+p+1} edges of the graph

Conjecture 4.1. The hotel Collatz is an infinite, connected, acyclic graph, i.e it is a tree. Number 1 is the root.

14!

220T ‘6 1Sn8ny 1210y 2ID]]02) / 1YO1MIDS DYSMOYAA
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5. On finite and infinite computations of Collatz algorithm

QUESTION Can some computation contain both reachable and unreachable elements?

No. The subset of reachable elements is closed with respect of division by 2 and multiplication by 3.
The same observation applies to the set of unreachable elements.

We know, cf. subsection that computations of nonreachable elements are infinite. Therefore, it
suffices to show that any infinite computation requires that a non-standard element is present in it.

5.1. Finite computations

Let 9 = (M;0,1,+, =) be any algebraic structure that is a model of elementary theory of addition of
natural numbers, c.f. subsection

Denotation. Let 6(z,y) be a formula. The expression (ux)f(z,y) denote the least element x(y) such
that the value of the formula is truth.

EXAMPLE. (ux)(z + x > vy).

Lemma 5.1. Let n be an arbitrary element of the structure 9t. The following conditions are equivalent

. n; ~2 when n; mod 2=0 .
(i) The sequence ng = n and n;41 = determined by
3n; +1 when n; mod 2=1

the recurrence contains an element n; = 1
(i) The computation of the algorithm C/ is finite.

(iii) The sequence mg = 2%0 and m;y+1 = 3"2‘%1 determined by the recurrence lh stabilizes, i.e.

i

there exist [ such that my, = 1 forall k£ > [
(iv) The computation of the algorithm G is finite.

(v) The computation of the algorithm Gr1 is finite and the subsequent values of the variables M; and
K;; satisfy the recurrence .

(vi) The computation of the algorithm G2 is finite and the subsequent values of the variables m; and
k; satisfy the recurrence (rec2)). The formula n - 3° + y = m; - 2% holds after each iteration of
while instruction, i.e. it is the invariant of the program As. The final valuation of variables x, y, 2
and n satisfies the equation n - 3% + y = 27,

(vii) The computation of the algorithm Gr3 is finite.
The subsequent values of the variables m; and k; satisfy the recurrence .
The subsequent values of the variables X, Y;, Z; form a monotone, increasing sequence of triples.
The formula n - 3%¢ 4 Y; = m; - 2%is satisfied at each i-th iteration of the program Gr3.

The proof of this lemma is left to the reader.

Suppose that for a given element n the computationof algorithm G2 is finite.
j

z J
z—1 ) Sk > kj z—1 ) Sk
Let z = (ux) <n 34 |33l 20 )| = 25 ]>. Putj = 3 (3517 . 2 ) and
5=0 5=0
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zZ = Z ]{Zj.
=0

We present the algorithm IC’, which is a slightly modified version of the algorithm IC' devised in
[MS21] .

var x,y,z, j : integer, Err : Boolean;

READ®,y,z); j:=x; Err:= false;

while x+y+z# 0 do

if (odd(y) A ((x=0) or (y< 3*71))) then Err := true; exit fi;
if even(y) then y:= Ji; z.=2—kj_y else xi=x—1;y:=y—3* fi

1C’:
Tr .

od

The algorithm makes use of the elements k; that are determined by the recurrence (rec2). We observe
the following fact

Lemma 5.2. For every element n

(n=b) N{Gr2} (((x =TA

<
Il
Y|
>
N
Il
I
N—
>
—
>
w
8
+
|
Il
(N}
i
S~—
SN—
—
~
Q
—
—
8
Il
S
Il
N
Il
()
S~—
N~

and

<{IC/}(x:y:z:0) = (n=0) = {Gr2}(w=x/\y:ylandz:z)>

The contents of this lemma is best explained by the commutativity of the diagram below.

Gr2(n)
ny, TY=z /—N TYzZ, M - -
) Goo) —__ (GED) A b3 +7=29)
IC(zyz)

Proof:
The proof makes use of two facts:

rx—1

Y
1) even(n) = even( (39&—1—3 . 9i=0 ))

(]

=0

Mky.
TS

r—1 )
2) Z (3"”71*_7 . 9150 l) _ 2]g0 . (3x71 4 2k1 . (3{1772 4 2:1373 . ( o 2k1 . 30)))
j=0
One can prove this lemma by induction w.r.t. number of encountered odd numbers.
The thesis of the lemma is very intuitive. Look at the Collatz hotel Fig. ] The lemma states that for

every room number n the two conditions are equivalent (1) there is a path from room number n to the
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exit, which is located near room number 1, (2) there is a path from entry to the hotel near room number
1 to the room number n. It is clear that such a path must be complete, no jumps are allowed.

O
Lemma 5.3. For every element n the following conditions are equivalent
(i) computation of Collatz algorithm C is finite,
(if) there exists the least element x such that the following equality holds
z—1 J -
. >k > kj
n-3t 4 (Y3 em ) ) =2 (Mx)
j=0

Note, If there is the least element z satisfying the equation (Mx]) then it is a reachable natural number.

