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Abstract. We are showing two theorems:

T1) For every natural number n > 0, computation of Collatz’s algorithm C, executed in standard
model of arithmetics of natural numbers is finite.

T2) In a non-standard model of arithmetics of addition one can observe computations that can be
arbitrarily prolonged (i.e. they are infinite). This observation can be strengthened: if in a data
structure for addition there is an infinite computation of Collatz’s algorithm for some n, then
the structure is a non-standard model of natural numbers.
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1. Introduction

In 1937, Lothar Collatz observed that, for any natural number n > 0 chosen by him, a sequence defined
by following equations
ar =mn

a;/2 if aj is even
Aj+1 = . .
3a; +1 ifa;is odd

always terminates on number 1. Collatz formulated the conjecture, for any natural number n > 0 the
sequence determined by the above equations reaches 1 i.e. for every natural number n > 0 there exists
natural number k, such that a, = 1.

Several mathematicians and computer scientists were involved in research of the conjecture, cf. [3].



2 Mirkowska & Salwicki/On Collatz’s theorem

Many papers were published. In the search of an eventual counter-example computers are working
constantly. Till today the Collatz’s conjecture is verified by all numbers up to 80 - 269, see [1]].

In a programming language one can write the following program C

while n # 1 do
C: if n €cEven then n « n/2 else n«— 3n+1 fi
od

The remark made by Collatz can be formulated as follows

Conjecture 1. For any natural number n > 0, computation of program C is finite.

For an execution of Collatz’s algorithm C produces all numbers of the sequence {a; }.

We shall prove Collatz’s conjecture showing that a formula that expresses the halting property of Col-
latz’s program C is a theorem of algorithmic theory of natural numbers.

We shall also show that Collatz’s conjecture can not be proved in elementary theory of natural numbers.
In this way we confirm the opinion of Paul Erdés [} 3]]. Our arguments are similar to those found in [6].

The structure of the paper is as follows: in next section we study the halting formula of Collatz’s program,
we define the notion of layer that is related to the halting formula and formulate a couple of lemmas. In
section [3] we are giving an indirect proof of Collatz’s theorem. The subsequent section is devoted to the
question under which conditions the Collatz’s program may iterate endlessly? A couple of appendices
follow, added for the convenience of the reader.

2. Halting formula, modified algorithm, definition of a layer

We shall analyze algorithm C and its variations. The halting property of the algorithm C can be expressed
by the following formula,

whilen # 1do
if n € Eventhenn + n/2elsen <« 3n+1fi p (n=1) (Icl)
od

or by another, equivalent formula
(J{if n # 1 then if odd(n) then n < 3n + 1 else n < n/2 fifi}(n = 1) (Ic2)

The halting formula of a program M is the weakest precondition that guarantees that the computation of
program M is finite. We recall that algorithmic theory of natural numbers has one, up to isomorphisms,
model, cf. [4] p. 55. It is the standard structure of natural numbers with addition and multiplication.
Hence the following

Remark. The conjecture of Collatz is is true if and only if the halting formula of Collatz’s algorithm is
a theorem of algorithmic theory of numbers.
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Note that the following program checks whether number m is a power of two

1spow?2 1= true;

while m # 1 do if odd(m) then ispow?2 := false; exit else m :=m/2 fi od;

P2:

It is evident that
{P2} (ispow2 < 3, m = 2F).

Therefore we can replace program C by an equivalent program CS:

program CS;

Boolean function d(n) &

m = n; ispow?2 := true;
while m # 1 do if odd(m) then ispow?2 := false; exit else m :=m/2 fi od,;
result := ispow?2
while = d(n) do
ifodd(n) thenn < 3n+ lelsen < n/2fi
od

Program C has a finite computation if and only if the program CS halts. It is easy to observe that the

computations of program CS are burdened with overhead on the length of computation. We shall neglect
this overhead.

