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Pr♦❣r❛♠✉❥ ③ ❦❧❛s→
❧✉❜

♣r♦❣r❛♠♦✇❛♥✐❡ ♦❜✐❡❦t♦✇❡





❘❖❩❉❩■❆➟ ✶✸

❑❧❛s② ✐ ♦❜✐❡❦t② L7

❲ t❡❥ ❝③➛➧❝✐ ③❛❥♠✐❡♠② s✐➛ ❦❧❛s❛♠✐ ✐ ♦❜✐❡❦t❛♠✐✳ Pr③❡❞st❛✲
✇✐♠② t❡➺ ❞③✐❡❞③✐❝③❡♥✐❡ ❦❧❛s✳

✶✳ ❑❧❛s❛

❚❖❉❖ ❬
• ❦❧❛s❛ ❩❡s♣♦❧♦♥❡✱ ❢✉♥❦❝❥❡ ♥❛ ③❡✇♥→tr③ ✐ ✇❡✇♥→tr③ ❦❧❛s②✱
♥♦t❛❝❛ ♣r❡ ✐ ✐♥✜①✲♦✇❛

• ❦❧❛s❛ ❣❡♦♠❡tr✐❛ ♣❧❛♥❛r♥❛✱ ❦❧❛s② P✉♥❦t✱ ▲✐♥✐❛✱ ❖❦r→❣✱
❢✉♥❦❝❥❡ ❂♠❡t♦❞② t②❝❤ ❦❧❛s

• ❑❧❛s❛ ♥❛r③➛❞③✐❡ ❞❡✜♥✐♦✇❛♥✐❛ str✉❦t✉r② ♠❛t❡♠❛t②❝③✲
♥❡❥ ✲ ❧✐❝③❜② ✇②♠✐❡r♥❡

• ❦❧❛s❛ ❞❡✜♥✐❝❥❛ ♣❡✇♥❡❥ str✉❦t✉r② ❞♦❦✉♠❡♥tó✇ ✇ ❜✐✉r③❡
✲r❛❝❤✉♥❡❦

• ❦❧❛s❛ ♦♣✐s✉❥→❝❛ ❝♦➧ ③ ➺②❝✐❛
• ♣❛r❛♠❡tr② ❦❧❛s②
• ❞②s❦✉s❥❛ ♣r③②❦➟❛❞✉ ✲ s✇❛♣ ❄❄
• ♣r♦❝❡❞✉r❛ ●s♦rt ✲ ❞✇✐❡ ♣r♦♣♦③②❝❥❡✱
• ❢✉♥❦❝❥❛ ❥❛❦♦ ✇②♥✐❦ ❄❄ ♦ ❝♦ ♠✐ t✉ ❝❤♦❞③✐➟♦❄

❪

❲ ♣♦♣r③❡❞♥✐❝❤ r♦③❞③✐❛➟❛❝❤ ♥❛✉❝③②❧✐➧♠② s✐➛ r♦③s③❡r③❛➣ ❥➛③②❦
✇♣r♦✇❛❞③❛❥→❝ ❞❡❦❧❛r❛❝❥❡✲ ❞❡✜♥✐❝❥❡ ❢✉♥❦❝❥✐ ❝③②❧✐ ❞③✐❛➟❛➠ ♦r❛③
❞❡❦❧❛r❛❝❥❡ ✕ ❞❡✜♥✐❝❥❡ ♣r♦❝❡❞✉r s➟✉➺→❝❡ ✇♣r♦✇❞③❛♥✐✉ ♥♦✇②❝❤
✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤✱ ✐♥❛❝③❡❥ ③✇❛♥②❝❤✱ ✐♥str✉❦❝❥❛♠✐ ♣r♦❝❡❞✉r✳
❲ t❡❥ ❝③➛➧❝✐ ♣♦③♥❛♠② ♣♦❥➛❝✐❡ ❦❧❛s②✳ ❑❛➺❞❛ ❞❡❦❧❛r❛❝❥❛ ❦❧❛s②
C ✉♠✐❡s③❝③♦♥❛ ✇ ♥❛s③②♠ ♣r♦❣r❛♠✐❡ ♣♦s③❡r③❛ ③❜✐ór ③❛st❛♥②❝❤
t②♣ó✇ ♦ ♥♦✇② ♥♦✇② t②♣ C✳

❙❦➟❛❞♥✐❛ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s② ❥❡st ♣♦❞♦❜♥❛ ❞♦ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡❞✉r②
unit K : class(args);

D
begin

I
end K

❏❛❦ ✇✐❞❛➣ ③❛♠✐❛st s➟♦✇❛ ♣r♦❝❡❞✉r❡ ✇②st➛♣✉❥❡ s➟♦✇♦ ❝❧❛ss✳
❙tr✉❦t✉r❛ ♠♦❞✉➟✉ ❦❧❛s② ❥❡st ♣♦❞♦❜♥❛ ❞♦ str✉❦t✉r② ♠♦❞✉➟✉ ♣r♦✲
❝❡❞✉r②✳

✷✸✺



✉♥✐t ❑✿ ❝❧❛ss ✭♣❛r❛♠❡tr②✮❀ ✉♥✐t P✿ ♣r♦❝❡❞✉r❡✭♣❛r❛♠❡tr②✮❀
❁❧♦❦❛❧♥❡ ✇✐❡❧❦♦➧❝✐❃ ❁❧♦❦❛❧♥❡ ✇✐❡❧❦♦➧❝✐❃

❜❡❣✐♥ ❜❡❣✐♥
❁✐♥str✉❦❝❥❡❃ ❁✐♥str✉❦❝❥❡❃

❡♥❞ ❑ ❡♥❞ P
❞❡✜♥✐❝❥→ ♦❞♣♦✇✐❡❞♥✐❡❥ str✉❦t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥ SK✳ ❲ ❞❛❧s③②♠
❝✐→❣✉ ③♦❜❛❝③②♠② ❥❛❦ ❜❛r❞③♦ s❦♦♠♣❧✐❦♦✇❛♥❡ ♠♦❣→ ❜②➣ str✉❦✲
t✉r② ♦♣✐s②✇❛♥❡ ♣r③❡③ ❦❧❛s②✳

❏❛❦ ✇✐❞❛➣ ③❛♠✐❛st s➟♦✇❛ ♣r♦❝❡❞✉r❡ ✇②st➛♣✉❥❡ s➟♦✇♦ ❝❧❛ss✳
❉❡❦❧❛r❛❝❥❛ ♠♦❞✉➟✉ ❦❧❛s② K✱ ③ ❥❡❞♥❡❥ str♦♥② ❥❡st ♣r③❡♣✐s❡♠ ♥❛
t✇♦r③❡♥✐❡ ♦❜✐❡❦tó✇ ❦❧❛s② K✱ ③ ❞r✉❣✐❡❥ str♦♥②✱ ♦♣✐s✉❥❡ str✉❦t✉r➛
❛❧❣❡❜r❛✐❝③♥→ ♦❜✐❡❦tó✇ t❡❥ ❦❧❛s②✳ ③❛♠✐❛st ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r②
❝❛❧❧✱ ✇ ✉➺②❝✐✉ ❜➛❞③✐❡ s➟♦✇♦ ♥❡✇✳ ❲②r❛➺❡♥✐❡ ♥❡✇ ❑✭♣❛r❛♠s✮ ❥❡st ✇②✲
r❛➺❡♥✐❡♠ ♦❜✐❡❦t♦✇②♠✳ ❏❡❣♦ ✇❛rt♦➧❝✐→ ❥❡st ♣❡✇✐❡♥ ♦❜✐❡❦t ❦❧❛s②
❑✳ r②s✳ ♦❜✐❡❦t ◆❛ r②s✉♥❦✉ ❞♦str③❡➺❡s③ ❥❛❦ ✇②❦♦♥❛♥✐❡ ✐♥str✉❦✲
❝❥✐ ♣r③②♣✐s❛♥✐❛ ①✿❂ ♥❡✇ ❑✭♣❛r❛♠s✮ s❦✉t❦✉❥❡ ✉t✇♦r③❡♥✐❡♠ ♦❜✐❡❦t✉ o
✭❦❧❛s② ❑✮ ✐ ♣r③②♣✐s❛♥✐❡♠ ❣♦ ❥❛❦♦ ✇❛rt♦➧❝✐ ③♠✐❡♥♥❡❥ ①✳

◆✐❡③♠✐❡♥♥✐❦ s②st❡♠✉ ▲♦❣❧❛♥✳ ◆❛st➛♣✉❥→❝❛ ❢♦r♠✉➟❛ ❥❡st ❛❦✲
s❥♦♠❛t❡♠ ❥➛③②❦❛ ▲♦❣❧❛♥

typeof(x) = K ⇒ {x := newK(params)}(x inK)

❑❧❛s② st❛♥♦✇✐→ ❜✉❞✉❧❡❝ ③ ❦tór❡❣♦ t✇♦r③②♠② ♣r♦❣r❛♠② ♦❜✐❡❦✲
t♦✇❡✳ ❲ ❞❛♥②♠ ♣r♦❣r❛♠✐❡ ❦❧❛s❛ ❥❡st ♥✐❡③♠✐❡♥♥❛✳
❞❡❦❧❛r❛❝❥❛ ❦❧❛s② t♦ ❞♦❞❛♥✐❡ ♥♦✇❡❣♦ t②♣✉✱ t③♥✳ ♥♦✇❡❥ str✉❦✲
t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥ ✐ ❥❡❥ t❡♦r✐✐✦ ❑❧❛s❛ ✇②③♥❛❝③❛ ♥♦✇② t②♣✳ ❈③②❧✐
str✉❦t✉r➛ ❛❧❣❡❜r❛✐❝③♥→✳ ❚❛❦❛ str✉❦t✉r❛ ♠♦➺❡ ❜②➣ ❥❡❞♥❛❦ ❜❛r✲
❞③✐❡❥ s❦♦♠♣❧✐❦♦✇❛♥❛ ♦❞ str✉❦t✉r ❜❛❞❛♥②❝❤ ♣r③❡③ ♠❛t❡♠❛t②✲
❦ó✇✳ ❈♦ ♣r❛✇❞❛✱ ❦❧❛s❛ ❝♦♠♣❧❡① ❞❡✜♥✐✉❥❡ ❝✐❛➟♦ ❧✐❝③❜ ③❡s♣♦❧♦✲
♥②❝❤✳ ❆❧❡ ♠♦❞✉➟ ❦❧❛s② ♣♦③✇❛❧❛ ③❞❡✜♥✐♦✇❛➣ ❜❛r❞③♦ s❦♦♠♣❧✐❦♦✲
✇❛♥❡ str✉❦t✉r② ❛❧❣❡❜r❛✐❝③♥❡✳
❑❧❛s❛ ❈ ✉♠♦➺❧✐✇✐❛ ❞❡❦❧❛r♦✇❛♥✐❡ ③♠✐❡♥♥②❝❤ t②♣✉ ❈✿
✈❛r ③✶✱③✷✿ ❈

◆✐❡③♠✐❡♥♥✐❦ s②st❡♠✉ ▲♦❣❧❛♥✳ ❲ tr❛❦❝✐❡ ♦❜❧✐❝③❡➠ ♣r♦❣r❛♠✉
✇❛rt♦➧➣ ❦❛➺❞❡❥ ③♠✐❡♥♥❡❥ ❥❡st ❛❧❜♦ ✇❛rt♦➧❝✐→ ♣❡✇♥❡❣♦ t②♣✉ ♣r♦✲
st❡❣♦ ❛❧❜♦ ♦❜✐❡❦t❡♠ ♣❡✇♥❡❥ ❦❧❛s② ✭❧✉❜ t❛❜❧✐❝②✮ ❛❧❜♦ ❥❡st s♣❡✲
❝❥❛❧♥→ st❛➟→ ♥♦♥❡✳

❚②♣ ✇②③♥❛❝③♦♥② ♣r③❡③ ❞❡❦❧❛r❛❝❥➛ ❦❧❛s② ❈ ❥❡st t♦ ③❜✐ór ✇s③②st✲
❦✐❝❤ ♦❜✐❡❦tó✇ ❥❛❦✐❡ s♣❡➟♥✐❛❥→ r❡❧❛❝❥➛ ✐♥ ♣♦♠✐➛❞③② ♦❜✐❡❦t❛♠✐ ✐
❦❧❛s→✱ ✇r❛③ ③ ♦♣❡r❛❝❥❛♠✐ ♥❛ ♦❜✐❡❦t❛❝❤ t❡❣♦ t②♣✉ ✐ r❡❧❛❝❥❛♠✐ ♣♦✲
♠✐➛❞③② ♦❜✐❡❦t❛♠✐ t❡❣♦ t②♣✉✳
Pr③②❦➟❛❞
❩❜✐ór |complex| ♦❜✐❡❦tó✇ ❦❧❛s② ❝♦♠♣❧❡① ③ ❞③✐❛➟❛♥✐❛♠✐ ❛❞❞ ✐ ♠✉❧t
♦♣✐s❛♥②♠✐ ✇ t❡❥ ❦❧❛s✐❡✳

C = 〈|complex|, add,mult,=〉

st❛♥♦✇✐ ❛❧❣❡❜r➛✱ ❦tór→ ♦③♥❛❝③②❧✐➧♠② C✳
◆♦ t❛❦✱ ❛❧❡ ❝③②♠ s→ ♦❜✐❡❦t② ❦❧❛s② ❝♦♠♣❧❡①❄

✷✸✻



✷✳ ❖❜✐❡❦t②

❖❜✐❡❦t② ❦❧❛s s→ ❥❡❞♥♦st❦❛♠✐ ❞②♥❛♠✐❝③♥②♠✐ ✕ t③♥✳ ♣♦✇st❛❥→
✇ tr❛❦❝✐❡ ✇②❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉✳ P♦ ❥❡❣♦ ③❛❦♦➠❝③❡♥✐✉ ③♥✐❦❛❥→✳
❖❜✐❡❦t② s→ ✇❛rt♦➧❝✐❛♠✐ ③♠✐❡♥♥②❝❤ ③❛❞❡❦❧❛r♦✇❛♥②❝❤ ❥❛❦♦ ③♠✐❡♥♥❡
♦❞♣♦✇✐❡❞♥✐❡❣♦ t②♣✉ ♦♣✐s❛♥❡❣♦ ❦❧❛s→✳ ❖❜✐❡❦t ♠♦➺❡ ③♠✐❡♥✐❛➣ s✐➛
✇ tr❛❦❝✐❡ ♦❜❧✐❝③❡➠✳ ❏❡st ❥❡❞♥♦st❦→ ❞②♥❛♠✐❝③♥→✳ ❑❛➺❞❛ ❦❧❛s❛
♦♣✐s✉❥❡ ♥✐❡ t②❧❦♦ str✉❦t✉r➛ ♦❜✐❡❦t✉✱ ❛❧❡ t❦➺❡ ♦♣❡r❛❝❥❡ ❥❛❦✐❡ ♠♦✲
③♥❛ ♥❛ ♦❜✐❡❦t❛❝❤ t❡❥ ❦❧❛s② ✇②❦♦♥②✇❛➣✳ ❩♦❜✳ r②s✉♥❡❦ ✶✳
❖♣❡r❛❝❥→ ❞✉❛❧♥→ ❞♦ ♦♣❡r❛❝❥✐ ✉t✇♦r③❡♥✐❛ ♦❜✐❡❦t✉ ❥❡st ♦♣❡r❛❝❥❛
❦✐❧❧ ✕ ✉s✉✇❛♥✐❛ ✇s❦❛③❛♥❡❣♦ ♦❜✐❡❦t✉✳ ❲✐➛❝❡❥ ✐♥❢♦r♠❛❝❥✐ ♦ t❡❥
♦♣❡r❛❝❥✐ ③♥❛❥❞③✐❡s③ ✇ ♣♦❞r♦③❞③✐❛❧❡ ✺✱ ♥❛ str♦♥✐❡ ✷✹✹✳

✷✳✶✳ ▲✐❝③❜② ✇②♠✐❡r♥❡✳ P♦♥✐➺s③② ♣r③②❦➟❛❞ ♣♦✇✐♥✐❡♥ ❈✐ ❞❛➣
♦❞♣♦✇✐❡❞♥✐❡ ✐♥t✉✐❝❥❡ ✐❞→❝❡ ✇ ❞✇✉ ❦✐❡r✉♥❦❛❝❤✿

• ❈♦ ♠♦➺♥❛ ✉♠✐❡➧❝✐➣ ✇ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s②✱
• ❏❛❦ ③❛✐♠♣❧❡♠♥t♦✇❛➣ ♥♦✇→ str✉❦t✉r➛ ❛❧❣❡❜r❛✐❝③♥→✱ ❝③②❧✐
❥❛❦ ♦♣✐s❛➣ ♥♦✇② t②♣ ❞❛♥②❝❤✳

❈❤❝❡♠② ✇✐➛❝ r♦③s③❡r③②➣ ③❡st❛✇ t②♣ó✇ ♦ ♥♦✇② t②♣ ❯➟❛♠❦✐✳
❙tr✉❦t✉r❛ ❧❛❣❡❜r❛✐❝③♥❛ ✉➟❛♠❦ó✇ t♦ ③❜✐ór ✐ ♦❦r❡➧❧♦♥❡ ♥❛ ♥✐♠
♦♣❡r❛❝❥❡ ❞♦❞❛✇❛♥✐❛✱ ♠♥♦➺❡♥✐❛ ❞③✐❡❧❡♥✐❛ ♦r❛③ ❞✇✉❡ r❡❧❛❝❥❡ ró✇✲
♥♦➧❝✐ ✐ ♠♥✐❡❥s③♦➧❝✐✳

Fractions = {U,+, ∗, /,=<}

❣❞③✐❡ U ❥❡st ♣♦❞③❜❜✐♦r❡♠ ✐❧♦❝③②♥✉ ❦❛rt❡③❥❛➠s❦✐❡❣♦ Z × Z✳ ❊❧❡✲
♠❡♥t❛♠✐ ③❜✐♦r✉ U s→ ✇s③②st❦✐❡ ♣❛r② ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ t❛❦✐❡✱ ➺❡

✷✸✼



❞r✉❣✐ ❡❧❡♠❡♥t ♣❛r② ❥❡st ❧✐❝③❜→ ró➵♥→ ♦❞ ③❡r❛✳

U zbiór obiektów
typu fraction,
jest produktem
U − Z× Z

✉♥✐t ❢r❛❝t✐♦♥✿ ❝❧❛ss ✭▲✳▼✿ ✐♥t❡❣❡r✮❀
❡♥❞ ❢r❛❝t✐♦♥❀

L,M ∈ Z
U = {〈L,M〉 : M 6= 0}

✉♥✐t ❢r❛❝t✐♦♥✿ ❝❧❛ss ✭▲✳▼✿ ✐♥t❡❣❡r✮❀
❜❡❣✐♥
✐❢ ▼❂✵ t❤❡♥ r❛✐s❡ ♥♦t❢r❛❝t✐♦♥❊rr♦r ✜

❡♥❞ ❢r❛❝t✐♦♥❀

Niech u, û ∈ U

u+ û
df
=

u.L ∗ û.M + u.M ∗ û.L

u.M ∗ û.M

✉♥✐t ❢r❛❝t✐♦♥✿ ❝❧❛ss ✭▲✳▼✿ ✐♥t❡❣❡r✮❀
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭✉✿❢r❛❝t✐♦♥✮✿❢r❛❝t✐♦♥❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ♥❡✇ ❢r❛❝t✐♦♥✭▲✯✉✳▼✰✉✳▲✯▼✱

▼✯✉✳▼✮
❡♥❞ ❛❞❞❀

❜❡❣✐♥
✐❢ ▼❂✵ t❤❡♥ r❛✐s❡ ♥♦t❢r❛❝t✐♦♥❊rr♦r ✜

❡♥❞ ❢r❛❝t✐♦♥❀

Ukrywanie atrybutów
L (a take M) to parafunkcji
−odczytaj wartość L
−zmień wartość L
lepiej je schowaj.

✉♥✐t ❢r❛❝t✐♦♥✿ ❝❧❛ss ✭▲✳▼✿ ✐♥t❡❣❡r✮❀
♣r✐✈❛t❡ ▲✱▼❀ ✭✯ ▲✱▼ ❛r❡ ❤✐❞❞❡♥ ✯✮
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭✉✿❢r❛❝t✐♦♥✮✿❢r❛❝t✐♦♥❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ♥❡✇ ❢r❛❝t✐♦♥✭▲✯✉✳▼✰✉✳▲✯▼✱

▼✯✉✳▼✮
❡♥❞ ❛❞❞❀

❜❡❣✐♥
✐❢ ▼❂✵ t❤❡♥ r❛✐s❡ ♥♦t❢r❛❝t✐♦♥❊rr♦r ✜

❡♥❞ ❢r❛❝t✐♦♥❀

P♦✇②➺s③❡ ③❡st❛✇✐❡♥✐❡ ♣♦③✇❛❧❛ ❞♦str③❡❝ ✇✐❡❧❡ ♦❞♣♦✇✐❡❞♥✐♦➧❝✐
♣♦♠✐➛❞③② ♣r♦❣r❛♠♦✇❛♥✐❡♠ ❦❧❛s ❛ ❞❡✜♥✐♦✇❛♥✐❡♠ ♥♦✇②❝❤ str✉❦✲
t✉r ❛❧❣❡❜r❛✐❝③♥②❝❤✱ ❝♦ ❥❡st ❝③➛st❡ ✇ ❛❧❣❡❜r③❡ ♦❣ó❧♥❡❥ ✐ ♣♦❞st❛✲
✇❛❝❤ ♠❛t❡♠❛t②❦✐✳
❲❛rt♦ ♣♦❞❦r❡➧❧✐➣ ♠♦❞②✜❦❛t♦r ❞♦st➛♣✉ ✬♣r✐✈❛t❡✬✳ ▼❛ ♦♥ ❞❧❛ ♣r♦✲
❣r❛♠✐stó✇ ♦❧❜r③②♠✐❡ ③♥❛❝③❡♥✐❡ ♣r❛❦t②❝③♥❡✳ ❏❡st ♦♥ ✇ ♣❡✇♥②♠
s❡♥s✐❡ ❞✉❛❧♥② ❞♦ ❞❡✜♥✐♦✇❛♥✐❛ ♦♣❡r❛❝❥✐ ❝③②❧✐ ❢✉♥❦❝❥✐✳

✷✳✷✳ ❑❧❛s❛ ❝♦♠♣❧❡① ✕ ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤✳ ❑❧❛s❛ ♠♦➺❡ ❞❡✜♥✐♦✲
✇❛➣ str✉❦t✉r➛ ❛❧❣❡❜r❛✐❝③♥→✳ ❉❧❛ ♣r③②❦➟❛❞✉ ♥❛♣✐s③❡♠② ❞❡❦❧❛r❛✲
❝❥➛ ❦❧❛s② ❈♦♠♣❧❡①✳

❙♣❡❝②✜❦❛❝❥❛✳ ◆❛s③②♠ ③❛❞❛♥✐❡♠ ❥❡st st✇♦r③❡♥✐❡ t❛❦✐❡❥ ❦❧❛s②
❈✱ ❦tór❛ ❞❡✜♥✐✉❥❡ ③❜✐ór ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤ ✇r❛③ ③ ♦♣❡r❛❝❥❛♠✐ ♥❛
♥✐❝❤

C = 〈C, add,mult, eq〉

✷✸✽



♣r③② ❝③②♠ s♣❡➟♥✐♦♥❡ ♠❛❥→ ❜②➣ ♥❛st➛♣✉❥→❝❡ ✇②♠❛❣❛♥✐❛
✭✶✮ C = R× R✱
✭✷✮ add : C× C→ C✱
✭✸✮ mult : C× C→ C✱
✭✹✮ eq : C× C→ B0✱
✭✺✮ ∀z,z′ add(z, z′) = 〈z.re+ z′.re, z.im+ z′.im〉
✭✻✮ ∀z,z′ mult(z, z′) = 〈z.re ∗ z′.re− z.im ∗ z′.im, z.re ∗ z′.im+ z′.re ∗ z.im〉
✭✼✮ eq(z, z′) ≡ (z.re = z′.re ∧ z.im = z′.im)

■♠♣❧❡♠❡♥t❛❝❥❛✳ ❇❡③ ✇✐➛❦s③②❝❤ ♥✐❡s♣♦❞③✐❛♥❡❦ ♥❛♣✐s③❡♠② ❦❧❛s➛
❝♦♠♣❧❡① r❡❛❧✐③✉❥→❝→ t❛❦→ s♣❡❝②✜❦❛❝❥➛ ③❛❞❛♥✐❛✳

❆❞ ✶✮

❩❛❝③②♥❛♠②✳ ❉❡❦❧❛r❛❝❥❛ ❦❧❛s② ❝♦♠♣❧❡①✳
✉♥✐t ❝♦♠♣❧❡①✿ ❝❧❛ss ✭r❡✱ ✐♠✿ r❡❛❧✮❀
❡♥❞ ❝♦♠♣❧❡①

✉♠♦➺❧✐✇✐❛ ❞❡❦❧❛r❛❝❥❡
③♠✐❡♥♥②❝❤

✈❛r ③✱②✱t✿❝♦♠♣❧❡①❀
✐ ♣♦❧❡❝❡♥✐❛ st✇♦r③❡♥✐❛
♦❜✐❡❦t✉

②✿❂ ♥❡✇ ❝♦♠♣❧❡①✭✷✳✽✱✲✾✳✵✮❀
③✿❂ ♥❡✇ ❝♦♠♣❧❡①✭✸✳✶✱✺✳✻✮❀

❆❞ ✷✮

❲♣✐s✉❥❡♠② ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥✐ ❛❞❞✳
✉♥✐t ❝♦♠♣❧❡①✿ ❝❧❛ss ✭r❡✱ ✐♠✿ r❡❛❧✮❀
✉♥✐t ❛❞❞✿❢✉♥❝t✐♦♥✭③✿ ❝♦♠♣❧❡①✮✿

❝♦♠♣❧❡①❀
❡♥❞ ❛❞❞❀

❡♥❞ ❝♦♠♣❧❡①

✉♠♦➺❧✐✇✐❛ ❞♦❞❛✇❛♥✐❡
t✿❂ ③✳❛❞❞✭②✮❀

❝❤♦➣ ✇②♥✐❦ ❥❡st ♥✐❡♣♦✲
♣r❛✇♥②✦

❆❞ ✸✮ ❲♣✐s✉❥❡♠② ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥✐ ♠✉❧t✳

✉♥✐t ❝♦♠♣❧❡①✿ ❝❧❛ss ✭r❡✱ ✐♠✿ r❡❛❧✮❀
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭③✱③✶✿ ❝♦♠♣❧❡①✮✿ ❝♦♠♣❧❡①❀
❡♥❞ ❛❞❞❀
✉♥✐t ♠✉❧t✿ ❢✉♥❝t✐♦♥✭③✱③✶✿❝♦♠♣❧❡①✮✿ ❝♦♠♣❧❡①❀
❡♥❞ ♠✉❧t❀

❡♥❞ ❝♦♠♣❧❡①

❆❞ ✹✮ ❲♣✐s✉❥❡♠② ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥✐ ❡q✳

✷✸✾



✉♥✐t ❝♦♠♣❧❡①✿ ❝❧❛ss ✭r❡✱ ✐♠✿ r❡❛❧✮❀
✉♥✐t ❛❞❞✿
❢✉♥❝t✐♦♥✭③✱③✶✿ ❝♦♠♣❧❡①✮✿ ❝♦♠♣❧❡①❀
❡♥❞ ❛❞❞❀
✉♥✐t ♠✉❧t✿
❢✉♥❝t✐♦♥✭③✱③✶✿ ❝♦♠♣❧❡①✮✿ ❝♦♠♣❧❡①❀
❡♥❞ ♠✉❧t❀
✉♥✐t ❡q✿
❢✉♥❝t✐♦♥✭③✱③✶✿ ❝♦♠♣❧❡①✮✿ ❇♦♦❧❡❛♥❀
❡♥❞ ❡q❀

❡♥❞ ❝♦♠♣❧❡①

❚♦ ❥❡st s②❣♥❛t✉r❛ str✉❦✲
t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥ ❝♦♠✲
♣❧❡①✳ ❲♣r♦✇❛❞③♦♥♦ ♥❛✲
③✇➛ ❡❧❡♠❡♥tó✇ t❡❥ str✉❦✲
t✉r②♠ ✇ t②♠ ♣r③②♣❛❞❦✉
❝♦♠♣❧❡①✳ ❲②♠✐❡♥✐♦♥❡ ③♦✲
st❛➟② ♦♣❡r❛❝❥❡✿ ❛❞❞✱ ♠✉❧t✱
❡q✱ t②♣② t②❝❤ ♦♣❡r❛❝❥✐ s→✲
③❣♦❞♥❡ ③ s♣❡❝②✜❦❛❝❥→✳

❆❞ ✺✮ ❉♦❞❛❥❡♠② tr❡➧➣ ❢✉♥❦❝❥✐ ❛❞❞✳
✉♥✐t ❝♦♠♣❧❡①✿ ❝❧❛ss ✭r❡✱ ✐♠✿ r❡❛❧✮❀
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭③ ✿❝♦♠♣❧❡①✮✿ ❝♦♠♣❧❡①❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ♥❡✇ ❝♦♠♣❧❡①✭③✳r❡✰r❡✱ ③✳✐♠✰✐♠✮
❡♥❞ ❛❞❞❀
✉♥✐t ♠✉❧t✿❢✉♥❝t✐♦♥✭③ ✿❝♦♠♣❧❡①✮✿ ❝♦♠♣❧❡①❀
❡♥❞ ♠✉❧t❀
✉♥✐t ❡q✿❢✉♥❝t✐♦♥✭③ ✿❝♦♠♣❧❡①✮✿ ❇♦♦❧❡❛♥❀
❡♥❞ ❡q❀

❡♥❞ ❝♦♠♣❧❡①

❖❞ t❡r❛③ ✇②♥✐❦ ❞♦❞❛✇❛♥✐❛ ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤ ❜➛❞③✐❡
♦❜❧✐❝③❛♥② ♣♦♣r❛✇♥✐❡✳

❆❞ ✻ ✐ ✼✮ ❉♦❞❛❥❡♠② tr❡➧➣ ❢✉♥❦❝❥✐ ♠✉❧t ✐ ❡q✳
✉♥✐t ❝♦♠♣❧❡①✿ ❝❧❛ss ✭r❡✱ ✐♠✿ r❡❛❧✮❀
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭③ ✿ ❝♦♠♣❧❡①✮✿ ❝♦♠♣❧❡①❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ♥❡✇ ❝♦♠♣❧❡①✭③✳r❡✰ r❡✱ ③✳✐♠✰ ✐♠✮
❡♥❞ ❛❞❞❀
✉♥✐t ♠✉❧t✿ ❢✉♥❝t✐♦♥✭③✿❝♦♠♣❧❡①✮✿ ❝♦♠♣❧❡①❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ♥❡✇ ❝♦♠♣❧❡①✭③✳r❡✯ r❡✲ ✐♠✯③✳✐♠✱
r❡✯③✳✐♠✰✐♠✯③✳r❡✮

❡♥❞ ♠✉❧t❀
✉♥✐t ❡q✿ ❢✉♥❝t✐♦♥✭③✿❝♦♠♣❧❡①✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ✭r❡❂③✳r❡ ❛♥❞ ✐♠❂③✳✐♠✮
❡♥❞ ❡q❀

❡♥❞ ❝♦♠♣❧❡①

❲❡r②✜❦❛❝❥❛✳ ❯❞❛➟♦ s✐➛ ③r❡❛❧✐③♦✇❛➣ ✇s③②st❦✐❡ ♣♦st✉❧❛t② ✇②✲
❧✐❝③♦♥❡ ✇❝③❡➧♥✐❡❥✳ ◆✐❡tr✉❞♥♦ s♣r❛✇❞③✐➣✱ ➺❡ s♣❡➟♥✐♦♥❡ s→ ✇s③②st✲
❦✐❡ ✇②♠❛❣❛♥✐❛ ✇②❧✐❝③♦♥❡ ✇ s♣❡❝②✜❦❛❝❥✐✳

✷✹✵



❩❛st♦s♦✇❛♥✐❡ ✕ ♣r③②❦➟❛❞✳ P♦♥✐➺❡❥ ♣r③②t♦❝③②♠② ♣r♦❣r❛♠ ❧✐✲
❝③→❝② ✇ ❞③✐❡❞③✐♥✐❡ ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤✱ t❥✳ ♥❛ ♦❜✐❡❦t❛❝❤ ❦❧❛s②
❝♦♠♣❧❡①✳

♣r♦❣r❛♠ ❊①❛♠♣❧❡❈♦♠♣❧❡①❀

✉♥✐t ❝♦♠♣❧❡①✳✳✳

✈❛r ③✱✉✱q✱r✿ ❝♦♠♣❧❡①❀
❜❡❣✐♥

q✿❂♥❡✇ ❝♦♠♣❧❡①✭✷✳✸✱ ✸✳✷✮❀
③✿❂♥❡✇ ❝♦♠♣❧❡①✭✹✳✻✱ ✶✸✳✷✮❀
r✿❂ q✳❛❞❞✭③✳♠✉❧t✭✉✮✮❀
✭✯ ♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ t❡❥ ✐♥str✉❦❝❥✐ ③♦st❛♥✐❡ ③❣➟♦s③♦♥② ❜➟→❞ ✯✮
✭✯ ♣♦♥✐❡✇❛➺ ❞♦♠②➧❧♥→ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ ✉ ❥❡st ♣✉st② ♦❜✐❡❦t ♥♦♥❡ ✯✮
✉✿❂ q✳❛❞❞✭③✮❀
r✿❂ q✳❛❞❞✭③✳♠✉❧t✭✉✮✮❀
③✳✐♠✿❂③✳✐♠✰③✳r❡❀ ✭✯❝③② t❛ ✐♥str✉❦❝❥❛ ♠❛ ♣♦③♦st❛➣❄ ✯✮

❡♥❞

❆❧❡ ♣♦❥❛✇✐➟ s✐➛ ♣r♦❜❧❡♠✳ ❑❛➺❞② ♦❜✐❡❦t z t②♣✉ complex ✉❞♦st➛♣♥✐❛
♦♣❡r❛❝❥❡ ♦❞❝③②t②✇❛♥✐❛ ✇❛rt♦➧❝✐ ❛tr②❜✉tó✇ z.im ♦r❛③ z.re✱ ❛ t❛❦➺❡
♦♣❡r❛❝❥❡ ③♠✐❛♥② ✇❛rt♦➧❝✐ ❛tr②❜✉t✉ r❡❛❧✐③♦✇❛♥❡ ♣r③❡③ ♣♦❧❡❝❡♥✐❛
♣r③②♣✐s❛♥✐❛ z.re := 7.2 ✐t♣✳ ❏❡➺❡❧✐ ❝❤❝❡♠② ③❛❜❧♦❦♦✇❛➣ t❡❣♦ t②♣✉
♣♦❧❡❝❡♥✐❛ t♦ ♥❛❧❡➺② ♥❛♣✐s❛➣ ❞❡❦❧❛r❛❝❥➛ ③❛♠②❦❛❥→❝→ ❞♦st➛♣ ❞♦
❛tr②❜✉tó✇ ③ ③❡✇♥→tr③ ♦❜✐❡❦t✉ ✕ ❝❧♦s❡ r❡✱ ✐♠❀ ✕ ❥❛❦♦ ❞r✉❣→ ❧✐♥✐❥❦➛
✇ ❦❧❛s✐❡ ❝♦♠♣❧❡①✳✳✶