Zo
Denote this element . The length L(n) of the computation is then zg + Y k;j. Which means: o is the
Jj=0
number of multiplication by 3, z = Y k; is the total number of divisions by 2 and for every 0 < j < z — 1 the number k; is
§=0
the number of divisions by 2 excuted in between the j-th and 7 + 1-th execution of multiplication by 3.

The algorithm C executes x + z iterations.

Proof:

We shall illustrate and summarize the considerations on finite computations in the following com-

mutative diagram. O
c’
z, Yy, Zy T)mO’YIU’ZZO TzlaY117Zl‘1 T127Y127212 T 1aY1721 T 0,0,0

I I 3mi+1 I 3mo+1 I 3msz+1 I 3mg_1+1 T
mo me ..

C Myl ——————— Mg =1

n /2k0 mi /2k1 /2k2 3 /2k3 /2’&‘;,,71
| ¢ ¢ ! }

Ag

T A A A
0,0,0 —2 5 0,0,kg ——=>—31,Y1,21 ——2 32 Y9,Z0 —2 5 oo 2—1,Yp_ 1,201 —3 2,Ys, Zs
w

Figure 5. CASE OF FINITE COMPUTATION EXEMPLIFIED

Middle row, (with red arrows) represents computation of Gr1l, elements k; and m; are given by the recurrence (rec2)

third row shows computation of Gr3, the subsequent triples are X; 411 =7+ 1,Y;41 = 3Y; + 22.2, Ziv1 = Z; + ki

first row (blue arrows) shows computation of algorithm IC' on triples, Y, =Yyand Z, = Z, andfori =x,...,1wehave Z;,_1 = Z; — k;
and Yy = (V;/2%i) — 3071

What happens if someone executes one more iteration of algorithm Az?
Moyl = 1A kpy1 =2AXgp1 =2+ 1AY, =3Y, + 275 AN Zpy1 = Zy + kaps

and we see that the equality n - 3%+ 4 Y, = 2%=+1 holds again. This explains and justifies the use of
the word "least".
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5.2. Infinite computations

Lemma 5.4. Let n be an arbitrary element of the structure 90t. The following conditions are equivalent
(i) The computation of the algorithm C1 is infinite.
(i) The computation of the algorithm G is infinite.

(@ii) The computation of the algorithm Gr1 is infinite and the subsequent values of the variables m;
and k; satisfy the recurrence (rec2) . and for every ¢ > 0 the element m; is not equal 1.

(iv) The computation of the algorithm G2 is infinite and the subsequent values of the variables m;
and k; satisfy the recurrence (rec2) . and for every ¢ > 0 the element m; is not equal 1.
Moreover, for every i > 0 the formula n - 3/ 4+ y = m; - 2% is invariant of algorithm G7r2.

(v) The computation of the algorithm (3 is infinite and the subsequent values of the variables m;
and k; satisfy the recurrence (rec2) . and for every ¢ > 0 the element m; is not equal 1.
After every i-th iteration of the algorithm the equation n - 3% + Y; = m; - 2% is satisfied by
the current valuation of variables X;,Y;, Z;. The triples (X;, Y;, Z;) form an infinite, monotone,
increasing sequence of reachable numbers. Therefore, there is no a triple (X;,Y;, Z;) such that
the equation n - 3Xi 1Y, = 2% is satisfied.

Lemma 5.5. If for a certain element n the computation is infinite then n is not a reachable number.

Proof:
If the computation for an element n is infinite then it is uniquely determined by its origin, i.e. the number

n. This is easily seen from the diagram below.
3mq+1 3mg,_1+1

-7 —
W 20 H‘T T2 W‘L’z - W‘u 1 ke Mg ;ﬁ 1— =
(0,0,0) Ts> (0,0, ko) T3> (1,1,, ko) = (@ —1,Ys-1,Zz-1) T3> (%, Ya, Zs) — i

The sequence of triples
i—1 i ky i
<i’ Y B2, kj>
j=0 Jj=0 i€Nat
is unique, infinite computation for n. By lemma(5.3] we see that the value of the expression

J

z—1 z ‘
() <n g (125 ) =2 ’“)

J=0

is undefined. This means that,
there is no triple (z, 7, z) such that

o the triple (7, ¥, Z) is the least triple satisfying the equation n - 3% + § = 27

and simultaneously
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e the algorithm I'C” starting with the numbers T, i/, Z terminates.

On the other hand, from the 1emma we see that there is a triple (xy,, Yn, 2,,) Of elements that satisfy
the equation n - 3* + y = 27 and for every reachable element i € Nat the triple

S S i
(i, > (317177 . 2i=0 l) : 'Zo k;) provided by the algorithm Gr3 differs from the triple (z;,, Yn, 2n)-
J:

J=0
As a consequence, the computation of algorithm IC” starting from triple (x,,, yn, 2,) is a decreasing

infinite sequence of triples.

<xn:ynyzn> T> <$n - I,Ywnfl’anfﬂ W <1'n - 27Ywn72721'“72> T to

(It can not be finite in the view of lemma[5.3].)

This means that elements z;,, z,, Y, all are unreachable. For x,, ¢ Nat and y, > x, and z, > x,.
Hence by the remark [7.1]the whole computation is entirely contained in the set of unreachable elements.
By the lemma [7.6| we obtain that element n is unreachable. 0

5.3. Collatz theorem

Consider the structure 91 of reachable natural numbers.