We are going to study the following halting formula of program CS

if—(d(n)) then
if odd(n)
U K- thenn < 3n+1 (d(n)) (LC)

elsen < n+2
fi

fi

The halting formulauses an existential iteration quantifier . To give you an intuition of this iteration
quantifier we shall present some formulas equivalent to the formula[LC|
First we apply the axiom Axo; and obtain

(dm) v |J { if~d(n) then K fi } ({ if~d(n) then K £ } (d(n))) (LCo)

which in turn is equivalent to

2
if—d(n) if—d(n) if—d(n)
(d(m)) v ({ then K fi } (d(n))> vU { then Kf } { then K fi } (dm) | @cn
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next formula equivalent to the formula[LC|is given below

2 3
if—d(n) if—d(n) if—d(n) if—d(n)
dn)V < then K pd(n)V< then K d(n)V U then K then K d(n)
fi fi fi fi

The i-th formula equivalent to the halting formula is of the following form

if —~d(n)
d(n) Vv then K »d(n) |V
fi
if ~d(n) )~ if —d(n)
then K dn) | Vv .. then K d(n) (LCi)
fi fi
if —d(n) it —~din) )
vy then K then K d(n)
fi fi

We can apply the axiom of conditional instruction Axoy and obtain

d(n)V—d(n) A K d(n)V=d(n) A K=d(n) A K? d(n)V

~—
0x 1x 2%
—d(n) A K—d(n) A K*=d(n) A K2 d(n) v
3x
—d(n) A K=d(n)... A K" '=d(n) A K* d(n) V
X
if —d(n) i —dn) )
U then K then K d(n)
fi fi

One can observe that the halting formula of the program CS is, informally speaking, an infinite
disjunction of ever-longer conjunctions. Each conjunction expresses the property: the program CS will
execute 1X iterations and will stop. The precise meaning of iteration quantifier is given by definition
on page [16] The structure of these conjunctions is even more complicated as will be seen later.
For the program K is a conditional instruction. Applying the axiom Axsg one obtains a disjunction.

For example, the conjunction that describes the property: program CS will execute exactly one iteration
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of instruction K and will stop is equivalent to the following alternative.
if =d(n) then

if odd(n)
i | ( ~d(n) A odd(n) A {n + 3n + 1}d(n) v ) Caw

th —3n+1
e " —d(n) A —odd(n) A {n < n -+ 2}d(n)
elsen « n =2

| fifi

Luckily for us, we could discard the second part of the alternative for the conjunction —d(n) A d(n/2) is
false for every n.

Inspired by these observations we accept the following definition of layers, i.e. the subsets of the set V.

Definition 2.1. (of layers)

So 4 {neN:3kn=2"

S5 L meN:n>1A3n+1€ 58}

Se L f(neN:n/2es)

Sit1 & {neN:nisodd A 3n+1€S; Vniseven A n/2 € S;}

Collatz’s conjecture is equivalent to the following one

Conjecture 2. Layers .S; make a covering of the set N.

o0
N={]s
i=0
A quick examination of the properties of the layers brings the following observations

Fact 2.1.
oo) Each layer is an infinite set.

Sp) Layer Sy is an increasing sequence.

ap = 2F for £k =0,1,...

S1) Numbers {5, 21,85, 341, ... } belong to the layer .S;.
The recurrent dependencies determine the membership to this layer a; =5, aj11 =4%*a; +1
The j-th element of the layer S is

aj=(220FY) —1)/3  for j=1,2,3,...



6 Mirkowska & Salwicki/On Collatz’s theorem

S2) Layer Sy is described by equations by = 10, bj11 = 4 * b; + 2.
Or

by =2 (220D —1)/3  dla j=1,2,3,...
Si) Membership of number n to the layer S; is definable by an algorithmic formula, see Appendix A.
Lemma 2.1. Layers are pairwise disjoint sets, S; NS, = () for I # p.

Proof:

Suppose that for some , p intersection of layers is non-empty set S; NS, # (). Without loss of generality
we can assume that [ < p and that [ is the least natural number such that, for some p the layers S; and .S,
have common element S; N S, # (). Hence there is a number m such that m € S; and m € Sy, | < p.
If m is even number then m /2 € S;_; and m/2 € S,_1. If m is odd number then 3m + 1 € S;_; and
3m+1e¢€ Sp_l.