✸✳ ❙❝❡♥❛r✐✉s③ ♦❜✐❡❦t✉

❖❜✐❡❦t②✿
• ♣♦✇st❛❥→ ✲ ✇ ❡❢❡❦❝✐❡ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦➧❝✐ ✇②r❛➺❡♥✐❛ ♥❡✇
❈✭♣❛r❛♠s✮✱ ✐ st❛❥→ s✐➛ ✇❛rt♦➧➣✐❛ ③♠✐❡♥♥❡❥ ♦❞♣♦✇✐❡❞♥✐❡❣♦
t②♣✉✱ ♣♦r✳ ①✿❂♥❡✇ ❈✭♣❛r❛♠s✮

• s→ ✇s♣ó➟❞③✐❡❧♦♥❡ ♣r③❡③ ró➺♥❡ ③♠✐❡♥♥❡ ✕ ✇ ❡❢❡❦❝✐❡ ✇②✲
❦♦♥❛♥✐❛ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ②✿❂①✱

• s→ ❞♦st➛♣♥❡ ❞❧❛ ♦♣❡r❛❝❥✐✿
✕ ♦❞❝③②t✉ ✇❛rt♦➧❝✐ ❛tr②❜✉t✉✱
✕ ③❛♣✐s✉ ✭♠♦❞②✜❦❛❝❥✐✮ ✇❛rt♦➧❝✐ ❛tr②❜✉t✉✱
✕ ✉s➟✉❣✐ ✭s❡r✇✐s✉✮✱

• st❛❥→ s✐➛ ♥✐❡❞♦st➛♣♥❡ ✭st❛❥→ s✐➛ ✏➧♠✐❡❝✐❛♠✐✑✮ ❣❞② ♥✐❡
✇s❦❛③✉❥❡ ♥❛ ♥✐❡ ➺❛❞♥❛ ③♠✐❡♥♥❛✱

• s→ ✉s✉✇❛♥❡ ♥♣✳ ♣r③❡③ ♣♦❧❡❝❡♥✐❡ ❦✐❧❧✭①✮

❖❜✐❡❦t ❥❛❦♦ ❛r❣✉♠❡♥t ♦♣❡r❛❝❥✐✳
❖❜✐❡❦t ❥❛❦♦ ♣♦s✐❛❞❛❝③ st❛♥✉ ♣❛♠✐➛❝✐✳
◆❛ r②s✉♥❦✉ ✶ ♣r③❡❞st❛✇✐❛♠② s❝❡♥❛r✐✉s③ ♦❜✐❡❦t✉ ✇ ❥❡❣♦ ♦❣ó❧♥❡❥
♣♦st❛❝✐✳ ❲ ✉③✉♣❡➟♥✐❡♥✐✉ ❞♦ r②s✉♥❦✉ ♣r③❡❞st❛✇✐❛♠② ♣r♦❣r❛♠
✐❧✉str✉❥❛❝② s②t✉❛❝❥❡ ✇ ❥❛❦✐❝❤ ♠♦➺❡ ③♥❛❧❡➵➣ s✐➛ ♦❜✐❡❦t✳
❖❝③②✇✐➧❝✐❡ r②s✉♥❡❦ ❥❡st t②❧❦♦ ✐❧✉str❛❝❥→ s❝❡♥❛r✐✉s③❛✱ ✳✳✳ ❩❛✲

✶❲ ❏❛✈✐❡ ✐ ✐♥♥②❝❤ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛ st♦s✉❥❡♠② ♠♦✲
❞②✜❦❛t♦r ❞❡❦❧❛r❛❝❥✐ ♣r♦t❡❝t✳

✷✹✶



■♥✐❝❥❛❧✐③❛❝❥❛ t❥✳
❑♦♥str✉❦❝❥❛ ♦❜✐❡❦t✉
✇❣✳ ♣r♦t♦❦♦➟✉ ❝❛❧❧

r❡t✉r♥

① ∈ ④❖❜✐❡❦t② ●♦t♦✇❡⑥
r❡t✉r♥

♥❡✇ ❨♦✉r❈❧❛ss✭✮

①✿❂

❦✐❧❧✭①✮

①✳❛tr✿❂✼✳✶

❝❛❧❧ ①✳♠❡t❤❞✭✸✳✹✮
②✿❂①

✺✰①✳❛tr✲✼✳✶

❘②s✉♥❡❦ ✶✳ ❙❝❡♥❛r✐✉s③ ♦❜✐❡❦t✉ ❦❧❛s② ✐
③❡✇♥➛tr③♥②❝❤ ♦♣❡r❛❝❥✐ r❡❛❧✐③♦✇❛♥②❝❤ ♥❛
♦❜✐❡❦❝✐❡

➟ó➺♠② ✇✐➛❝✱ ➺❡ ♠❛♠② ♣♦♥✐➺s③② ♣r♦❣r❛♠
♣r♦❣r❛♠ ❞❡♠♦❀
✉♥✐t ❨❈❧s✿ ❝❧❛ss✭❛✱❜✿r❡❛❧✮❀
✈❛r ❛tr✿ ✐♥t❡❣❡r❀
✉♥✐t ♠❡t❤❞✿ ❢✉♥❝t✐♦♥✭①✿✐♥t❡❣❡r✮✿ ✐♥t❡❣❡r❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ①✰✶✵❀
❡♥❞ ♠❡t❤❞❀

❜❡❣✐♥

❡♥❞ ❨❈❧s❀

✈❛r ①✱②✿❨❈❧s✱ ❧✿r❡❛❧❀
❜❡❣✐♥

①✿❂ ♥❡✇ ❨❈❧s✭✷✳✻✱ ✽✳✽✮❀
②✿❂①❀
❧✿❂✺✰①✳❛tr✲✼✳✶❀
❧✿❂①✳♠❡t❤❞✭✾✮❀
①✳❛tr✿❂✼✳✶❀
① ✿❂♥♦♥❡❀
❦✐❧❧✭②✮❀

❡♥❞
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❈③❛s❛♠✐ ❢✉♥❦❝❥❛ ❧✉❜ ♣r♦❝❡❞✉r❛ ③❛❞❡❦❧❛r♦✇❛♥❡ ✇ ❦❧❛s✐❡ ❈
♠❛❥→ ③✇ró❝✐➣ ♦❜✐❡❦t ✇ ❦tór②♠ ❢✉♥❦❝❥❛ ❥❡st ③❛❞❡❦❧❛r♦✇❛♥❛✳ ▼♦➺♥❛
t♦ ③r♦❜✐➣ ♣♦s➟✉❣✉❥→❝ s✐➛ ✇②r❛➺❡♥✐❡♠ t❤✐s ❈ ✳

✉♥✐t ❑❧s✿ ❝❧❛ss❀
✉♥✐t t♦❥❛✿ ❢✉♥❝t✐♦♥✿ ❑❧s❀
❜❡❣✐♥
r❡s✉❧t ✿❂ t❤✐s ❑▲s

❡♥❞ t♦❥❛❀
❡♥❞ ❑❧s❀

Pr③②❦➟❛❞ ②
③♠✐❛♥❛ ♣r♦♠✐❡♥✐❛ ♦❦r➛❣✉
✇st❛✇✐❡♥✐❡ ❡❧❡♠❡♥t✉ ❞♦ ❦♦❧❡❥❦✐

✸✳✶✳ ▼❛❝✐❡r③❡ ❦✇❛❞r❛t♦✇❡✳ ❲ r♦③❞③✐❛❧❡ ✻ ♦♣✐s❛❧✐➧♠② ♦❜✐❡❦t②
t❛❜❧✐❝♦✇❡✳ ❖♣❡r❛❝❥❡ ♥❛ t❛❦✐❝❤ ♦❜✐❡❦t❛❝❤ ♠♦❣→ s♣♦✇♦❞♦✇❛➣
♣r③❡r✇❛♥✐❡ ♦❜❧✐❝③❡➠ ✐ ③❣➟♦s③❡♥✐❡ ❜➟➛❞✉ r❡❢❡r❡♥❝❡ t♦ ♥♦♥❡ ♣♦r✳ ❄❄
s♣r❛✇❞③❛♥✐❡ ③❣♦❞♥♦➧❝✐ t❛❜❧✐❝ ♣r③❡❞ ♠♥♦➺❡♥✐❡♠✳
▼♦➺❡♠② ③♥❛❝③♥✐❡ ③✇✐➛❦s③②➣ ❜❡③♣✐❡❝③❡➠st✇♦ ✇♣r♦✇❛❞③❛❥→❝ ❦❧❛s➛
◗✉❛❞▼❛t✳

❙♣❡❝②✜❦❛❝❥❛✳ P♦ r♦③✇❛➺❛♥✐❛❝❤ ③ r♦❞③✐❛➟✉ ✻ ❝③②t❡❧♥✐❦ ♣♦tr❛✜
♥❛♣✐s❛➣ s❛♠♦❞③✐❡❧♥✐❡ s♣❡❝②✜❦❛❝❥➛ t❡❥ str✉❦t✉r②✱ ③♦❜✳ ➣✇✐❝③❡♥✐❡
✶✸✳✶✳

■♠♣❧❡♠❡♥t❛❝❥❛✳

✉♥✐t ◗✉❛❞▼❛t✿ ❝❧❛ss✭♥✿ ✐♥t❡❣❡r✮❀
✈❛r ❆✿ ❛rr❛②♦❢ ❛rr❛②♦❢ r❡❛❧✱ ✐✿ ✐♥t❡❣❡r❀
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭❇✿ ◗✉❛❞▼❛t✮✿◗✉❛❞▼❛t❀
✉♥✐t ♠✉❧t✿ ❢✉♥❝t✐♦♥✭❇✿ ◗✉❛❞▼❛t✮✿ ◗✉❛❞▼❛t❀
✉♥✐t ✐♥✐t✿ ♣r♦❝❡❞✉r❡✭❈✿ ❛rr❛②♦❢ ❛rr❛②♦❢ r❡❛❧✮❀
✭✯ ✇st❛✇ ❧✐❝③❜② ③ t❛❜❧✐❝② ❈ ❞♦ t❛❜❧✐❝② ❆ s♣r❛✇❞③❛❥→❝ ③❛❦r❡s② ✯✮
✈❛r ✐✱❥✱❧✱✉✿ ✐♥t❡❣❡r❀

❜❡❣✐♥

✉✿❂✉♣♣❡r✭❈✮❀ ❧✿❂❧♦✇❡r✭❈✮❀
✐❢ ♥ 6= ✉✲❧✰✶ t❤❡♥ r❛✐s❡ ◗✉❛❞▼❛t❊rr ✜❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦

✉✿❂✉♣♣❡r✭❈❬✐❪✮❀ ❧✿❂❧♦✇❡r✭❈❬✐❪✮❀
✐❢ ♥ 6= ✉✲❧✰✶ t❤❡♥ r❛✐s❡ ◗✉❛❞▼❛t❊rr ✜❀
❢♦r ❥ ✿❂ ✶ t♦ ♥ ❞♦ ❆❬✐✱❥❪ ✿❂ ❈❬✐✱❥❪ ♦❞

♦❞❀
❡♥❞ ✐♥✐t❀

❜❡❣✐♥

❛rr❛② ❆ ❞✐♠ ✭✶✿♥✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥ ❞♦ ❛rr❛② ❆✭✐✮ ❞✐♠ ✭✶✿♥✮❀ ♦❞❀
✭✯ ❣♦t♦✇❡✱ ❦✇❛❞r❛t♦✇❛ ♠❛❝✐❡r③ ③❡r✦ ✯✮

❡♥❞ ◗✉❛❞▼❛t
s✐❣♥❛❧ ◗✉❛❞▼❛t❊rr❀

✷✹✸



❩❛✉✇❛➺✳ ❉❡❦❧❛r❛❝❥✐ ❦❧❛s② ◗✉❛❞▼❛t t♦✇❛r③②s③② ❞❡❦❧❛r❛❝❥❛ s②✲
❣♥❛➟✉ ◗✉❛❞▼❛t❊rr✳ P♦❞♥♦s③→❝ t❡♥ s②❣♥❛➟ ③❣➟❛s③❛♠② ❜➟→❞ ♣♦❞✲
❝③❛s ✐♥✐❝❥❛❧✐③❛❝❥✐ t❛❜❧✐❝②✳

✸✳✷✳ ❩❛st♦s♦✇❛♥✐❡✳ Pr③②❦➟❛❞ ♣r♦❣r❛♠✉ ✇②❦♦r③②st✉❥→❝❡❣♦ ❦❧❛s➛
◗✉❛❞▼❛t✳

♣r♦❣r❛♠ ❊①◗✉❛❞▼❛t❀

✉♥✐t ◗✉❛❞▼❛t ❝❧❛ss ✳✳✳

s✐❣♥❛❧ ◗✉❛❞▼❛t❊rr❀
✈❛r ❆✱❇✱❈✿ ◗✉❛❞▼❛t❀
❤❛♥❞❧❡rs
✇❤❡♥ ◗✉❛❞▼❛t❊rr✿ ✳✳✳

❡♥❞ ❤❛♥❞❧❡rs❀
❜❡❣✐♥
❆ ✿❂ ♥❡✇ ◗✉❛❞▼❛t✭✸✮❀
❇ ✿❂ ♥❡✇ ◗✉❛❞▼❛t✭✹✮❀
❈ ✿❂ ❆✳♠✉❧t✭❇✮❀
✭✯ s✐❣♥❛❧ ◗✉❛❞▼❛t❊rr ✇✐❧❧ ❜❡ r❛✐s❡❞ ✯✮
✳✳✳

❡♥❞

♣r♦❣r❛♠ ❊①◗✉❛❞▼❛t✶❀

✉♥✐t ◗✉❛❞▼❛t ❝❧❛ss ✳✳✳

s✐❣♥❛❧ ◗✉❛❞▼❛t❊rr❀
✈❛r ❆✱❇✱❈✿ ◗✉❛❞▼❛t❀
❤❛♥❞❧❡rs
✇❤❡♥ ◗✉❛❞▼❛t❊rr✿ ✳✳✳

❡♥❞ ❤❛♥❞❧❡rs❀
❜❡❣✐♥
❆ ✿❂ ♥❡✇ ◗✉❛❞▼❛t✭✸✮❀
❇ ✿❂ ♥❡✇ ◗✉❛❞▼❛t✭✸✮❀
❈ ✿❂ ❆✳♠✉❧t✭❇✮❀
✳✳✳
✳✳✳

❡♥❞

▼♦➺❡ ♥❛♣✐s❛➣ ❜❛r❞③✐❡❥ r♦③❜✉❞♦✇❛♥② ♣r③②❦➟❛❞

✹✳ ❑❧❛s② ♠♦❣→ ❜②➣ ③❛❣♥✐❡➺❞➺❛♥❡

❘♦③♣❛tr③♠② ♣r③②❦➟❛❞ str✉❦t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥✱ ♥❛ ❦tór→ s❦➟❛✲
❞❛❥→ s✐➛ ♣✉♥❦t②✱ ❧✐♥✐❡ ✐ ♦❦r➛❣✐✳

✺✳ ❯✇❛❣✐ ♦ ♦❞➧♠✐❡❝❛♥✐✉ ✐ ❞❡❢r❛❣♠❡♥t❛❝❥✐

Pr③②❦➟❛❞ ✶✸✳✶✳ ❖❜❧✐❝③❡♥✐❡ ③ ♣➛t❧❛ ❢♦r ♥❛ ♦❜✐❡❦t❛❝❤ ❦❧❛s②
❝♦♠♣❧❡① ✇②t✇♦r③② ➧♠✐❡❝✐✳ ✇st❛✇✦

❈♦ t♦ ❥❡st

❉❡✜♥✐❝❥❛ ✶✸✳✶✳ ❖❜✐❡❦t ❥❡st ➧♠✐❡❝✐❡♠ ❥❡➧❧✐ ♥✐❡ ❥❡st ✭✐ ✇♦❜❡❝
t❡❣♦ ♥✐❡ ❜➛❞③✐❡✮ ❞♦st➛♣♥②✳ ❚③♥✳ ❥❡➧❧✐ ♥✐❡ ❥❡st ✇❛rt♦➧❝✐→ ➺❛❞♥❡❥
③♠✐❡♥♥❡❥✳

p❯✇❛❣❛✳❈③②t❡❧♥✐❦ ♠♦➺❡ ③❛♣②t❛➣✱ ❛ ❝♦ ③ ♦❜✐❡❦t❛♠✐✱ ❦tór❡ s→
❞♦st➛♣♥❡✱ ❛❧❡ s→ ♥✐❡♣♦tr③❡❜♥❡❄ ❈③② t♦ t❡➺ s→ ➧♠✐❡❝✐❄ ❦♦♥✐❡❝
✉✇❛❣✐✳y

❉❡✜♥✐❝❥❛ ✶✸✳✷✳ ❖❞➧♠✐❡❝❛♥✐❡ ✕ ♣r♦❝❡s ✉s✉✇❛♥✐❛ ♦❜✐❡❦tó✇

❖❞➧♠✐❡❝❛♥✐❡ ❥❡st ❦♦s③t♦✇♥②♠ ♣r♦❝❡s❡♠✳ ❲ ❢❛③✐❡ ✏s✇❡❡♣✑
tr③❡❜❛ ♣r③❡❥r③❡➣ ❝❛➟→ ♣❛♠✐➛➣✳ ◆❛st➛♣♥❛ ❢❛③❛ t❡➺ ❥❡st ❦♦s③t♦✇♥❛✳
❈③② ♥✐❡ ♠♦➺♥❛ ❜② ③♠♥✐❡❥s③②❝ ♣♦tr③❡❜② ♦❞➧♠✐❡❝❛♥✐❛ ♣r③❡③ ❝③➛st✲
s③❡ ❦♦♠♣r❡s♦✇❛♥✐❡ ✇♦❧♥❡❥ ♣❛♠✐➛❝✐❄ ❲②st❛r❝③②➟♦❜② ❜② ♣♦r③✉✲
❝❛❥→❝ ✇②❦♦r③②st❛♥② ♦❜✐❡❦t ♣♦♠♦❝♥✐❝③② ♣r♦t♦❦ó➟ ✳✳✳ ✇♣✐s②✇❛➟
t❡♥ ♦❜✐❡❦t ♥❛ ❧✐st➛ ✇♦❧♥❡❥ ♣❛♠✐➛❝✐✳ ❏❛❦ t♦ ③r♦❜✐➣❄

✷✹✹



❖❞➧♠✐❡❝❛♥✐❡ ♥✐❡ ❥❡st ❦♦♥✐❡❝③♥②♠ ❡❧❡♠❡♥t❡♠ s②st❡♠✉ ③❛r③→❞③❛♥✐❛
♦❜✐❡❦t❛♠✐✦ ❏❡➧❧✐ ♣❛♠✐➛t❛s③ ♥❛③✇➛ ♦❜✐❡❦t✉✱ ❦tór② ③❛ ❝❤✇✐❧➛ st❛✲
♥✐❡ s✐➛ →♠✐❡❝✐❡♠✱ t♦ ③ró❜ ❦✐❧❧✦ ③❛♥✐♠ ❜➛❞③✐❡ ③❛♣ó➵♥♦✳ ❇②➣ ♠♦➺❡
✇ t❡♥ s♣♦só❜ ♦♣ó➵♥✐s③ ♦❞➧♠✐❡❝❛♥✐❡✳
❏❡➧❧✐ ✇✐❡s③✱ ➺❡ ♦❜✐❡❦t ① ♥✐❡ ❜➛❞③✐❡ ❥✉③ ♣♦tr③❡❜♥② t♦ ✉s✉➠ ❣♦ ✕
❦✐❧❧✭①✮✳ ❲✐➛❝❡❥ ♦ ♦♣❡r❛❝❥✐ ❦✐❧❧ ♣r③❡❝③②t❛s③ ✇ r♦③❞③✐❛❧❡ ❄

❑❧❛s❛ ●❛✉ss❈ ✕ ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤ ❝❛➟❦♦✇✐t②❝❤

❑❛r❧ ●❛✉ss r♦③✇❛➺❛➟ ③❜✐ór ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤ ❝❛➟❦♦✇✐t②❝❤✳P♦r✳
❲✳ ❙✐❡r♣✐➠s❦✐ ❚❡♦r✐❛ ▲✐❝③❜✱ ❬❙✐❡✺✵❪✱ r♦③❞③✳ ❳❱■✱ str✳ ✸✽✸

✉♥✐t ●❛✉ss❈✿ ❝❧❛ss✭r❡✱ ✐♠✿ ✐♥t❡❣❡r✮❀
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭③✿ ●❛✉ss❈✮✿ ●❛✉ss❈❀
❜❡❣✐♥

r❡s✉❧t✿❂ ♥❡✇ ●❛✉ss❈✭r❡✰③✳r❡✱ ✐♠✰③✳✐♠✮
❡♥❞ ❛❞❞❀

✉♥✐t s✉❜✿ ❢✉♥❝t✐♦♥✭③✿ ●❛✉ss❈✮✿ ●❛✉ss❈❀
❜❡❣✐♥

r❡s✉❧t✿❂ ♥❡✇ ●❛✉ss❈✭r❡✲③✳r❡✱ ✐♠✲③✳✐♠✮
❡♥❞ s✉❜❀

✳

✉♥✐t ♠✉❧t✿ ❢✉♥❝t✐♦♥✭③✿ ●❛✉ss❈✮✿ ●❛✉ss❈❀
❜❡❣✐♥

r❡s✉❧t✿❂ ♥❡✇ ●❛✉ss❈✭r❡✯③✳r❡✲✐♠✯③✳✐♠✱ ✐♠✯③✳r❡✰③✳✐♠✯r❡✮
❡♥❞ ♠✉❧t❀

✉♥✐t ❞✐✈✐✿ ❢✉♥❝t✐♦♥✭③✿ ●❛✉ss❈✮✿ ●❛✉ss❈❀
✈❛r r③✱ ✉r✿ ✐♥t❡❣❡r❀

❜❡❣✐♥

r③ ✿❂ ✭r❡✯③✳r❡ ✲ ✐♠✯③✳✐♠✮ ❞✐✈✭③✳r❡✯③✳r❡ ✲ ③✳✐♠✯③✳✐♠✮ ❀
✉r ✿❂ ✭✐♠✯③✳r❡ ✰ r❡✯③✳✐♠✮
r❡s✉❧t✿❂ ♥❡✇ ●❛✉ss❈✭r③✱ ✉r✮

❡♥❞ ❞✐✈✐❀

✉♥✐t r❡♠✐✿ ❢✉♥❝t✐♦♥✭②✱③✿ ❣❛✉ss❈✮✿ ●❛✉ss❈❀
❜❡❣✐♥

r❡s✉❧t✿❂ ②✳s✉❜✭③✳♠✉❧t✭②✳❞✐✈✐✭③✮✮✮
❡♥❞ r❡♠✐❀

✉♥✐t ❡q✉❛❧✿ ❢✉♥❝t✐♦♥✭②✱③✿ ❣❛✉ss❈✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂ ✭③✳r❡❂②✳r❡ ❛♥❞ ③✳✐♠❂②✳✐♠✮

❡♥❞ ❡q✉❛❧❀

✉♥✐t ♥♦r♠✿ ❢✉♥❝t✐♦♥ ✿ ✐♥t❡❣❡r❀
❜❡❣✐♥

r❡s✉❧t✿❂r❡✯r❡✰✐♠✯✐♠
❡♥❞ ♥♦r♠❀

❡♥❞ ●❛✉ss❈

❘♦③✇❛➺♠② ③❜✐ór ✇s③②st❦✐❝❤ ♠♦➺❧✐✇②❝❤ ♦❜✐❡❦tó✇ ❦❧❛s② ●❛✉ss❈✳

✷✹✺



❏❡st t♦ ③❜✐ór ♥✐❡s❦♦➠❝③♦♥②✳ ❖③♥❛❝③♠② ❣♦ ♣r③❡③ |GaussC|✳ ❙tr✉❦✲
t✉r❛ ♥❛ ❦tór→ s❦➟❛❞❛ s✐➛ ③❜✐ór |GaussC| ♦❜✐❡❦tó✇ t❡❥ ❦❧❛s② ③ ❞③✐❛✲
➟❛♥✐❛♠✐ add ✐ mult ♦♣✐s❛♥②♠✐ ✇ t❡❥ ❦❧❛s✐❡

CI = 〈|GaussC|, add,mult〉

❥❡st ♣✐❡r➧❝✐❡♥✐❡♠✳
P♦♣❛tr③♠② ♥❛ ♣r♦❣r❛♠ ✇②❦♦r③②st✉❥→❝② ❦❧❛s➛ ●❛✉ss❈✳

♣r♦❣r❛♠ ❊✉●❛✉ss❈❀

✉♥✐t ●❛✉ss❈✿ ❝❧❛ss ✳✳✳
✈❛r ③✶✱ ③✷✱ ③✸✱ ③❡r♦ ✿ ●❛✉ss❈❀

❜❡❣✐♥

③❡r♦ ✿❂ ♥❡✇ ●❛✉ss❈✭✵✱✵✮❀
③✶✿❂ ♥❡✇ ●❛✉ss❈✭✳✳✳✮❀ ✭✯ ❥❛❦✐➧ ③✶ ✯✮
③✷ ✿❂ ♥❡✇ ●❛✉ss❈✭✳✳✳✮❀ ✭✯ ❥❛❦✐➧ ③✷ ✯✮
③✸ ✿❂ ③✶✳r❡♠✐✭③✷✮❀
✇❤✐❧❡ ③✸✳♥♦r♠ ❂✴❂ ✵ ❞♦

③✶ ✿❂ ③✷ ❀
③✷ ✿❂ ③✸ ❀
③✸ ✿❂ ③✶✳r❡♠✐✭③✷✮❀

♦❞ ❀
❡♥❞

❈♦ ♠♦➺♥❛ ♣♦✇✐❡❞③✐❡➣ ♦ ✇②♥✐❦✉ ♦❜❧✐❝③❡♥✐❛ ✇ ♣r③②♣❛❞❦✉ ❣❞②
♣r♦❣r❛♠ ❦♦➠❝③② ♦❜❧✐❝③❡♥✐❡❄ ❈③② t❡♥ ♣r♦❣r❛♠ ♠❛ ♦❜❧✐❝③❡♥✐❛
♥✐❡s❦♦➠❝③♦♥❡❄

✻✳ ▼♥♦➺❡♥✐❡ ♠❛❝✐❡r③② ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤

❖s✐❡♠ ró➺♥②❝❤ ✇❡rs❥✐
❩❛❞❛♥✐❡✿ ♦❜❧✐❝③ ✐❧♦❝③②♥ ❞✇✉ ♠❛❝✐❡r③② ❦✇❛❞r❛t♦✇②❝❤ ❧✐❝③❜ ③❡✲
s♣♦❧♦♥②❝❤ ♠♦③♥❛ r♦③✇✐→③❛➣ ♥❛ ♣r③②♥❛❥♠♥✐❡❥ ♦s✐❡♠ s♣♦s♦❜ó✇✿

• ❆❧❣♦r②t♠ ♠♦➺❡♥✐❛ ♠❛❝✐❡r③② ✕ ♠♦➺❡s③ ✉③②❝ ❛❧❣♦r②t♠
③✇②❝③❛❥♥② ❧✉❜ ❛❧❣♦r②t♠ ❲✐♥♦❣r❛❞❛✳

• ▼♥♦➺❡♥✐❡ ❧✐❝③❜ ③❡s♣♦❧♦♥②❝❤ ✕ ♠♦➺❡s③ ✉➺②➣ ③✇②❝③❛❥✲
♥❡❣♦ ♠♥♦➺❡♥✐❛

(a+ bi) · (c+ di)
df
= (ac− bd) + (ad+ bc)i

❧✉❜ ❛❧❣♦r②t♠✉ s♣r②t♥❡❣♦






t1 ← a ∗ c;
t2 ← b ∗ d;
t3← (a+ b) ∗ (c+ d);
Re← t1− t2;
Im← t3− t1− t2







• ❙♣♦só❜ ♣r③❡❞st❛✇✐❡♥✐❛ ❞❛♥②❝❤ ✕ ♠♦➺❡s③ t❛❜❧✐❝❡ A ✐ B
③❛♣✐s❛➣ ❥❛❦♦ t②♣✉ ❛rr❛②♦❢ ❛rr❛②♦❢ ❝♦♠♣❧❡① ❧✉❜ ❥❛❦♦ ♣❛r② ♠❛✲
❝✐❡r③② ❧✐❝③❜ r③❡❝③②✇✐st②❝❤ A = Are+Aim ·i ✐ B = Bre+Bim ·i✳

◆❛❧❡➺②✿ ❛✮ ③❛♣r♦❣r❛♠♦✇❛➣ ❦❛➺❞② ③ ♦➧♠✐✉ ❛❧❣♦r②t♠ó✇✱ ❜✮
✉❞♦✇♦❞♥✐➣ ❥❡❣♦ ♣♦♣r❛✇♥♦➧➣✱ ❝✮ ✇②③♥❛❝③②➣ ❢✉♥❦❝❥➛ ❦♦s③t✉ ✐ ♥❛

✷✹✻



♣♦❞st❛✇✐❡ ❡❦s♣❡r②♠❡♥tó✇✱ ♦❜❧✐❝③②➣ ✇s♣ó➟❝③②♥♥✐❦✐ ✇ ♦❞♣♦✇✐❡❞✲
♥✐♠ ✇✐❡❧♦♠✐❛♥✐❡✳
❩❛❞❛♥✐❡ t♦ ♥❛❞❛❥❡ s✐❡ ❞♦ ♣r③❡♣r♦✇❛❞③❡♥✐❛ ✇ ❣r✉♣✐❡ st✉❞❡♥tó✇✳
◆❛ ❦♦♥✐❡❝ s➟✉❝❤❛❝③❡ ♠♦❣→ ♣♦❞❝③❛s ♠✐♥✐✲s②♠♣♦③❥✉♠ ♣r③❡❞st❛✲
✇✐➣ ✇②♥✐❦✐ s✇♦✐❝❤ ♣r❛❝ ✐ ♣♦ró✇♥❛➣ ❥❡✳

✼✳ ❑❧❛s❛ ❣❡♦♠❡tr✐❛ ❈②r❦❧❛ ✐ ▲✐♥✐❥❦✐

❲✐❞③✐❡❧✐➧♠② ✇❝③❡➧♥✐❡❥✱ ➺❡ ✇♣r♦✇❛❞③❛❥→❝ ❞❡❦❧❛r❛❝❥➛ ❦❧❛s②✱
t②♠ ♣r③②♣❛❞❦✉ ❦❧❛s② ❝♦♠♣❧❡① ✲ ♣♦s③❡r③②❧✐➧♠② ❥➛③②❦ ♦ ♥♦✇②
t②♣ ❞❛♥②❝❤ ✇r❛③ ③ ♦❞♣♦✇✐❡❞♥✐♠✐ ♦♣❡r❛❝❥❛♠✐ ♥❛ ♦❜✐❡❦t❛❝❤ t❡❥
❦❧❛s②✳
❲ ♣♦♥✐➺s③②♠ ♣r③②❦➟❛❞③✐❡ ③♦❜❛❝③②♠②✱ ➺❡ ❦❧❛s② ♠♦❣→ ❜②➣ ③❛✲
✇❛rt❡ ✇ ❦❧❛s✐❡ ♣♦❥❡♠♥✐❡❥s③❡❥✳ ❲ t②♠ ♣r③②❦➟❛❞③✐❡ ✇②❦♦r③②✲
st❛♠② ③❛❣♥✐❡➺❞➺❛♥✐❡ ❦❧❛s ✇ s②t✉❛❝❥✐ ❣❞② str✉❦t✉r❛ ♠❛ ✇✐➛❝❡❥
t②♣ó✇ ✭♥✐❡❦tór③② ✉➺②✇❛❥❛ s➟♦✇❛ s♦rt✮✳

✉♥✐t ●❡♦P❧❛♥✿ ❝❧❛ss❀
✉♥✐t P♦✐♥t✿ ❝❧❛ss✭①✱②✿r❡❛❧✮❀✳✳✳
✉♥✐t ▲✐♥❡✿ ❝❧❛ss✭❆✱❇✱❈✿ r❡❛❧✮❀✳✳✳
✉♥✐t ❈✐r❝❧❡✿ ❝❧❛ss✭❙✿P♦✐♥t✱ r✿r❡❛❧✮✳✳✳

❡♥❞ ●❡♦P❧❛♥❀

❲✐➛❝❡❥ s③❝③❡❣ó➟ó✇ ③♥❛❥❞③✐❡s③ ♣♦♥✐➺❡❥✳
✉♥✐t ●❡♦♣❧❛♥ ✿ ❝❧❛ss❀
✭✯ t❤✐s ✐s ❛ ♣r♦❜❧❡♠ ♦r✐❡♥t❡❞ ❧❛♥❣✉❛❣❡✳ ✐t ♦✛❡rs ✈❛r✐♦✉s ❢❛❝✐❧✐t✐❡s
❢♦r ♣r♦❜❧❡♠ s♦❧✈✐♥❣ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❛♥❛❧t✐❝❛❧ ♣❧❛♥❛r ❣❡♦♠❡tr②✳

t❤✐s ❝❧❛ss ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡✿

❣❡♦♣❧❛♥ ❁✖✕ ❝❧❛ss
✴ ⑤ ✴ ⑤ ✴ ⑤ ♣♦✐♥t ❝✐r❝❧❡ ❧✐♥❡ ❁✖✕ ❝❧❛ss❡s
✴ ⑤ ⑤ ✴ ⑤ ✴ ⑤ ⑤ ✴ ⑤ ✴ ⑤ ⑤ ⑤ ⑤ ⑤ ❁✕⑤ ✴ ⑤ ⑤ ⑤ ⑤ ⑤ ⑤ ❡q✉❛❧s ❞✐st ⑤ ⑤ ♠❡❡ts
⑤ ⑤ ❡rr♦r ⑤ ⑤ ❡rr♦r ♦♣❡r❛✲ ⑤ ⑤ ✴ t✐♦♥s
✐♥t❡rs❡❝ts ⑤ ⑤ ⑤ ⑤ ♣❛r❛❧❧❡❧t♦ ❁✕⑤