Theorem 5.1. Let n be any standard (reachable) element od the structure 91. The computation of Collatz
algorithm C' that begins with n is finite.

Proof:
The proof follows immediately from the lemmas [5.3|and [5.5] 0

Corollary 5.1. Conjectures [3.1]and . 1] formulated above are valid statements.

6. Final remarks

Reportedly, Pal Erdés said: "mathematics is not ripe enough to solve this problem (Collatz)". We dis-
agree. In our opinion a consortium of Alfred Tarski, Kurt Goedel and Stephen Kleene was able to solve
the Collatz conjecture in 1937.

Andrzej Mostowski expected that many arithmetic theorems independent of the Peano axioms should
be found. Here is one example. The theorem on termination of Euclid’s algorithm is another example
of a theorem which is valid and unprovable in Peano theory.. Note, both theorems need to be stated as
algorithmic formulas, there is no first-order formula that expresess the termination property of Euclid’s
algorithm or Collatz algorithm.

We hope the reader will forgive us for a moment of insistence (is it an agitpropaganda?) .
Calculus of programs AL is a handy tool. For there are some good reasons to use the calculus of pro-
grams

(i) The language of calculus AL contains algorithms (programs) and algorithmic formulas
besides terms and elementary.
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(if) Any semantical property of an algorithm can be expressed by an appropriate algorithmic
formula. Be it termination, correctness or other properties.

(7ii) Algorithmic formulas enable to create complete, categorical specifications of data struc-
tures in the form of algorithmic theories.

(iv) Calculus of programs AL brings a complete set of tools for proving theorems of algorith-
mic theories.

The contribution presented here leaves some open questions: first of all the cost of the algorithm CI
remains to be estimated. The lower bound is obviously O(z + z). A tight upper bound remains to be
found .

Another goal, that will take more time, is to write a complete syntactical (i.e. free of any semantical
considerations, like studies of computation ) proof of Collatz theorem. We expect that the proof will
pass the checking by a proof-checker proper for calculus of programs AL ﬂ The subsections and
contribute to this work.

Acknowlegments
7. Suplements

For the reader’s convenience, in this section we have included some definitions, some useful theorems,
and samples of proofs in algorithmic natural number theory.

7.1. A structure with counterexamples

where Collatz computations may be of infinite length

Here we present some facts that are less known to the I'T community.

These facts may seem strange. The reader may doubt the importance of those facts. Yet, it is worth
considering, strange data structures do exist, and this fact has ramifications. Strange as they seem, still it
is worthwhile to be aware of their existence.

Now, we will expose the algebraic structure 991, which is a model of the theory Ar, i.e. all axioms of
theory Ar are true in the structure 9. First we will describe this structure as mathematicians do, then
we will write a class (ie a program module) implementing this structure. medskip

Mathematical description of the structure

9N is an algebraic structure
M= (M;0,1,®; =) (NonStandard)

4such proof-checker does not exists yet and it is to be built



Mirkowska, Salwicki/ Collatz hotel August 9, 2022 21

such that M is a set of complex numbers k + 2w, i.e. of pairs (k,w), where element k € Z is an integer,
and element w € Q7 is a rational, non-negative number w > 0 and the following requirements are
satisfied:

(i) for each element k + 1w if w = 0 then k£ > 0,

i) 0L (0+40)

iy 12 (1. 440)

(iv) the operation @ of addition is determined as usual
(k + ) @ (K + ') L (k+ &) + 1w + o).
(v) the predicate = denotes as usual identity relation.

Lemma 7.1. The algebraic structure 91 is a model of first-order arithmetic of addition of natural num-
bers T, cf. next subsection [7.2]

The reader may check that every axiom of the 7 theory (see definition7.2] p[24), is a sentence true in the
structure 1.

The substructure 91 C 9 composed of only those elements for which w = 0 is also a model of the
theory 7.

It is easy to remark that elements of the form (k,0) may be identified with natural numbers k, k € N.
Have a look at tableT]

The elements of the structure 91 are called reachable, for they enjoy the following algorithmic property
Vinen {y :=0;whiley #ndoy:=y+1od}(y =n)

The structure 91 is not a model of the AT N, algorithmic theory of natural numbers, cf . subsection
.Elements of the structure (k, w). such as w # 0 are unreachable. i.e. for each element xg = (k, w)
such that w # 0 the following condition holds

—{y :=0;whiley # 2o doy :=y + 1 0od}(y = xo)

The subset 91 C M composed of only those elements for which w = 0 is a model of the theory ATN
c.f. subsection The elements of the structure 91 are called reachable. A very important theorem of
the foundations of mathematics is

Fact 7.1. The structures 91 and 91 are not isomorphic. See [Grz71], p. 256.

As we will see in a moment, this fact is also important for IT specialists.