Hence S;_1 N Sp—1 # . This contradicts our assumption that the number [ is the least number such that
the layer S; has an element common with some other layer. O

Now our conjecture can be formulated as follows.

Conjecture 3. Set of layers .S; is a partition of the set V.
o
N:USZ» and SiNS, =0 for l#p
i=0

Let us make a couple of easy observations

Lemma 2.2. If number n belongs to the layer Sj 1, then after execution of instruction {if odd(n) thenn «+
3n + 1 else n « n = 2 fi} the new value of variable n belongs to the layer Sk.

(n € Skyr1) = {if odd(n) thenn < 3n+ lelsen <+ n+2fi}(n € Sg) (1)

It is easy to remark that

Lemma 2.3. If a number n belongs to some layer S;, then the computation of Collatz’s algorithm that
starts from n will stop after finite number of steps.

00 while —=(n = 1) do
VnnEUSi = if odd(n) thenn <+ 3n+lelsen<n/2fi }(n=1)
=0 od
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3. Collatz’s algorithm halts

In this section we shall prove that Collatz’s algorithm executed in standard structure of natural numbers
halts. Namely, we shall show that the halting formula [LClis a theorem of algorithmic theory of natural
numbers 74.

There are two questions: 1° is there a cycle in computations of Collatz’s algorithm? and 2° is there a
natural number n such that the computation of Collatz’s program is infinite?

First question has a negative answer. No cycles, since the program is deterministic one. See also the
lemma[2.11

In answering to the second question, we shall use three algorithmic theories T, Tg, Tw. All three
theories share the same language £, based on the same alphabet. All three theories use the same operation
of syntactical consequence C, it means that they use the same set of logical axioms and inference rules
of calculus of programs AL, see section |7}

The differences appear in the sets of specific, extra-logical axioms.

B) Theory 7 could be skipped. We present it for dydactical reasons. The reader may want to see the
similarities and differences of two other theories, that are used in the proof of Collatz’s theorem.
Theory Tp = (L, C, B) has the following set of axioms 3 (in addition to the axioms of the calculus
of programs AL, these are listed in section

No) Vi 0# s(x)
Ni) Vays(z)=sly) = ==y
Dy) V:0+z==x
Di) Vey(y+1)+z=(x+y) +1
B Py) P(0)=0
P)) VY, P(s(z)) ==
A1) odd(n) < Jk(n=k+k+1)
As) wi2=k<s (k+k=wVk+k+1=w)
Az) 3xn=n+n+n

/

Axioms B of the theory Tp are first-order formulas, while the language £ contains programs and
algorithmic formulas.

A) Theory T4 = (L,C, .A) has the same language and the same operation of syntactical consequence
as theory 7p. The set of axioms of this theory A = BU { P3} is the set B filled with the following
algorithmic formula

P;) VY, {whilex # 0do z + P(z) od}(x =0)

It is known that every model of this theory is isomorphic to the standard structure of natural num-
bers with addition, see [4] thm. 4.2 on page 55.
Theory 74 = (L, C, A) is therefore complete. ﬂ Remember this.

"Definition. A theory T is complete iff for every sentence ¢, either this sentence ¢ is theorem of theory T or the sentence
contradicts the axioms of theory 7.
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W) We shall consider also the following algorithmic theory Ty = (£,C, ). Axioms of this theory
are the axioms from the set B and the following sentence

while —d(n) do
Yn if odd(n) thenn < 3n+1lelsen < n/2fi ; (d(n)) (LCY)
od

Yes, it is not an error.(!) W = B U }. The formula is the halting formula of Collatz
algorithm.

Theory Tyy is consistent. For not every formula of the language £ is a theorem of the theory.

We shall show that the formula Ps is a theorem of theory Ty .

Lemma 3.1.
Tw Vg {while z # 0do z < P(z) od}(z = 0)

A proof of the lemma is in Appendix A, section 5

3.1. Proof of Collatz theorem

An indirect, meta-logical, proof of the theorem goes in four steps.

1. Formula P3, an axiom of theory 73, is a theorem of the theory Ty, by lemma[3.1] All the remain-
ing axioms B are common to both theories.