✯✮
❑❧❛s❛ P♦✐♥t ♠❛ ❞✇❛ ❛tr②❜✉t② ✭t❥✳ ♣♦❧❛✮ ✕ ✇s♣ó➟r③➛❞♥❡ ♣✉♥❦t✉✱
♦r❛③ ❞✇✐❡ ♠❡t♦❞② ❡q✉❛❧s ✐ ❞✐st✳

✷✹✼



✉♥✐t P♦✐♥t ✿ ❝❧❛ss✭①✱② ✿ r❡❛❧✮❀
✉♥✐t ❡q✉❛❧s ✿ ❢✉♥❝t✐♦♥ ✭q ✿ P♦✐♥t✮ ✿ ❜♦♦❧❡❛♥❀
❜❡❣✐♥
✐❢ q ❂ ♥♦♥❡ t❤❡♥ r❛✐s❡ ◆♦♥❡P♦✐♥t❊rr♦r
❡❧s❡ r❡s✉❧t✿❂ q✳①❂① ❛♥❞ q✳②❂② ❀

❡♥❞ ❡q✉❛❧s❀

✉♥✐t ❞✐st ✿ ❢✉♥❝t✐♦♥ ✭♣ ✿ P♦✐♥t✮ ✿ r❡❛❧❀
✭✯ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤✐s ♣♦✐♥t ❛♥❞ ♣♦✐♥t ♣ ✯✮
❜❡❣✐♥
✐❢ ♣ ❂ ♥♦♥❡ t❤❡♥ r❛✐s❡ ◆♦♥❡P♦✐♥t❊rr♦r
❡❧s❡ r❡s✉❧t✿❂ sqrt✭✭①✲♣✳①✮✯✭①✲♣✳①✮✰✭②✲♣✳②✮✯✭②✲♣✳②✮✮
✜

❡♥❞ ❞✐st❀

❡♥❞ ♣♦✐♥t❀

❑❧❛s❛ ❈✐r❝❧❡ ♦♣✐s✉❥❡ ♦❜✐❡❦t② ♦❦r➛❣✐✳

✉♥✐t ❈✐r❝❧❡ ✿ ❝❧❛ss ✭♣ ✿ ♣♦✐♥t✱ r ✿ r❡❛❧✮❀
✭✯ t❤❡ ❝✐r❝❧❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ✐ts ❝❡♥t❡r ♣ ❛♥❞ t❤❡ r❛❞✐✉s r ✯✮

✉♥✐t ✐♥t❡rs❡❝ts ✿ ❢✉♥❝t✐♦♥ ✭❝ ✿ ❈✐r❝❧❡✮ ✿ ❧✐♥❡❀
✭✯ ✐❢ ❜♦t❤ ❝✐r❝❧❡s ✐♥t❡rs❡❝t ❛t ✷ ♣♦✐♥ts✱ t❤❡ ❧✐♥❡ ❥♦✐♥✐♥❣ t❤❡♠
✐s r❡t✉r♥❡❞✳ ✐❢ ❝✐r❝❧❡s ✐♥t❡rs❡❝t ❛t ♦♥❡ ♣♦✐♥t✱ ✐t ✐s t❤❡ ❧✐♥❡ t❛♥❣❡♥t
t♦ ❜♦t❤ ♦❢ t❤❡♠✳ ♦t❤❡r✇✐s❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❜✐s❡❝t✐♦♥
♦❢ t❤❡✐r ❝❡♥tr❡s ✐s r❡t✉r♥❡❞ ✯✮
✈❛r r✶✱r✷ ✿ r❡❛❧❀

❜❡❣✐♥
✐❢ ❝❂✴❂ ♥♦♥❡
t❤❡♥
r✶✿❂ r✯r✲♣✳①✯♣✳①✲♣✳②✯♣✳②❀
r✷✿❂ ❝✳r✯❝✳r✲❝✳♣✳①✯❝✳♣✳①✲❝✳♣✳②✯❝✳♣✳②❀
r❡s✉❧t ✿❂ ♥❡✇ ❧✐♥❡ ✭♣✳①✲❝✳♣✳①✱♣✳②✲❝✳♣✳②✱✭r✶✲r✷✮✴✷✮❀

✜
❡♥❞ ✐♥t❡rs❡❝ts❀

❜❡❣✐♥
✐❢ ♣❂♥♦♥❡ t❤❡♥ ✇r✐t❡❧♥ ✭✧✇r♦♥❣ ❝❡♥tr❡✧✮
✜

❡♥❞ ❈✐r❝❧❡❀

❑❧❛s❛ ▲✐♥✐❛ ✕ ♦❜✐❡❦t t❡❥ ❦❧❛s② ❥❡st ✇②③♥❛❝③♦♥② ♣r③❡③ ró✇♥❛♥✐❡
Ax+ By + C = 0✳ ▼❡t♦❞❛♠✐ ♦❢❡r♦✇❛♥②♠✐ ♣r③❡③ t➛ ❦❧❛s➛ s→ ♣❛r❛❧✲
❧❡❧t♦ ✐ ♠❡❡ts✳

✷✹✽



✉♥✐t ▲✐♥❡ ✿ ❝❧❛ss ✭❛✱❜✱❝ ✿ r❡❛❧✮❀
✭✯ ❧✐♥❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❝♦❡✣❝✐❡♥ts ♦❢ ✐ts ❡q✉❛t✐♦♥ ❛①✰❜②✰❝❂✵ ✯✮

✉♥✐t ♠❡❡ts ✿ ❢✉♥❝t✐♦♥ ✭❧ ✿ ❧✐♥❡✮ ✿ ♣♦✐♥t❀
✭✯ ✐❢ t✇♦ ❧✐♥❡s ✐♥t❡rs❡❝t ❢✉♥❝t✐♦♥ ♠❡❡ts r❡t✉r♥s t❤❡ ♣♦✐♥t
♦❢ ✐♥t❡rs❡❝t✐♦♥✱ ♦t❤❡r✇✐s❡ r❡t✉r♥s ♥♦♥❡ ✯✮

✈❛r t ✿ r❡❛❧❀
❜❡❣✐♥
✐❢ ❧ ❂✴❂ ♥♦♥❡ ❛♥❞ ♥♦t ♣❛r❛❧❧❡❧t♦ ✭❧✮

t❤❡♥ t ✿❂ ✶✴✭❧✳❛✯❜✲❧✳❜✯❛✮❀ r❡s✉❧t ✿❂ ♥❡✇ ♣♦✐♥t ✭✲t✯✭❜✯❧✳❝✲❝✯❧✳❜✮✱ t✯✭❛✯❧✳❝✲❝✯❧✳❛✮✮❀
❡❧s❡ r❛✐s❡ ▲✐♥✐❡❘♦✇♥♦❧❡❣❧❡ ✜
❡♥❞ ♠❡❡ts❀

✉♥✐t ♣❛r❛❧❧❡❧t♦ ✿ ❢✉♥❝t✐♦♥ ✭❧ ✿ ❧✐♥❡✮ ✿ ❜♦♦❧❡❛♥❀
❜❡❣✐♥

✐❢ ❧❂✴❂ ♥♦♥❡
t❤❡♥
✐❢ ❛✯❧✳❜✲❜✯❧✳❛ ❂ ✵✳✵
t❤❡♥
r❡s✉❧t✿❂tr✉❡❀ ✇r✐t❡❧♥✭➵❧❡✧✮❀
❡❧s❡
r❡s✉❧t✿❂❢❛❧s❡❀ ✇r✐t❡❧♥✭✧❞♦❜r③❡✧✮❀
✜
❡❧s❡
❝❛❧❧ ❡rr♦r
✜
❡♥❞ ♣❛r❛❧❧❡❧t♦❀
✈❛r ❞ ✿ r❡❛❧❀

❜❡❣✐♥ ✭✯ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❝♦❡✣❝✐❡♥ts ✯✮
❞ ✿❂ sqrt✭❛✯❛✰❜✯❜✮❀
✐❢ ❞❂ ✵✳✵ t❤❡♥ ✇r✐t❡❧♥✭ ➵❧❡ ③❡r♦✧✮❀ ❝❛❧❧ ❡rr♦r

❡❧s❡ ❛ ✿❂ ❛✴❞❀ ❜ ✿❂ ❜✴❞❀ ❝ ✿❂ ❝✴❞❀
✜
❡♥❞ ❧✐♥❡❀

❏➛③②❦ ♣r♦❣r❛♠♦✇❛♥✐❛ ③♦r✐❡♥t♦✇❛♥② ❞♦ r♦③✇✐→③②✇❛♥✐❛ ♣r♦✲
❜❧❡♠ó✇ ❣❡♦♠❡tr✐✐ ❝②r❦❧❛ ✐ ❧✐♥✐❥❦✐✳

❩❛❞❛♥✐❡ ❖❦r→❣ ♦♣✐s❛♥② ♥❛ tró❥❦→❝✐❡
❩❛❞❛♥✐❡ ■♥✇❡rs❥❛ ✇③❣❧➛❞❡♠ ♦❦r➛❣✉
❩❛❞❛♥✐❡
❚❡③❛ ❆❧❣♦r②t♠ ❣❡♦♠❡tr✐✐ ❝②r❦❧❛ ✐ ❧✐♥✐❥❦✐✱ ❦tór② s✐➛ ♥✐❡ ③❛♣➛t❧❛

♥✐❡ ♣♦tr③❡❜✉❥❡ ✐♥str✉❦❝❥✐ ✇❤✐❧❡✳ ♦❞s③✉❦❛❥ ❣❞③✐❡ t♦ ❥❡st ♥❛♣✐s❛♥❡

✽✳ ❑♦❧❡❥❦✐

❲ t②♠ ♣♦❞r♦③❞③✐❛❧❡ s♣♦t❦❛♠② ♥✐❡❥❛✇♥→ ✭❧✉❜ ✧ r❡❦✉r❡♥❝②❥♥→✧✮
❞❡✜♥✐❝❥➛ ❦❧❛s②✳ ❲ ♣♦♣r③❡❞♥✐❝❤ ♣r③②❦➟❛❞❛❝❤ ❞❡✜♥✐❝❥❛ ❦❧❛s② ✇②✲
❦♦r③②st②✇❛➟❛ s❦➟❛❞♥✐❦✐ ✇ ♣❡➟♥✐ ③❞❡✜♥✐♦✇❛♥❡ ✇❝③❡➧♥✐❡❥✳ ❲ t②♠
♣r③②❦➟❛❞③✐❡ ✇ ❞❡✜♥✐❝❥✐ ❦❧❛s② ❦♦❧❡❥❦❛ ✇②st➛♣✉❥❡ s❦➟❛❞♥✐❦ t②♣✉
❦♦❧❡❥❦❛✳ ❚❛ s②t✉❛❝❥❛ s✉❣❡r✉❥❡ ♦❜❧✐❝③❡♥✐❛ r❡❦✉r❡♥❝②❥♥❡✳ ❆❧❡
③✇ró➣ ✉✇❛❣➛ ♥❛ ró➺♥✐❝❡✳ ❑♦s③t ✉t✇♦r③❡♥✐❛ ♥♦✇❡❣♦ ♦❜✐❡❦t✉ ♥❡✇

✷✹✾



❑♦❧❡❥❦❛ ❥❡st st❛➟②✱ ③♦❜✳ ❞❡❦❧❛r❛❝❥➛ ❦❧❛s② ❑♦❧❡❥❦❛ ✇ ♣♦❞r♦③❞③✐❛❧❡
✽✳✷ ■♠♣❧❡♠❡♥t❛❝❥❛✳
❑❛➺❞② s♣♦t❦❛➟ s✐➛ ③❡ str✉❦t✉r→ ❦♦❧❡❥❡❦✳ ❏❛❦❛ t♦ ❛❧❣❡❜r❛❄ ❏❛❦✐❡
❞③✐❛➟❛♥✐❛ ✇②❦♦♥✉❥❡♠② ♥❛ ❦♦❧❡❥❦❛❝❤ ✐ ❥❛❦✐❡ ♠❛❥→ ♦♥❡ ✇➟❛s♥♦➧❝✐❄
❩ ❣ór② ③❛str③❡❣❛♠②✱ ➺❡ ♦♣✐s❛♥✐❡ ❝③②♠ ❥❡st ❦♦❧❡❥❦❛ ♥✐❡ ❥❡st ➟❛t✇→
s♣r❛✇→✳ ❲✐➛❝❡❥ ✐♥❢♦r♠❛❝❥✐ ③♥❛❥❞③✐❡s③ ✇ ♦❞♣♦✇✐❡❞♥✐♠ r♦③❞③✐❛❧❡
✇ ♥❛st➛♣♥❡❥ ■■■ ❝③➛➧❝✐ t❡❥ ❦s✐→➺❦✐✳
P♦ ♣✐❡r✇s③❡✱ ❡❧❡♠❡♥t❛♠✐ ❦♦❧❡❥❡❦ ♠♦❣→ ❜②➣ ❜❛r❞③♦ ró➺♥❡ ♦❜✐❡❦t②✳
❩ ❦♦❧❡❥❦❛♠✐ s♣♦t②❦❛♠② s✐➛ ✇ ❝♦❞③✐❡♥♥②♠ ➺②❝✐✉✱ ❦♦❧❡❥❦✐ ✇②st➛✲
♣✉❥→ t❡➺ ✉❦r②t❡ ✇ ✇✐❡❧✉ ró➺♥②❝❤ s②st❡♠❛❝❤✳ ◆♣✳ ✜r♠❛ ♦❝❤r♦✲
♥✐❛rs❦❛ r♦③♣❛tr✉❥❡ ③❣➟♦s③❡♥✐❛ ♦ ♥✐❡♣r❛✇✐❞➟♦✇♦➧❝✐❛❝❤ ♣♦ ❦♦❧❡✐✱ ✇
♠✐❛r➛ ❥❛❦ ♥❛♣➟②✇❛❥→✳ ❲ s②st❡♠✐❡ ♦♣❡r❛❝②❥♥②♠✱ ❦tór② ③❛r③→❞③❛
❚✇♦✐♠ ❦♦♠♣✉t❡r❡♠ t❡➺ ✇②st➛♣✉❥→ ❦♦❧❡❥❦✐✳ P♦ ❞r✉❣✐❡✱ ❝❤♦❝✐❛➺
♦♣❡r❛❝❥❡ s②st❡♠✉ ❛❧❣❡❜r❛✐❝③♥❡❣♦ ❦♦❧❡❥❡❦ ♠❛❥→ ♣❡✇♥❡ ✇s♣ó❧♥❡
❝❡❝❤②✱ t♦ s♣♦s♦❜ó✇ r❡❛❧✐③❛❝❥✐ ❦♦❧❡❥❡❦ ✐ s♣♦s♦❜ó✇ ✇②❦♦♥②✇❛♥✐❛
❞③✐❛➟❛➠ ♥❛ ❦♦❧❡❥❦❛❝❤ ❥❡st ♥✐❡♦❣r❛♥✐❝③♦♥❛ ❧✐❝③❜❛✳

✽✳✶✳ ❙♣❡❝②✜❦❛❝❥❛ ❦♦❧❡❥❡❦✳ ❙♣ró❜✉❥❡♠② ❥❡❞♥❛❦ ♥❛s③❦✐❝♦✇❛➣
✇②♠❛❣❛♥✐❛ ❝❤❛r❛❦t❡r②③✉❥→❝❡ ❦♦❧❡❥❦✐✳ ❲ s②st❡♠✐❡ ❦♦❧❡❥❡❦ ❥❡❣♦
✉♥✐✇❡rs✉♠ s❦➟❛❞❛ s✐➛ ③ ❞✇✉ r♦③➟→❝③♥②❝❤ ③❜✐♦ró✇✿ ③❜✐ór E ❡❧❡✲
♠❡♥tó✇ ✐ ③❜✐ór Q ❦♦❧❡❥❡❦✳
▼❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ③ ♥❛st➛♣✉❥→❝②♠✐ ♦♣❡r❛❝❥❛♠✐✿ ✇st❛✇ ❡❧❡✲
♠❡♥t ❞♦ ❦♦❧❡❥❦✐✱ ✇❡➵ ♣✐❡r✇s③② ❡❧❡♠❡♥t ③ ❦♦❧❡❥❦✐✱ ✉s✉➠ ♣✐❡r✇s③②
❡❧❡♠❡♥t ③ ❦♦❧❡❥❦✐ ♦r❛③ st❛➟→ ✕ ♣✉st❛ ❦♦❧❡❥❦❛✳ P♦♥❛❞t♦ ♠❛♠②
♥❛st➛♣✉❥→❝❡ ♣r❡❞②❦❛t②✿ ró✇♥♦➧➣ ❡❧❡♠❡♥tó✇✱ ró✇♥♦➧➣ ❦♦❧❡❥❡❦✱
❜②❝✐❡ ❦♦❧❡❥❦→ ♣✉st→✳ P♦❞s✉♠✉❥♠② t❡♥ ❡t❛♣ ✕ s②❣♥❛t✉r❛ s②s✲
t❡♠✉ ❦♦❧❡❥❡❦ t♦ ✉❦➟❛❞

Q = 〈E ∪Q, i, f, d, p; =E ,=Q em〉

♣r③② ❝③②♠ ✇②❧✐❝③♦♥❡ t✉ ❢✉♥❦t♦r② ✐ ♣r❡❞②❦❛t② ♠❛❥→ ❞③✐❡❞③✐♥②

i : E ×Q→ Q

f : (Q \ p)→ Q

d : (Q \ p)→ Q

p ∈ Q

em : Q→ Booolean

=E : E × E → Boolean

=Q : Q×Q→ Boolean

✷✺✵



P♦st✉❧❛t② ✭❧✉❜ ❛❦s❥♦♠❛t②✮ ❦♦❧❡❥❡❦

k1. ∀e∈E ∀q∈Q ¬em(i(e, q))

k2. ∀e∈E ∀q∈Q

(
¬em(q)⇒

(
f(i(e, q)) = f(q)

))

k3. ∀e∈E ∀q∈Q

(
em(q)⇒

(
f(i(e, q)) = e

))

k4. ∀e∈E ∀q∈Q

(
¬em(q)⇒

(
d(i(e, q)) = i(e, d(q))

))

k5. ∀e∈E ∀q∈Q

(
em(q)⇒

(
d(i(e, q)) = q

))

k6. ∀q em(q)⇔ (q =Q p)

k7, k8, k9. ③✇r♦t♥♦➧➣✱ ♣r③❡❝❤♦❞♥✐♦s➧➣ ✐ s②♠❡tr✐❛ r❡❧❛❝❥✐ =E

k10, k11, k12. ③✇r♦t♥♦➧➣✱ ♣r③❡❝❤♦❞♥✐♦s➧➣ ✐ s②♠❡tr✐❛ r❡❧❛❝❥✐ =Q

P♦♣r③❡st❛♥✐❡♠②✱ ♥❛ r❛③✐❡✱ ♥❛ t②❝❤ ❦✐❧❦✉ ♣♦st✉❧❛t❛❝❤✳
❑✐❧❦❛ ✉✇❛❣ ❥❡st ♥❛ ♠✐❡❥s❝✉✳
✶➦✮ ❯✇❛➺❛♠②✱ ➺❡ ♥✐❡ ♥❛❧❡➺② ♣♦❞❡❥♠♦✇❛➣ ♣ró❜② st✇♦r③❡♥✐❛ ❦❧❛s②
❜❡③ ♦❦r❡➧❧❡♥✐❛ ❥❛❦✐❡ ✇➟❛s♥♦➧❝✐ ♠❛ ♠✐❡➣ str✉❦t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛
❞❡✜♥✐♦✇❛♥❛ ♣r③❡③ ③❜✐ór ♦❜✐❡❦tó✇ t❡❥ ❦❧❛s② ✇r❛③ ③ ❞③✐❛➟❛♥✐❛♠✐
③❛❞❡❦❧❛r♦✇❛♥②♠✐ ❥❛❦♦ ♠❡t♦❞② t❡❥ ❦❧❛s②✳ ❚③♥✳ ♣♦s✐❛❞❛♥✐❡ s♣❡❝②✲
✜❦❛❝❥✐ ❥❡st ♥✐❡③❜➛❞♥②♠ ✇❛r✉♥❦✐❡♠ r♦③♣♦❝③➛❝✐❛ ♣r❛❝② ♥❛❞ ✉t✇♦✲
r③❡♥✐❡♠ ❦❧❛s②✳
✷➦✮ ❙♣❡❝②✜❦❛❝❥❡ ♠♦❣→ ❜②➣ ró➺♥❡❥ ❥❛❦♦➧❝✐✳ ◆✐❡ ✐❞③✐❡ t✉ ♦ ❧✐❝③❜➛
✇✐❡rs③② ❥❛❦✐❡ ③❛❥♠✉❥❡ s♣❡❝②✜❦❛❝❥❛✳ ❲ ❞❛❧s③❡❥ ❝③➛➧❝✐ ③♦❜❛❝③②♠②✱
➺❡ s♣❡❝②✜❦❛❝❥❛ ❦❧❛s② ♠♦➺❡ ③❛✇✐❡r❛➣ s♣r③❡❝③♥♦➧➣✳ ❲✐❡❧❡ s♣❡❝②✲
✜❦❛❝❥✐ ♥✐❡ ♠❛ ✇➟❛s♥♦➧❝✐ ♣❡➟♥♦➧➣✳ ■♥♥②♠✐ s➟♦✇❛♠✐ ③❛♥✐♠ ③❛✲
❝③♥✐❡♠② ♣r♦❣r❛♠♦✇❛➣ ❦❧❛s➛ ♣♦✇✐♥♥✐➧♠② ③♥❛➣ ✇②♠❛❣❛♥✐❛✳ ❲②✲
♠❛❣❛♥✐❛ t❡ ♥✐❡ ♠♦❣→ ③❛✇✐❡r❛➣ s♣r③❡❝③♥♦➧➣✐ ✕ ❛❧❜♦✇✐❡♠ ♥✐❡ ✐st✲
♥✐❡❥❡ ➺❛❞♥❛ ✐♠♣❧❡♠❡♥t❛❝❥❛ ✇②♠❛❣❛➠ s♣r③❡❝③♥②❝❤✳ ❲②♠❛❣❛♥✐❛
♣♦✇✐♥♥② ❜②➣ ❦♦♠♣❧❡t♥❡ ✕ ❜♦✇✐❡♠ ✐st♥✐❡❥❡ r②③②❦♦✱ ➺❡ st✇♦r③②♠②
❦❧❛s➛ ♥✐❡ ♦❞♣♦✇✐❛❞❛❥→❝→ ♥♦✇②♠ ✇②♠❛❣❛♥✐♦♠✳
✸➦✮ ❩✇ró➣ ✉✇❛❣➛✱ ➺❡ ✇ ♣r③②♣❛❞❦✉ s♣❡❝②✜❦❛❝❥✐ ❦❧❛s② ❈♦♠♣❧❡① ♠✐❡✲
❧✐➧♠② ❞♦ ❝③②♥✐❡♥✐❛ ③❡ ③❜✐♦r❡♠ ❥❛✇♥②❝❤ ❞❡✜♥✐❝❥✐ ❞③✐❛➟❛➠ ✭❢✉♥❦✲
❝❥✐✮✳ P♦❞❛♥❛ s♣❡❝②✜❦❛❝❥❛ ❑♦❧❡❥❡❦ ♥✐❡ ❥❡st ③❜✐♦r❡♠ ❥❛✇♥②❝❤ ❞❡✜✲
♥✐❝❥✐✳ ❙t→❞ ✇②♥✐❦❛ ✇✐➛❦s③❛ s✇♦❜♦❞❛ r❡❛❧✐③❛❝❥✐ t②❝❤ ♣♦st✉❧❛tó✇✳

✽✳✷✳ ■♠♣❧❡♠❡♥t❛❝❥❛✳ ❙tr✉❦t✉r❛ ❞❛♥②❝❤ ❦♦❧❡❥❦✐ ♠♦➺❡ ❜②➣ r❡✲
❛❧✐③♦✇❛♥❛ ♥❛ ♥✐❡s❦♦➠❝③❡♥✐❡ ✇✐❡❧❡ s♣♦s♦❜ó✇✳ ◆✐❡❦tór❡ ③ ♥✐❝❤
♠♦❣→ ❜②➣ ③❛s❦❛❦✉❥❛❝❡✳ ❲②❜r❛❧✐➧♠② ♣r③②❦➟❛❞ ✐❧✉str✉❥→❝② ♠♦➺✲
❧✐✇♦➧➣ ③❛❞❡❦❧❛r♦✇❛♥✐❛ ❦❧❛s② ❑♦❧❡❥❦❛ ✇ t❛❦✐ s♣♦só❜✱ ➺❡ ✇❛rt♦➧❝✐→
♣❡✇♥❡❣♦ ❛tr②❜✉t✉ ♥①t t❡❥ ❦❧❛s② ❥❡st ♦❜✐❡❦t ✇➟❛s♥✐❡ ❦❧❛s② ❑♦❧❡❥❦❛✳

✷✺✶



✉♥✐t ❊❧❡♠❡♥t✿ ❝❧❛ss ❀
✉♥✐t ❡q❡✿ ❢✉♥❝t✐♦♥✭❡✶✱❡✷✮✿ ❇♦♦❧❡❛♥❀ ✳✳✳ ❡♥❞ ❡q❡❀

❡♥❞ ❊❧❡♠❡♥t❀

✉♥✐t ❑♦❧❡❥❦❛✿ ❝❧❛ss✭✮❀
✈❛r ❢r♦♥t✿ ❊❧❡♠❡♥t✱ ♥①t✱❧❛st✿❑♦❧❡❥❦❛ ❀

❜❡❣✐♥

❡♥❞ ❑♦❧❡❥❦❛❀

♣✉t✿ ❢✉♥❝t✐♦♥✭❡✿ ❊❧❡♠❡♥t✱ s✿ ❑♦❧❡❥❦❛✮✿ ❑♦❧❡❥❦❛❀
✈❛r r✿ ❑♦❧❡❥❦❛

❜❡❣✐♥

r✿❂♥❡✇ ❑♦❧❡❥❦❛✭❡✮❀ r✳❢r♦♥t✿❂❡❀
✐❢ ❡♠✭s✮ t❤❡♥ r✳♥①t✿❂♥♦♥❡❀ r❡s✉❧t✱r✳❧❛st✿❂r❀
❡❧s❡ s✳❧❛st✳♥①t✿❂r❀ r❡s✉❧t✿❂ s ✜

❡♥❞ ♣✉t ❀

✜rst✿ ❢✉♥❝t✐♦♥✭s✿ ❑♦❧❡❥❦❛✮✿ ❊❧❡♠❡♥t❀
❜❡❣✐♥

✐❢ ♥♦t ❡♠✭s✮ t❤❡♥ r❡s✉❧t ✿❂ s✳❢r♦♥t❀
❡❧s❡ r❛✐s❡ ❊♠♣t②❑♦❧❊rr♦r ✜

❡♥❞ ✜rst ❀

❣❡t✿ ❢✉♥❝t✐♦♥✭s✿ ❑♦❧❡❥❦❛✮✿ ❑♦❧❡❥❦❛❀
❜❡❣✐♥

✐❢ ♥♦t ❡♠✭s✮ t❤❡♥ r❡s✉❧t✿❂ s✳♥①t
❡❧s❡ r❛✐s❡ ❊♠♣t②❑♦❧❊rr♦r ✜

❡♥❞ ❣❡t ❀

❡♠✿ ❢✉♥❝t✐♦♥✭s✿ ❑♦❧❡❥❦❛✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ✭s✳❢r♦♥t ❂ ♥♦♥❡✮
❡♥❞ ❡♠ ❀

❡q✿ ❢✉♥❝t✐♦♥✭q✶✱q✷✿ ❦♦❧❡❥❦❛✮✿ ❜♦♦❧❡❛♥❀
✈❛r s✶✱s✷✿✐♥t❡❣❡r✱❡✿❊❧❡♠❡♥t✱ ❜❜✿❜♦♦❧❡❛♥❀

❜❡❣✐♥

❜❜ ✿❂ ✭♥♦t ❡♠✭s✶✮ ❛♥❞ ♥♦t ❡♠✭s✷✮✮❀
✇❤✐❧❡ ❜❜ ❞♦

❡✶✿❂✜rst✭s✶✮❀ s✶✿❂❣❡t✭s✶✮❀
❡✷✿❂✜rst✭s✷✮❀ s✷✿❂❣❡t✭s✷✮❀
❜❜ ✿❂ ✭♥♦t ❡♠✭s✶✮ ❛♥❞ ♥♦t ❡♠✭s✷✮✮❀

♦❞❀
r❡s✉❧t✿❂ ❜❜

❡♥❞ ❡q❀

s✐❣♥❛❧ ❊♠♣t②❑♦❧❊rr♦r✱ ❑♦❧❡❥❦❛◆♦♥❡❀

✽✳✸✳ ❲❡r②✜❦❛❝❥❛✳ ◆❛❧❡③② ✉❞♦✇♦❞♥✐➣✱ ➺❡ ♣♦✇②➺s③❛ ✐♠♣❧❡♠❡♥✲
t❛❝❥❛ s♣❡➟♥✐❛ ✇②♠❛❣❛♥✐❛ s♣❡❝②✜❦❛❝❥✐✳ ❆ ✇✐➛❝ ♣♦✇✐♥♥✐➧♠② ✇②✲
❦❛③❛➣✱ ➺❡ ❦❛➺❞❛ ③ ❞✇✉♥❛st✉ ④❦✶ ✕❦✶✷⑥ ❥❡st ♣r❛✇❞③✐✇❛ ♣r③② ✐♥✲
t❡r♣r❡t❛❝❥✐ ♦♣✐s❛♥❡❥ ✇ ♣♦❞r♦③❞③✐❛❧❡ ✽✳✷✳ ▼❛♠② ③❜❛❞❛➣ ❝③② t❡
❞✇✐❡ ❦❧❛s② ❊❧❡♠❡♥t ✐ ❑♦❧❡❥❦❛ ✇r❛③ ③ ❞❡❦❧❛r❛❝❥❛♠✐ ❢✉♥❦❝❥✐ ♣✉t✱ ✜rst✱ ❣❡t✱
❡♠✱ ❡q s♣❡➟♥❛❥→ ♣♦st✉❧❛t② ✇②♠✐❡♥✐♦♥❡ ✇ s♣❡❝②✜❦❛❝❥✐✳

✷✺✷



P✐❡r✇s③❛✱ ➟❛t✇✐❡❥s③❛ ❝③➛➧➣ ③❛❞❛♥✐❛ t♦ ✉♣❡✇♥✐❡♥✐❡ s✐➛✱ ➺❡ str✉❦✲
t✉r❛ ❞❛♥②❝❤ ③❞❡✜♥✐♦✇❛♥❛ ♣r③❡③ ❞❦❧❛r❛❝❥➛ ❦❧❛s② ❑♦❧❡❥❦✐▲ ♠❛ s②✲
❣♥❛t✉r➛ ③❣♦❞♥→ ③ s②❣♥❛t✉r→ st❛♥♦✇✐→❝→ ♣✐❡r✇s③→ ❝③➛➧➣ s♣❡❝②✜✲
❦❛❝❥✐ ✽✳✶✳ Pr③②❥♠✐❡♠②✱ ➺❡ ③❜✐ór Q t♦ ③❜✐ór ✇s③②st❦✐❝❤ ♦❜✐❡❦tó✇
❦❧❛s② ❑♦❧❡❥❦❛✱ ③❜✐ór E t♦ ③❜✐ór ✇s③②st❦✐❝❤ ♦❜✐❡❦tó✇ ❦❧❛s② ❊❧❡♠❡♥t✳
▼♦➺❡♠② ♥❛♣✐s❛➣ t❛❜❡❧❦➛

✐ ❢ ❞ ♣ ❡♠ ❂Q ❂E

♣✉t ✜rst ❣❡t ♥❡✇ ❑♦❧❡❥❦❛ ❡♠ ❡q ❡q❡
Pr③②❥♠✉❥❡♠② ✱ ➺❡ ❢✉♥❦❝❥❛ ♣✉t ❥❡st r❡❛❧✐③❛❝❥→ ♦♣❡r❛❝❥✐ i✱ ✐t❞✳ P❡✲
✇✐❡♥ ♣r♦❜❧❡♠ ✇②♥✐❦❛ ③ t❡❣♦✱ ➺❡ ✇②r❛➵♥✐❡ ✇✐❞❛➣ ✐➺ ❦❧❛s❛ ❊❧❡♠❡♥t
♥✐❡ ❥❡st ✇ ♣❡➟♥✐ ♦❦r❡➧❧♦♥❛ ✕ ♠❛♠② t②❧❦♦ ❥❡❥ s③❦✐❝✳ ❖③♥❛❝③❛ t♦
t②❧❡✱ ➺❡ ♣r③②❥♠✉❥❡♠② ③❛➟♦➺❡♥✐❡✱ ➺❡ ✇ ❦♦♥❦r❡t♥②♠ ♣r③②♣❛❞❦✉
♣r♦❣r❛♠✐st❛ ♥❛♣✐s③❡ ❦♦♥❦r❡t♥→ ❞❡❦❧❛r❛❝❥➛ ❦❧❛s② ❊❧❡♠❡♥t ✐ ③♥❛❥✲
❞③✐❡ s✐➛ ✇ ♥✐❡❥ ❞❡❦❧❛r❛❝❥❛ ❢✉♥❦❝❥✐ ❡q❡ ♣♦ró✇♥✉❥→❝❡❥ ❞❛♥② ♦❜✐❡❦t
❦❧❛s② ❊❧❡♠❡♥t ③ ✐♥♥②♠ ♦❜✐❡❦t❡♠ t❡❥ ❦❧❛s② ✐ ➺❡ ③❛♣❡✇♥✐♦♥❡ ❜➛❞→
✇➟❛s♥♦➧❝✐✿ s②♠❡tr✐✐✱ ♣r③❡❝❤♦❞♥✐♦➧❝✐ ✐ ③✇r♦t♥♦s❝✐ ❢✉♥❦❝❥✐ ❡q❡✳
Pr③②❥♠✉❥→❝ t❛❦✐❡ ③❛➟♦➺❡♥✐❡ s♣r❛✇❞③❛♠✉② ♣♦ ❦♦❧❡✐ ♣♦st✉❧❛t②
s♣❡❝②✜❦❛❝❥✐✿
❆❞ ❦✶✮ ❈③② ❞❧❛ ❞♦✇♦❧♥❡❥ ♣❛r② ♦❜✐❡❦tó✇ e ❦❧❛s② ❊❧❡♠❡♥t ✐ q ❦❧❛s②