An attempt to visualize structure 91 is presented in the form of table
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Table 1. Fragment of structure 91

STANDARD | (reachable) elements Unreachable ( INFINITE ) elements
—0Q - —11 422 10422 .- 0.4:12 1422 2+12 <00
—0o0 - - —11—1—1% —10—&-1% O—;—lz% 1+l% 2—1—7,% <00
—oco--+ —11+4:28 —104:28 ... 04;1.3—3 1+:28 2428 ...
—o0-+ —1l4E  —104+:2 - oj;z% 1422 2422 - o0
01 2 -+ 101 --- oo

The universe of the structure 90t decomposes onto two disjoint subsets (one green and one red). Every
element of the form (k, 0) (in this case & > 0) represents the natural number k. Such elements are called
reachable ones. Note,

Definition 7.1. An element 7 is a standard natural number (i.e. is reachable ) iff the program of adding
ones to initial zero terminates

neNZ{g:=0; whileq#ndoq:=q+1od}(qg=n)
or, equivalently
n€N<d—j>{q :ZO}U{ifn#qthenq::q—l—lﬁ}(q:n)

The other elements are called unreachable. Note that the subset that consists of all non-reachable ele-
ments is well separated from the subset of reachable elements. Namely, every reachable natural number
is less that any unreachable one. Moreover, there is no least element in the set of unreachable elements.
L.e. the principle of minimum does not hold in the structure 1.

Moreover, for every element n its computation contains either only standard, reachable numbers or is
composed of only unreachable elements. This remark will be of use in our proof.

Remark 7.1. For every element n the whole computation is either in green or in reed quadrant.
Elements of the structure 91 are ordered as usual
vay:c<y£3#0x+z:y.
Therefore, each reachable element is smaller than every unreachable element.
The order defined in this way is the lexical order. (Given two elements p and g, the element lying higher

is bigger, if both are of the same height then the element lying on the right is bigger.)
The order type is w + (W* +w) - 7

Remark 7.2. The subset of unreachable elements (red) does not obey the principle of minimum.
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Definition in programming language

Perhaps you have already noticed that the 91 is a computable structure. The following is a class that
implements the structure 9. The implementation uses the integer type, we do not introduce rational
numbers explicitly.

unit StrukturaM: class;
unit Elm: class(k,li,mia: integer);
begin
if mia=0 then raise Error fi;
if li * mia <0 then raise Error fi;
if li=0 and k<0 then raise Error fi;
end Elm;
add: function(x,y:Elm): Elm;
begin
result := new EIm(x.k+y.k, x.li*y.mia+x.mia*y.li, x.mia*y.mia )
end add;
unit one : function:Elm; begin result:= new EIm(1,0,2) end one;
unit zero : function:Elm; begin result:= new EIm(0,0,2) end zero;
unit eq: function(x,y:EIm): Boolean;
begin
result := (x.k=y.k) and (x.li*y.mia=x.mia*y.li )
end eq;
end StrukturaM

The following lemma expresses the correctness of the implementation with respect to the axioms of
Presburger arithmetic (c.f. subsection[7.2) treated as a specification of a class (module of program).

Lemma 7.2. The structure & = (F, add, zero, one, eq) composed of the set E = {o object : 0 inElm}
of objects of class Elm with the add operation is a model of the Ar theory,

¢ = Ar

Infinite Collatz algorithm computation

How to execute the Collatz algorithm in StructuraM? It’s easy.

pref StrukturaM block
var n: Elm;
unit odd: function(x:Elm): Boolean; ... result:=(x.k mod 2)=1 ... end odd;
unit div2: function(x:Elm): EIm; ...
unit 3xp1: function(n: Elm): EIm; ...result:=add(n,add(n,add(n,one))); ...end 3xp1;
begin
n:= new EIm(8,1,2);
while not eq(n,one) do
if odd(n) then
Cl: n:=3xp1(n) else n:=div2(n) (* a version of algorithm Cl that uses class Elm *)
fi
od
end block;
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Below we present the computation of Collatz algorithm for n = (8, %>

1 1 1 1 3 3 3 9 9
<8’§>’ <4a1>7< 7§>7 < aﬁ% <47E>3 <2’372>7 <17a>3 <4’674>7 <2’1728>""

Note, the computation of algorithm G for the same argument, looks simpler

1 1 1 1 3 9
<87§>7 <47Z>7<27§>7 <17E>7 <17674>7 <17T%>7

None of the elements of the above sequence is a standard natural number. Each of them is unreachable.
It is worth looking at an example of another calculation. Will something change when we assign n a
different object? e.g. n: = new EIm (19,2,10)?

(19,42), (58, %), (29,32), (88, %2), (44, %), (22,90), (11,83), (34,23), (17,272),
810 405 405 1215 1215 1215 1215 3645 3645
<52a H>a <26a H% <137 m% <40’ 128 >a <20a 256 >a <1Oa 256 >7 <5a 512 >7 <167 512 >a <87 1024>a
3645 3645 3645 3%3645 3645%3 3%3645 93645
<4’ 2048>’ <27 4096>’ <1, 8192>’ <4, §192 >v <27 2*81;2>’ <1, 4:8192>7 <4’ 4*8192>’ e

And one more computation.

(19,0), (58,0), (29,0), (88,0), (44,0), (22,0), (11,0), (34,0), (17,0), (52,0), (26, 0),
(13,0), (40, 0), (20,0), (10,0), (5,0), (16, 0), (8,0), (4,0), (2,0), (1,0).

Corollary 7.1. The structure 9, which we have described in two different ways, is the model of the Ar
theory (you can also say that this structure implements the specification given by the axioms of the Ar
theory), with the non-obvious presence of unreachable elements in it.