2. Therefore the set of theorems of theory 74 is a subset of the set of theorems of theory Ty .

Theorems(7T4) C Theorems( Ty )

3. Remind yourself, theory T4 is complete. It is also maximal. Hence, theory Ty is complete too.

4. Therefore the sets of theorems of these theories are equal
Theorems(7T4) = Theorems( Ty )

Hence, the halting formula of Collatz algorithm is a theorem of theory 74.

Theorem 3.1. (Collatz) Each computation of Collatz algorithm is finite, when the algorithm is executed
in standard structure of natural numbers with addition.

Ta HLC

g.e.d.
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Comments and corollaries

* Collatz’s algorithm calculates the number I(n) of layer of a given number n. It is evidently a
partial-recursive function. We proved that the function /(n) is recursive i.e. computable function.

* There is a need to write a direct proof of Collatz’s theorem. You must be aware that the proof will
be using w-rule Rg, somewhat similar to the proofs in [6].

» It is desirable to estimate the cost of Collatz’s algorithm. Give a function o(n) that majorize the
number of steps.

* Is the function o(n) primitive recursive?

4. Collatz’s algorithm may loop

In this section we are studying the following question: is it possible that Collatz’s algorithm loops? what
it would eventually mean?.

We shall consider various addition structures and various formalized theories: elementary and algorith-
mic ones.

Definition 4.1. An algebraic system (i.e. a data structure) of type
(X,+,0,1)

will be called an addition structure iff
1°) X is a set, symbol + denotes two-argument operation on X, 0 and 1 are elements of X, and
2°) such that the structure satisfies the following conditions

V. 0#x+1
Veoyr+l=y+1l=x=y
V.04+2x=2x
Vey(y+ D) +z=(y+x)+1
and also assures the validity of every formula of the induction scheme,
here symbol @ denotes any first-order formula
{P(z/0) AV (P(x) = P(xz+ 1))} = YV, D(x)

g

Symbol K will denote the class of addition structures. This class contains the standard structure of natural
numbers with addition as well as various structures non-isomorphic with the standard structure.
In particular the structure described in Appendix C is a non-standard addition structure.

Having look at Appendix C, example[6.1| we formulate

Fact 4.1. Collatz algorithm if executed in a non-standard model 9T of arithmetic of addition has infinite
computation of element n which is a nonstandard element of the model.
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Making use of the Collatz theorem 3.1 we can formulate the following

Theorem 4.1. If in an addition structure 2 there exists an infinite computation of Collatz algorithm
for certain element n, then the structure 2l is a non-standard model of arithmetic of addition of natural
numbers.

Corollary 4.1. Halting property of Collatz algorithm is not expressible in the first-order theory of addi-
tion.

5. Appendix A - proof of lemma 3.1]

To the end of this section the symbol K denotes the following program
{if odd(n) thenn < 3n + 1l else n < n/2 fi}.

Remark that the relation n € S, is computable by a simplified version of the algorithm C. From the
definition of layer, a number n belongs to layer S, if and only if the Collatz algorithm CS stops after
exactly x steps.

Definition 5.1.
Boolean function w(n, k) £

m:=n;
if £ = 0 then result := d(m)
else
1:=1;
whilei < k A —d(m)do result
if odd(m) then m := 3m + 1 else m := m/2 fi;
1:=1+1
od;
result := (i = k) Ad(m)
fi;

Fact 5.1. w(n,0) < d(n)

Fact 5.2. The program in the above definition of predicate w(n, k) does not loop.
In the proof, below, we are using the following auxiliary inference rules of program calculus AL

as Ko, as KMo

Auxl

{while a do M od}—a < {while a do M; K od}(-a) (AuxI)
a — f

Aux2

{while 3 do M od}-3 — {while a do M od}(-a) (Aux2)

0 = M (Aux3)

d A {while v do M od}—y = {while ydo M od}(—y A )
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In the table below formula in the row 2+i+1 follows from the row 2+i, i=0, ..., 5.