❦♦❧❡❥❦❛ ③❛❝❤♦❞③✐ ¬em(put(e, q))❄
◆✐❡❝❤ o ♣❡✇✐❡♥ ♦❜✐❡❦t ❦❧❛s② ❊❧❡♠❡♥t ❜➛❞③✐❡ ✇❛rt♦➧❝✐→
③♠✐❡♥♥❡❥ ❡ ✐ ♥✐❡❝❤ ♦❜✐❡❦t o′ ❦❧❛s② ❑♦❧❡❥❦✐ ❜➛❞③✐❡ ✇❛rt♦✲
➧❝✐→ ③♠✐❡♥♥❡❥ q✳ ❾❛t✇♦ ✇✐❞❛➣✱ ➺❡ ♦❜✐❡❦t r ③✇r❛❝❛♥②
❥❛❦♦ ♦❜❧✐❝③♦♥❛ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ put(e, q) s♣❡➟♥✐❛ ✇❛✲
r✉♥❡❦ r.front = e✳ ❲ ❦♦♥s❡❦✇❡♥❝❥✐ ♦❜❧✐❝③♦♥❛ ✇❛rt♦➧➣
✇②r❛➺❡♥✐❛ ❇♦♦❧♦✇s❦✐❡❣♦ em(put(e, q)) ❥❡st ró✇♥❛ ❢❛❧s❡✳
P✐❡r✇s③② ♣♦st✉❧❛t ❦✶ ❥❡st ✇✐➛❝ ❢♦r♠✉➟→ ♣r❛✇❞③✐✇→ ✇
♠♦❞❡❧✉ ❑♦❧❡❥❦✐▲✳

❆❞ ❦✷✮ ❈③② ♣♦st✉❧❛t ❦✷✳ ¬em(q) ⇒
(
f(i(e, q)) = f(q)

)
❥❡st ♣r❛✇✲

❞③✐✇②❄ ❖❝③②✇✐➧❝✐❡ t❛❦ ❥❡st✳ ❏❡➧❧✐ s♣❡➟♥✐♦♥② ❥❡st ✇❛✲
r✉♥❡❦ ¬em(q) t♦ ♦③♥❛❝③❛ t♦ t②❧❡ ✇❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛
q.front ❥❡st ❥❛❦✐➧ ♦❜✐❡❦t o ❦❧❛s② ❊❧❡♠❡♥t✳ ❾❛t✇♦ s♣r❛✇❞③✐➣✱
➺❡ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ first(put(e, q) t♦ t❡♥ s❛♠ ♦❜✐❡❦t o✳

❆❞ ❦✸✮
❆❞ ❦✹✮
❆❞ ❦✺✮
❆❞ ❦✻✮
▼♦➺❡♠② ♣♦❞s✉♠♦✇❛➣ ♣♦✇②➺s③❡ r♦③✇❛➺❛♥✐❛ ③❛♣✐s✉❥→❝ ♥❛st➛♣✉✲
❥→❝❡ t✇✐❡r❞③❡♥✐❡✳
◆✐❡❝❤ ♠♦❞✉➟ ❊❧❡♠❡♥t ❜➛❞③✐❡ ❞♦✇♦❧♥✐❡ ♦❦r❡➧❧♦♥→ ❦❧❛s→✱ ③ t②♠✱ ➺❡
③❛✇❛rt❛ ✇ t❡❥ ❦❧❛s✐❡ ❢✉♥❦❝❥❛ ❜♦♦❧♦✇s❦❛ ❡q❡ s♣❡➟♥✐❛ ♣♦st✉❧❛t②
❦✽✱❦✾✱❦✶✵✳

❚✇✐❡r❞③❡♥✐❡ ✶✸✳✶✳ ❑❧❛s② ❊❧❡♠❡♥t ✐ ❑♦❧❡❥❦❛ ✇r❛③ ③ ❢✉♥❦❝❥❛♠✐ ♣✉t✱✳✳✳
❡q st❛♥♦✇✐→ ♠♦❞❡❧ ③❜✐♦r✉ ♣♦st✉❧❛tó✇ ❦✶ ✕❦✶✷✳

✽✳✹✳ Pr③②❦➟❛❞ ③❛st♦s♦✇❛♥✐❛✳ P♦ ❝♦ ✇♣r♦✇❛❞③❛♠② s②❣♥❛➟ ❊♠♣✲
t②❊rr❄ ❏❛❦ ③❛r❡❛❣♦✇❛➣❄ ●❞③✐❡ ✇st❛✇✐➣ ❤❛♥❞❧❡r②❄

✷✺✸



✾✳ ●❞② tr③❡❜❛ ③❛❞❡❦❧❛r♦✇❛➣ ❢✉♥❦❝❥➛ f ❥❛❦♦ ✇②♥✐❦ ✐♥♥❡❥ ❢✉♥❦❝❥✐
h

❘♦③✇❛➺♠② ❥❡s③❝③❡ r❛③ ❛❧❣♦r②t♠ ❜✐s❡❦❝❥✐✳ ❩❛➟ó➺♠②✱ ➺❡ ❞❡❦❧❛✲
r❛❝❥✐ ❢✉♥❦❝❥♦♥❛➟✉ ❇✐s❡❝ t♦✇❛r③②s③② ❞❡❦❧❛r❛❝❥❛ s②❣♥❛➟✉ ❩♥❛❦✐✲
❋✉♥❦❝❥✐❘♦✇♥❡✳

✉♥✐t ❇✐s❡❝✿ ❢✉♥❝t✐♦♥❛❧✭♣✱❦✿r❡❛❧❀ ❢✉♥❝t✐♦♥ ❣✭①✿ r❡❛❧✮✿r❡❛❧✮✿ r❡❛❧❀
✳✳✳
❡♥❞ ❇✐s❡❝❀

s✐❣♥❛❧ ❩♥❛❦✐❋✉♥❦❝❥✐❘♦✇♥❡❀

◆❛♣✐s③❡♠② t❛❦❛ ❦❧❛s➛ ●❢✉♥✳
✉♥✐t ●❢✉♥✿ ❝❧❛ss✭❢✉♥❝t✐♦♥ ❢✭①✿r❡❛❧✮✿r❡❛❧ ✮
✉♥✐t ◆❢ ✿ ❢✉♥❝t✐♦♥✭❛✱❜✿r❡❛❧✮✿ r❡❛❧❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ❇✐s❡❝✭❛✱❜✱❢✮

❡♥❞ ◆❢
❡♥❞ ●❢✉♥

❏❡➧❧✐ t❡r❛③ st✇♦r③➛ ❞✇❛ ♦❜✐❡❦t② ❦❧❛s② ●❢✉♥✳
♦✶✿❂ ♥❡✇ ●❢✉♥✭s✐♥✮❀
♦✷✿❂ ♥❡✇ ●❢✉♥✭❝♦s✮❀

t♦ ♠♦❣➛ ✉③♥❛➣✱ ➺❡ ♥❛♣✐s② ♦✶✳◆❢✉♥ ✐ ♦✷✳◆❢✉♥ s→ ♥❛③✇❛♠✐ ❞✇✉ ró➺✲
♥②❝❤ ❢✉♥❦❝❥✐✳

❚✇✐❡r❞③❡♥✐❡ ✶✸✳✷✳ ❏❡➧❧✐ ❦❧❛s❛ ●❢✉♥ ♠❛ ❞♦st➛♣ ❞♦ ❞❡❦❧❛r❛❝❥✐
❢✉♥❦❝❥♦♥❛➟✉ ❇✐s❡❝✱ t♦ ♦❜✐❡❦t② t❡❥ ❦❧❛s② ♦❢❡r✉❥→ ❢✉♥❦❝❥❡

◆❛③❡✇♥✐❦ ❢✉♥❦❝②❥♥② ♦✷✳◆❢✉♥✭❛✱❜✮ ③✇r❛❝❛ ✇❛rt♦➧➣ ❜➛❞→❝→ ♠✐❡❥✲
s❝❡♠ ③❡r♦✇②♠ ❢✉♥❦❝❥✐ ❝♦s ❧❡➺→❝②♠ ♣♦♠✐➛❞③② ❧✐❝③❜❛♠✐ ❛ ✐
t❡①ts❢❜ ❧✉❜ s②❣♥❛❧✐③✉❥❡ ❜➟❛❞ ✳✳✳❣❞② ③♥❛❦✐ ❢✉♥❦❝❥✐ ♥❛ ❦♦➠❝❛❝❤
♣r③❡❞③✐❛➟② ❛✱❜ s→ ❥❡❞♥❛❦♦✇❡✳
❲ ♣♦❞♦❜♥② s♣♦só❜ ♠♦➺❡♠② ♦♣✐s❛➣ ♦❜❧✐❝③❛♥✐❡ ❢✉♥❦❝❥✐ ♣✐❡r✇♦t✲
♥❡❥ ✇②❦♦r③②st✉❥→❝ ❢✉♥❦❝❥♦♥❛➟ ❝❛❧❦❛ ✳✳✳

✶✵✳ ●s♦rt

❩❛❞❛♥✐❡ s♦rt♦✇❛♥✐❛ ❝③➛➧❝✐❡❥ ♦❞♥♦s✐ s✐➛ ❞♦ ♦❜✐❡❦tó✇ r♦③♠❛✲
t②❝❤ ❦❧❛s ♥✐➺ ❞♦ s♦rt♦✇❛♥✐❛ ❧✐❝③❜✳✳ Pr③❡❞st❛✇✐♠② ❞✇✐❡ ♣r♦♣♦✲
③②❝❥❡

• ♣r♦❝❡❞✉r❛ ●s♦rt ③ t②♣❡♠ ❢♦r♠❛❧♥②♠✱
• ❦❧❛s❛ ③ ♠❡t♦❞→ ●s♦rt

❲ ♣✐❡r✇s③②♠ ♣r③②♣❛❞❦✉
✉♥✐t ●s♦rt✿ ♣r♦❝❡❞✉r❡✭t②♣❡ ❚✱❆✿ ❛rr❛②♦❢ ❚✱ ❢✉♥❝t✐♦♥ ❧❡ss✭①✱②✿❚✮✿ ❇♦♦❧❡❛♥✮❀
✳✳✳
❡♥❞ ●s♦rt❀

■♥♥❛ ♣r♦♣♦③②❝❥❛

✷✺✹



✉♥✐t ❙♦❚❛❜✿ ❝❧❛ss❀
✳✳✳
❡♥❞ ❙♦❚❛❜❀

✶✶✳ ❑♦♠♣✉t❡r K7

❑♦♠♣✉t❡r K7 t✇♦r③② ♦❜✐❡❦t②✱ ✉♠♦➺❧✐✇✐❛ ❞♦st➛♣ ❞♦ ✐❝❤ ❛tr②✲
❜✉tó✇✱ ✉s✉✇❛ ♦❜✐❡❦t② ✭❦✐❧❧✮✳ Pr♦t♦❦ó➟ ♥❡✇ t✇♦r③❡♥✐❛ ♦❜✐❡❦t✉
❦❧❛s② ❥❡st ❜❛r❞③♦ ♣♦❞♦❜♥② ❞♦ ♣r♦t♦❦♦➟✉ ❝❛❧❧ ✇②❦♦♥②✇❛♥✐❛ ✐♥✲
str✉❦❝❥✐ ♣r♦❝❡❞✉r②✳ P♦♥❛❞t♦ ❦♦♠♣✉t❡r K7 ♣♦tr❛✜ ✇②❦♦♥❛➣ ♥❛✲
st➛♣✉❥→❝❡ ✐♥str✉❦❝❥❡ ✭♣♦❧❡❝❡♥✐❛✮ ❛t♦♠♦✇❡✿

• ②✿❂ ①
♣r❡✲ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ x ❥❡st ♣❡✇✐❡♥ ♦❜✐❡❦t t②♣✉ T ✱
③♠✐❡♥♥❡ x ♦r❛③ y s→ t❡❣♦ s❛♠❡❣♦ t②♣✉ T ✱
♣♦st✲ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ y ❥❡st ♦❜✐❡❦t ❜➛❞→❝② ✇❛rt♦✲
➧❝✐❛ ③♠✐❡♥♥❡❥ x✱

{y := x}(x = y)

• ②✿❂❝♦♣②✭①✮
t♦ ♣♦❧❡❝❡♥✐❡ s❦✉t❦✉❥❡ ✉t✇♦r③❡♥✐❡♠ ❦♦♣✐✐ ♦❜✐❡❦t✉ x ✐
♣r③②♣✐s❛♥✐❡♠ ♥♦✇❡❣♦ ♦❜✐❡❦t✉ ❥❛❦♦ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ y✳
❩✇ró➣ ✉✇❛❣➛✱ {y := x}(y 6= x)✱ ❛❧❡ ❞❧❛ ❦❛➺❞❡❣♦ ❛tr②❜✉t✉
at ③❛❝❤♦❞③✐ ró✇♥♦➧➣ {y := x}(y 6= x ∧ x.at = y.at)

• ③✿❂ ①✳❛t
❏❡➧❧✐ ③♠✐❡♥♥❛ x ❥❡st t②♣✉ T ✐ ❥❡❥ ✇❛rt♦➧❝✐→ ❥❡st ♦❜✐❡❦t
t②♣✉ T t③♥✳ x 6= none ✐ ♣♦♥❛❞t♦ ③♠✐❡♥♥❛ z ♦r❛③ ❛tr②❜✉t
at ❦❧❛s② T s→ t❡❣♦ s❛♠❡❣♦ t②♣✉ U✱ t♦ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛
x.atr ❥❡st ♣r③②♣✐s❛♥❛ ③♠✐❡♥♥❡❥ z✱

• ①✳❛tr✿❂ τ

• ❝❛❧❧ ①✳♠❡t♦❞❛✭❛r❣s✮
• ①✿❂ ♥♦♥❡
• ❦✐❧❧✭①✮

✶✶✳✶✳ ◆✐❡❢♦r♠❛❧♥② ♦♣✐s str✉❦t✉r② ❞♦ ③❛r③→❞③❛♥✐❛ ♦❜✐❡❦t❛♠✐✳
❖❜✐❡❦t② s→ ✇❛rt♦➧❝✐❛♠✐ ③♠✐❡♥♥②❝❤ ✭♦❞♣♦✇✐❡❞♥✐❝❤ t②♣ó✇✮✳ ❑♦♠✲
♣✉t❡r K7 ③❛♣❡✇♥✐❛ ♣r③② t②♠ ③❛❝❤♦✇❛♥✐❡ ♥❛st➛♣✉❥→❝❡❥ ✇➟❛s♥♦➧❝✐
❏❡➧❧✐ ③♠✐❡♥♥❛ z ❥❡st ③❛❞❡❦❧❛r♦✇❛♥❛ ❥❛❦♦ t②♣✉ T ✭♥♣✳ ✉♥✐t ❚❀
❝❧❛ss ✳✳✳✮ t♦ ❥❡❥ ✇❛rt♦➧❝✐→ ❥❡st ♦❜✐❡❦t ❦❧❛s② T ❧✉❜ ✇❛rt♦➧❝✐→ ❥❡st
♥♦♥❡✳

✶✶✳✷✳ ❧♦❦❛❧✐③❛❝❥❛ ♣♦tr③❡❜♥❡❥ ③♠✐❡♥♥❡❥ ✳✳✳ ❑♦♠♣✉t❡r K7 ✉♠✐❡
③♥❛❧❡➵➣ ③♠✐❡♥♥→✱ ❦tór❛ ❥❡st ♣♦tr③❡❜♥❛ ❞♦ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦➧❝✐
✇②r❛➺❡♥✐❛ ❧✉❜ ❞♦ ✇②❦♦♥❛♥✐❛ ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛✳ Pr♦❜❧❡♠
♣♦❥❛✇✐❛ s✐➛ ❣❞② s③✉❦❛♥❛ ③♠✐❡♥♥❛ ♥✐❡ ❥❡st ③♠✐❡♥♥→ ❧♦❦❛❧♥❛✳

✷✺✺



❶✇✐❝③❡♥✐❛

✶✸✳✶✳ ◆❛♣✐s③ s♣❡❝②✜❦❛❝❥➛ ❛❧❣❡❜r② ♠❛❝✐❡r③② ❦✇❛❞r❛t♦✇②❝❤
❧✐❝③❜ t②♣✉ r❡❛❧✳

✶✸✳✷✳ ❯❞♦✇♦❞♥✐❥✱ ➺❡ str✉❦t✉r❛ CI ❥❡st ♣✐❡r➧❝✐❡♥✐❡♠✳

✶✸✳✸✳ ❯❞♦✇♦❞♥✐❥✱ ➺❡ str✉❦t✉r② t❡❥ ♥✐❡ ❞❛ s✐➛ ✇③❜♦❣❛❝✐➣ ➺❛❞♥→
r❡❧❛❝❥→ ✭❢✉♥❦❝❥→ ❜♦♦❧♦✇s❦→✮ t❛❦ ❜② ③❛❝❤♦✇❛♥❡ ❜②➟② ❛❦s❥♦♠❛t②
♣✐❡r➧❝✐❡♥✐❛ ✐ ♣♦♥❛❞t♦ ✇➟❛s♥♦➧❝✐ z < x⇒ z + y < x+ y✳

✶✸✳✹✳ ❖♣✐s③ ❡❢❡❦t ✇②❦♦♥❛♥✐❛ ❦❛➺❞❡❥ ✐♥str✉❦❝❥✐ ✇ ♣r♦❣r❛♠✐❡
❞❡♠♦ ✸✳

✶✸✳✺✳ ◆❛♣✐s③ s♣❡❝②✜❦❛❝❥➛ ❞❧❛ ❢✉♥❦❝❥♦♥❛➟✉ ❝❛➟❦❛ ♦❜❧✐❝③❛❥→❝❡❣♦
✇❛rt♦➧➣ ❝❛➟❦✐ ♦③♥❛❝③♦♥❡❥

∫ b

a
f(x)dx ③ ➺→❞❛♥→ ❞♦❦➟❛❞♥♦➧❝✐→ ǫ✳

✶✸✳✻✳ ◆❛♣✐s③ ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥♦♥❛➟✉ ❝❛➟❦❛ ♦❜❧✐❝③❛❥→❝❡❣♦ ✇❛r✲
t♦➧❝ ❝❛➟❦✐ ♦③♥❛❝③♦♥❡❥

∫ b

a
f(x)dx

✷✺✻



❘❖❩❉❩■❆➟ ✶✹

❉③✐❡❞③✐❝③❡♥✐❡ ❛❧❜♦ r♦③s③❡r③❛♥✐❡ ❦❧❛s L8✳

❈♦ t♦ t❛❦✐❡❣♦❄
❉♦ s❦➟❛❞❛♥✐❛ ♠♦❞✉➟ó✇ st♦s♦✇❛♥❡ s→ ❞✇❛ ♥❛r③➛❞③✐❡✿ ③❛❣♥✐❡➺✲
❞➺❛♥✐❡ ✐ r♦③s③❡r③❛♥✐❡✱ ③✇❛♥❡ t❛❦➺❡ ❞③✐❡❞③✐❝③❡♥✐❡♠✱ ❛♥❣✳ ✐♥❤❡r✐✲
t❛♥❝❡✮✳
❩ ③❛❣♥✐❡➺❞➺❛♥✐❡♠ ♠♦❞✉➟ó✇ s♣♦t❦❛❧✐➧♠② s✐➛ ✇❝③❡➧♥✐❡❥✿ ♠♦❞✉➟
A ♠♦➺❡ ❜②➣ ③❛✇❛rt② ✇ ♠♦❞✉❧❡ B✳ ❩❛♣✐s✉❥❡♠② t♦ ✇ t❛❦✐ s♣♦só❜
adeclB
❉③✐❡❞③✐❝③❡♥✐❡ t♦ ✐♥♥❛ ♦♣❡r❛❝❥❛✳ ●❞② ❞❛♥❡ s→ ♠♦❞✉➟② A ✐ B t♦
✇②♥✐❦✐❡♠ ♦♣❡r❛❝❥✐ ❞③✐❡❞③✐❝③❡♥✐❛ ❥❡st ♠♦❞✉➟ ✇②♥✐❦❛❥→❝② ③ ♣♦➟→✲
❝③❡♥✐❛ tr❡➧❝✐ t②❝❤ ♠♦❞✉➟ó✇✳✳✳✳ ❩❛❣♥✐❡➺❞➺❛♥✐❡ ✉♠♦➺❧✐✇✐❛ ♠♦❞✉✲
➟♦✇✐ ③❛❣♥✐❡➺❞➺♦♥❡♠✉ ❞♦st➛♣ ❞♦ ✇s③②st❦✐❝❤ ③❛s♦❜ó✇ ③❛❞❡❦❧❛✲
r♦✇❛♥②❝❤ ✇ ♠♦❞✉❧❡ ♦❜❡❥♠✉❥→❝②♠✳ ❏❡➧❧✐ ♠♦❞✉➟ ▼ ♦❜❡❥♠✉❥❡
♠♦❞✉➟② ▼✶✱ ▼✷✱ ✳✳✳ ✇ ♥✐♠ ③❛✇❛rt❡ t♦ ❞③✐❡❧✐ s✐➛ s✇♦✐♠✐ ③❛s♦✲
❜❛♠✐ ③ ♠♦❞✉➟❛♠✐ ▼✐ ✭✐❂✶✱✷✱ ✳✳✳✮ ❛ ❦❛➺❞② ③❛só❜ ③❛❞❡❦❧❛r♦✇❛♥②
✇ ♠♦❞✉❧❡ ▼✐ ❥❡st ❥❡❣♦ ③❛s♦❜❡♠ ♣r②✇❛t♥②♠✱ ♥✐❡❞♦st➛♣♥②♠ ③
③❡✇♥→tr③ t❡❣♦ ♠♦❞✉➟✉✳
❆ ✇➟❛➧❝✐✇✐❡ ♣♦✇✐♥♥✐♥✐➧♠② ♠ó✇✐➣✿ ♣♦♣r❛✇♥② ♣r♦❣r❛♠ ❥❡st ❣r❛✲
❢❡♠ ♠♦❞✉➟ó✇ ✇ r❡❧❛❝❥❛♠✐

P = 〈M ;decl, inh, call〉

❉③✐❡❞③✐❝③❡♥✐❡ ❦❧❛s ③✇❛♥❡ t❡➺ r♦③s③❡r③❛♥✐❡♠ ✭❛♥❣✳❡①t❡♥❞✐♥❣✮
❥❡st ♥❛r③➛❞③✐❡♠ ♣♦t➛➺♥②♠✱ s➟❛❜♦ r♦③✉♠✐❛♥②♠ ✐ r③❛❞❦♦ ✇ ♣❡➟♥✐
✇②❦♦r③②st②✇❛♥②♠✳ ❉❡❦❧❛r❛❝❥❛ ❦❧❛s② ✇♣r♦✇❛❞③❛ ♥♦✇② t②♣ ❞❛✲
♥②❝❤✱ ❥❡st ❥❡❣♦ ❞❡✜♥✐❝❥→✳

✶✳ ❘❡❣✉➟❛ ❦♦♥❦❛t❡♥❛❝❥✐

❉③✐❡❞③✐❝③❡♥✐❡ ❝③②❧✐ r♦③s③❡r③❛♥✐❡ ❞❡✜♥✐❝❥✐ ❦❧❛s② ♣♦③✇❛❧❛ t✇♦✲
r③②➣ ❤✐❡r❛r❝❤✐❡ t②♣ó✇✳ ❉✇✐❡ ❞❡❦❧❛r❛❝❥❡ ❦❧❛s

unit A : class(❛r❣sA); DA begin IA end A

♦r❛③
unit B : class(❛r❣sB); DB begin IB end B

♠♦❣→ ③♥❛❧❡➵➣ s✐➛ ✇ r❡❧❛❝❥✐ ❞③✐❡❞③✐❝③❡♥✐❛✱ ✇ t❛❦✐ ♦t♦ s♣♦só❜

unit B : A class
︸ ︷︷ ︸

klasa B rozszerza A

(❛r❣sB); DB begin IB end B

❲ t❛❦✐❡❥ s②t✉❛❝❥✐ ♠ó✇✐♠②✱ ➺❡ ❦❧❛s❛ B ❞③✐❡❞③✐❝③② ③ ❦❧❛s② A ❧✉❜
❦❧❛s❛ B r♦③s③❡r③❛ ❦❧❛s➛ A✳ ❲ ♥❛❥✇✐➛❦s③②♠ s❦ró❝✐❡ ✐ ③ ✇✐❡❧♦♠❛

✷✺✼



③❛str③❡➺❡♥✐❛♠✐✱ ♥❛❧❡➺② r♦③✉♠✐❡➣✱ ➺❡ ❦❧❛s❛ B ❥❡st ❢❛❦t②❝③♥✐❡ ③❛✲
❞❡❦❧❛r♦✇❛♥❛ ✇ t❛❦✐ s♣♦só❜

unit B : class(❛r❣sA,❛r❣sB); DA; DB begin IA; IB end B

▼ó✇✐♠②✱ ➺❡ r❡❧❛❝❥❛ r♦③s③❡r③❛♥✐❛ ❦❧❛s ❥❡st ♦♣✐s❛♥❛ ♣r③❡③ r❡❣✉➟➛
❦♦♥❦❛t❡♥❛❝❥✐ ❦❧❛s✳ ❉❡❦❧❛r❛❝❥❛ ❦❧❛s② B ❥❡st ✇②♥✐❦✐❡♠ ❦♦♥❦❛t❡✲
♥❛❝❥✐ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s② A ✐ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s② B✳ Pr③②♣♦♠✐♥❛♠②✱
♣♦❞❛♥❛ ♣♦✇②➺❡❥ ✇❡rs❥❛ r❡❣✉➟② ❦♦♥❦❛t❡♥❛❝❥✐ ❦❧❛s ❥❡st ③♥❛❝③♥✐❡
✉♣r♦s③❝③♦♥❛ ✇ st♦s✉♥❦✉ ❞♦ ❥❡❥ ♣❡➟♥❡❥ ✇❡rs❥✐✳ ■♥❤❡r✐t❛♥❝❡ ✐s ❛
❝♦♠♣❧❡♠❡♥t❛r② ✇❛② ♦❢ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦❞✉❧❡s✳ ❲❤❡♥ ♥❡st✐♥❣
❛ss✉r❡s s❤❛r✐♥❣✱ t❤❡ ✐♥❤❡r✐t❛♥❝❡ ✐s t♦ ❛ss✉r❡ t❤❛t ❛♥ ♦❜❥❡❝t ✭♦r
❛❝t✐✈❛t✐♦♥ r❡❝♦r❞ ♦❢ ✳✳✳✮ ✇✐❧❧ ❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♣r✐✈❛t❡ ❝♦♣②
♦❢ t❤❡ r❡s♦✉r❝❡s ❞❡✜♥❡❞ ✐♥ ❛♥ ✐♥❤❡r✐t❡❞ ♠♦❞✉❧❡✳ ❚✇♦ ❛r❡ ♥❡✲
❡❞❡❞ t♦ ❞❛♥❝❡ t❤❡ ✇❛❧t③✳ ❙✐♠✐❧❛r❧②✱ t✇♦ ♠♦❞✉❧❡s ❛r❡ ♥❡❡❞❡❞
❢♦r t❤❡ ✐♥❤❡r✐t❛♥❝❡ ♦♣❡r❛t✐♦♥ ♦♥ ♠♦❞✉❧❡s✿ ♦♥❡ ♠♦❞✉❧❡✱ s❛② ❆✒
✇❤✐❝❤ ✐s ✐♥❤❡r✐t❡❞✳ ❆♥❞ ❛♥♦t❤❡r ♠♦❞✉❧❡✱ s❛② ❇✱ ✇❤✐❝❤ ✐♥❤❡r✐ts✳
❖♥❡ ❝❛♥ s❛② ❛❧s♦ t❤❛t ♠♦❞✉❧❡ ❇ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠♦❞✉❧❡
❆

❙✉❜t②♣❡s✳ ❚❤✐s ♥♦t✐♦♥ ♦❢ ✐♥❤❡r✐t❛♥❝❡ ♣❡r♠✐ts t♦ t❛❧❦ ♦❢ s✉❜✲
t②♣❡s ♦❢ ❛ t②♣❡✳

✶✳✶✳ ❘❡❣✉➟❛ ❦♦♥❦❛t❡♥❛❝❥✐✱ ♦❞s➟♦♥❛ ✶✳ ❖❜❥❛➧♥✐❡♥✐❡ r❡❣✉➟② ❦♦♥✲
❦❛t❡♥❛❝❥✐ ③❛❝③♥✐❡♠② ♦❞ ♣r③②❥r③❡♥✐❛ s✐➛ ♣r③②❦➟❛❞♦✇✐✳

Pr③②❦➟❛❞ ✶✹✳✶✳ ❘♦③✇❛➺♠② ♣r③②❦➟❛❞ ❦❧❛s② r❛❝❤✉♥❡❦ ✐ ró➺♥❡
♦❞♠✐❛♥② t❡❥ ❦❧❛s②✳ ❑❛➺❞② r❛❝❤✉♥❡❦ ③❛✇✐❡r❛ ✐♥❢♦r♠❛❝❥❡ ♦ s✉♠✐❡
❞♦ ③❛♣➟❛❝❡♥✐❛✱ ❞❛t➛ ✇②st❛✇✐❡♥✐❛ r❛❝❤✉♥❦✉✱ ♥♦t❦➛ ✐♥❢♦r♠✉❥→❝→
❝③② ♦♣➟❛t❛ ❥✉➺ ③♦st❛➟❛ ✇♥✐❡s✐♦♥❛✱ ❝③② ♥✐❡ ♦r❛③ ✐♥♥❡ ✐♥❢♦r♠❛❝❥❡
s♣❡❝②✜❝③♥❡ ❞❧❛ r♦❞③❛❥✉ ➧✇✐❛❞❝③♦♥❡❥ ✉s➟✉❣✐✳
Pr③②❣❧→❞❛❥→❝ s✐➛ r❛❝❤✉♥❦♦♠ ③❛ ❡♥❡r❣✐➛ ❡❧❡❦tr②❝③♥→✱ ③❛ ❣❛③ ✐
r❛❝❤✉♥❦♦♠ t❡❧❡❢♦♥✐❝③♥②♠ ❞♦str③❡❣❛♠② ♦❞ r❛③✉✱ ➺❡ t❡ tr③② r♦✲
❞③❛❥❡ r❛❝❤✉♥❦ó✇ ♠❛❥→ ❝③➛➧➣ ✇s♣ó❧♥→✳ ▼♦➺❡♠② st✇♦r③②➣ ❦❧❛s➛
r❛❝❤✉♥❡❦

✉♥✐t r❛❝❤✉♥❡❦✿ ❝❧❛ss✭❦t♦✿ ❖s♦❜❛✱ ❞③✐❡♥✿ ❞❛t❡✮❀
✈❛r ❦✇♦t❛✿ ✐♥t❡❣❡r✱ ♣❛✐❞✿ ❇♦♦❧❡❛♥❀
❡♥❞ r❛❝❤✉♥❡❦❀

❖❜✐❡❦t② t❡❥ ❦❧❛s② ♠❛❥→ ♥❛st❡♣✉❥→❝→ str✉❦t✉r❡✳

P♦❧❡ ❚②♣
❦t♦ ❖s♦❜❛
❞❛② ❞❛t❡
❦✇♦t❛ ✐♥t❡❣❡r
♣❛✐❞ ❇♦♦❧❡❛♥

❆❧❡ ♥✐❡ ③❛♠✐❡r③❛♠② t✇♦r③②➣ t②❝❤ ♦❜✐❡❦tó✇✳ ❑❧❛s❛ r❛❝❤✉♥❡❦ ❥❡st
♣♦❝③→t❦✐❡♠ ❤✐❡r❛r❝❤✐✐ ❦❧❛s ♣♦❝❤♦❞③❛❝②❝❤ ♦❞ ❦❧❛s② r❛❝❤✉♥❡❦✳
◆❛s③②♠ ③❛♠✐❛r❡♠ ❥❡st ✉t✇♦r③②➣ tr③② ❦❧❛s②

✷✺✽



✉♥✐t r❛❝❤✉♥❡❦❩❛❊♥❡r❣✐❡✿ r❛❝❤✉♥❡❦ ❝❧❛ss✭❦❲❤✿ ✐♥t❡❣❡r✮❀
❜❡❣✐♥

❦✇♦t❛ ✿❂ ❦❲❤ ✯ ❝❡♥❛❴❦❲❤
✭✯ ③❛✉✇❛➺ ❝❡♥❛❴❦❲❤ ❥❡st ✇✐❡❧❦♦➧❝✐→ ♥✐❡❧♦❦❛❧♥→ ✯✮
❡♥❞ r❛❝❤✉♥❡❦❩❛❊♥❡r❣✐❡❀

✉♥✐t r❛❝❤✉♥❡❦❩❛●❛③✿ r❛❝❤✉♥❡❦ ❝❧❛ss✭♠✸✿ ✐♥t❡❣❡r✮❀
❜❡❣✐♥

❦✇♦t❛ ✿❂ ♠✸ ✯ ❝❡♥❛❴♠✸
✭✯ ③❛✉✇❛➺ ❝❡♥❛❴♠✸ ❥❡st ✇✐❡❧❦♦➧❝✐→ ♥✐❡❧♦❦❛❧♥→ ✯✮
❡♥❞ r❛❝❤✉♥❡❦❩❛●❛③❀

✉♥✐t r❛❝❤✉♥❡❦❩❛❚❡❧❡❢♦♥✿ r❛❝❤✉♥❡❦ ❝❧❛ss✭✐♠♣✉❧s②✱ ✐♥♥❡✿ ✐♥t❡❣❡r✮❀
❜❡❣✐♥

❦✇♦t❛ ✿❂ ✐♠♣✉❧s② ✯ ❝❡♥❛❴✐♠♣✉❧s✉✰ ✐♥♥❡
✭✯ ③❛✉✇❛➺ ❝❡♥❛❴✐♠♣✉❧s✉ ❥❡st ✇✐❡❧❦♦➧❝✐→ ♥✐❡❧♦❦❛❧♥→ ✯✮
❡♥❞ r❛❝❤✉♥❡❦❩❛❚❡❧❡❢♦❀

❖❜✐❡❦t② ❦❧❛s ❘❛❝❤✉♥❡❦❩❛❊♥❡r❣✐❡✱ ❘❛❝❤✉♥❡❦❩❛●❛③ ✐ ❘❛❝❤✉✲
♥❡❦❩❛❚❡❧❡❢♦♥ ❜➛❞→ ♠✐❡➣ ♥❛st➛♣✉❥→❝❡ str✉❦t✉r②

P♦❧❡ ❚②♣
❦t♦ ❖s♦❜❛
❞③✐❡♥ ❞❛t❡
❦✇♦t❛ ✐♥t❡❣❡r
♣❛✐❞ ❇♦♦❧❡❛♥
❦❲❤ ✐♥t❡❣❡r
r❛❝❤✉♥❡❦ ③❛ ❡♥❡r❣✐➛