Another observation

Corollary 7.2. The halting property of the Collatz algorithm cannot be proved from the axioms of the
7T theory, nor from the axioms of Ar theory.

7.2. Presburger arithmetic

Presburger arithmetic is another name of elementary theory of natural numbers with addition.
We shall consider the following theory , cf. [Pre29],[Grz71] p. 239 and following ones.

Definition 7.2. Theory 7 = (L,C, Ax) is the system of three elements:

L is alanguage of first-order. The alphabet of this language consist of: the set V' of variables, symbols
of operations: 0, .5, +, symbol of equality relation =, symbols of logical functors and quantifiers,
auxiliary symbols as brackets ...

The set of well formed expressions is the union of te set 7" of terms and the set of formulas F'.
The set T is the least set of expressions that contains the set V' and constants O and 1 and closed
with respect to the rules: if two expressions 7 and 75 are terms, then the expression (71 + 72) is a
term too.

The set F' of formulas is the least set of expressions that contains the equalities (i.e. the expressions
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of the form (71 = 72)) and closed with respect to the following formation rules: if expressions «
and f are formulas, then the aexpression of the form

(Oé v ﬁ)a (Oé A 5)7 (Oé = 5)7 S
are also formulas, moreover, the expressions of the form
Ve, 4, «
where x is a variable and « is a formula, are formulas too.
C is the operation of consquence determined by axioms of first-order logic and the inference rules of
the logic,

Ax is the set of formulas listed below.

Vex+1#0 (a)
VeVyzr+1l=y+1 = z=y (b)
Verx+0==zx )
Voy (y+1)+2=(y+z)+1 (d)
D(0) AV, [P(z) = P(z+1)] = VY, P(x) D

The expression ®(x) may be replaced by any formula. The result is an axiom of theory This is the in-
duction scheme.
We augment the set of axioms adding four axioms that define a coiple of useful notions.

d
even(x) ad dyr=y+y (e)
df
odd(z) =Fyx=y+y+1 (0)
zdiv2=y=(x=y+yVe=y+y+1) (D2)
ngx—kaz%—x (3x)

The theory obtained in this way is a conservative extension of theory 7.

Below we present another theory Ar c.f. [Pre29]], we shall use two facts: 1) theory AV is complete and
hence is decidable, 2) both theories are elementarily equivalent.

Definition 7.3. Theory Ar = (L,C, AxP) is a system of three elements :
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L is a language of first-order. The alphabet of this language contains the set V' of variables, symbols
of functors : 0, 4, symbol of equality predicate =.
The set of well formed-expressions is the union of set of terms 7" and set of formulas F'. The set
of terms 1" is the least set of expressions that contains the set of variables V' and the expression 0
and closed with respect to the following two rules: 1) if two expressions 71 and 7o are terms, then
the expression (7] + 72) is also a term, 2) if the expression 7 is a term, then the expression S(7) is
also a term.

C is the consequence operation determined by the axioms of predicate calculus and inference rules
of first-order logic

Az P The set of axioms of the Ar theory is listed below.

Ver+1#0 (A)
Vor #0 = Fr=y+1 (B)
VeyT+y=y+ua ©
VoyT+(y+2)=(@+y)+2 (D)
VeyzT+2=y+2z = x=y (E)
Voo +0=ux (B
Vo dy(r=y+2Vz=y+2x) (G)
VoI (e=y+yVe=y+y+1) (H2)
Vody(e=y+y+yVe=y+y+y+1lVve=y+y+y+1+1) (H3)

r=y+y+---+yV
—_——
k
r=y+y+---+yt+lv
—_——
k
r=y+y+---+y+l+1V
—_—
Ve 3y % 2 (Hk)

r=y+y+---+y+l+1+---+1V
k k—2

r=y+y+---+y+l+1+---+1
k k—1
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The axioms H2 -Hk ... may be given a shorter form. Let us introduce numerals, ie. the constants repre-
senting term of the form

zi1+1
3914141
d;
k=1+1+...1
R
k times

Now, the axioms take form

Veyaxzmod2 =0V zrmod2=1 (H2")

Vexzmod3d=0Varmod3d=1Varmod3 =2 (H3?)
k—1

V. \/ wmodk =j (Hk")
§=0

Let us recall a couple of useful theorems
F1. Theory 7 is elementarily equivalent to the theory Ar.[Pre29,[Sta84]]
F2. Theory Ar is decidable. [Pre29].

F3. The computational complexity of theory Ar, is double exponential O(22") this result belongs to
Fisher and Rabin, see [ER79].

F4. Theories 7 and Ar have non-standard model, see section[7.1} p.
Now, we shall prove a couple of useful theorems of theory 7.
First, we shall show that the sentence V,,3, 4. n - 3¥ 4+ y = 27 is a theorem of the theory 7 of addition.