1

VaIn w(n, )

while —d(n) do

while —w(n,0) do
K;
x + P(x)

od

w(n, 0)

while ~w(n,0) A w(n,z) do
K
x < P(x)

od

while =z = 0 A w(n, z) do
K
x <+ P(x)

od

while -z = 0 do
K;
x <+ P(x)

od

while -z = 0do
x <+ P(x)
od J

(

xr = 0N

w(n, )

)

for each layer S, is a non-
empty set

this is an axiom of theory

Tw

this is a theorem of Ty, we
applied the auxiliary infer-
ence rule [Auxl] see. [3]
s.110

conditions d(n) and w(n, 0)
are equivalent, we apply the

rule

condition w(n,z) is an in-
variant of the program

{K;z <+ P(x)}, cf.
Lemma [2.2] We apply the

rule

condition z # 0 A w(n, x)
is equivalent to condition
—w(n,0) Aw(n,z)

we can skip the subformula
w(n,z) since its value is
true at every iteration, see
row 5.

we can skip the program K
since it does not contain the
variable x

g.e.d.

11
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6. Appendix C - an example of infinite computation

In this section we present a class Crn that implements a programmable and non-standard model 2t of
axioms of addition theory 7T h; (cf. section[d)). We show that Collatz’s algorithm, executed in this model
has infinite computations.

It is well known that the set of axioms of the theory 7 h; has non-standard models. We are reminding

that the system
M = (M, zero, one, s, add, equal)

where
* The set M is defined as follow
(k,xye M={ke ZNz e RNz>0AN(x=0 = k>0)}
here k is an integer, x is a non-negative rational number and when z is O then k > 0,
* the operation addition is defined component wise, as usual in a product,

* the successor operation is defined as follow s((k,x)) = (k + 1, z),

* constant zero 0 is (0, 0).

is a non-standard and recursive(i.e. computable) model of axioms of theory T h;.

Now, class Cn is written in Loglan programming language [7]]. This class defines and implements an
algebraic structure €. The universe of the structure consists of all objects of the class NC'N (this is an
infinite set). Operations in the structure ¢ are defined by the methods of class Cn: add, equal, zero and
s. All the axioms of the algorithmic theory 7 hy are valid in the structure €, i.e. the structure is a model
of the theory. We show that for some data the execution of Euclid’s algorithm is infinite.

unit Cn: class;
[ unit NSN : class(intpart, nomprt, denom : integer);
begin
if nomprt = 0 and intpart < 0 orif nomprt x denom < 0 orif denom = 0
then raise Fxception fi
end NSN;
unit add : function(n, m : NSN) : NSN;
begin result := new NSN (n.intpart + m.intpart,
n.nomprt * m.denom + n.denom x m.nomprt, n.denom * m.denom) end add;

unit equal : function(n, m : NSN) : Boolean;
begin result := (n.intpart = m.intpart) and
(n.nomprt x m.denom = n.denom * m.nomprt) end equal;
unit zero : function : NSN;
begin result := new NSN(0,0,1) end zero;
unit s : function(n : NSN) : NSN;
begin result := new NSN (n.intpart + 1, n.nomprt,n.denom) end s;

end Cn;
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Theorem 6.1. The algebraic structure € which consists of the set |[NSN| of all objects of class NSN
together with the methods add, s, equal and constant zero,

¢ = (|{NSN|, zero, s, add, equal)

satisfies all axioms of natural numbers with addition operation, cf. section 4]

Proof:
This is a slight modification of the arguments found in Grzegorczyk’s book [2]p.239. O

Example 6.1. One can easily extend class C'n adding two functions: even and div2. Class C'n extended
in this way brings a counterexample to Collatz hypothesis c.f.[3]. An attempt to execute the program C
for n = new NSN (8,1, 2) results in an infinite computation.. The computation never reaches s(zero),
i.e. new NSN(1,0,2).

n explanation
new NSN(S, 1, 2) (
new NSN4, 1, 4) (4, 1) is even; divide by 2
new NSN(2, 1, 8) (2,
new NSN(I, 1,16) (1,

(

(

(

(

8, 3) is even; divide by 2

00l |

) is even; divide by 2

is odd; multiply by 3; add 1
new NSN(4, 3,16) 4, -
new NSN(2, 3,32) 2,
new NSN(1, 3,64) 1,

new NSN(4, 9,64) 4,

is even; divide by 2
is even; divide by 2
is odd; multiply by 3; add 1

2l Zles oo 5les 5=
AR

is even; divide by 2

new NSN(1, 3%, 221+2) at step 3¢ + 1 the value of n is (1, 22?%)

A) This means that halting formula of Collatz program is not a theorem of theory 7 h1.