P♦❧❡ ❚②♣
❦t♦ ❖s♦❜❛
❞③✐❡♥ ❞❛t❡
❦✇♦t❛ ✐♥t❡❣❡r
♣❛✐❞ ❇♦♦❧❡❛♥
♠✸ ✐♥t❡❣❡r
r❛❝❤✉♥❡❦ ③❛ ❣❛③

P♦❧❡ ❚②♣
❦t♦ ❖s♦❜❛
❞③✐❡♥ ❞❛t❡
❦✇♦t❛ ✐♥t❡❣❡r
♣❛✐❞ ❇♦♦❧❡❛♥
✐♠♣✉❧s② ✐♥t❡❣❡r
✐♥♥❡ ✐♥t❡❣❡r
r❛❝❤✉♥❡❦ ③❛ t❡❧❡❢♦♥

❲ ♦❜✐❡❦t❛❝❤ t②❝❤ ✇✐❞③✐♠② ❞✇✐❡ ✇❛rst✇②✿

• ❝③t❡r② ♣♦❧❛✿ ❦t♦✱❞❛②✱❦✇♦t❛✱ ♣❛✐❞ t♦ ✇❛rst✇❛ ❦❧❛s② r❛❝❤✉♥❡❦✱
• ❦♦❧❡❥♥❡ ♣♦❧❛ s→ ✇②③♥❛❝③♦♥❡✱ ♦❞♣♦✇✐❡❞♥✐♦✱ ♣r③❡③ ❞❡❦❧❛✲
r❛❝❥➛ ♣♦❞❦❧❛s②✳

❲②❦♦r③②st✉❥→❝ ♣♦✇②➺s③② ♣r③②❦➟❛❞ ❢♦r♠✉➟✉❥❡♠② ♥❛st➛♣✉❥→❝→
r❡❣✉➟➛ ❦♦♥❦❛t❡♥❛❝❥✐✳ ❩❛➟ó➺♠②✱ ➺❡ ❞❛♥❡ s→ ❞✇✐❡ ❦❧❛s② ❆ ✐ ❇

✷✺✾



✉♥✐t ❆✿ ❝❧❛ss✭♣❢A✮❀
❁❞❡❦❧❛r❛❝❥❡A❃

❜❡❣✐♥
❁✐♥str✉❦❝❥❡A❃

❡♥❞ ❆

✉♥✐t ❇✿ ❝❧❛ss✭♣❢B✮❀
❁❞❡❦❧❛r❛❝❥❡B❃

❜❡❣✐♥
❁✐♥str✉❦❝❥❡B❃

❡♥❞ ❇
❥❡➧❧✐ ♥❛③✇❛ ❆ ♣♦❥❛✇✐ s✐➛ ♣r③❡❞ s➟♦✇❡♠ ❝❧❛ss ✇ ❇✱
t♦ ❦❧❛s❛ ❇ ❞③✐❡❞③✐❝③② ③ ❦❧❛s② ❆✿ ♣❛r❛♠❡tr② ❢♦r♠❛❧♥❡✱
❞❡❦❧❛r❛❝❥❡ ❧♦❦❛❧♥❡ ✐ ✐♥str✉❦❝❥❡ ✐♥✐❝❥❛❧✐③✉❥→❝❡✳

✉♥✐t ❇✿ ❆ ❝❧❛ss✭♣❢B✮❀
❁❞❡❦❧❛r❛❝❥❡B❃

❜❡❣✐♥
❁✐♥str✉❦❝❥❡B❃

❡♥❞ ❇

✉♥✐t ❇✿ ❆ ❝❧❛ss✭♣❢A✱ ♣❢B✮❀
❁❞❡❦❧❛r❛❝❥❡A❃❀
❁❞❡❦❧❛r❛❝❥❡B❃

❜❡❣✐♥
❁✐♥str✉❦❝❥❡A❃❀
❁✐♥str✉❦❝❥❡B❃

❡♥❞ ❇
P♦✇②➺s③❛ t❛❜❡❧❦❛ ♣r❡③❡♥t✉❥❡ ❥❡❞❡♥ ③ ♣r♦sts③②❝❤ ♣r③②♣❛❞❦ó✇
❞③✐❡❞③✐❝③❡♥✐❛✳ ▼♦➺♥❛ ♣♦✇✐❡❞③✐❡➣✱ ➺❡ ❞③✐❡❞③✐❝③❡♥✐❡ ♣♦③✇❛❧❛ ♥❛
✇②❝✐→❣♥✐➛❝✐❡ ✇s♣ó❧♥❡❥ ❝③➛➧❝✐ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s ❆ ♦r❛③ ❇ ✧♣r③❡❞
♥❛✇✐❛s✧✳ ❲ ♣r③②❦➟❛❞③✐❡ ③ ❦❧❛s❛♠✐ ♣r❡③❡♥t✉❥→❝②♠✐ r♦③♠❛✐t❡ r❛✲
❝❤✉♥❦✐ ✇✐❞❛➣ t♦ ✇②r❛➵♥✐❡✳
❘❡❣✉➟❛ ❦♦♥❦❛t❡♥❛❝❥✐ ❥❡st ❥❡❞♥❛❦ ❜❛r❞③✐❡❥ s❦♦♠♣❧✐❦♦✇❛♥❛ ✐ st✇❛✲
r③❛ ✇✐➛❝❡❥ ♠♦③❧✐✇♦➧❝✐✳

✶✳✷✳ ❈♦ ✇✐❛❞♦♠♦ ♦ ✇❛rt♦➧❝✐ ③♠✐❡♥♥❡❥ ①❄ ❏❡➧❧✐ ❦❧❛s❛ ❇ ❞③✐❡✲
❞③✐❝③② ③ ❦❧❛s② ❆ t♦ ♠ó✇✐♠② t❛❦➺❡✿ ❦❧❛s❛ ❇ ❥❡st ♣♦❞❦❧❛s→ ❦❧❛s②
❆✳

B inhA.

❘❡❧❛❝❥❛ ❜②❝✐❛ ♣♦❞❦❧❛s→ ❥❡st ♣r③❡❝❤♦❞♥✐❛ t③♥✳ ❥❡➧❧✐ ❦❧❛s❛ ❈ ❥❡st
♣♦❞❦❧❛s→ ❦❧❛s② ❇ ✐ ❦❧❛s❛ ❇ ❥❡st ♣♦❞❦❧❛s→ ❦❧❛s② ❆ t♦ ❦❧❛s❛ ❈ ❥❡st
♣♦❞❦❧❛s→ ❦❧❛s② ❆✳
❲ t❡♥ s♣♦só❜ ♠♦➺❡♠② t✇♦r③②➣ ❤✐❡r❛r❝❤✐❡ ❦❧❛s✳ ❍✐❡r❛r❝❤✐❛ ♣♦❞✲
❦❧❛s ❞❛♥❡❥ ❦❧❛s② t✇♦r③② ❞r③❡✇♦✳ ❘❡❧❛❝❥❛ ✐♥❤ ❥❡st st❛t②❝③♥❛✱ t❥✳
♥✐❡ ③♠✐❡♥✐❛ s✐➛ ♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉✶✳ P♦❞♦❜♥✐❡ ❥❛❦
r❡❧❛❝❥❛ ❞❡❝❧ ③❛✇✐❡r❛♥✐❛ ❥❡❞♥❡❣♦ ♠♦❞✉➟✉ ♣r♦❣r❛♠✉✇ ✐♥♥②♠✳

❏❡➧❧✐✱ ✇ ❞❛♥②♠ ♠✐❡❥s❝✉ ♣r♦❣r❛♠✉ ♦❜♦✇✐→③✉❥❡ ❞❡❦❧❛r❛❝❥❛
✈❛r ①✿ ❚❀ ✕ ❣❞③✐❡ ❚ ❥❡st ♥❛③✇→ ❦❧❛s②✳

t♦ ♠ó✇✐♠②✱ ➺❡ t②♣❡♠ ✭t❡❣♦ ✇②st→♣✐❡♥✐❛ ✮ ③♠✐❡♥♥❡❥ x ❥❡st T ✳
❏❡st ♥✐❡③♠✐❡♥♥✐❦✐❡♠ ✭❝③②❧✐ ❛❦s❥♦♠❛t❡♠✮ ❥➛③②❦❛ ♣r♦❣r❛♠♦✇❛♥✐❛
♦❜✐❡❦t♦✇❡❣♦✱ ➺❡ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ ① ♠♦➺❡ ❜②➣ t②❧❦♦ ♦❜✐❡❦t ❥❛✲
❦✐❡❥➧ ♣♦❞❦❧❛s② ❯ ❦❧❛s② ❚ ❧✉❜ ♦❜✐❡❦t ♣✉st② ✭s♣❡❝❥❛❧♥❛ ✇❛rt♦➧➣✮
♥♦♥❡ ✷✳
❲ ▲♦❣❧❛♥✐❡ ✐ ❙✐♠✉❧✐✻✼ ✇②st➛♣✉❥→ ❞✇❛ ♣r❡❞②❦❛t② ❞✇✉❛r❣✉♠❡♥✲
t♦✇❡ ✐s ♦r❛③ ✐♥✳ ◆✐❡❝❤ T ❜➛❞③✐❡ ♥❛③✇→ ♣❡✇♥❡❥ ❦❧❛s② ✭❝③②❧✐ t②♣✉

✶❲ ❥➛③②❦✉ ❏❛✈❛ s➟♦✇♦ ❡①t❡♥❞s ♦♣✐s✉❥❡ t➛ r❡❧❛❝❥➛✳
✷❲ ✇✐❡❧✉ ❥➛③②❦❛❝❤ ✇ t❡❥ r♦❧✐ ✇②st➛♣✉❥❡ ♥❛♣✐s ♥✉❧❧

✷✻✵



P♦❧❡ ❚②♣
❦t♦ ❖s♦❜❛
❞③✐❡♥ ❞❛t❡
❦✇♦t❛ ✐♥t❡❣❡r
♣❛✐❞ ❇♦♦❧❡❛♥

♠✸ ✐♥t❡❣❡r
r❛❝❤✉♥❡❦ ③❛ ❣❛③

r s

❘②s✉♥❡❦ ✶✳ ③♠✐❡♥♥❛ r ✇s❦❛③✉❥❡ ✇❛rst✇➛ ❘❛❝❤✉✲
♥❡❦✱ ③♠✐❡♥♥❛ s ♦❜✐❡ ✇❛rst✇②

♦♣✐s❛♥❡❣♦ ♣r③❡③ ❦❧❛s➛ T ✳ ◆✐❡❝❤ ω ❜➛❞③✐❡ ✇②r❛➺❡♥✐❡♠ ♦❜✐❡❦t♦✲
✇②♠✱ ♥♣ ③♠✐❡♥♥→✱ ✇②r❛③❡♥✐❡♠ ❣❡♥❡r✉❥→❝②♠ ♦❜✐❡❦t ❧✉❜ ♥❛③❡✇✲
♥✐❦✐❡♠ ❢✉♥❦❝②❥♥②♠ ♣❡✇♥❡❥ ❢✉♥❦❝❥✐ f ③✇r❛❝❛❥→❝❡❥ ♦❜✐❡❦t ❥❛❦♦
✇②♥✐❦✳ ◆❛♣✐s② ♣♦st❛❝✐ (ωisT ) ♦r❛③ (ωinT ) s→ ❡❧❡♠❡♥t❛r♥②♠✐ ✇②✲
r❛➺❡♥✐❛♠✐ ❜♦❧♦♦✇s❦✐♠✐
◆✐❡❝❤ v ❜➛❞③✐❡ st❛♥❡♠ ♣❛♠✐➛❝✐✳ ❲❛rt♦➧❝✐→ ✇②r❛③❡♥✐❛ ❜♦♦❧♦✇✲
s❦✐❡❣♦ (ωisT ) ✇ st❛♥✐❡ v ❥❡st tr✉❡ ❣❞② ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ω ✇
st②♠ st❛♥✐❡ v ❥❡st ♦❜✐❡❦t❡♠ t②♣✉ T ✱ ✇ ♣♦③♦st❛➟②❝❤ ♣r③②♣❛❞❦❛❝❤
✇❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛ (ωisT ) ❥❡st ❢❛❧s❡✳ ❘❡❧❛❝❥❛ ✐s ③❛❝❤♦❞③✐ ♣♦♠✐➛✲
❞③② ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ x ✐ ♥❛③✇→ T ❦❧❛s② ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②
❣❞② ♦❜✐❡❦t ✕ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ x ❥❡st ♦❜✐❡❦t❡♠ t②♣✉ T ✐ ♥✐❡ ❥❡st
♦❜✐❡❦t❡♠ ❥❛❦✐❡❣♦❦♦❧✇✐❡❦ ♣♦❞t②♣✉ t②♣✉ T ✳
❘❡❧❛❝❥❛ ✐♥ ③❛❝❤♦❞③✐ ♣♦♠✐➛❞③② ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ x ✐ ♥❛③✇→ T
❦❧❛s② ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞② ❣❞② ♦❜✐❡❦t ✕ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ x ❥❡st
♦❜✐❡❦t❡♠ t②♣✉ T ❧✉❜ ❥❡st ♦❜✐❡❦t❡♠ ❥❛❦✐❡❣♦❦♦❧✇✐❡❦ ♣♦❞t②♣✉ U
t②♣✉ T ✳
❆❦s❥♦♠❛t② t②❝❤ r❡❧❛❝❥✐ s→ ♥❛st➛♣✉❥→❝❡

Axis

(
(new T (args)) isT

)

Axin′

(
(x isT )⇒ (x inT )

)

Axin

(
(x inT ) ∧ (T inhU)⇒ (x inU)

)

❙t♦s✉❥→❝ ❛❦s❥♦♠❛t ✐♥str✉❦❝❥✐ ♣r③②♣✐s❛♥✐❛ ♦tr③②♠✉❥❡♠② ♥❛st➛♣✉✲
❥→❝② ❢❛❦t

(
(x isT ) ∧ (type(y) = U) ∧ (T inh∗ U)⇒ {y := x}(y isT )

)

❲②♥✐❦❛ st→❞✱ ➺❡ ❛❦t✉❛❧♥②♠ t②♣❡♠ ③♠✐❡♥♥❡❥ ✳✳✳
Pr③②❦➟❛❞✳ ❉❛♥❡ s→ ③♠✐❡♥♥❡ r✿ ❘❛❝❤✉♥❡❦ ✐ s✿ ❘❛❝❤✉♥❡❦❩❛●❛③✳
❲s♣ó❧♥→ ✇❛rt♦➧❝✐❛ t②❝❤ ③♠✐❡♥♥②❝❤ ♠♦➺❡ ❜②➣ ✇ ♣❡✇♥②♠ ♠♦✲
♠❡♥❝✐❡ ♦❜✐❡❦t t②♣✉ ❘❛❝❤✉♥❡❦❩❛●❛③✳ ❲②r❛➺❡♥✐❡ s✳♠✸ ❥❡st ♣♦✲
♣r❛✇♥❡✱ ❛ ✇②r❛③❡♥✐❡ r✳♠✸ ♥✐❡ ❥❡st ♣♦♣r❛✇♥❡ ✐ ❦♦♠♣✐❧❛t♦r ③❣➟♦s✐
❜➟→❞✳

✷✻✶



t✉ ❘②s✉♥❡❦ ✦
❩♠✐❛♥❛ ❦✇❛❧✐✜❦❛❝❥✐ ✲ ③♠✐❛♥❛ t②♣✉ ❛❦t✉❛❧♥❡❣♦ ✇②r❛➺❡♥✐❛ ♦❜✐❡❦✲
t♦✇❡❣♦ q✉❛
❏❡➧❧✐ ③♠✐❡♥♥❛ x ❥❡st t②♣✉ U ✐ U inhT

✶✳✸✳ ❏❛❦✐❡ ❞③✐❛➟❛♥✐❛ ✉❞♦st➛♣♥✐❛ ♦❜✐❡❦t ①❄ P♦❞♦❜♥✐❡ ❥❛❦ ✇
♣r③②♣❛❞❦✉ ♦❜✐❡❦tó✇ t❛❜❧✐❝♦✇②❝❤ ♠♦➺♥❛ ♦❜✐❡❦t♦✇✐ ✇s❦❛③②✇❛✲
♥❡♠✉ ♣r③❡③ ③♠✐❡♥♥→ x ♥❛❞❛➣ ❞♦❞❛t❦♦✇→ ♥❛③✇➛ y✳ ◆❛❧❡➺② ✇
t②♠ ❝❡❧✉ ✇②❦♦♥❛➣ ✐♥str✉❦❝❥➛ ♣r③②♣✐s❛♥✐❛

y := x

❯✇❛❣❛✦ ❚②♣ ③♠✐❡♥♥❡❥ ② ♠✉s✐ ❜②➣ ③❣♦❞♥② ③ t②♣❡♠ ③♠✐❡♥✲
♥❡❥ x ✐ ♦❜✐❡❦t✉ o ✇s❦❛③②✇❛♥❡❣♦ ♣r③❡③ ③♠✐❡♥♥❛ x✳ ❲ ♥❛❥✲
♣r♦sts③②♠ ♣r③②♣❛❞❦✉ ✇②st❛r❝③② ❜② t②♣❡ t❡ ❜②➟② ró✇♥❡✳

P♦❧❛ ♦❜✐❡❦t✉ x♠♦❣→ ❜②➣ ♦❞❝③②t②✇❛♥❡ ③ ③❡✇♥→tr③✳ ◆♣✳ ①✳❦✇♦t❛✳
❏❡st t♦ ✇②r❛➺❡♥✐❡ ❝❛➟❦♦✇✐t♦✲❧✐❝③❜♦✇❡✳ P♦❧❡ ♦❜✐❡❦t✉ x ♠♦➺❡
♦tr③②♠❛➣ ♥♦✇→ ✇❛rt♦➧➣

x.kwota := ω

▼❡t♦❞② ♦❜✐❡❦t✉ x ♠♦❣→ ❜②➣ ✇②❦♦♥②✇❛♥❡ ③❞❛❧♥✐❡✱ ❥❡➧❧✐ ❦❧❛s❛
T ③❛✇✐❡r❛ ❧♦❦❛❧♥→ ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦❝❥✐ f t♦ ✇②r❛➺❡♥✐❡ x.f(...) s♣♦✲
✇♦❞✉❥❡ ♦❜❧✐❝③❡♥✐❡ ❆♥ ♦❜❥❡❝t ✐s ♦✛❡r✐♥❣ ✐ts r❡s♦✉r❝❡s✳ ❲❤✐❝❤
♦♥❡s❄

✶✳✹✳ ❘❡❣✉➟❛ ❦♦♥❦❛t❡♥❛❝❥✐✱ ♦❞s➟♦♥❛ ✷ ✭✐♥♥❡r✮✳

Pr③②❦➟❛❞ ✶✹✳✷✳ ✭❝✳❞✳✮ ❈♦ s✐➛ st❛♥✐❡ ❣❞② ❞♦❞❛♠② ✐♥str✉❦❝❥❡
❞r✉❦♦✇❛♥✐❛ r❛❝❤✉♥❦✉❄ ▼♦➺♥❛ t♦ ③r♦❜✐➣ ✇ ❦❧❛s✐❡ r❛❝❤✉♥❡❦ ✐ ✇
❦❧❛s❛❝❤ ❞③✐❡❞③✐❝③→❝②❝❤ ③ t❡❥ ❦❧❛s②✳
✉♥✐t r❛❝❤✉♥❡❦✿ ❝❧❛ss✭✇❤♦✿ ♣❡rs♦♥✱ ❞③✐❡♥✿ ❞❛t❡✮❀
✈❛r ❦✇♦t❛✿ ✐♥t❡❣❡r✱ ♣❛✐❞✿ ❇♦♦❧❡❛♥❀

❜❡❣✐♥

✇r✐t❡❧♥✭✏r❛❝❤✉♥❡❦ ③ ❞♥✐❛✿ ✑✱ ❞❛②✮❀
✇r✐t❡❧♥✭✏ ❞❧❛ P✳ ✑✱ ✇❤♦✮❀
✐♥♥❡r❀ ✭✯ t❛ ♣s❡✉❞♦ ✐♥str✉❦❝❥❛ ♦❞❞③✐❡❧❛ ♣r♦❧♦❣ ♦❞ ❡♣✐❧♦❣✉✳ ✯✮
✇r✐t❧❡♥✭✏❦✇♦t❛ ❞♦ ③❛♣➟❛t②✿ ✑✱ ❦✇♦t❛✮

❡♥❞ r❛❝❤✉♥❡❦❀

❚❡r❛③ ♠♦➺❡♠② ♣r③②❣♦t♦✇❛➣ r❛❝❤✉♥❦✐ ③❛ ♣r→❞

✉♥✐t ❘❛❝❤✉♥❡❦❩❛Pr❛❞✿ r❛❝❤✉♥❡❦ ❝❧❛ss✭❦❲❤✿ ✐♥t❡❣❡r✮❀
❜❡❣✐♥

❦✇♦t❛ ✿❂ ❦❲❤ ✯ ♣r✐❝❡❴❦❲❤❀
✇r✐t❡❧♥✭✏③✉➺②t♦ ❦❲❤✧✱ ❦❲❤✱ ✧✇ ❝❡♥✐❡✿✑✱ ♣r✐❝❡❴❦❲❤✮❀

❡♥❞ ❘❛❝❤✉♥❡❦❩❛Pr❛❞❀

Ps❡✉❞♦✐♥str✉❦❝❥❛ ✐♥♥❡r ✇ ❦❧❛s✐❡ ❜❛③♦✇❡❥ r❛❝❤✉♥❡❦ ③♦st❛❥❡
③❛st→♣✐♦♥❛ ✐♥str✉❦❝❥❛♠✐ ❦❧❛s② ❞③✐❡❞③✐❝③→❝❡❥ r❛❝❤✉♥❡❩❛❊♥❡r❣✐❡
✐ ✇ t❡♥ s♣♦só❜ ♦s✐→❣❛♠② s♣ó❥♥→ ♣♦st❛➣ r❛❝❤✉♥❦✉ ③❛ ♣r→❞✳

✷✻✷



✉♥✐t ❆✿ ❝❧❛ss✭♣❢❆✮❀
❞❡❝❧❆

❜❡❣✐♥ ❀
■❀
✐♥♥❡r❀ ✭✯ ❛ s❧♦t t♦ ♣✉t ✐♥str✉❝t✐♦♥s✯✮
❏

❡♥❞ ❆

✉♥✐t ❇✿ ❝❧❛ss✭♣❢❇✮❀
❞❡❝❧❇❀

❜❡❣✐♥

❑
❡♥❞ ❇

✐❢ ②♦✉ ♣r❡✜① t❤❡ ✇♦r❞ ❝❧❛ss ✐♥ t❤❡ ❞❡❝❧❛r❛t✐♦♥ ♦❢ ❇ ❜② ♥❛♠❡ ❆
✉♥✐t ❇✿ ❆ ❝❧❛ss✭♣❢❇✮❀
❜❡❣✐♥

❑ ❡♥❞ ❇
t❤❡♥ ❝❧❛ss ❇ ✐s ❝♦♥❝❛t❡♥❛t❡❞ t♦ ❝❧❛ss ❆

✉♥✐t ❇✿ ❝❧❛ss✭♣❢❆✱ ♣❢❇✮❀
❞❡❝❧❆❀ ❞❡❝❧❇

❜❡❣✐♥

■❀
❑❀
❏

❡♥❞ ❇

Ps❡✉❞♦✐♥str✉❦❝❥❛ ✐♥♥❡r ♠♦➺❡ ❜②➣ ♣♦❥♠♦✇❛♥❛ ❥❛❦♦ r❛♠❦❛ ✇ ❦tó✲
r❡❥ ♠♦➺♥❛ ✉♠✐❡s③❝③❛➣ ✐♥str✉❦❝❥❡ ❦❧❛s ❞③✐❡❞③✐❝③→❝②❝❤ ③ ❞❛♥❡❥
❦❧❛s②✳

❯✇❛❣❛ ✶✳ ❚❛ ♣s❡✉❞♦ ✐♥str✉❦❝❥❛ ♠♦③❡ ③❛st❛♣✐➣ ❞♦✇♦❧♥→
✐♥str✉❦❝❥➛ ❛t♦♠♦✇❛ ✇ ❦❧❛s✐❡ ❜❛③♦✇❡❥✳ ◆✐❡ ♠✉s✐ ♦♥❛ ✱
t❛❦ ❥❛❦ ✇ ♣r③②❦➟❛❞③✐❡ ❞③✐❡❧✐➣ ✐♥str✉❦❝❥❡ ❦❧❛s② ❜❛③♦✇❡❥ ♥❛
♣r♦❧♦❣ ✐ ❡♣✐❧♦❣✳ ▼♦➺❡s③ ❥→ ✉♠✐❡➧❝✐➣ ✇❡✇♥→tr③ ✐♥str✉❦❝❥✐
✇❛r✉♥❦♦✇❡❥ ❧✉❜ ✇❡✇♥→tr③ ✐♥str✉❦❝❥✐ ♣♦✇t❛r③❛♥✐❛✳ ❩♦✲
❜❛❝③ ✐♥t❡r❡s✉❥→❝② ♣r③②❦➟❛❞ ③❛st♦s♦✇❛♥✐❛ ✐♥♥❡r ✇ ❛❧❣♦✲
r②t♠✐❡ ❤❡❛♣s♦rt✳
❯✇❛❣❛ ✷✳ ❏❡➧❧✐ ♥✐❡ ♥❛♣✐s③❡s③ t❡❥ ♣s❡✉❞♦✐♥str✉❦❝❥✐ s❛♠✱ t♦
❞♦♠②s❧♥✐❡ ✐♥str✉❦❝❥❛ ✐♥♥❡r ✉♠✐❡s③❝③♦♥❛ ❥❡st ❥❛❦♦ ♦st❛t✲
♥✐❛ ✐♥str✉❦❝❥❛ ❦❧❛s②✳

❏❡s③❝③❡ ❥❡❞♥♦✱ ♣s❡✉❞♦✐♥str✉❦❝❥❛ ✐♥♥❡r ♠♦➺❡ ✇②st→♣✐➣ t②❧❦♦ r❛③
✇ ❦❧❛s✐❡ ❜❛③♦✇❡❥ ✐ ❦❛③❞❡❥ ❦❧❛s✐❡ ♣♦❝❤♦❞♥❡❥ ✭♣♦❞❦❧❛s✐❡✮✳

✶✳✺✳ ❘❡❣✉➟❛ ❦♦♥❦❛t❡♥❛❝❥✐✱ ♦❞s➟♦♥❛ ✸ ✭❲✐❞♦❝③♥♦➧➣ ✐ st❛t②❝③♥❡
❞♦✇✐→③❛♥✐❛✳ P♦♣❛tr③♠② ♥❛ ♥❛st➛♣✉❥→❝② ♣r③②❦➟❛❞
✉♥✐t ❆✿ ❝❧❛ss❀
✈❛r ①✿ ❚✶✱ ③✿ ❚✸
❜❡❣✐♥

■✭①✱③✮❀
✐♥♥❡r❀
❏✭①✮
❡♥❞ ❆❀

✉♥✐t ❇✿ ❆ ❝❧❛ss❀
✈❛r ①✿ ❚✷✱ ②✿ ❚✹
❜❡❣✐♥

❑✭①✱③✱②✮
❡♥❞ ❇

❲ ♦❜❡❝♥♦➧❝✐ ♣♦✇②➺s③②❝❤ ❞❡❦❧❛r❛❝❥✐ ♥❛st➛♣✉❥→❝❡ ♣♦❧❡❝❡♥✐❡
♣✿❂♥❡✇ ❇

③♦st❛♥✐❡ ✇②❦♦♥❛♥❡ t❛❦ ❥❛❦ ❜② ❞❡❦❧❛r❛❝❥❛ ❦❧❛s② ❇ ♠✐❛➟❛ ♣♦st❛➣✿

✷✻✸



✉♥✐t ❇❀
✈❛r ①A✿ ❚✶✱ ③A✿ ❚✸❀ ✈❛r ①B ✿ ❚✷✱ ②B ✿ ❚✹

❜❡❣✐♥

■✭①✴①A✱ ③✴③A✮❀
❑✭①✴①B ✱ ③✴③A✱ ②✴②B✮❀
❏✭①✴①A✮

❡♥❞ ❇

❙tr✉❦t✉r❛ ♦❜✐❡❦t✉ ♣ ❥❡st ✇✐➛❝ t❛❦❛

♣ →

①A✿ ❚✶
③A✿ ❚✸
①B ✿ ❚✷
②B ✿ ❚✹

■✭①✴①A✱ ③✴③A✮❀
❑✭①✴①B ✱ ③✴③A✱ ②✴②B✮❀
❏✭①✴①A✮

◆♦ ❞♦❜r③❡✱ ✉t✇♦r③②❧✐➧♠② ♦❜✐❡❦t o ❦❧❛s② B ✐ ♣r③②♣✐s❛❧✐➧♠② ❣♦
❥❛❦♦ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ ♣✳ ❩♦st❛➟② ✇②❦♦♥❛♥❡ ✐♥str✉❦❝❥❡ ■✭✮❀ ❑✭✮❀
❏✭✮ ✐♥✐❝❥❛❧✐③✉❥→❝❡ ♦❞♣♦✇✐❡❞♥✐♦ ♣♦❧❛ t❡❣♦ ♦❜✐❡❦t✉✳

✶✳✻✳ ❈♦ ✉❞♦st➛♣♥✐❛ ♦❜✐❡❦t ♣❄ P❛♠✐➛t❛♠② ✳✳✳ ❲ t②♠ ❦♦♥✲
❦r❡t♥②♠ ♣r③②♣❛❞❦✉ ✇②r❛➺❡♥✐❡ ♣✳③ ③✇ró❝✐ ✇❛rt♦➧➣ ♣♦❧❛ ③B t②♣✉
❚✸✳ ❆ ❝♦ ❜➛❞③✐❡ ✇❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛ q✳①❄ ▼✉s✐♠② ③♥❛➣ t②♣
③♠✐❡♥♥❡❥ ♣✳ Pr③②♣✉➧➣♠②✱ ➺❡ ③❛❞❡❦❧❛r♦✇❛♥♦ ❞✇✐❡ ③♠✐❡♥♥❡

✈❛r ♣✿❛✱ q✿❇❀
Pr③②♣✉➧➣♠②✱ ➺❡ ✇②❦♦♥❛♥♦ ✐♥str✉❦❝❥❡

q ✿❂ ♥❡✇ ❇❀
♣ ✿❂ q❀

❯✇❛❣❛✦ ❚②♣② ✐ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠ q✳① ♦r❛③ ♣✳① ♠♦❣→ ❜②➣ ❝❛➟❦♦✇✐✲
❝✐❡ ♦❞♠✐❡♥♥❡✦
❲❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛ q✳① ❥❡st ✇❛rt♦➧➣ ♣♦❧❛ ①B✱ t②♣❡♠ t❡❣♦ ✇②r❛✲
➺❡♥✐❛ ❥❡st ❚✷✳ ◆❛t♦♠✐❛st✱ ✇❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛ ♣✳① ❥❡st ✇❛rt♦➧➣
♣♦❧❛ ①A ❛ t②♣❡♠ t❡❣♦ ✇②r❛➺❡♥✐❛ ❥❡st ❚✶✳
❏❡➧❧✐ ① ❥❡st ♥❛③✇→ ♣r♦❝❡❞✉r② ✭❧✉❜ ❢✉♥❦❝❥✐✮ ③❛❞❡❦❧❛r♦✇❛♥❡❥ ❞✇✉✲
❦r♦t♥✐❡ ✇ ❦❧❛s✐❡ ❆ ✐ ✇ ❦❧❛s✐❡ ❇ t♦ r③❡❝③ ♠❛ s✐➛ ♣♦❞♦❜♥✐❡ t③♥✳
✇②r❛➺❡♥✐❛

♣✳❢✉♥❝t♥✭✳✳✳✮ ✐ q✳❢✉♥❝t♥✳✳✳
♠❛❥→ ♦❞♠✐❡♥♥❡ ③♥❛❝③❡♥✐❛✳

✶✳✼✳ ❈♦ ✇✐❛❞♦♠♦ ♦ ✇❛rt♦➧❝✐ ③♠✐❡♥♥❡❥ ①❄ ❝✳❞✳ ❩ ♣♦✇②➺s③②❝❤
r♦③✇❛➺❛➠ ✇②♥✐❦❛✱ ➺❡ st❛t②❝③♥② t②♣ ③❛❞❡❦❧❛r♦✇❛♥❡❥ ③♠✐❡♥♥❡❥ ♣
♥✐❡ ♠✉s✐ ❜②➣ ró✇♥② ❞②♥❛♠✐❝③♥❡♠✉ t②♣♦✇✐ ✇②r❛➺❡♥✐❛ ♣✳ ❩❛✲
❞❡❦❧❛r♦✇❛♥②♠ t②♣❡♠ ③♠✐❡♥♥❡❥ ♣ ❜②➟❛ ♥❛③✇❛ ❦❧❛s② ❆✱ ♣♦❞❝③❛s
✇②❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉ ③♠✐❡♥♥❡❥ t❡♥ ♣r③②♣✐s❛♥♦ ♦❜✐❡❦t t②♣✉
❇✳ ◆✐❡ ♥❛r✉s③❛ t♦ ❛❦s❥♦♠❛tó✇ ❥➛③②❦❛✳ P♦♥✐❡✇❛➺ ♣r③②♣✐s✉❥→❝
♦❜✐❡❦t t②♣✉ ❇ ③♠✐❡♥♥❡❥ ♣ ❞③✐❛➟❛♠② ③❣♦❞♥✐❡ ③ ❛❦s❥♦♠❛t❡♠ ❆①in✳
Pr③②♣✉➧❝♠②✱ ➺❡ ♦♣ró❝③ ③♠✐❡♥♥❡❥ ♣ ❥❡s③❝③❡ ③♠✐❡♥♥❛ r ❥❡st t❛❦③❡
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③❛❞❡❦❧❛r♦✇❛♥❛ ❥❛❦♦ t②♣✉ ❇✳
P♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ ♣✿❂q ♣♦❧❡❝❡♥✐❡ r✿❂♣ ♥✐❡ ❥❡st ♣♦♣r❛✇♥❡✳
◆❛t♦♠✐❛st ✐♥str✉❦❝❥❛ r✿❂ ♣ q✉❛ ❇ ❥❡st ✇ t❡❥ s②t✉❛❝❥✐ ♣♦♣r❛✇♥❡✱
♣♦♥✐❡✇❛➺ ❜✐❡➺→❝→ ✇❛rt♦➧❝✐❛ ③♠✐❡♥♥❡❥ ♣ ❥❡st ♦❜✐❡❦t ②♣✉ ❇✳ r②s✳