Operations of multiplication and power are inaccessible in the theory 7. However, we do not need them.
We enrich the theory 7 adding two functions P2(-) and P3(-.-). defined in this way

P2(0) =1 P3(y,0) =y
P2(x +1) = P2(z) + P2(x) | P3(y,xz+ 1) = P3(y,x) + P3(y,x) + P3(y, x)

Lemma 7.3. The definitions given above are correct, i.e. the following sentences aretheorems of the
theory with two definitions

T V.3, P2(z) =y and
ThEVeyP2(x) =y ANP2(z) =2 = y ==z
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Similarly, the sentences V,, 3, P3(y,z) = z and ¥y 5 ., P3(y,2) = 2 A P3(y,x2) = u = z = u are
theorems of theory 7T .

An easy proof goes by induction with respect to the value of variable x.

In the proof of the lemma, below, we shall use the definition of the order relation

a<b£3€¢0a—|—c:b.

Making use of the definition of function P2 and P3 we shall write the formula P3(n,z) + y = P2(z)
as it exppresses the same content as expression n - 3% 4+ y = 27,

Lemma 7.4. The following sentence is a theorem of the theory 7 enriched by the definitions of P2 and
P3 functions.
Vn3ey,P3(n,x) +y = P2(z)

Proof:

We begin proving by induction that 7 + V,, n < 2". Namely, we areto prove 7 - V, n < P2(n). Itis
easy to see that 7 + 0 < P2(0). We shall prove that 7 + V,,(n < P2(n) = (n+1 < P2(n+ 1)).
Inequality n + 1 < P2(n + 1) follows from the two given below 7 - n < P2(n)and 7 F 1 < P2(n).
Hence the formula n 4+ 1 < P2(n) + P2(n)) is a theorem of theory 7. By definition P2(n) + P2(n) =
P2(n+1).

In the similar manner, we can prove the formula 7 + V,, V, P3(n,x) < P2(n+ = + x)

As a consequence we have 7 V3, , . P3(n,z) +y = P2(z). 0

Lemma 7.5. Let 91 be any model of Presburger arithmetic. An element n is reachable iff there exists
a triple (x,y, z) of reachable elements such that it satisfies the equation P3(n,z) + y = P2(z) i.e.
n - 3% +y = 2% and elements z, y, z are reachable.

Proof:
If the following formulas are valid in the structure 9t
{q:=0; while ¢ # x do q := q+ 1 od}(x = q),
{q := 0; while g # ydo q := q+ 1 od}(y = q),
{q :=0; while ¢ # zdo q := q+ 1 0od}(z = q) and the following equatuin is valid too P3(n,x) +y =
P2(z) then it is easy to verify that the formula {¢ := 0; whilen # tdot :=t+ 1 od}(t = n) is valid
too.
Nr  Argument

al=P2(z) is reachable

1

2 y+a2 =al, a2 isreachable and a2=2%-y

3 a3=P3(1,x) isreachable, a3=3"

4 { q:=1; a5:=a3; while a5 a2 do q :=q+1; a5:=a5+a3 od } ( q* a3=a2) hence q=n

A similar fact will be used in the proof of lemma[5.5
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Lemma 7.6. For every element n, if elements x, y, z satisfy the equation n - 3* + y = 27 and they are
unreachable then the element n is unreachable too.

Proof:
It is easy to observe that z < z and y < 2%. Hence there exists an unreachable element a # 0 such
that y + a = 2%, where a is the difference. We define auxiliary function D3(m,n) by the following

recurrence
P when ¢ = 0
D3(p,q) = L .
D3(p,q — 1) +3 in the opposite case.
It is evident that n = D3(a, 3”). Since @ and 3" are unreachable then n is also unreachable. O

7.3. An introduction to calculus of programs AL

For the convenience of reader we cite the axioms and inference rules of algorithmic logic.
Note. Every axiom of algorihmic logic is a tautology.
Every inference rule of AL is sound. [MS8&7]

Axioms

axioms of propositional calculus
Azy ((a= ) = ((B=0) = (a=19)))

Azy (= (aVf))

Azs (8= (aVp))

Azy ((a=90) = ((B=10) = ((aVp)=19))
Azs ((a A B) = «)

Azg (N B) = D)

Az7 (6= o) = ((6 = B) = (0= (anB))))
Azg ((a = (8= 19)) & (@A p)=10))

Azg ((a A —a) = B)

Az (o= (oA —a)) = —a)

Az1y (aV —a)
axioms of predicate calculus

Azry ((Vo)a(z) = a(z/7)))

where term 7 is of the same type as the variable x
Aziz (Vo)a(x) & —(3x)-a(x)
axioms of calculus of programs
Aziy K((Fr)a(z)) & (Cy)(Ka(z/y))  fory ¢ V(K)
Azis K(aVvp) & (Ka)V (Kp))
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Azis K(aAB) < ((Ka) A (KB))
Az K(—a) = ~(Ka)

Az1s ((z:=71)y < (v(z/T) A (z := T)true)) A ((q:=v)y < v(g/1))

Az19 begin K; M end oo < K(Ma)

Axgg if v then K else M fia < ((—y A Ma) V (y A Ka))
Azg; while ydo K od o < ((—y A ) V (v A K (while y do K od(—y A «))))

Axgo ﬂKoz<:> (a/\(KﬂKa))
Axos UKaE (a\/(KUKa))