B) Note, the program C makes no use of multiplication operation. Hence, it seems unlikely that the
halting formula is a theorem of theory 7 hy. By Tennenbaum’s theorem[8] it is impossible to construct a
programmable (recursive) and non-standard model of Peano arithmetic. However it suffices to show that
there is a non-standard model of Peano arithmetic (i.e. of theory T hs) such that the functions even and
div2 are recursive. This need not to contradict Tennenbaum theorem.

7. Appendix D — An outline of calculus of programs

The reader familiar with the algorithmic logic [4] can safely skip the rest of this section.
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7.1. A short exposition of calculus of programs

For the convenience of other readers we offer a few words on the calculus of programs and in the follow-
ing subsection we are listing axioms and inference rules of the calculus.
A formalized logic £ is determined by its language L and the syntactic consequence operation C,
L = (L,C). How to describe the difference between first-order logic FOL and algorithmic logic AL?
The language of algorithmic logic is a superset of the language of first-order logic, it is also a superset
of deterministic while programs, moreover, it includes algorithmic formulas and is closed by the usual
formation rules. In the language of AL we find all well formed expressions of FOL. The alphabets are
similar. However, the language of AL contains programs and the set of formulas is richer than the set of
first-order formulas.

As you can see the language WF F 41, contains programs. Moreover, the set of formulas F 47, is a
proper superset of the set of first-order formulas Froy..

program calculus AL
WFFar, ={Tar UFaL UPar}

Fror & FaL

predicate calculus FOL } calculus of program schemes PAL

WFFror = {TrorL U Fror} WFFpar = {Fpar UPpar}

NS

propositional calculus PL
WFFpr ={Fpr}

Figure 1. Comparison of logical calculi w.r.t. their WFF sets

The set WF F 41, of well formed expressions is the union of three sets: set of terms (programmers
may say, set of arithmetical expressions), set of formulas (i.e. set of boolean expressions) and the set of
programs.

Definition 7.1. The set of terms is the least set of expressions 7" such that
 each variable x is an element of the set T,
* if an expression 7 belongs to the set 7', then the expressions s(7), P(7) belong to the set T,

* if expressions 7 and o belong to the set 7', then the expressions (7 + o), (7 * o), (7 - o) belong
to the set 7. g

The set of formulas we describe in two steps.
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Definition 7.2. The set of open formulas is the least set Fp of expressions such that
* if expressions 7 and o are terms, then the expressions (7 = o), (7 < o) are open formulas,

» if expressions v and /3 are open formulas, then the expressions (a A ) (aV B), (o = ), ~«
are open formulas. O

Definition 7.3. The set of programs (in the language of theories 7 hy, T ho, T h3) is the least set P of
expressions, such that

 If z is a variable and an expression 7 is a term, then the expression x := 7 is a program. (Programs
of this form are called assignment instructions. They are atomic programs.)

« if expressions K and M are programs, then the expression { K'; M} is a program,

* if expression 7 is an open formula and expressions K and M, are programs, then the expressions
while v do M od and
if v then K else M fi are programs. (]

We use the braces { } to delimit a program.