✶✳✽✳ ❘❡❣✉➟❛ ❦♦♥❦❛t❡♥❛❝❥✐✱ ♦❞s➟♦♥❛ ✹ ✭❙♣♦s♦❜② ♦❝❤r♦♥②✮✳ ❈❧♦✲
s✐♥❣ t❤❡ ❛❝❝❡ss t♦ ❛♥ ❛ttr✐❜✉t❡✳ ❍✐❞✐♥❣ ❛♥ ❛ttr✐❜✉t❡✳ ❋✐❧t❡r✐♥❣
t❤❡ ✐♥❤❡r✐t❡❞ ❛ttr✐❜✉t❡s✳ ■♥ ❛♥② ❝❧❛ss ②♦✉ ❝❛♥ ♣✉t ❛ r❡str✐❝t✐♦♥
s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ❢♦r♠s ♦❢ s✉❝❤ s♣❡❝✐✜❝❛t✐♦♥✳ ❖♥❡
❝❛♥ ❢♦r❜✐❞ ❛ r❡♠♦t❡ ❛❝❝❡ss t♦ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ ❛ ❝❧❛ss✳ ■t ✐s ❞♦♥❡
❜② ♠❡❛♥s ♦❢ ❝❧♦s❡ s♣❡❝✐✜❝❛t✐♦♥✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❤✐❞❡ ❛♥ ❛ttr✐✲
❜✉t❡ t♦ ❛♥② ♠♦❞✉❧❡ t❤❛t ✐♥❤❡r✐ts ❢r♦♠ ❛ ❝✉rr❡♥t ♠♦❞✉❧❡✳ ■t ✐s
❞♦♥❡ ❜② ♠❡❛♥s ♦❢ ❤✐❞❞❡♥ s♣❡❝✐✜❝❛t✐♦♥✳ ■❢ ②♦✉ ✇✐s❤ ②♦✉ ♠❛②
✐♥❤❡r✐t ♦♥❧② t❤❡ ❛ttr✐❜✉t❡s ❢r♦♠ ❛ ❧✐st✳ t❛❦❡♥ ■♥ ❛♥② ❝❛s❡ t❤❡
❛❜s❡♥❝❡ ♦❢ ❛ r❡str✐❝t✐♦♥ s♣❡❝✐✜❝❛t✐♦♥ ♠❡❛♥s ♥♦ r❡str✐❝t✐♦♥ ❛t ❛❧❧✳

✶✳✾✳ ❘❡❣✉➟❛ ❦♦♥❦❛t❡♥❛❝❥✐✱ ♦❞s➟♦♥❛ ✺ ✭▼❡t♦❞② ✇✐rt✉❛❧♥❡✮✳
❩❞❛r③❛ s✐➛✱ ➺❡ ✇ ♣❡♥❡❥ ❤✐❡r❛r❝❤✐✐ ❦❧❛s✱ ❦❛➺❞❛ ♣♦❞❦❧❛s❛ ❞❡✜✉♥❡❥❡
♣❡✇♥→ ♦♣❡r❛❝❥➛ ♥❛ s✇ó❥ s♣♦só❜✳ P♦♠②➧❧ ♦ ❦❧❛s✐❡ ❊①♣r❡ss✐♦♥ ✐
♦♣❡r❛❝❥✐ ✇②③♥❛❝③❛♥✐❛ ♣♦❝❤♦❞♥❡❥✳ ❦❧❛s❛ ❆ ❥❡st

Pr③②❦➟❛❞ ✶✹✳✸✳ ❲ ③❛❞❛♥✐✉ s②♠❜♦❧✐❝③♥❡❣♦ ró➺♥✐❝③❦♦✇❛♥✐❛ ♥❛✲
❧❡➺② ③❞❡✜♥✐♦✇❛➣ ❦❧❛s➛ ❊①♣r❡ss✐♦♥ ✐ ♠❡t♦❞➛ ♦❜❧✐❝③❛❥→❝→ ♥♦✇❡
✇②r❛➺❡♥✐❡ t❥✳ ♣♦❝❤♦❞♥→ ✇②r❛➺❡♥✐❛ ω ③❡ ✇③❣❧➛❞✉ ♥❛ ③♠✐❡♥♥→ x✳

✉♥✐t ❊①♣r✿ ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ❞❡r✐✈✿ ❢✉♥t✐♦♥✭③✿ ✈❛r✐❛❜❧❡✮✿ ❊①♣r❀
❡♥❞ ❞❡r✐✈

❜❡❣✐♥

❡♥❞ ❊①♣r

✐ ✇✐❡❧❡ ♣♦❞❦❧❛s t❡❥ ❦❧❛s②✱ ♥♣✳ ❦❧❛s❛ ♦♣✐s✉❥→❝❛ s✉♠②
✉♥✐t ❙✉♠✿ ❊①♣r ❝❧❛ss✭▲✱❘✿ ❊①♣r✮❀
✉♥✐t ✈✐rt✉❛❧ ❞❡r✐✈✿ ❢✉♥t✐♦♥✭③✿ ✈❛r✐❛❜❧❡✮✿ ❊①♣r❀
❜❡❣✐♥

r❡s✉❧t✿❂ ♥❡✇ ❙✉♠✭▲✳❞❡r✐✈✭③✮✱❘✳❞❡r✐✈✭③✮✮
❡♥❞ ❞❡r✐✈

❜❡❣✐♥

❡♥❞ ❙✉♠

❦❧❛s❛ ✐❧♦❝③②♥
✉♥✐t ▼✉❧t✿ ❊①♣r ❝❧❛ss✭▲✱❘✿ ❊①♣r✮❀
✉♥✐t ✈✐rt✉❛❧ ❞❡r✐✈✿ ❢✉♥t✐♦♥✭③✿ ✈❛r✐❛❜❧❡✮✿ ❊①♣r❀
❜❡❣✐♥

r❡s✉❧t✿❂ ♥❡✇ ❙✉♠✭♥❡✇ ▼✉❧t✭▲✳❞❡r✐✈✭③✮✱❘✮✱
♥❡✇ ▼✉❧t✭▲✱❘✳❞❡r✐✈✭③✮✮✮

❡♥❞ ❞❡r✐✈
❜❡❣✐♥

❡♥❞ ▼✉❧t

✐ ❦❧❛s② ❙✐♥ ♦r❛③ ❈♦s

✷✻✺



✉♥✐t ❙✐♥✿ ❊①♣r ❝❧❛ss✭❛✿ ❊①♣r✮❀
✉♥✐t ✈✐rt✉❛❧ ❞❡r✐✈✿ ❢✉♥t✐♦♥✭③✿ ✈❛r✐❛❜❧❡✮✿ ❊①♣r❀
❜❡❣✐♥

r❡s✉❧t✿❂ ♥❡✇ ▼✉❧t✭♥❡✇ ❈♦s✭❛✮✱❛✳❞❡r✐✈✭③✮✮
❡♥❞ ❞❡r✐✈

❜❡❣✐♥

❡♥❞ ❙✐♥

❑❧❛s➛ ❈♦s ♣♦tr❛✜s③ ♥❛♣✐s❛➣ s❛♠❛✳ ❲❛rt♦ t❡➺ st✇♦r③②➣ ❞❡❦❧❛✲
r❛❝❧❡ ❦❧❛s ❩♠✐❡♥♥❛ ✐ ❙t❛➟❛✳ �

P♦ t②♠ ♣r③②❦➟❛❞③✐❡ s♣ró❜✉❥❡♠② t❡r❛③ ♦♣✐s❛➣ ③♥❛❝③❡♥✐❡ s➟♦✇❛
✈✐rt✉❛❧ ✇ ❜❛r❞③✐❡❥ ❛❜str❛❦❝②❥♥②✱ ♦❣ó❧♥② s♣♦só❜✳
✉♥✐t ❆✿ ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ♣✿
♣r♦❝❡❞✉r❡✭①✱②✿❚✮❀
✳✳✳

❡♥❞ ♣❀
❜❡❣✐♥

■✭♣✮❀
✐♥♥❡r❀
❏✭♣✮

❡♥❞ ❆

✉♥✐t ❇✿ ❆ ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ♣✿
♣r♦❝❡❞✉r❡✭✉✱✈✿ ❚✶✮❀

✭✯ ❯✇❛❣❛✦ t②♣② ❚ ✐ ❚✶
♠✉s③→ ❜②➣ ③❣♦❞♥❡ ✯✮
❡♥❞ ♣❀

❜❡❣✐♥

❑✭♣✮
❡♥❞ ❇

■♥❛❝③❡❥ ♥✐➺ ✇✐❞③✐❡❧✐➧♠② t♦ ✇❝③❡➧♥✐❡❥✱ ✇✐rt✉❛❧♥❛ ♠❡t♦❞❛ ③❛❞❡❦❧❛✲
r♦✇❛♥❛ ✇ ❦❧❛s✐❡ ❞③✐❡❞③✐❝→❝❡❥ ✭t❥✳ ✇ ♣♦❞❦❧❛s✐❡✮ ③❛st→♣✐ ♠❡t♦❞➛
♣ ③❛❞❡❦❧❛r♦✇❛♥→ ✇ ❦❧❛s✐❡ ❜❛③♦✇❡❥✳

✉♥✐t ❇✿ ❆ ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ♣❇✿ ♣r♦❝❡❞✉r❡✭✉✱ ✈✿ ❚✶✮
❡♥❞ ♣❇❀

❜❡❣✐♥

■✭♣✴♣❇✮❀
❑✭♣✴♣❇✮❀
❏✭♣✴♣❇✮

❡♥❞ ❇

❯✇❛❣❛✦ ▼❡❝❤❛♥✐③♠ ✇✐rt✉❛❧♥②❝❤ ❢✉♥❦❝❥✐ ✐ ♣r♦❝❡❞✉r ✇②♠❛❣❛ ❜②
s➟♦✇♦ ✈✐rt✉❛❧ ♣♦❥❛✇✐➟♦ s✐➛ ✐ ✇ ❦❧❛s✐❡ ❆ ✐ ✇ ❦❧❛s✐❡ ❇✳ ❏❡➺❡❧✐ ❥❡❞✲
♥❡❣♦ ③❛❜r❛❦♥✐❡ t♦ ✐♥str✉❦❝❥❡ ✇ tr❡➧❝✐ ❦❧❛s② ❇ ♣r③②❥♠→ ③✇②❦➟→
♣♦st❛➣

❜❡❣✐♥

■✭♣✴♣❆✮❀
❑✭♣✴♣❇✮❀
❏✭♣✴♣❆✮

❡♥❞ ❇

❚❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ✈✐rt✉❛❧ ♣r♦❝❡❞✉r❡s ❛♥❞ ❢✉♥❝t✐♦♥s ♦✛❡rs ♠❛♥②
✐♥t❡r❡st✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐t ✐s ❝♦♥s✐❞❡r❡❞ ❛s
s❧♦✇✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥✳

✷✻✻



✷✳ ❘♦③s③❡r③❛♥✐❡ ✐♥♥②❝❤ ♠♦❞✉➟ó✇

❘♦③s③❡r③❛♥✐❡ ♠♦➺❡ ❜②➣ ♣r③②❞❛t♥❡ ✇ ♣r♦❥❡❦t♦✇❛♥✐✉ ✐ t✇♦r③❡✲
♥✐✉ ✐♥♥②❝❤ ♠♦❞✉➟ó✇✱ ♥✐❡ t②❧❦♦ ❦❧❛s✳ Pr③②♣♦♠♥✐❥♠②✱ ✇ ♣r♦❣r❛✲
♠✐❡ ♠♦❣→ ♣♦❥❛✇✐➣ s✐➛✿ ❜❧♦❦✐✱ ❢✉♥❦❝❥❡✱ ♣r♦❝❡❞✉r②✱ ❦❧❛s②✱ ✇s♣ó➟✲
♣r♦❣r❛♠②✱ ♣r♦❝❡s② ✐ ♠♦❞✉➟② ♦❜s➟✉❣✐ s②❣♥❛➟ó✇ ✭❤❛♥❞❧❡r②✮✳ ❘♦③✲
s③❡r③❛♥✐❡ ❥❡st ♦♣❡r❛❝❥→ t✇♦r③→❝❛ ♥❛ ♣♦❞st❛✇✐❡ ❞✇✉ ♠♦❞✉➟ó✇ A ✐
B ♥♦✇② ♠♦❞✉➟ ❆ ♠♦❞✉➟ ❇✳ P✐❡r✇s③②♠ ❛r❣✉♠❡♥t❡♠ t❡❥ ♦♣❡r❛❝❥✐
❥❡st ♠♦❞✉➟ ❦❧❛s② ✭❧✉❜ ✇s♣ó➟♣r♦❣r❛♠✉ ❧✉❜ ♣r♦❝❡s✉✮✳ ❖ ♣✐❡r✇✲
s③②♠ ❛r❣✉♠❡♥❝✐❡ r♦③s③❡r③❛♥❛ ♠ó✇✐♠② ❦rót❦♦ ♣r❡✜①✳ ❉r✉❣✐♠
❛r❣✉♠❡♥t❡♠ ♠♦➺❡ ❜②➣ ❞♦✇♦❧♥② ♠♦❞✉➟ ✐♥♥② ♥✐③ ♠♦❞✉➟ ♦❜s➟✉❣✐
s②❣♥❛➟ó✇✳
❲②♥✐❦ r♦③s③❡r③❛♥✐❛ ♠♦❞✉➟✉
♣r❡✜❦s ❆ ♠♦❞✉➟ ✉♥✐t ❆✿ ❝❧❛ss ✉♥✐t ❆✿ ❝♦r♦✉t✐♥❡ ✉♥✐t ❆✿ ♣r♦❝❡ss
♣r❡❢ ❆ ❜❧♦❝❦ ❜❧♦❦ ♥✐❡❞♦③✇♦❧♦♥❡ ♥✐❡❞♦③✇♦❧♦♥❡
✉♥✐t ♣✿ ❆ ♣r♦❝❡❞✉r❡ ♣r♦❝❡❞✉r❛ ♥✐❡❞♦③✇♦❧♦♥❡ ♥✐❡❞♦③✇♦❧♦♥❡
✉♥✐t ❢✿ ❆ ❢✉♥❝t✐♦♥ ❢✉♥❦❝❥❛ ♥✐❡❞♦③✇♦❧♦♥❡ ♥✐❡❞♦③✇♦❧♦♥❡
✉♥✐t ❇✿ ❆ ❝❧❛ss ❦❧❛s❛ ✇s♣ó➟♣r♦❣r❛♠ ♣r♦❝❡s
✉♥✐t ❇✿ ❆ ❝♦r♦✉t✐♥❡ ✇s♣ó➟♣r♦❣r❛♠ ✇s♣ó➟♣r♦❣r❛♠ ♣r♦❝❡s
✉♥✐t Pr✿ ❆ ♣r♦❝❡ss ♣r♦❝❡s ♣r♦❝❡s ♣r♦❝❡s
❘♦③s③❡r③❛♥❡ t❥✳ ❞③✐❡❞③✐❝③♦♥❡ ♠♦❣→ ❜②➣ ❦❧❛s②✱ ✇s♣ó➟♣r♦❣r❛♠②
❧✉❜ ♣r♦❝❡s②✳ ❚❡ tr③② ♣r③②♣❛❞❦✐ ✇②❧✐❝③❛♠② ✇ ❦♦❧✉♠♥❛❝❤✿ ❞r✉✲
❣✐❡❥✱ tr③❡❝✐❡❥ ✐ ❝③✇❛rt❡❥✳
❲ ❦♦❧❡❥♥②❝❤ ✇✐❡rs③❛❝❤ t❛❜❧✐❝② ♦♣✐s✉❥❡♠② r♦❞③❛❥ ♠♦❞✉➟✉ ✇②♥✐✲
❦♦✇❡❣♦ ✇②♠✐❡♥✐❛♠② ♠♦❞✉➟②✱ ❦tór❡ ♠♦❣→ r♦③s③❡r③❛➣ ❞❛♥② ♠♦✲
❞✉➟ ❆ ✕ ♣r❡✜❦s✳

❖❜✐❡t♥✐❝❡

❲②❦♦r③②st✉❥→❝ ❞③✐❡❞③✐❝③❡♥✐❡ ✐ ③❛❣♥✐❡➺❞➺❛♥✐❡ ♠♦❞✉➟ó✇ ♣r♦✲
❣r❛♠✐➧❝✐ ♠♦❣→ ♦s✐→❣❛➣ ✇✐❡❧❡ ❝❡❧ó✇✿

• ✇②❞③✐❡❧❛♥✐❡ ✇s♣ó❧♥②❝❤ ❝③➛➧❝✐ r♦③♠❛✐t②❝❤ str✉❦t✉r ❞❛✲
♥②❝❤✱

• ❦♦♥str✉❦❝❥❛ ❤✐❡r❛r❝❤✐✐ str✉❦t✉r✱
• ✇②❝✐→❣❛♥✐❡ ✇s♣ó❧♥②❝❤ ❝③➛➧❝✐ ró➺♥②❝❤ ❛❧❣♦r②t♠ó✇✱
• ✐♠♣❧❡♠❡♥t❛❝❥❛ ró➺♥②❝❤ ❥➛③②❦ó✇ ♣r♦❜❧❡♠♦✇♦ ③♦r✐❡♥t♦✲
✇❛♥②❝❤✱

• r❡❛❧✐③❛❝❥❛ ❞③✐❛➟❛➠ ❛❧❣❡❜r② ③❜✐♦ró✇ ♥❛ t②♣❛❝❤ ❞❛♥②❝❤✱
• t✇♦r③❡♥✐❡ ❛❜str❛❦❝②❥♥②❝❤ ❛❧❣♦r②t♠ó✇✱ ❪✐t❡♠ ✐ ✇✐❡❧❡ ✐♥✲
♥②❝❤✳✳✳

✷✳✶✳ ♥♥♥✳

✷✳✷✳ ❤✐❡r❛r❝❤✐❡✳ Pr③②❦➟❡❞❡♠ ♠♦❣→ s➟✉➺②➣ ❦❧❛s② r❛❝❤✉♥❡❦ ✐
♣♦❞❦❧❛s② t❡❥ ❦❧❛s②✳
■♥♥❡ ❤✐❡r❛r❝❤✐❡ t♦ ❤✐❡r❛r❝❤✐❛ ❦❧❛s r❡♣r❡③❡♥t✉❥→❝②❝❤ ♦❜✐❡❦t② ✇②✲
r❛➺❡➠✱ ✳ ✳ ✳

✷✻✼



✷✳✸✳ ❢❛❦t♦r②③❛❝❥❛ ❛❧❣♦r②t♠ó✇✳ Pr③②❦➟❛❞ t♦ ❛❧❣♦r②t♠② ✐♥s❡rt✱
♠❡♠❜❡r ✐ ❞❡❧❡t❡ ✇ str✉❦t✉r③❡ ❇❙❚ ❞r③❡✇ ❜✐♥❛r♥②❝❤ ♣♦s③✉❦✐✲
✇❛➠✳

✷✳✹✳ ❥➛③②❦✐ ♣r♦❜❧❡♠♦✇♦ ③♦r✐❡♥t♦✇❛♥❡✳ ❙tr✉❦t✉r❛ ❣❡♦♠❡tr✐✐
❝②r❦❧❛ ✐ ❧✐♥✐❥❦✐
❝❧❛ss ●❡♦♣❧❛♥

✷✳✺✳ ♦♣❡r❛❝❥❡ ❛❧❣❡❜r② ③❜✐♦ró✇✳ ■❧♦❝③②♥ ❦❛rt❡③❥❛➠s❦✐ ✲ ❦❧❛s❛
❙✉♠❛ t❡♦r✐♦♠♥♦❣♦➧❝✐♦✇❛✿ ❦❧❛s❛ r❡r❡③❡♥t✉❥→❝❛ s✉♠➛ ❞✇✉ ③❜✐♦✲
ró✇ ♦❜✐❡❦tó✇ ✳ ✳ ✳

✷✳✻✳ ❛❧❣♦r②t♠② ❛❜str❛❦❝②❥♥❡✳ ❲ ❧✐t❡r❛t✉r③❡ ✇②st➛♣✉❥→ ♥❛✲
③✇②✿ ❛❧❣♦r②t♠② ❣❡♥❡r②❝③♥❡✱ ❛❧❣♦r②t♠② ✉♦❣ó❧♥✐♦♥❡✱ ✳✳✳ ♥♣✳ ●s♦rt

✸✳ Pr♦t♦❦♦➟② ❝❛❧❧ ✐ ♥❡✇

❲ t②♠ ♣♦❞r♦③❞③✐❛❧❡ ♦♠ó✇✐♠② ❜❛r❞③✐❡❥ s③❝③❡❣ó➟♦✇♦ ♣r♦t♦✲
❦♦➟② ❝❛❧❧ ♦r❛③ ♥❡✇✳ P✐❡r✇s③② ③ t②❝❤ ♣r♦t♦❦♦➟ó✇ ✇②③♥❛❝③❛ s♣♦✲
só❜ ✇s♣ó➟♣r❛❝② ♠♦❞✉➟✉ ✭③❧❡❝❡♥✐♦❞❛✇❝②✮ ✇②❞❛❥→❝❡❣♦ ♣♦❧❡❝❡♥✐❡
✇②❦♦♥❛♥✐❛ ♣r♦❝❡❞✉r② ❧✉❜ ♦❜❧✐❝③❡♥✐❛ ✇❛rt♦➧❝✐ ❢✉♥❦❝❥✐ ③ ♠♦❞✉✲
➟❡♠ ✭③❧❡❝❡♥✐♦❜✐♦r❝→✮ r❡❛❧✐③✉❥❛❝②♠ t❛❦✐❡ ♣♦❧❡❝❡♥✐❡✳ ▼♦③❡ t♦ ❜②➣
✐♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ❧✉❜ ♥❛③❡✇♥✐❦ ❢✉♥❦❝②❥♥②✳ ◆❛t♦♠✐❛st ♣r♦✲
t♦❦ó➟ ♥❡✇ ♣♦♠✐♠♦ ♣♦❞♦❜✐❡➠st✇ ♠❛ ♥✐❡❝♦ ✐♥♥❡ ③❛❞❛♥✐❡✳
❉③✐❛➟❛♥✐❡ ♣r♦t♦❦♦➟✉ r♦③♣♦❝③②♥❛ s✐➛ ♣r③❡❦❛③❛♥✐❡♠ ♣❛r❛♠❡tró✇
❛❦t✉❛❧♥②❝❤ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ❧✉❜ ♦❞♣♦✇✐❡❞♥✐♦ ❛r❣✉♠❡♥tó✇
♣♦❧❡❝❡♥✐❛ ♥❡✇ ✉t✇ór③ ♥♦✇② ♦❜✐❡❦t✳
❈♦ ♠♦➺❡ s✐➛ ③♥❛❧❡➵➣ ♥❛ ❧✐➧❝✐❡ ♣❛r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤ ♠♦❞✉➟✉❄

• ③♠✐❡♥♥❛
• ♥❛③✇❛ ❢✉♥❦❝❥✐✱
• ♥❛③✇❛ ♣r♦❝❡❞✉r②✱
• ♥❛③✇❛ t②♣✉✱
♦♣✐s❛♥❡❣♦ ✇ ♣❡✇♥❡❥ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s② ❧✉❜ ✇s♣ó➟♣r♦✲
❣r❛♠✉ ❧✉❜ ♣r♦❝❡s✉

❏❛❦✐❡ ✇②r❛➺❡♥✐❛ ♠♦❣→ s✐➛ ③♥❛❧❡➵➣ ♥❛ ❧✐➧❝✐❡ ♣❛r❛♠❡tró✇ ❛❦t✉❛❧✲
♥②❝❤ ✐♥str✉❦❝❥✐ ♣r♦❝❡❞✉r② ❝❛❧❧ ✭✇②r❛➺❡♥✐❛ ❣❡♥❡r✉❥→❝❡❣♦ ♦❜✐❡❦t
♥❡✇✮❄
P❛r❛♠❡tr❛♠✐ ❢♦r♠❛❧♥②♠✐ ♠♦❣→ ❜②➣✿

• ③♠✐❡♥♥❛ ③ ♦♣✐s❡♠ ✐♥♣✉t✱
• ③♠✐❡♥♥❛ ③ ♦♣✐s❡♠ ♦✉t✱
• ③♠✐❡♥♥❛ ③ ♦♣✐s❡♠ ✐♥♦✉t✱
• ❢✉♥❝t✐♦♥✱
• ♣r♦❝❡❞✉r❡✱
• t②♣❡✱

Pr③②❦➟❛❞ ✶✹✳✹✳ ❩❛❞❛♥✐❡ ♣♦❧❡❣❛ ♥❛ ✉❞♦st➛♣♥✐❡♥✐✉ ❢✉♥❦❝❥✐ Tk
♦❜❧✐❝③❛❥→❝❡❥ ✇❛rt♦➧➣ tró❥♠✐❛♥✉ ❦✇❛❞r❛t♦✇❡❣♦✳

✷✻✽



✉♥✐t ❚❦✿ ❢✉♥❝t✐♦♥✭❛✱❜✱❝✱①✿r❡❛❧✮✿r❡❛❧❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ✭❛✯①✰❜✮✯①✰❝
❡♥❞ ❚❦❀

❏❡➧❧✐ ❝❤❝❡♠② ✇②❦♦r③②st❛➣ t➛ ❢✉♥❦❝❥➛ t♦ ♥❛❧❡➺② ✇②❦♦♥❛➣ ♥♣✳ t❛✲
❦✐❡ ♣♦❧❡❝❡♥✐❡

②✿❂❚❦✭✷✳✸✰❡①♣✭✷✱✷✳✷✮✱ ❝♦s✭✸✳✻✼✮✱ ✲✽✽✳✶✱ ✺✳✵✮

✹✳ ❙t❛t②❝③♥❛ str✉❦t✉r❛ ♣r♦❣r❛♠✉

❲ t②♠ ♣♦❞r♦③❞③✐❛❧❡ ♦♣✐s✉❥❡♠② ✇❛r✉♥❦✐✱ ❥❛❦✐❡ ♠✉s✐ s♣❡➟♥✐❛➣
t❡❦st ❜② ✉③♥❛➣✱ ➺❡ ❥❡st t♦ ♣♦♣r❛✇♥✐❡ ♥❛♣✐s❛♥② ♣r♦❣r❛♠✳
Pr③② ♣✐❡r✇s③②♠ ❝③②t❛♥✐✉ ♠♦➺❡s③ ♣♦♠✐♥→➣ t❡♥ ♣♦❞r♦③❞③✐❛➟✳
❑❛➺❞② ♣r♦❣r❛♠ P ❥❡st ③❜✐♦r❡♠ ♠♦❞✉➟ó✇✳

P = {M}

◆❛ ③❜✐♦r③❡ ♠♦❞✉➟ó✇ ♦❦r❡➧❧♦♥❡ s→ ❞✇✐❡ ❢✉♥❦❝❥❡ decl ♦r❛③ inh✳
❋✉♥❦❝❥❛
✭✼✺✮ decl : M →M

❩❜✐ór M r❛③❡♠ ③ ❢✉♥❦❝❥→ decl ❥❡st ❞r③❡✇❡♠✳ ❑♦r③❡♥✐❡♠ t❡❣♦
❞r③❡✇❛ ❥❡st ❣ó✇♥② ❜❧♦❦✱ ❝③②❧✐ ♠♦❞✉➟ ③❛✇✐❡r❛❥→❝② ✇s③②st❦✐❡ ♠♦✲
❞✉➟② ♣r♦❣r❛♠✉✳ ❲②♥✐❦✐❡♠ ❢✉♥❦❝❥✐ decl(m) ❥❡st ♠♦❞✉➟ m′ ❜❡③♣♦✲
➧r❡❞♥✐♦ ③❛✇✐❡r❛❥→❝② ❞❛♥② ♠♦❞✉➟✳ ❋✉♥❦❝❥❛ decl ♥✐❡ ❥❡st ♦❦r❡➧❧♦♥❛
❞❧❛ ❣➟♦✇♥❡❣♦ ❜❧♦❦✉ ♣r♦❣r❛♠✉✱ t③♥✳ ♥❛ ❦♦r③❡♥✐✉ t❡❣♦ ❞r③❡✇❛✳
❲✐➛❦s③♦➧➣ ♠♦❞✉➟ó✇ ♠❛ ♣r③②♣✐s❛♥→ ✐♠ ♥❛③✇➛✳
✭✼✻✮ name(m) ∈ {Identyfier}

❩❛✉✇❛➺✱ ♥✐❡ ❦❛➺❞② ♠♦❞✉➟ ♣♦s✐❛❞❛ ♥❛③✇➛✳ ▼♦❞✉➟② ❜❧♦❦✉ ♦r❛③
♠♦❞✉➟② ♦❜s➟✉❣✐ s②❣♥❛➟✉ ♥✐❡ ♣♦s✐❛❞❛❥→ ♥❛③✇②✳
❏❡st t♦ ♣✐❡r✇s③❛ ♣r③②❝③②♥❛ ❞❧❛ ❦tór❡❥ ♥✐❡ ♠♦➺❡♠② ✉t♦➺s❛♠✐❛❝
♠♦❞✉➟✉ ③ ♥❛③✇→ ♣♦❞❛♥→ ✇ ❥❡❣♦ ❞❡❦❧❛r❛❝❥✐✳ P♦ ❞r✉❣✐❡✱ ❥❛❦ t♦
❥✉➺ ♠♦❣➟❛➧ ③❛✉✇❛➺②➣ ✇ ♣r♦❣r❛♠✐❡ ♠♦➺❡ ✇②st→♣✐➣✱ ✇ ró➺♥②❝❤
❥❡❣♦ ♠✐❡❥s❝❛❝❤✱ ✇✐❡❧❡ ró➺♥②❝❤ ♠♦❞✉➟ó✇ ♦ t❡❥ s❛♠❡❥ ♥❛③✇✐❡✳

Pr♦❜❧❡♠✳ ❲ ❥❛❦✐ s♣♦só❜ ♠❛♠② ✐❞❡♥t②✜❦♦✇❛➣ ♠♦❞✉➟②❄
◆❛ ♦❣ó➟ ♥✐❡ ♠❛ ♣♦tr③❡❜② ③❛❥♠♦✇❛♥✐❛ s✐➛ t②♠ ♣r♦❜❧❡♠❡♠✳ ❆❧❡
✳ ✳ ✳

❉r✉❣❛ ❢✉♥❦❝❥❛ ♦❦r❡➧❧♦♥❛ ♥❛ ③❜✐♦r③❡ ♠♦❞✉➟ó✇ ♣r♦❣r❛♠✉ t♦
inh✳ ◆❛❥♣✐❡r✇ ③❛♥♦t✉❥♠②✱ ➺❡ ✇ ③❜✐♦r③❡ ♠♦❞✉➟ó✇ ③♥❛❥❞✉❥❡ s✐➛
♣r❡❞❡✜♥✐♦✇❛♥② ♠♦❞✉➟ ❦❧❛s② ♦ ♥❛③✇✐❡ DI ✕ ❞②♥❛♠✐❝ ✐♥st❛♥❝❡✳
❑❧❛s❛ t❛ ❥❡st ✉❦r②t❛ ♣r③❡❞ ♣r♦❣r❛♠✐st→✳ ❏❡❥ ❛tr②❜✉t② t♦ ♠✳✐♥
SL ♦❞♥♦➧♥✐❦ ❞♦ ♠♦❞✉➟✉ ♦❜❡❥♠✉❥→❝❡❣♦ ✳✳✳ ✐ ✐♥♥❡✳
❋✉♥❦❝❥❛ inh ❥❡st ♦❦r❡➧❧♦♥❛ ♥❛ ♠♦❞✉➟❛❝❤ ❦❧❛s ❧✉❜ ♠♦❞✉➟❛❝❤ r♦③✲
s③❡r③❛❥→❝②❝❤ ❥❛❦→➧ ❦❧❛s➛✳ ◆✐❡❝❤ Classes ❜➛❞③✐❡ ♥❛③✇→ t❡❣♦ ③❜✐♦r✉
♠♦❞✉➟ó✇✳ Classes ⊂M✳
✭✼✼✮ inh : Classes→ Classes

■ t✉ ♠❛♠② ❦♦❧❡❥♥② ♣r♦❜❧❡♠✳ P♦♥✐❡✇❛➺ ♠♦❞✉➟ ❦❧❛s② ♥✐❡ ♠✉s✐
❜②➣ ❥❡❞♥♦③♥❛❝③♥✐❡ ♦❦r❡➧❧♦♥② ♣r③❡③ ♥❛③✇➛ ❦❧❛s② ♣♦❞❛♥→ ✇ ❥❡❥
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❞❡❦❧❛r❛❝❥✐✳ P♦❥➛❝✐❡ ✇②st→♣✐❡♥✐❛ ✐❞❡♥t②✜❦❛t♦r❛ ✳✳✳
❲❡✇♥❛tr③ ❞❛♥❡❣♦ ♠♦❞✉➟✉ m ③♥❛❝③❡♥✐❡ ❞❛♥❡❥ ♥❛③✇② id ❥❡st t❛❦✐❡
s❛♠♦ ❞❧❛ ró③♥②❝❤ ✇②st→♣✐❡➠ t❡❥ ♥❛③✇② id ✇ ♠♦❞✉❧❡ m✳ P♦③✇❛❧❛
t♦ ♥❛♠ ✇♣r♦✇❛❞③✐➣ ❦♦❧❡❥♥❡ ❢✉♥❦❝❥❡
✭✼✽✮ type : Identifiers×M → Typ

♦r❛③
✭✼✾✮ bind : Identifiers×M → Typ

❩❛✉✇❛➺✱ ✐♥❤ ❥❡st ❢✉♥❦❝❥→ ♦❦r❡➧❧♦♥→ ♥❛ ♠♦❞✉➟❛❝❤✱ ❛ ✇ t❡❦➧❝✐❡
♣r♦❣r❛♠✉ ♠❛♠② t②❧❦♦ ♥❛③✇➛ ❦❧❛s② r♦③s③❡r③❛♥❡❥✳ ❲✐❡♠②✱ ➺❡ ♥✐❡
✇②st❛r❝③② t♦ ❞♦ ✐❞❡♥t②✜❦❛❝❥✐ ♠♦❞✉➟✉✳ ■♥❛❝③❡❥ ♠ó✇✐→❝ ♥❛③✇❛ Cl
✇②st➛♣✉❥→❝❛ ✇ ró➺♥②❝❤ ♠✐❡❥s❝❛❝❤ ♣r♦❣r❛♠✉ ❥❛❦♦ ♣r❡✜❦s ♠♦➺❡
♠✐❡➣ ✭✐ ❝③➛st♦ ♠❛✮ ró➺♥❡ ③♥❛❝③❡♥✐❛✳
P♦♥❛❞t♦
❜✐♥❞
t②♣

❲❛r✉♥❦✐✳ ❏❛❦✐❡ ✇❛r✉♥❦✐ ♠❛ s♣❡➟♥✐❛➣ t❡❦st ❜② ✉③♥❛➣✱ ➺❡ ❥❡st
t♦ ♣♦♣r❛✇♥✐❡ ♥❛♣✐s❛♥② ♣r♦❣r❛♠❄