Inference rules

propositional calculus

Ry a,(aﬁ:ﬁ) (also known as modus ponens)
predicate calculus
ral@) = B
((Fr)alz) = B)
g (B> @)
(8 = (Vz)a(z))
calculus of programs AL
)
2 (Ko = Kf)
R {s(if v then K fi)'(—=y A @) = Blien
3 (s(while v do K od «) = )
Ry {(K'a = B)}ien
(UKa=p)
R {(a = K'B)}ien
’ (a=NKP)

In rules Rg and Ry, it is assumed that z is a variable which is not free in 3, i.e. x ¢ F'V(/3). The rules
are known as the rule for introducing an existential quantifier into the antecedent of an implication and
the rule for introducing a universal quantifier into the successor of an implication. The rules R4 and Rs
are algorithmic counterparts of rules Rg and R7. They are of a different character, however, since their
sets of premises are infinite. The rule R3 for introducing a while into the antecedent of an implication
of a similar nature. These three rules are called w-rules. The rule R; is known as modus ponens, or the
cut-rule. In all the above schemes of axioms and inference rules, a, 3, ¢ are arbitrary formulas, v and ~’
are arbitrary open formulas, 7 is an arbitrary term, s is a finite sequence of assignment instructions, and

K and M are arbitrary programs.
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Theorem 7.1. (meta-theorem on completeness of the calculus of programs AL)
Let T = (£,C, Ax) be a consistent theory, let « € L be a formula. The following conditions are
equivalent

(i) Formula «v is a theorem of the theory T, a € C(Ax),
(ii) Formula «v is valid in every model of the theory T, Ax |= .

The proof may be found in [MS87].

7.4. An introduction to algorithmic theory of natural numbers A7 N

The language of algorithmic theory of natural numbers A7 N is very simple. Its alphabet contains one
constant 0 zero , one one-argument functor s and predicate = of equality. We shall write x + 1 instead of
s(x). Axioms of AT N were presented in the book [MS8&7]]

Ay Va{q:=0; while ¢ # x do q := s(q) od}(q = ) R)
A Vxs(z)#0 (N)
Az VaVys(z) =s(y) = z=y (J)

We can add another two-argument functor + and its definition
Ay VzVy{q := 0;w := z; while ¢ # y do ¢ := s5(q) ;w := s(w)od}(z +y = w) (D)

The termination property of the program in Ay is a theorem of AT N theory as well as the formulas
x4+ 0=zand x + s(y) = s(z +vy).

A sample (12]-[15) of Theorems of ATN

ATN F Fp olz) & {z = 0} J{z ==z + 1}o(z) (12)

ATN E VY, alx) & {z =0} ({z =z + 1}o(x) (13)
scheme of induction

ATN + (a(:c/O) AV (afz) = a(x/s(x)))) — Y,a(z) (14)
Correctness of Euclid’s algorithm

n:=ng; m:=mog;
whilen # mdo

> 0N if n > m th =n -
ATN = ( 1o ) = tn = miheh me=n o m (n = ged(ng, myp)) (15)
mgo > 0 else m:=m_-n
fi
od

The theory AT N enjoys an important propety of categoricity.
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Theorem 7.2. ( meta-theorem on categoricity of A7 N)
Every model 2 of the algorithmic theory of natural numbers is isomorphic to the structure 91, c.f. sub-

section[7.1]

7.5. Proof of lemmal4.1|

Let P and P’ be two programs. Let o be any formula. The semantic property programs P and P’ are equivalent with respect to the
postcondition « is expressed by the formula of the form ({P} a < {P'} ).

We shall use the following tautology of calculus of programs AL.

P’

P:
while ~ do
= if 0 then K else M fi a &
od;
We apply the axioms Ax20 and Ax21
while ~ do
H if 0 then K else M fi a s
od;

while v do
while v A § do K od;
while v A =6 do M od
od

if v then
while v A § do K od;
while v A =6 do M od ;
while ~ do
while v A § do K od;
while v A =6 do M od
od

fi

We can omit the instruction if (why?) . We swap internal instructions while inside the instruction while.

while v do
I if ¢ then K else M fi
od;

We can safely skip the second instruction while.

while v do
I if 6 then K else M fi
od;

daf

a =

a =

while v A § do K od ;
while v A =6 do M od
while ~ do
while v A =6 do M od;
while v A § do K od
od

while v A § do K od ;
while v do
while v A =6 do M od;
while v A § do K od
od

(16)

an

(18

19)

Now, we put (y L #1), (6 & even(n)), (K =n -+ 2) and (M Y 3 + 1). We make use of two theorems (even(n) = n # 1) and
(M§) of theory T c.f. subsection( hence, they are valid in the structure of natural numbers).

while n £ 1 do

if even(n)
e thenn :=n =+ 2 (n=1)
elsen :=3n+1
fi
od;

This ends the proof.