Definition 7.4. The set of formulas is the least set of expressions F' such, that
* each open formula belongs to the set F',

* if an expression K is a program and an expression « is a formula, then the expression K « is a
formula,

« if an expression K is a program and an expression « is a formula, then expressions | J K « and
() K « are formulas,

* if an expression « is a formula, then the expressions V, a and 3, « are formulas,

o if expressions « and 3 are formulas, then the expressions (a A 3) (a V ), (o = ), —« are
formulas. g

Following Tarski we associate to each well formed expression of the language a mapping. The meanings
of terms and open formulas is defined in a classical way. Semantics of programs requires the notion
of computation (i.e. of execution). For the details consult [4]. Two facts would be helpful in reading
further:

* The meaning of an algorithmic formula K« in a data structure 2( is a function from the set of
valuations of variables into two-element Boolean algebra By defined as follow

ag (Ky(v)) if the result Ky (v) of computation
d at initial valuation v is defined,
(Ka)a(w) £ e . (K)
false otherwise i.e. if the computation

of program K fails or loops endlessly.
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This explains why the formula[LC|expresses the halting property of the program CS, on page

Define K« by induction: K% £ a and K+l

Y KKia.

We read the formula | J K « as there exists an iteration of program K such that formula K'o
holds, and (| K o means for each iteration of program K formula K’ holds.
The signs | J and () are iteration quantifiers. The meaning of these formulas is defined as follow.

(JKa)u(v)
ﬂKa

completeness theorem consult [4].

Y b, {(K'a)a(v) ey

0) L g.1b {(K'a)a() bien

* The calculus of programs i.e. algorithmic logic, enjoys the property of completeness.

(IQE)

IQG)

For the

7.2. Axioms and inference rules of program calculus AL

For the convenience of reader we cite the axioms and inference rules of algorithmic logic.

Note. Every axiom of algorithmic logic is a tautology.
Every inference rule of AL is sound. [4]

Axioms

axioms of propositional calculus

Azy ((a=B)= ((B=16) = (a=9)))

Azy (o= (aV p))

Azg (8= (aVp))

Azy ((a=6) = ((B=10) = (Vv p)=19)))
Azs ((a A B) = «)

Azg ((aAB) = B)

Az (0= a)= ((6=5)= (0= (aAp))))
Azg ((a = (8= 19)) & ((aAp) =)

Azg ((a A —a) = f)

Az ((a = (a A @) = —a)

Az (aV —a)
axioms of predicate calculus

Axlg ((Va;)a(x) = a(x/T)))

where term 7 is of the same type as the variable x
Azi3 (Vo)a(z) & —(Fz)—a(z)
axioms of calculus of programs

Az K((3r)a(z)) < (Fy)(Ka(z/y)) fory ¢ V(K)



Aa;15
Az
AZL‘17
Az1g
Axlg
Az

Axoq

Axoo

Aa}23
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& (Ka) A (KB))

K(-a) = ~(Ka)

((z:=7)y & (y(@/7) A (2 = 7)true)) A((q:=1)y < ~(g/7"))
begin K; M end o < K(Ma)

if v then K else M fia < ((—y A Ma)V (y A Ka))

while v do K od o < ((—y A a) V (v A K(while v do K od(—y A 0))))

(Ea e (A (K()Ka))
UKaE (a\/(KUKa))

Inference rules

propositional calculus

Ry

a, (o= p)

B

(also known as modus ponens)

predicate calculus

Rg

Ry

(a(z) = B)
(Bz)alz) = B)
(B = az))
(8 = (Vz)a(z))

calculus of programs AL

Ry

R3

Ry

Rs

(a=p)
(Ka= Kp)
{s(if v then K fi)'(—y A @) = Blien
(s(while v do K od «a) = )
{(K'a = B)lien
(UKa=p)
{(a = K'B)}ien
(a=NKP)

17

In rules Rg and Ry, it is assumed that x is a variable which is not free in 3, i.e. z ¢ F'V(3). The rules

are known as the rule for introducing an existential quantifier into the antecedent of an implication and

the rule for introducing a universal quantifier into the successor of an implication. The rules R4 and R5

are algorithmic counterparts of rules Rg and R7. They are of a different character, however, since their
sets of premises are infinite. The rule R3 for introducing a while into the antecedent of an implication

of a similar nature. These three rules are called w-rules. The rule R; is known as modus ponens, or the
cut-rule.

In all the above schemes of axioms and inference rules, o, 3, § are arbitrary formulas, v and +' are
arbitrary open formulas, 7 is an arbitrary term, s is a finite sequence of assignment instructions, and K
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and M are arbitrary programs.
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