■✮ ❲②♠❛❣❛♥✐❛ ■
✭✶✮ ✇②r❛➺❡♥✐❛ ♠✉s③→ ♠✐❡➣ ♣♦♣r❛✇♥→ str✉❦t✉r➛✱
✭✷✮ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛ ♠❛❥→ ❜②❝ ♣❛r❛♠✐ ❁③♠✐❡♥♥❛❃✱

❁✇②r❛➺❡♥✐❡❃✱
✭✸✮ ✐♥str✉❦❝❥❡ ✇❛r✉♥❦♦✇❡ ♠❛❥→ ♠✐❡➣ ♣♦st❛➣

✐❢ γ t❤❡♥ ❑ ❡❧s❡ ▼ ✜
❣❞③✐❡ ♥❛♣✐s γ ♠❛ ❜②➣ ✇②r❛➺❡♥✐❡♠ ❜♦♦❧♦✇s❦✐♠✱ ❛
♥❛♣✐s② ❑✱▼ ♠❛❥→ ❜②➣ ✐♥str✉❦❝❥❛♠✐✱

✭✹✮
■■✮ ❲②♠❛❣❛♥✐❛ ③❣♦❞♥♦➧❝✐ t②♣ó✇ ✭❄✮

✭✶✮ ❦❛➺❞❡ ✇②st→♣✐❡♥✐❡ ♥❛③✇②✭t❥✳ ✐❞❡♥t②✜❦❛t♦r❛✮ ♠❛
♠✐❡➣ ♦❦r❡➧❧♦♥② t②♣✱

✭✷✮ ✇ ♦❜r➛❜✐❡ ❞❛♥❡❣♦ ♠♦❞✉➟✉ M✿ ❦❛③❞❡ ✇②st→♣✐❡♥✐❡
♥❛③✇② id ♠❛ ♠✐❡➣ t❡♥ s❛♠ t②♣

✭✸✮

✺✳ ❉②♥❛♠✐❝③♥❛ str✉❦t✉r❛

❲ tr❛❦❝✐❡ ✇②❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉ P ♠❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ③
❣r❛❢❡♠ ❥❡❞♥♦st❡❦ ❞②♥❛♠✐❝③♥②❝❤ ✉t✇♦r③♦♥②❝❤ ♥❛ ♣♦❞st❛✇✐❡ ♠♦✲
❞✉➟ó✇✳
❋✉♥❦❝❥❡
❙▲
❉▲
❡①t
❘❡❧❛❝❥❡
✐s
✐♥

✷✼✵



❶✇✐❝③❡♥✐❛

✶✹✳✶✳ ◆❛♣✐s③ ❤✐❡r❛r❝❤✐➛ ❝♦ ♥❛❥♠♥✐❡❥ ✻ ♣♦❞❦❧❛s ❞❛♥❡❥ ❦❧❛s②
❜❛③♦✇❡❥ C✳ ❉✇✐❡ ③ ❦❧❛s ♣♦❝❤♦❞♥②❝❤ ♥✐❡ ♠❛❥→ ❜②➣ ✇ r❡❧❛❝❥✐
X inhY ❛♥✐ Y inhX✳

✶✹✳✷✳ ◆❛♣✐s③ ❥❛❦ ♥❛❥✇✐➛❝❡❥ ❦❧❛s ♣♦❝❤♦❞♥②❝❤ ❦❧❛s② Expr✳ ❑❛③❞❛
③ ♥✐❝❤ ♠❛ ③❛✇✐❡r❛➣ ❢✉♥❦❝❥➛ ✇✐rt✉❛❧♥❛ deriv✳

✶✹✳✸✳ ❯t✇ór③ ♦❜✐❡❦t r❡♣r❡③❡♥t✉❥→❝② ✇②r❛➺❡♥✐❡ sin(x+1/x)/log(cos(x)
✐ ♦❜❧✐❝③ ♣♦❝❤♦❞♥→ t❡❣♦ ✇②r❛➺❡♥✐❛ ③❡ ✇③❣❧➛❞✉ ♥❛ ③♠✐❡♥♥→ x✳

✶✹✳✹✳ ❖❜❧✐❝③ ♣♦❝❤♦❞♥→ t❡❣♦ s❛♠❡❣♦ ✇②r❛③❡♥✐❛ ◆■❊ ♣♦s➟✉❣✉✲
❥→❝ s✐➛ ✇✐rt✉❛❧♥→ ❢✉♥❦❝❥→ ❞❡r✐✈✳

✷✼✶





❈③➛➧➣ ✸

❚❡♦r✐❡ ❛❧❣♦r②t♠✐❝③♥❡
♥✐❡❦tór②❝❤

str✉❦t✉r ❞❛♥②❝❤





❘❖❩❉❩■❆➟ ✶✺

❲♣r♦✇❛❞③❡♥✐❡

▼♦t②✇❛❝❥❡

❯t❛r➟ s✐➛ ♣♦❣❧→❞✱ ➺❡ ❞♦✇♦❞③❡♥✐❡ ♣♦♣r❛✇♥♦➧❝✐ ♣r♦❣r❛♠✉ ❥❡st
♥✐❡r❡❛❧♥❡✱ ♣♦♥✐❡✇❛➺ ❥❡st tr✉❞♥❡ ✐ ✇♦❣ó❧❡ ✳✳✳
◆❛s③②♠ ③❞❛♥✐❡♠ ♥✐❡ t②❧❦♦ ♠♦➺♥❛ ♣r③❡❞st❛✇✐❛➣ ❛r❣✉♠❡♥t② ♥❛
r③❡❝③ t❡③ ✇ r♦❞③❛❥✉✿ ♦❜❧✐❝③❡♥✐❡ ♣r♦❣r❛♠✉ P ❜➛❞③✐❡ s❦♦➠❝③♦♥❡
❧✉❜ ❥❡➧❧✐ ❞❛♥❡ s♣❡➟♥✐❛❥→ ✇❛r✉♥❡❦ α t♦ ♣r♦❣r❛♠ K ❜➛❞③✐❡ ♠✐❡➣
♦❜❧✐❝③❡♥✐❡ s❦♦➠❝③♦♥❡ ✐ ✇②♥✐❦✐ s♣❡➟♥✐→ ✇❛r✉♥❡❦ β.
◆✐❡ ✇②st❛r❝③② ✐♥t✉✐❝❥❛✱ ♥✐❡ ✇②st❛r❝③❡ ♣r③❡❦♦♥❛♥✐❡✱ ➺❡ ❥❛❦♦➧ t♦
❜➛❞③✐❡✳
P♦❦❛➺❡♠②✱ ➺❡ ♣♦✇s③❡❝❤♥✐❡ ❛❦❝❡♣t♦✇❛♥❡ ✐♥t✉✐❝②❥♥❡ ❞❡✜♥✐❝❥❡ str✉❦✲
t✉r ❞❛♥②❝❤ st♦s②✱ ❦♦❧❡❥❦✐ ♦❜❡❥♠✉❥→ ♣❛t♦❧♦❣✐❝③♥❡ str✉❦t✉r②✱ ♦♣ró❝③
t②❝❤ ♣r❛✇✐❞➟♦✇②❝❤✳

❉❧❛❝③❡❣♦ t❛❦✐ t②t✉➟❄

❈③② t❛❦✐ t②t✉➟ t❡❥ ❝③➛➧❝✐ ❥❡st ❥❛❦♦➧ ✉③❛s❛❞♥✐♦♥②❄ ❉✇❛ s→
♣♦✇♦❞② ❜② ✇②♦❞r➛❜♥✐➣ ❛❧❣♦r②t♠✐❝③♥→ t❡♦r✐➛ ③❜✐♦ró✇ ♦❞ ♣♦③♦✲
st❛➟②❝❤ r♦③❞③✐❛➟ó✇✿

✭✶✮ ❩❛st♦s♦✇❛♥✐❛✳ ❖❞ s❛♠❡❣♦ ♣♦❝③→t❦✉ ✐st♥✐❡♥✐❛ ❦♦♠♣✉✲
t❡ró✇ ③❛st♦s♦✇❛♥✐❛ ✇ ❜✐③♥❡s✐❡✱ ❛❞♠✐♥✐str❛❝❥✐ ❡t❝✳✱ ③❞♦✲
♠✐♥♦✇❛➟② ✐♥♥❡ ✐❝❤ ③❛st♦s♦✇❛♥✐❛ ♥♣✳ ♥❛✉❦♦✇❡✳ ❲ t②❝❤
③❛st♦s♦✇❛♥✐❛❝❤ ♦♣❡r❛❝❥❛♠✐ ❞♦♠✐♥✉❥→❝②♠✐ ❜②➟② ❞③✐❛✲
➟❛♥✐❛ ♥❛ s❦♦➠❝③♦♥②❝❤ ③❜✐♦r❛❝❤ ❞❛♥②❝❤ ♥♣✳ ❞❛♥②❝❤ ♦
st❛♥✐❡ ♠❛❣❛③②♥✉✱ ❞❛♥②❝❤ ♣♦tr③❡❜♥②❝❤ ❞♦st✇♦r③❡♥✐❛ ❧✐✲
st② ♣➟❛❝✳ ❩ ❜✐❡❣✐❡♠ ❧❛t ♣r♦❣r❛♠② ♦♣❡r♦✇❛➟② ♥❛ ❝♦✲
r❛③ ✇✐➛❦s③②❝❤ ③❜✐♦r❛❝❤ ❞❛♥②❝❤✳ ❘ó✇♥♦❧❡❣❧❡✱ t❡❝❤♥♦✲
❧♦❣✐❛ ❦♦♠♣✉t❡r♦✇❛ ✉♠♦➺❧✐✇✐❛➟❛ ♣r③❡❝❤♦✇②✇❛♥✐❡ ❝♦r❛③
✇✐➛❦s③②❝❤ ③❜✐♦ró✇ ❞❛♥②❝❤✳
❆ ❞③✐s✐❛❥❄ ❲ ❦❛➺❞②♠ t❡❧❡❢♦♥✐❡ ❦♦♠♣✉t❡r ③❛r③→❞③❛
③❜✐♦r❡♠ ❦♦♥t❛❦tó✇✱ ❜② ✇②♠✐❡♥✐➣ t②❧❦♦ ❥❡❞❡♥ ♣r③②❦➟❛❞
❞③✐❛➟❛➠ ♥❛ ③❜✐♦r❛❝❤✳
❇✐❣ ❞❛t❛ t♦ ♠♦❞♥❡ ❞③✐➧ ❤❛s➟♦✳ ■❞③✐❡ ♦ t♦✱ ➺❡ ✇ s✐❡❝✐
❣r♦♠❛❞③✐ s✐➛ ❜❛r❞③♦ ❞✉➺❡ ③❜✐♦r② ❞❛♥②❝❤ ✐ ➺❡ ③❛✇✐❡r❛❥→
♦♥❡ ❝❡♥♥❡ ❞❧❛ ✇➟❛➧❝✐❝✐❡❧❛ ✐♥❢♦r♠❛❝❥❡✳

✭✷✮ ❉♦r♦❜❡❦✳ ❖st❛t♥✐❡ ✼✵ ❧❛t ♣r③②♥✐♦s➟② t❛❦ ✇✐❡❧❡ ✇②♥✐✲
❦ó✇✱ ➺❡ ✇❛rt♦ ❥❡ ③❣r✉♣♦✇❛➣ ♣♦❞ ♦❞❞③✐❡❧♥②♠ ❤❛s➟❡♠✳
▼❛♠② t✉ ♥❛ ♠②➧❧✐ str✉❦t✉r② ❞❛♥②❝❤ ♦♣✐s❛♥❡ ✐ ❛♥❛❧✐③♦✲
✇❛♥❡ ✇ ❛❧❣♦r②t♠✐❝❡✳ ❆❧❡ ♥✐❡ t②❧❦♦ ✳✳✳

✷✼✺



❈③② ③❛st❛♥♦✇✐➟❡➧ s✐➛ ❥❛❦✐ ✇s♣ó❧♥② t②t✉➟ ♥❛❞❛➣ tr③❡❝✐❡♠✉ t♦✲
♠♦✇✐ ♠♦♥♦❣r❛✜✐ ❑♥✉t❤❛ ✏❲②s③✉❦✐✇❛♥✐❡ ✐ s♦rt♦✇❛♥✐❡✑❄ ❆ t♦
✇➟❛➧♥✐❡ ❛❧❣♦r②t♠✐❝③♥❛ t❡♦r✐❛ ③❜✐♦ró✇✳ ❲ ❝③❛s✐❡ ❥❛❦✐ ✉♣➟②♥→➟
♦❞ ✉❦❛③❛♥✐❛ s✐➛ t❡❥ ❦s✐→③❦✐ ❞♦❦♦♥❛➟ s✐❡ ♦❧❜r③②♠✐ ♣♦st➛♣ ✐ ❞③✐➧
❧❡♣✐❡❥ ❞♦str③❡❣❛♠② s➟✉s③♥♦➧➣ ✳✳✳

❈♦ t✉ ③♥❛❥❞➛❄

❉✇❛ ♣✐❡r✇s③❡ r♦③❞③✐❛➟② ♣♦➧✇✐➛❝♦♥❡ s→ st♦s♦♠ ✐ ❦♦❧❡❥❦♦♠✳
❈③②❧✐ s❦♦➠❝③♦♥②♠ ❝✐→❣♦♠ ❡❧❡♠❡♥tó✇ ③ ♦♣❡r❛❝❥❛♠✐ ✇st❛✇✐❛♥✐❛
✐ ✉s✉✇❛♥✐❛ ❡❧❡♠❡♥t✉ ✇②❦♦♥②✇❛♥②♠✐ ♥❛ ❦r❛➠❝✉ ❝✐→❣✉✳ P♦❞❛♠②
❛❦s❥♦♠❛t②❝③♥❡ ❞❡✜♥✐❝❥❡ st♦só✇ ✐ ❦♦❧❡❥❡❦✳ ❖♠ó✇✐♠② ❦✐❧❦❛ ♦❝③②✲
✇✐st②❝❤ ✐ ♣❛r➛ ♥✐❡♦❝③②✇✐st②❝❤ ✐♠♣❧❡♠❡♥t❛❝❥✐ t②❝❤ ❞❡✜♥✐❝❥✐✳ ❲❡✲
r②✜❦❛❝❥❛ ✳✳✳

❑♦❧❡❥♥❡ r♦③❞③✐❛➟② ③❛❥♠✉❥→ s✐➛ t❡♦r✐❛♠✐ ③❜✐♦ró✇ ✇ ❦tór②❝❤
❡❧❡♠❡♥t② ♥✐❡ s→ ✉s③❡r❡❣♦✇❛♥❡ t❥✳ ♥✐❡ s→ ❝✐→❣❛♠✐✳
❑♦♥t❡♥❡r② ✕ ③❜✐♦r② s❦♦➠❝③♦♥❡ ❜❡③ ✇②❜r❛♥❡❥ r❡❧❛❝❥✐ ♣♦r③→❞❦✉✲
❥→❝❡❥ ❡❧❡♠❡♥t②
❑♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡ ✕ ③❜✐♦r② s❦♦➠❝③♦♥❡ ③ ✇s❦❛③❛♥→ r❡❧❛❝❥❛ ♣♦✲
r③→❞❦✉ ✇ ③❜✐♦r③❡ ❡❧❡♠❡♥tó✇✳
❉r③❡✇❛ ❇❙❚
❑♦♣❝❡

❙tr✉❦t✉r② ♥✐❡s❦♦➠❝③♦♥❡ ❞❡✜♥✐♦✇❛♥❡ ♣r③❡③ ❦❧❛s②

❉✇✐❡ ✉✇❛❣✐✿
• ❑❛➺❞❛ ❦❧❛s❛ K ❞❡✜♥✐✉❥❡ ♥✐❡s❦♦➠❝③♦♥② ③❜✐ór ♦❜✐❡❦tó✇✳
▼♦➺♥❛ ✉t♦➺s❛♠✐❛➣ ❦❧❛s➛ K ③❡ ③❜✐♦r❡♠ ♦❜✐❡❦tó✇ ❦❧❛s②
K✳ ❆ ✇✐➛❝ ❛❧❣♦r②t♠✐❝③♥❛ t❡♦r✐❛ ③❜✐♦ró✇ ❞♦t②❝③② ♥✐❡
t②❧❦♦ ③❜✐♦ró✇ s❦♦➠❝③♦♥②❝❤✱ ❦tór❡ ❦♦♠♣✉t❡r ✏♠❛ ✇ ❣❛r✲
➧❝✐✑✳ ❲ ♣❡✇♥②♠ ♠♦♠❡♥❝✐❡ ♣♦✇✐♥♥✐➧♠② s✐➛ ③❛st❛♥♦✇✐➣
❥❛❦✐❡ ♦♣❡r❛❝❥❡ ♠♦➺♥❛ ✇②❦♦♥②✇❛❝ ♥❛ t②❝❤ ♥✐❡s❦♦➠❝③♦✲
♥②❝❤ ③❜✐♦r❛❝❤ ✐ ❥❛❦✐❡ t❡ ♦♣❡r❛❝❥❡ ♠❛❥→ ✇➟❛s♥♦➧❝✐✳ ❩❛✲
❞❛♥✐❡ t♦ s③❦✐❝✉❥❡♠② ✇ ♥❛st❡♣♥②♠ ♣✉♥❦❝✐❡✳
P♦♥❛❞t♦ ❦❧❛s❛ ❞❡✜♥✐✉❥❡ ♦♣❡r❛❝❥❡✳ ❆ ✇✐➛❝✱ ❦❧❛s❛ ❥❡st
❞❡✜♥✐❝❥→ str✉❦t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥✳

• ❲❨❩❲❆◆■❊✳ ❲❛rt♦ ③❜❛❞❛➣ r❡❧❛❝❥❡ ♣♦♠✐➛❞③② ♣♦❥➛✲
❝✐❡♠ ❦❧❛s② ✇ ♣r♦❣r❛♠♦✇❛♥✐✉ ♦❜✐❡❦t♦✇②♠ ✐ s➟❛❜♦ ③❜❛✲
❞❛♥❡ ♣♦❥➛❝✐❡ ❞❡✜♥✐♦✇❛❧♥♦➧❝✐ str✉❦t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥✳
❲ ❤✐st♦r✐✐ ♠❛t❡♠❛t②❦✐ ③❛♣❛♠✐❡t❛♥♦ s➟♦✇❛ ▲❡♦♣♦❧❞❛
❑r♦♥❡❝❦❡r❛ ✭✶✽✷✸✲✶✽✾✶✮✱ ❦tór② ③❛s➟②♥→➟ ✲ ♠✐➛❞③② ✐♥✲
♥②♠✐ ✲ ③❞❛♥✐❡♠✿ ✧❞♦❜r② ❇ó❣ st✇♦r③②➟ ❧✐❝③❜② ♥❛t✉✲
r❛❧♥❡✱ r❡s③t❛ ❥❡st ❞③✐❡➟❡♠ ❝③➟♦✇✐❡❦❛✧✳
P♦♣❛tr③♠② ♥❛ ♥❛st➛♣✉❥→❝→ ❦♦❧❡❦❝❥➛ ❦❧❛s
✉♥✐t ♥❛t✉r❛❧✿ ❝❧❛ss ✳✳✳
✉♥✐t ✐♥t❡❣❡r✿ ❝❧❛ss
✉♥✐t ♣❛✐r✿ ❝❧❛ss
✉♥✐t ♣r♦♣❡r♣❛✐r✿ ♣❛✐r ❝❧❛ss

✷✼✻



✉♥✐t ❢r❛❝t✐♦♥✿ ♣r♦♣❡r♣❛✐r ❝❧❛ss

❏❡st❡➧♠② ♣r③❡❦♦♥❛♥✐✱ ➺❡ ♥✐❡❞➟✉❣♦ ③♦st❛♥→ ♦❞❦r②t❡ ♥♦✇❡
♣r♦❜❧❡♠② ✐ ✳✳✳

✷✼✼





❘❖❩❉❩■❆➟ ✶✻

❙t♦s②

❚❡♥ r♦③❞③✐❛➟ ♣♦➧✇✐➛❝❛♠② str✉❦t✉r③❡ st♦só✇✳ ❉✇❛ s→ ♣♦✇♦❞②
❜② ♦❜s③❡r♥✐❡❥ ③❛❥→➣ s✐➛ t❡♠❛t❡♠ st♦só✇✿

• ♣♦♥✐❡✇❛➺ str✉❦t✉r❛ t❛ ♠❛ ✇✐❡❧❡ ③❛st♦s♦✇❛➠✱ ✐
• ♣♦♥✐❡✇❛➺ ♥❛ ♣r③②❦➟❛❞③✐❡ str✉❦t✉r② st♦só✇ ♣r③❡❞st❛✲
✇✐♠② ♣r♦❜❧❡♠② ✇✐→➺→❝❡ s✐➛ ③ s♣❡❝②✜❦♦✇❛♥✐❡♠ ❦❧❛s ✐ ③
♣r③❡♣r♦✇❛❞③❛♥✐❡♠ ❞♦✇♦❞ó✇✳

✶✳ ❙♣❡❝②✜❦❛❝❥❛ st♦só✇

❈③②♠ s→ st♦s②❄ ❏❛❦ ❚✇♦✐♠ ③❞❛♥✐❡♠ ♣♦✇✐♥♥❛ ❜r③♠✐❡➣ ♦❞✲
♣♦✇✐❡❞➵ ♥❛ t♦ ♣②t❛♥✐❡❄

◆❛ ♦❣ó➟ ♥✐❡ ③❛✇r❛❝❛♠② s♦❜✐❡ ❣➟♦✇② t②♠ ♣r♦❜❧❡♠❡♠✳ ❲
❞❛✇♥❡❥ P♦❧s❝❡ ✇ ❡♥❝②❦❧♦♣❡❞✐✐ ♦ t②t✉❧❡ ✏◆♦✇❡ ❆t❡♥②✑ ♣♦❞ ❤❛✲
s➟❡♠ ❦♦➠ ❝③②t❛♠② ❦♦➠ ❥❛❦✐ ❥❡st ❦❛➺❞② ✇✐❞③✐✳ ■ s➟✉s③♥✐❡✳ ❲
t❛♠t②❝❤ ❝③❛s❛❝❤✱ ❥❡➧❧✐ ❦t♦➧ ✉♠✐❛➟ ❝③②t❛➣✱ t♦ ♥❛ ♣❡✇♥♦ ✇✐❞③✐❛➟
❦♦♥✐❛✳
❲✐➛❦s③♦➧➣ ③ ♥❛s s♣♦t❦❛➟❛ s✐➛ ③❡ st♦s❡♠✳ ◆❛❥❦róts③❛ ❞❡✜♥✐❝❥❛
st♦s✉ t♦ ▲■❋❖ ✕ s❦rót ❛♥❣✐❡❧s❦✐❡♦ ③✇r♦t✉ ▲❛st ■♥ ❋✐rst ❖✉t✳ ❆❧❡
❝③② t♦ ❥❡st ❞❡✜♥✐❝❥❛❄

❙♣ró❜✉❥ ❥❡❞♥❛❦ ♥❛♣✐s❛➣ ❞❡✜♥✐❝❥➛ st♦s✉✳ ❆ ♣r③②♥❛❥♠♥✐❡❥ s♣ró✲
❜✉❥ ♥❛♣✐s❛➣ ✇②♠❛❣❛♥✐❛ W ♥❛ t♦ ❜② ❦❧❛s❛ K ♠♦❣➟❛ ❜②➣ ✉③♥❛♥❛
③❛ ❦❧❛s➛ ❞❡✜♥✐✉❥→❝❛ st♦s② ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤✳

❆❤❛✱ ♥✐❡ ❥❡st t♦ ♦❝③②✇✐st❡✳ Pr♦❣r❛♠✉❥→❝② ✇ ❏❛✈✐❡ ♥❛♣✐s③→
t❛❦✐ ✐♥t❡r❢❡❥s

✐♥t❡r❢❛❝❡ ❙t♦s■ ④
✈♦✐❞ ♣✉s❤✭✐♥t ❡✮
✈♦✐❞ ♣♦♣✭✮
✐♥t t♦♣✭✮

⑥

❧✉❜ ❝♦➧ ♣♦❞♦❜♥❡❣♦ ✐ ♣♦✇✐❡❞③→ ❙t♦s ♠❛ tr③② ♠❡t♦❞②✿ ♣✉s❤✱ ♣♦♣
✐ t♦♣✳ P♦ró✇♥❛❥ ❬❪✳ ➅✇✐❡t♥✐❡✳ ❈③② ❥❡❞♥❛❦ ♥❛st➛♣✉❥→❝❛ ❞❡❦❧❛r❛✲
❝❥❛ ❦❧❛s② ❥❡st ♣♦♣r❛✇♥→ ✐♠♣❧❡♠❡♥t❛❝❥→ t❡❣♦ ✐♥t❡r❢❡❥s✉❄

✷✼✾



❝❧❛ss ❙t♦s ✐♠♣❧❡♠❡♥ts ❙t♦s■ ④
♣r✐✈❛t❡ ✐♥t❬✽❪ t❛❜❧❀
♣r✐✈❛t❡ ✐♥t ✐✱❥❀
✈♦✐❞ ♣✉s❤✭✐♥t ❡✮ ④t❛❜❧❬❥✰✰❪ ❂ ❡ ⑥
✈♦✐❞ ♣♦♣✭✮ ④✐✰✰ ⑥
✐♥t t♦♣✭✮ ④r❡t✉r♥ t❛❜❧❬✐❪⑥

⑥

❈③② ♣♦✇②➺s③❛ ❦❧❛s❛ ❙t♦s ✐♠♣❧❡♠❡♥t✉❥❡ ✐♥t❡r❢❡❥s ❙t♦s■❄ ❑♦♠♣✐✲
❧❛t♦r ❏❛✈② ③❛❛❦❝❡♣t✉❥❡ ③❞❛♥✐❡ ✏❝❧❛ss ❙t♦s ✐♠♣❧❡♠❡♥ts ✭✐♥t❡r❢❛❝❡✮
❙t♦s■✑✳ P♦❞st❛✇→ ❥❡st ♦❜s❡r✇❛❝❥❛✱ ➺❡ ❦❧❛s❛ ❙t♦s ③❛✇✐❡r❛ ❞❡❦❧❛r❛✲
❝❥❡ tr③❡❝❤ ♠❡t♦❞ ♣✉s❤✱ ♣♦♣ ✐ t♦♣✱ ❛ ♣♦♥❛❞t♦ t②♣② ❛r❣✉♠❡♥tó✇ ✐
✇②♥✐❦ó✇ s→ ③❣♦❞♥❡ ❞❧❛ ❦❛➺❞❡❥ ③ t②❝❤ ♠❡t♦❞✳ ❈③② ❥❡❞♥❛❦ ❥❡st t♦
st♦s❄ ❍♠♠✦ ❲✐➛❦s③♦➧➣ ♣r♦❣r❛♠✐stó✇ ✇②❦r③②❦♥✐❡✱ ✧♣r③❡❝✐❡➺ t❛
❦❧❛s❛ ✐♠♣❧❡♠❡♥t✉❥❡ ❦♦❧❡❥❦✐ ❋■❋❖✧✦ ❈③❡❣♦➧ ③❛❜r❛❦➟♦ ✇ ♥❛s③❡❥
s♣❡❝②✜❦❛❝❥✐ ✕ ✐♥t❡r❢❡❥s✐❡✳
❩❣❛❞③❛♠② s✐➛ ❝♦ ❞♦ t❡❣♦✱ ➺❡ ❦❛➺❞❛ ✐♠♣❧❡♠❡♥t❛❝❥❛ st♦só✇ ❧✐❝③❜
❝❛➟❦♦✇✐t②❝❤✱ ♠✉s✐ ✉❞♦st➛♣♥✐❛➣ tr③② ❞③✐❛➟❛♥✐❛✿

push : int× Stos→ Stos
pop : Stos→ Stos
top : Stos→ int

❆❧❡ t❛❦✐❡ ✇②❧✐❝③❡♥✐❡ t♦ ③❛ ♠❛➟♦✳ P♦✇✐♥♥✐➧♠② ❥❡s③❝③❡ s❝❤❛r❛❦✲
t❡r②③♦✇❛➣ ❡❢❡❦t② ❞③✐❛➟❛♥✐❛ t②❝❤ ♦♣❡r❛❝❥✐✳ ❚❛❦ ❥❛❦ t♦ ③r♦❜✐❧✐➧♠②
✇ r♦③❞③✐❛❧❡ ✸ ♦♣✐s✉❥→❝ ✇➟❛s♥♦➧❝✐ ❞③✐❛➟❛➠ ♥❛ t②♣❛❝❤ ♣r♦st②❝❤✳
P❛♠✐❡t❛s③❄
❈♦ ✇✐➛❝ ♥❛❧❡➺② ♣♦❞❛➣ ❥❛❦♦ ✇➟❛s♥♦➧❝✐ ✭t✳❥✳ ❛❦s❥♦♠❛t②✮ st♦só✇❄
❩❛✉✇❛➺ ♥❛st➛♣✉❥→❝② ③✇✐→③❡❦ ♦♣❡r❛❝❥✐ push ✐ top✳

top(push(e, s)) = e

P♦✇②➺s③→ ❢♦r♠✉➟➛ ❝③②t❛♠②✿ ♦♣❡r❛❝❥❛ top ③❛st♦s♦✇❛♥❛ ❞♦ ✇②✲
♥✐❦✉ ♦♣❡r❛❝❥✐ push(e, s) ③✇r❛❝❛ ❡❧❡♠❡♥t e✳ ▼♦➺❡♠② ❥→ ♣♦♣r③❡❞③✐➣
❦✇❛♥t②✜❦❛t♦r❡♠ ♦❣ó❧♥②♠✳ ▼❛♠② ✇✐➛❝ ♣✐❡r✇s③② ❛❦s❥♦♠❛t st♦✲
só✇

∀s ∀e top(push(e, s)) = e

❄▼♦➺♥❛ t➛ ❢♦r♠✉➟➛ ♥❛♣✐s❛➣ ✇ ♦rt♦❣r❛✜✐ ♣r♦❣r❛♠♦✇❛♥✐❛ ♦❜✐❡❦✲
t♦✇❡❣♦ ✇ t❛❦✐ s♣♦só❜✿

∀s ∀e (s.push(e)).top = e

❉♦❞❛❥♠② ❥❡s③❝③❡ ♣♦❞♦❜♥→ ❢♦r♠✉➟➛

∀s ∀e pop(push(e, s)) = s

♦r❛③ ❦♦❧❡❥♥❡ ♣♦st✉❧❛t②

empty(newStos)

∀s ∀e ¬empty(push(e, s))

❚✉t❛❥ empty ❥❡st ❢✉♥❦❝❥→ ❜♦♦❧♦✇s❦→ ✭❝③②❧✐ ♣r❡❞②❦❛t❡♠✮✳ ❲❛rt♦➧➣
✇②r❛➺❡♥✐❛ empty(s) ❥❡st tr✉❡ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ❛r❣✉♠❡♥t
s ❥❡st st♦s❡♠ ♣✉st②♠✳

✷✽✵



♥❡✇❙t♦s ✕ ③✇r❛❝❛ st♦s ♣✉st②✳ ❩❛✉✇❛➺✱ ➺❡ ③ ✇➟❛s♥♦➧❝✐ ❦❧❛s ✇②✲
♥✐❦❛✱ ➺❡ newStos 6= newStos✳ ▼❛♠② ❥✉➺ ❝③t❡r② ❛❦s❥♦♠❛t②✳ ❈③② t♦
✇②st❛r❝③②❄

❖❞❡❥❞➵♠② ♦❞ ③❛➟♦➺❡♥✐❛✱ ➺❡ ❡❧❡♠❡♥t❛♠✐ st♦s✉ s→ ❧✐❝③❜② ♥❛t✉✲
r❛❧♥❡✳ Pr③②❥♠✐❥♠②✱ ➺❡ ❞❛♥❛ ❥❡st ♣❡✇♥❛ ❦❧❛s❛ ❊❧❡♠ ✐ t♦ ✇➟❛➧♥✐❡
♦❜✐❡❦t② t❡❥ ❦❧❛s② s→ ❡❧❡♠❡♥t❛♠✐ st♦só✇✳ ❖♣❡r❛❝❥❛ push ✇❦➟❛❞❛
❡❧❡♠❡♥t e ❞♦ st♦s✉ s✶ ❛ ❥❡❥ ✇②♥✐❦✐❡♠ ❥❡st st♦s push(e, s)✳ ■♥♥❛ ♦♣❡✲
r❛❝❥❛ pop ③❞❡❥♠✉❥❡ ❡❧❡♠❡♥t ③❡ st♦s✉ ✐ ③✇r❛❝❛ st♦s pop(s)✳ ❖♣❡✲
r❛❝❥❛ top ③✇r❛❝❛ ❡❧❡♠❡♥t top(s)✳ ❉✇✐❡ ♦st❛t♥✐❡ ♦♣❡r❛❝❥❡ ♥✐❡ s→
③❞❡✜♥✐♦✇❛♥❡✱ ❣❞② ❛r❣✉♠❡♥t s ❥❡st st♦s❡♠ ♣✉st②♠✱ t❥✳ ❣❞② ③❛✲
❝❤♦❞③✐ empty(s)✳
▼♦➺❡♠② t♦ ♣♦❞s✉♠♦✇❛➣ ✇ t❡♥ s♣♦só❜✿ str✉❦t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛
st♦só✇ ♠❛ s✇♦❥❡ ✉♥✐✇❡rs✉♠✱ ♥❛ ❦tór❡ s❦➟❛❞❛ s✐➛ ✉♥✐❛ ❞✇✉ ③❜✐♦✲
ró✇✿ ③❜✐♦r✉ ❡❧❡♠❡♥tó✇ E ✐ ③❜✐♦r✉ st♦só✇ S✳ P♦♥❛❞t♦ ♠❛♠② tr③②
♦♣❡r❛❝❥❡✿ push, pop, top ♦r❛③ ❞✇❛ ♣r❡❞②❦❛t② empty ✐ ró✇♥♦➧➣ =✳

❚❛❜❧✐❝❛ ✶✺✳✶✳ ❙♣❡❝②✜❦❛❝❥❛ S1 str✉❦t✉r② st♦só✇
Sygnatura ❝③②❧✐ ✐♥t❡r❢❡❥s ❑♦♠❡♥t❛r③❡
❯♥✐✇❡rs✉♠ ❂ E ∪ S

E ③❜✐ór ❡❧❡♠❡♥tó✇
S ③❜✐ór st♦só✇

❖♣❡r❛❝❥❡
push : E × S −→ S ✇➟ó➺ ❡❧❡♠❡♥t e ❞♦ st♦s✉ s
pop : S −→ S ③❞❡❥♠ ✇✐❡r③❝❤♦➟❡❦ st♦s✉