while even(n) don :=n =+ 2 od;
while n # 1 do

n:=3n+1;
while even(n)don :=n-+2od

od

(n=1)|. (20)
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7.6. Proof of invariant of algorithm Gr3
We are going to prove the following implication is a theorem of algorithmic theory of natural numbers AT N
ATN F (¢ = {As}p) 2D
Symbols ¢ and Az are explained below.
® @
Ag
3 Y =m,; 2% 3+ Yi=m, 2%
n3+i m 4 aux = 3*xm; + 1; n3+i m A
Zi =3 ki AN X =N kit1 = exp(auz, 2); Zi= Y ki ANX; =1
i=0 k, i=0
e S Mit1 = aux/2%+1; e S
- _ i-1-j  9Z; L i-1-j . 9Z;
K—Jgo(?) 2 7>/\ — Vi1 := 3Y; + 2% Yl_j:o(g 2 7)/\ (22)
mo =n A ko = exp(mo, 2)A Ziv1 = Zi + kiy1; mo =n A ko = exp(mo,2)A
v (= my_1 /2" A X =15, v (= my_1 /2" A
0<i<i =it 0<I<i
ki = exp(my, 2)) ' ’ ki = exp(m,2))
We apply the axiom of assignment instruction Az1s. Note, we applied also axiom Ax19 of composed instruction.
Namely, in the implication we replace the its successor { As } by the equivalent formula {Agl) }ap(l).
JReh
INS :
X 30D 1 Yy = miga) - 2760 A
_ . (i+1)
aux :=3*m; + 1; Zirny = > ki AXiy1=(i+ 1A
kit1 := exp(auz, 2); 3=0
i1 = okit1. [l —1-] 525
o — U auz/ o Yiit1) = Zjo (3 ) J)/\ 23)
Yip1 = 3Y; 4+ 277, J
Ziv1:=Zi + ki, mo=nh ko= emp(mo;f)/\k
: my =mp—1/2" A ki = exp(my, 2
X =133 o<z§v(¢+1)( ! -1/ ! p(m ))
-3 £ Vi = migy - 2700 A
— ) . (i+1)
aup :=3xm; +1; Zopy = 3 ki AXipr = (i +1)A
kit1 := exp(auz,2); 3=0
p = Mit1 := aux/28+1; Y1) = Z (3<1+1)*1*J .22_7’)/\ (24)
Yii1 := 3Y; + 27 7:]:
Ziv1 = Zi + ki1 mo=mn 0 63?310(7710;C )
\ (mu = mu—1/2" A ki = exp(mu, 2))A
0<1<(i+1)
n - 30+ + Y(i+1) = miq1) - 9(Zitkit1) p
(i+1) _
aux =3 *m; + 1; (Zi+ kiv1) = > kiAXipa =G+ DA
=0
kit1 = exp(auz, 2); i !
— = (i+1)=1-j , 9%, 25
2 Mist = aua /25 Yiit1) = ]go (3 7.2 7)/\ (25)
Yiq1 :=3Yi + 27, mo =nA ko = exp(mo, 2)A

Y (mu = mu—1/2" Ak = exp(mu, 2))
0<1<(i+1)
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n- 30D 4 (3Y + 2%) = myiq) - 2Zi TR A

(i+1)
(Zitkiv1) = 3 kiAXipr=(+ 1A
aur = 3 xm; + 1; 3=0
p = kit1 := exp(auz,2); (3Y; +2%1) = XZ: (3(i+1)—1—j . 2Zj)/\ (26)
Mit1 = aux/2ki+1; J=0
mo =nA ko = exp(mo,2)A
(ml = ml,1/2k’ A ki = exp(my, 2))

)
0<I<(i+1)

n - 30D 4 (3Y; + 2%0) = (aux/2Fi+1) . 2 Fitkivi) o
(i+1)

(Zitkiv)= 3 kiAXiga =@+ 1A
=0

= aur =3xmi+ 1 z L (alit)-1-5 oz 27N
. i) — k3 —1-7 .
v kit1 := exp(au, 2); (Y +27) = ]Z:O (3 2 J>/\

mo =nA ko = exp(mo,2)A
(ml = ml,1/2kl ANk = ea:p(ml,2))

)
0<I<(i+1)

n-30+D (3Y; + 221‘) — (aux/g(eﬂw(auzﬂ))) . 9(Zi+(exp(auw,2))) A
(i+1)

(Zi + (explauz,2))) = > ki AXipr = (i+ 1A

j=0

© = { aux = 3xm; + 1; } (3Yz + 221) — i (3(i+1)*1*j . 2Zj>/\ (28)
=0
mo =nA ko = exp(mo,2)A

\ (mz =my_1/2" Ak = exp(my, 2))
0<I< (i+1)
P

n - 30+ (3Y; 4+ 2%) = (3% m; + 1)/2(690P((3*mi+1),2))) . 9(Zi+(exp((3+mi+1),2))) A

(i4+1)
(Zi 4+ (exp((3xmi +1),2))) = 3 ki AXip1 = (G + DA

§=0

p = {} (3Y; + 221) _ XZ: (3(i+1)—1—f .24‘)/\ (29)
§=0
mo =nA ko = exp(mo, 2)A
v (mu = my_1/28 Ak = exp(my, 2))

0<I< (i+1)

The implications (22) —29) are mutually equivalent.

One can easily verify that the last implication (¢ = ) is a theorem of Presburger arithmetic 7 and hence it is a
theorem of AT N theory.

Therefore the first implication (¢ = {As}p) is a theorem of algorithmic theory of natural numbers AT N

q.e.d.

Remark 7.3. Note, the process of creation a proof like this can be automatized.
The verification of the above proof can be automatized too.
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