✇②♥✐❦ ❥❡st ♦❦r❡➧❧♦♥② ✇tt✇ ❣❞② ¬empty(s)
top : S −→ E ③✇ró➣ ✇✐❡r③❤♦➟❡❦ st♦s✉

✇②♥✐❦ ❥❡st ♦❦r❡➧❧♦♥② ✇tt✇ ❣❞② ¬empty(s)
newStack :−→ S st♦s ♣✉st②

❘❡❧❛❝❥❡
empty : S −→ {true, false} ❝③② st♦s ❥❡st ♣✉st②❄
=: E × E ∪ S × S −→ {true, false} r❡❧❛❝❥❛ ró✇♥♦➧❝✐

Aksjomaty ❝③②❧✐ ♥✐❡③♠✐❡♥♥✐❦✐ st♦só✇ t✳❥✳ ✇➟❛s♥♦➧❝✐ ♦♣❡r❛❝❥✐
s✶✮ ∀e∈E∀s∈S ¬empty(push(e, s)) ✇②♥✐❦ ♦♣❡r❛❝❥✐ ♣✉s❤ ❥❡st st♦s❡♠

♥✐❡♣✉st②♠
s✷✮ ∀e∈E∀s∈S e = top(push(e, s)) ❡❧❡♠❡♥t ♦st❛t♥✐♦ ✇➟♦➺♦♥② ♥❛ st♦s

❥❡st ♥❛ ✇✐❡r③❝❤♦➟❦✉ st♦s✉
s✸✮ ∀e∈E∀s∈S s = pop(push(e, s)) ♣♦ ✇②❦♦♥❛♥✐✉ ♦♣❡r❛❝❥✐ ♣✉s❤✱

♦♣❡r❛❝❥❛ ♣♦♣ ♦❞t✇❛r③❛ st♦s
s✹✮ empty(newStack) ♥♦✇② st♦s ❥❡st ♣✉st②

❩❜✐ór S ❥❡st ♣♦❥♠♦✇❛♥② ③❛③✇②❝③❛❥ ❥❛❦♦ ③❜✐ór ✇s③②st❦✐❝❤ ♦❜✐❡❦✲
tó✇ ❥❛❦✐❡ ♠♦➺♥❛ ✉t✇♦r③②➣ ♥❛ ♣♦❞st❛✇✐❡ ❦❧❛s② S✱ ♣♦❞♦❜♥✐❡ ♣♦❥✲
♠♦✇❛♥② ❥❡st ③❜✐ór E✳

✶❩❛✉✇❛➺✱ ❝③❛s❛♠✐ ✇②st❛r❝③② ❞♦ st♦s✉ ✇♣✐s❛➣ ♦❞♥♦➧♥✐❦ ❞♦
❡❧❡♠❡♥t✉ e
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❚❛❜❧✐❝❛ ✶✺✳✷✳ ❉✇❛ ♠♦❞❡❧❡ s♣❡❝②✜❦❛❝❥✐ S1

▼♦❞❡❧ ③❛♣r♦❣r❛♠♦✇❛♥② ▼♦❞❡❧ ♠❛t❤❡♠❛t②❝③♥②
✉♥✐t ❊❧❡♠✿ ❝❧❛ss❀ ✳ ✳ ✳ ❡♥❞ ❊❧❡♠❀

❝❧❛ss ❙t♦s ④

♣r✐✈❛t❡ ❝❧❛ss ▲✐♥❦❛❣❡ ④

▲✐♥❦❛❣❡ ♥❡①t❀

❊❧❡♠ ❡❧❀

▲✐♥❦❛❣❡✭❊❧❡♠ ❡✱ ▲✐♥❦❛❣❡ ♥✮④❡❧❂❡❀ ♥❡①t❂♥❀⑥

⑥ ✴✴ ❡♥❞ ▲✐♥❦❛❣❡

♣✉❜❧✐❝ ▲✐♥❦❛❣❡ t♦♣✈❀

♣✉❜❧✐❝ ❙t♦s✭✮④t♦♣✈❂♥✉❧❧❀⑥

♣✉❜❧✐❝ st❛t✐❝ ✜♥❛❧ ❙t♦s ♣✉s❤✭❊❧❡♠ ❡✱ ❙t♦s s✮ ④

❙t♦s ♥ ❂ ♥❡✇ ❙t♦s✭✮❀

♥✳t♦♣✈ ❂ ♥❡✇ ▲✐♥❦❛❣❡✭❡✱ s✳t♦♣✈✮❀

r❡t✉r♥ ♥❀ ⑥ ✴✴ ❡♥❞ ♣✉s❤

♣✉❜❧✐❝ st❛t✐❝ ✜♥❛❧ ❊❧❡♠ t♦♣✭❙t♦s s✮ t❤r♦✇s ❯♥❞❡❢ ④

✐❢ ✭s✳t♦♣✈❂♥✉❧❧✮ t❤r♦✇ ♥❡✇ ❯♥❞❡❢✭✮❀

r❡t✉r♥ s✳t♦♣✈✳❡❧❀

⑥ ✴✴ ❡♥❞ t♦♣

♣✉❜❧✐❝ st❛t✐❝ ✜♥❛❧ ❙t♦s ♣♦♣✭❙t♦s s✮ t❤r♦✇s ❯♥❞❡❢ ④

✐❢ ✭s✳t♦♣✈❂❂♥✉❧❧✮ t❤r♦✇ ♥❡✇ ❯♥❞❡❢✭✮❀

❙t♦s ♥ ❂♥❡✇ ❙t♦s✭✮❀

♥✳t♦♣✈❂s✳t♦♣✈✳♥❡①t❀ r❡t✉r♥ ♥❀

⑥ ✴✴❡♥❞ ♣♦♣

♣✉❜❧✐❝ st❛t✐❝ ✜♥❛❧ ❇♦♦❧❡❛♥ ❡♠♣t②✭❙t♦s s✮ ④

r❡t✉r♥ ✭s✳t♦♣✈❂❂♥✉❧❧✮❀

⑥ ✴✴ ❡♥❞ ❡♠♣t②

♣✉❜❧✐❝ st❛t✐❝ ✜♥❛❧ ❇♦♦❧❡❛♥ ❡q✉❛❧✭❙t♦s s✶✱❙t♦s s✷✮ ④

❇♦♦❧❡❛♥ ❛✉①❂tr✉❡❀

❇♦♦❧❡❛♥ ❛✉①✶❂❙t♦s✳❡♠♣t②✭s✶✮❀

❇♦♦❧❡❛♥ ❛✉①✷❂❙t♦s✳❡♠♣t②✭s✷✮❀

✇❤✐❧❡ ✭✦❛✉①✶✫✫✦❛✉①✷✫✫❛✉①✮ ④

❛✉① ❂ ✭❙t♦s✳t♦♣✭s✶✮ ❂❂ ❙t♦s✳t♦♣✭s✷✮✮❀

s✶ ❂ ❙t♦s✳♣♦♣✭s✶✮❀ ❛✉①✶ ❂ ❙t♦s✳❡♠♣t②✭s✶✮❀

s✷ ❂ ❙t♦s✳♣♦♣✭s✷✮❀ ❛✉①✷ ❂ ❙t♦s✳❡♠♣t②✭s✷✮❀

⑥

r❡t✉r♥ ✭❛✉①✶ ✫✫ ❛✉①✷ ✫✫ ❛✉①✮❀

⑥ ✴✴ ❡♥❞ ❡q✉❛❧

⑥ ✴✴ ❡♥❞ ❙t♦s

❝❧❛ss ❯♥❞❡❢ ❡①t❡♥❞s ❊①❝❡♣t✐♦♥ ④ ✳✳✳ ⑥

E = {a, b, c, ...}
S ❂ s❡t ♦❢ ❛❧❧ ✜♥✐t❡ s❡q✉❡♥❝❡s ♦✈❡r
❛❧♣❤❛❜❡t ❊✱
t❤❡ ❡♠♣t② s❡q✉❡♥❝❡ λ ✐♥❝❧✉❞❡❞✳
newstack = λ
push(e, {e1, e2, ..., en}) = {e, e1, e2, ..., en}

top({e1, ..., en}) = e1
top(λ) ✐s ✉♥❞❡✜♥❡❞

pop({e1, e2, e3, ..., en}) = {e2, e3, ..., en}
pop({e1}) = λ
pop(λ) ✐s ✉♥❞❡✜♥❡❞

empty(s) ≡ s = λ
❡q✉❛❧✐t② ❂ ✐s ♠❡❛♥t ❛s ✐❞❡♥t✐t②

st❛❝❦s ❛r❡ ❡q✉❛❧ ✐✛
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❡❧❡♠❡♥ts
♦♥ t❤❡ s❛♠❡ ♣♦s✐t✐♦♥s✳
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❚❛❜❡❧❛ ✶✺✳✷ ③❛✇✐❡r❛ ❞✇✐❡ ✐♠♣❧❡♠❡♥t❛❝❥❡ s♣❡❝②✜❦❛❝❥✐ ❙✶ ③
t❛❜❧✐❝② ✶✺✳✶✳ ❲ ❧❡✇❡❥ ❦♦❧✉♠♥✐❡ ✉♠✐❡➧❝✐❧✐➧♠② ❦❧❛s➛ ❙t♦s ✐♠✲
♣❧❡♠❡♥t✉❥→❝→ s♣❡❝②✜❦❛❝❥➛ ❙✶✳ Pr❛✇❛ ❦♦❧✉♠♥❛ ③❛✇✐❡r❛ ♠❛t❡✲
♠❛t②❝③♥② ♠♦❞❡❧ t❡❥ s♣❡❝②✜❦❛❝❥✐✳ ▼♦❞❡❧ ♠❛t❡♠❛t②❝③♥② ♥❛③②✲
✇❛➣ ❜➛❞③✐❡♠② ♠♦❞❡❧❡♠ st❛♥❞❛r❞♦✇②♠ st♦só✇✳ ❉❧❛ ❞♦✇♦❧♥❡❣♦
③❜✐♦r✉ E ♠♦➺♥❛ s❦♦♥str✉♦✇❛➣ ♠♦❞❡❧ st❛♥❞❛r❞♦✇② ❜❛③✉❥→❝ ♥❛
③❜✐♦r③❡ E✳ ❲s③②t❦✐❡ t❛❦✐❡ ♠♦❞❡❧❡ s→ ♣♦❞♦❜♥❡✳ ◆✐❡ ♠✉s③→ ❥❡❞✲
♥❛❦ ❜②➣ ✐③♦♠♦r✜❝③♥❡✳ ❲②st❛r❝③② r♦③✇❛➺②➣ ❞✇❛ ♠♦❞❡❧❡ st❛♥✲
❞❛r❞♦✇❡✱ ❥❡❞❡♥ ③❜✉❞♦✇❛♥② ♥❛❞ ③❜✐♦r❡♠ E1 ✐ ❞r✉❣✐ ♥❛❞ ③❜✐♦r❡♠
E2✱ ♣r③② ❝③②♠ ③❜✐♦r② t❡ s→ ró➺♥❡❥ ♠♦❝②✱ card(E1) 6= card(E2)✳

❲✐❡❧✉ ❛✉t♦ró✇ ♣r③②❥♠✉❥❡ ❢♦r♠✉➟② ③❛✇❛rt❡ ✇ t❛❜❡❧✐ ✶✺✳✶ ❥❛❦♦
s♣❡❝②✜❦❛❝❥➛ st♦só✇ ♥♣✳ ❬❊▼✽✺❪✱ ❬❆❱◆+✵✼❪✳ ❏❡❞♥❛❦ t❡♥ ③❜✐ór
❢♦r♠✉➟ ♥✐❡ ♠ó✇✐ ❝❛➟❡❥ ♣r❛✇❞② ♦ st♦s❛❝❤✳ ❲②♥✐❦❛ t♦ ③ ♥❛st➛♣✉✲
❥→❝❡❣♦ ❧❡♠❛t✉✳

▲❡♠❛t ✶✻✳✶✳ ❋♦r♠✉➟❛
(∀s ∈ S) ¬empty(s)⇒ s = push(top(s), pop(s))

❥❡st ♥✐❡③❛❧❡③♥❛ ♦❞ ❛❦s❥♦♠❛tó✇ s✶ ✲ s✹✳
❋♦r♠✉➟❛ t❛ ♠ó✇✐✿ ❞❧❛ ❦❛➺❞❡❣♦ ♥✐❡♣✉st❡❣♦ st♦s✉ s✱ ✇②♥✐❦ ♦♣❡✲
r❛❝❥✐ push ✇➟♦③❡♥✐❛ ❡❧❡♠❡♥t✉ top(s) ❞♦ st♦s✉ pop(s) ❥❡st st♦s❡♠
s✳

❉♦✇ó❞✳ ❘♦③✇❛③♠② str✉❦t✉r➛ I2✱ ♦♣✐s❛♥→ ✇ ❚❛❜❧✐❝② ✶✺✳✸✳ ◆✐❡✲
tr✉❞♥♦ s♣r❛✇❞③✐➣✱ ➺❡ ❥❡st t♦ ♠♦❞❡❧ ❛❦s❥♦♠❛tó✇ s✶ ✲ s✹✱ t❥✳
✇s③②t❦✐❡ ❝③t❡r② ❢♦r♠✉➟② s→ ♣r❛✇❞③✐✇❡ ✇ str✉❦t✉r③❡ I2✳ ❩♦✲
❜❛❝③♠②✱ ➺❡ ❢♦r♠✉➟❛ ✇②♠✐❡♥✐♦♥ ✇ ❧❡♠❛❝✐❡ ♥✐❡ ❥❡st ♣r❛✇❞③✐✇❛ ✇
t❡❥ str✉❦t✉r③❡✳ ❘♦③♣❛tr③♠② st♦s s = {e1, e2, e3, ..., en} t❛❦✐✱ ➺❡ e1 6= e2✳
❖❝③②✇✐➧❝✐❡ top(s) = e1 ❛♥❞ pop(s) = {e3, ..., en}✳ ❆❧❡ push(top(s), pop(s) =
{e1, e1, e3, ..., en} 6= s✳ �

❚❛❜❧✐❝❛ ✶✺✳✸ ▼♦❞❡❧ I2
E = {a, b, c}
S ❂ ③❜✐ór ✇s③②st❦✐❝❤ s❦♦➠❝③♦♥②❝❤ ❝✐→❣ó✇ ③♥❛❦ó✇ ③❡ ③❜✐♦r✉ E✱
✇➟→❝③❛❥→❝ ♣✉st② ❝✐→❣ λ✳
push(e, {e1, e2, ..., en}) = {e, e, e1, e2, ..., en}
top({e1, ..., en}) = e1
top(λ) ♥✐❡❦r❡➧❧♦♥②
pop({e1, e2, e3, ..., en}) = {e3, ..., en}
pop({e1}) = pop({e1, e2}) = λ, pop(λ) ♥✐❡♦❦r❡➧❧♦♥②

❯♣♦✇❛➺♥✐❛ ♥❛s t♦ ❞♦ ♣r③❡❞st❛✇✐❡♥✐❛ ♣❡➟♥✐❡❥s③❡❥ s♣❡❝②✜❦❛❝❥✐ st♦✲
só✇✱ ③♦❜✳ ❚❛❜❧✐❝③❛ ✶✺✳✹✳

❚❛❜❧✐❝❛ ✶✺✳✹ ❙♣❡❝②✜❦❛❝❥❛ st♦só✇ ❙✷
Sygnatura t❛❦❛ s❛♠❛ ❥❛❦ ✇ S1
Aksjomaty

❛❦s❥♦♠❛t② s✶ ✲ s✹ ♦r❛③
s✺✮ (∀s ∈ S) ¬empty(s)⇒ ❞❧❛ ❦❛➺❞❡❣♦ ♥✐❡♣✉st❡❣♦ st♦s✉ s
s = push(top(s), pop(s)) ✇②♥✐❦✐❡♠ ♦♣❡r❛❝❥✐ push ♥❛ ❡❧❡♠❡♥❝✐❡ top(s) ✐

st♦s✐❡ pop(s) ❥❡st st♦s s

✷✽✸



❑t♦➧ ♠♦➺❡ ♣♦♠②s❧❡❝✱ ✐♠ ✇✐➛❝❡❥ ❢♦r♠✉➟ ✭❞♦❞❛♠② ❞♦ s♣❡❝②✜❦❛❝❥✐✮
t②♠ ❧❡♣✐❡❥✳ ❚♦ s✐➛ ❥❡❞♥❛❦ ♠♦➺❡ s❦♦➠❝③②➣ ➵❧❡✳ ❲ ✇②♥✐❦✉ ♠♦③♥❛
♦tr③②♠❛➣ s♣❡❝②✜❦❛❝❥➛ s♣r③❡❝③♥→✳
❙♣ó❥r③♠② ♥❛ ♥❛st➛♣✉❥→❝② ♣r③②❦➟❛❞ ❙✸ ✇ t❛❜❡❧✐ ✶✳

❚❛❜❧✐❝❛ ✶✺✳✺ ❙♣❡❝②✜❦❛❝❥❛ st♦só✇ ❙✸
Sygnatura

♣♦❞♦❜♥✐❡ ❥❛❦ ✇ s♣❡❝②✜❦❛❝❥✐ ❙✶✱
♣♦✇✐➛❦s③♦♥❛ ♦ ❞✇✐❡ st❛➟❡ a✱ b t②♣✉ E

Aksjomaty

❛❦s❥♦♠❛t② s✶ ✲ s✺ ♦r❛③
s◗✮ ¬empty(s)⇒ push(e, pop(s)) = pop(push(e, s))
♦r❛③ ❛❦s❥♦♠❛t
s✷❊✮ a 6= b

❚✇✐❡r❞③❡♥✐❡ ✶✻✳✷✳ ❩❜✐ór ❢♦r♠✉➟ {s1 − s5, sQ, s2E} ❥❡st ③❜✐♦r❡♠
s♣r③❡❝③♥②♠✳

❉♦✇ó❞✳ ❆❦s❥♦♠❛t s✷❊✮ st✇✐❡r❞③❛✱ ➺❡ ③❜✐ór ❡❧❡♠❡♥tó✇ E ♠❛
❝♦♥❛❥♠♥✐❡❥ ❞✇❛ ❡❧❡♠❡♥t② a ✐ b ró➺♥❡✳ ❩❛➟ó➺♠②✱ ➺❡ s ∈ S ❥❡st
st♦s❡♠ ♥✐❡♣✉st②♠✳ ▼❛♠② ✇t❡❞②✿
(1) s1

df
= push(a, s) ③ ❞❡✜♥✐❝❥✐

(2) s2
df
= push(b, s) ③ ❞❡✜♥✐❝❥✐

(3) s = pop(s1) ③ ✭✶✮ ♥❛ ♠♦❝② s✸✮
(4) s2 = push(b, pop(s1)) ③ ✭✷✮ ✐ ✭✸✮✱ s ❥❡st ♥✐❡♣✉st②
(5) s2 = pop(push(b, s1)) ③ ✭✹✮ ♥❛ ♠♦❝② s◗✮
(6) s2 = s1 ③ ✭✺✮ ♥❛ ♠♦❝② s✸✮
(7) b = top(s2) = top(s1) = a ③ ✭✻✮ ♥❛ ♠♦❝② s✷✮
❙♣r③❡❝③♥♦➧➣✦ ❆ ✇✐➛❝ s♣❡❝②✜❦❛❝❥❛ ❙✸ ❥❡st s♣r③❡❝③♥❛✳ �

❲♥✐♦s❡❦ ✶✻✳✸✳ ❙♣❡❝②✜❦❛❝❥❛ ❙✸ ♥✐❡ ♠❛ ➺❛❞♥❡❥ ✐♠♣❧❡♠❡♥t❛❝❥✐✳

❙❦→❞ ✇✐❛❞♦♠♦✱ ➺❡ t❛❦ ❥❡st❄ ●❞②❜② ✐st♥✐❛➟❛ ❥❛❦❛➧ ✐♠♣❧❡♠❡♥t❛✲
❝❥❛ t❡❣♦ ③❜✐♦r✉ ❛❦s❥♦♠❛tó✇✱ t♦ ♠✉s✐❛➟❛❜② ró✇♥♦❝③❡➧♥✐❡ s♣❡➟✲
♥✐❛➣ ❞✇✐❡ ❢♦r♠✉➟② a = b ✐ ¬(a = b)✳
❙t✇✐❡r❞③❡♥✐❡✱ ➺❡ s♣❡❝②✜❦❛❝❥❛ ♣♦③✇❛❧❛ ✇②♣r♦✇❛❞③✐➣ ③❛ró✇♥♦ ♣❡✇♥→
❢♦r♠✉➟➛ α ❥❛❦ ✐ ❥❡❥ ♥❡❣❛❝❥➛ ✭❛ ✇✐➛❝✱ ➺❡ ❥❡st s♣r③❡❝③♥❛✮ t♦ s②❣♥❛➟
❛❧❛r♠♦✇②✳❲ ➺❛❞♥②♠ ♣r③②♣❛❞❦✉ ♥✐❡ ♥❛❧❡➺② ♣♦❞❡❥♠♦✇❛➣ s✐➛ ③❧❡✲
❝❡♥✐❛ ♥❛ ✇②t✇♦r③❡♥✐❡ ♦♣r♦❣r❛♠♦✇❛♥✐❛✱ ❦tór❡ ♠❛ s♣❡➟♥✐❛➣ ✇②✲
♠❛❣❛♥✐❛ s♣r③❡❝③♥❡✳ ❆ ❥❡➧❧✐ ♥✐❡ ❥❡st❡➧♠② ♣❡✇♥✐✱ ➺❡ s♣❡❝②✜❦❛❝❥❛✱
❦tór❛ ♣r③❡❝✐❡➺ ❥❡st ③❛➟→❝③♥✐❦✐❡♠ ❞♦ ✉♠♦✇② ♦ ❞③✐❡➟♦✱ ❥❡st ✇♦❧♥❛
♦❞ s♣r③❡❝③♥♦➧❝✐✱ t♦ ✇♣✐s③♠② ❞♦ ✉♠♦✇② ♦❞♣♦✇✐❡❞♥✐ ❦♦❞②❝②❧
st❛♥♦✇✐→❝② ♦ ✇②s♦❦♦➧❝✐ ♦❞s③❦♦❞♦✇❛♥✐❛ ❞❧❛ ③❧❡❝❡♥✐♦❜✐♦r❝② ③❛
✉tr❛❝♦♥② ❝③❛s ✐ ✐♥♥❡ s③❦♦❞②✳ ▼❛ t♦ ♥❛ ❝❡❧✉ ♥❛❦➟♦♥✐❡♥✐❡ ③❧❡❝❡✲
♥✐♦❞❛✇❝② ❞♦ r❡✢❡❦s❥✐✳ ◆❛❥❧❡♣✐❡❥ ❥❡❞♥❛❦ ❜② ③❧❡❝❡♥✐♦❞❛✇❝❛ ♣♦✲
✇✐❡r③②➟ ♦♣r❛❝♦✇❛♥✐❡ s♣❡❝②✜❦❛❝❥✐ ❢❛❝❤♦✇❝♦✇✐
❲r❛❝❛♠② ❞♦ s♣❡❝②✜❦❛❝❥✐ ❙✷✳ P♦ ❞♦❦➟❛❞♥✐❡❥s③❡❥ ❛♥❛❧✐③✐❡ ③❛✉✇❛✲
➺❛♠②✱ ➺❡ ♠♦➺♥❛ ❞♦❞❛❝ ❞♦ t❡❥ s♣❡❝②✜❦❛❝❥✐ ♥✐❡s❦♦➠❝③♦♥② ③❜✐ór ❞♦✲
❞❛t❦♦✇②❝❤ ❢♦r♠✉➟✳ ❲s③②t❦✐❡ t❡ ❢♦r♠✉➟② ♠❛❥→ str✉❦t✉r➛ ③❣♦❞♥→

✷✽✹



③❡ s❝❤❡♠❛t❡♠ ✐♥❞✉❦❝❥✐ ✭str✉❦t✉r❛❧♥❡❥✮ ❞❧❛ st♦só✇✳ ❲ t❡♥ s♣♦✲
só❜ ❞♦❝❤♦❞③✐♠② ❞♦ ❦♦❧❡❥♥❡❥ s♣❡❝②✜❦❛❝❥✐ ❙✹✱ ♣♦r✳ ❚❛❜❧✐❝❛ ✶✺✳✻✳

❚❛❜❧✐❝❛ ✶✺✳✻ ❙♣❡❝②✜❦❛❝❥❛ st♦só✇ ❙✹
Sygnatura

t❛❦❛ s❛♠❛ ❥❛❦ ✇ ❙✶
Aksjomaty

❛❦s❥♦♠❛t② s✶ ✲ s✺ ♦r❛③
✇s③②st❦✐❡ ❢♦r♠✉➟② ♦ ♥❛st➛♣✉❥→❝②♠ s❝❤❡♠❛❝✐❡ ■❙

α(s/s0) ∧ {(∀s∈S(∀e∈E(α(s)⇒ α(s/push(e, s)))} ⇒ ∀s∈Sα(s)

❣❞③✐❡ α ❥❡st ❞♦✇♦❧♥→ ❢♦r♠✉➟→ ♣✐❡r✇s③❡❣♦ r③➛❞✉ ✐ s0 = newStack

❙❝❤❡♠❛t ✐♥❞✉❦❝❥✐ ♣♦✇✐❛❞❛✿ ❥❡➧❧✐ ❢♦r♠✉➟❛ α(x) ❥❡st ♣r❛✇❞③✐✇❛ ❞❧❛
st♦s✉ ♣✉st❡❣♦ α(x/s0) ✐ ❥❡➧❧✐ ❞❧❛ ❞❦❛➺❞❡❣♦ st♦s✉ s ✐ ❞❧❛ ❦❛➺❞❡❣♦
❡❧❡♠❡♥t✉ e✱ α(x/s) ✐♠♣❧✐❦✉❥❡ α(x/push(e, s)) t♦ ❞❧❛ ❦❛➺❞❡❣♦ st♦s✉ s
③❛❝❤♦❞③✐ ❢♦r♠✉➟❛ α(x/s)✳
❩❛✉✇❛➺✱ s❝❤❡♠❛t ✐♥❞✉❦❝❥✐ ♥✐❡ ❣✇❛r❛♥t✉❥❡ ♥✐❡♦❜❡❝♥♦➧❝✐ st♦só✇
♣❛t♦❧♦❣✐❝③♥②❝❤✳ ▼♦➺❡ ❦t♦➧ ♣♦✇✐❡❞③✐❡➣✿ r♦③♣❛tr②✇❛➣ ❜➛❞③✐❡♠②
t②❧❦♦♦ st♦s② st❛♥❞❛r❞♦✇❡ t❥✳ t❛❦✐❡✱ ❦tór❡ ♣♦✇st❛➟② ③❡ st♦s✉
♣✉st❡❣♦ ✇ ✇②♥✐❦✉ s❦♦➠❝③♦♥❡❥ ❧✐❝③❜② ♦♦♣❡r❛❝❥✐ push✳ ❆❧❡ ❥❛❦
✇②r❛③✐➣ t➛ ✇➟❛s♥♦➧➣ ✇ ❥➛③②❦✉ ❢♦r♠✉➟❄ ▼♦➺❡ ✇✐➛❝ ③❛st→♣✐➣ t♦
✇②♠❛❣❛♥✐❡ ✐♥♥②♠❄ r♦③✇❛➺❛➣ ❜➛❞③✐❡♠② t②❧❦♦ ♣r♦❣r❛♠♦✇❛❧♥❡
♠♦❞❡❧❡ s♣❡❝②✜❦❛❝❥❥✐ ❙✹✳ ❖❦❛③✉❥❡ s✐➛✱ ➺❡ ♣r③②❥➛❝✐❡ t❡❣♦ ❡①r❛
✇②♠❛❣❛♥✐❛ ♥✐❡ ❡❧❡♠✐♥✉❥❡ st♦só✇ ♣❛t♦❧♦❣✐❝③♥②❝❤✳ ❲ ♣r❛❝❛❝❤
❬▼❙✾✻✱ ▼❙❙❚✵✵❪ ✉❞♦✇♦❞♥✐♦♥♦✱ ➺❡ ✐st♥✐❡❥→ ♣r♦❣r❛♠♦✇❛❧♥❡✱ ♣❛✲
t♦❧♦❣✐❝③♥❡ ♠♦❞❡❧❡ s♣❡❝✐✜❦❛❝❥✐ ❙✹✳ ❲ t②❝❤ ♠♦❞❡❧❛❝❤ ✐st♥✐❡❥→
st♦s② t❛❦✐❡✱ ➺❡ ♠♦➺♥❛ ♣♦✇t❛r③❛➣ ♦♣❡r❛❝❥➛ pop ✐ ♣♦ ➺❛❞♥❡❥ s❦♦➠✲
❝③♦♥❡❥ ❧✐❝③❜✐❡ ♣♦✇tór③❡➠ ♥✐❡ ✉③②s❦❛♠② ♣✉st❡❣♦ st♦s✉✳

❚✇✐❡r❞③❡♥✐❡ ✶✻✳✹✳ ■st♥✐❡❥❡ ♣r♦❣r❛♠♦✇❛❧♥② ♠♦❞❡❧ s♣❡❝②✜❦❛❝❥✐
❙✹ t❛❦✐✱ ➺❡ ❞❧❛ ♣❡✇♥❡❣♦ st♦s✉ s1 ♣r♦❣r❛♠

✇❤✐❧❡ ¬ empty(s1) ❞♦ s1 := pop(s1) ❞♦♥❡
♥✐❡ ❦♦➠❝③② ♦❜❧✐❝③❡➠✳

❚❛❦✐ st♦s s1✱ ♥❛③②✇❛♠② ♥✐❡♦s✐→❣❛❧♥②♠✳ Pr❛❝❛ ❬▼❙❙❚✵✵❪
♣r③②♥♦s✐ ❞✇❛ ❦♦❧❡❥♥❡ ❢❛❦t②

❚✇✐❡r❞③❡♥✐❡ ✶✻✳✺✳ ◆✐❡❝❤ E ❜➛❞③✐❡ ③❜✐♦r❡♠ s❦♦➠❝③♦♥②♠✳ ◆✐❡❝❤
S ♦③♥❛❝③❛ str✉❦t✉r➛ st♦só✇ ♥❛❞ ③❜✐♦r❡♠ E✳ ❩❜✐ór ❢♦r♠✉➟ ♣✐❡r✇✲
s③❡❣♦ r③➛❞✉ ♣r❛✇❞③✐✇②❝❤ ✇ str✉❦t✉r③❡ S ❥❡st r♦③str③②❣❛❧♥②✳

❲②❞❛❥❡ s✐➛✱ ➺❡ ❥❡st t♦ ❞♦❜r❛ ✇✐❛❞♦♠♦➧➣✳ ❉♦❜r③❡ ❥❡st ♠✐❡➣
♣r♦❝❡❞✉r➛ r♦③str③②❣❛♥✐❛ ♦ ♣r❛✇❞③✐✇♦➧❝✐ ❢♦r♠✉➟✳ ❏❡❞♥❛❦✱ ♦❦❛✲
③✉❥❡ s✐➛✱ ➺❡ ❥❡st t♦ ③➟❛ ✇✐❛❞♦♠♦➧➣✳ ❲②♥✐❦❛ t♦ ③ ❦♦❧❡❥♥❡❣♦ t✇✐❡r✲
❞③❡♥✐❛✳

❚✇✐❡r❞③❡♥✐❡ ✶✻✳✻✳ ❑❛➺❞❛ r♦③str③②❣❛❧♥❛ t❡♦r✐❛ ♣✐❡r✇s③❡❣♦ r③➛❞✉
T ♣♦s✐❛❞❛ ♠♦❞❡❧ ♣r♦❣r❛♠♦✇❛❧♥② ✐ ♥✐❡♦s✐→❣❛❧♥②✱ ❛ ✇✐➛❝ ♣❛t♦❧♦✲
❣✐❝③♥②✳

✷✽✺



❲②❞❛❥❡ s✐➛✱ ➺❡ ❥❡st❡➧♠② ✇ ✐♠♣❛s✐❡✳ ➏❡ ♥✐❡ ♠♦➺♥❛ s❦♦♥✲
str✉♦✇❛➣ ❛❦s❥♦♠❛t②③❛❝❥✐ ❞❧❛ str✉❦t✉r ❞❛♥②❝❤ ♦ ♥✐❡s❦♦➠❝③♦♥②♠
③❜✐♦r③❡✳ ❖❦❛③✉❥❡ s✐➛✱ ➺❡ ❧♦❣✐❦❛ ❛❧❣♦r②t♠✐❝③♥❛ ♣r③②❝❤♦❞③✐ t✉ ③
♣♦♠♦❝→ ✭③❛♥♦t✉❥♠② ♥✐❡s♣❡➟♥✐♦♥→ ♦❜✐❡t♥✐❝➛ ❬❉✐❧✾✵❪✮✳ ❘♦③✇❛➺♠②
♠✐❛♥♦✇✐❝✐❡ ♥❛st➛♣✉❥→❝❛ s♣❡❝②✜❦❛❝❥➛ ❙✺✳ ❙❝❤❡♠❛t ✐♥❞✉❦❝❥✐ ③♦✲
st❛❥❡ t✉ ③❛st→♣✐♦♥② ♣r③❡③ ♣♦❥❡❞②♥❝③→ ❢♦r♠✉➟➛ ❛❧❣♦r②t♠✐❝③♥→✱
♣♦r✳ ❚❛❜❡❧❛ ✶✺✳✼✳

❚❛❜❧✐❝❛ ✶✺✳✼ ❙♣❡❝②✜❦❛❝❥❛ ❙✺
Sygnatura

t❛❦❛ s❛♠❛ ❥❛❦ ✇ ❙✶
Aksjomaty

❛❦s❥♦♠❛t② s✶ ✲ s✺ ✐
s✻✮ ∀s∈S {while ¬empty(s) do s := pop(s) done} empty(s)
t❡♥ ♣r♦❣r❛♠ ♥✐❡ ③❛♣➛t❧❛ s✐➛✱ t③♥✳ ❦❛➺❞② st♦s ❥❡st s❦♦➠❝③♦♥②

❩✇ró➣ ✉✇❛❣➛ ♥❛ ♥❛st➛♣✉❥→❝❡ t✇✐❡r❞③❡♥✐❡✱ ♣♦r✳ ❬▼❙✽✼❪ str✳
✶✻✺✳

❚✇✐❡r❞③❡♥✐❡ ✶✻✳✼✳ ✭♦ r❡♣r❡③❡♥t❛❝❥✐✮ ❑❛➺❞② ♠♦❞❡❧ s♣❡❝②✜❦❛✲
❝❥✐ ❙✺ ❥❡st ✐③♦♠♦r✜❝③♥② ③ ♣❡✇♥②♠ st❛♥❞❛r❞♦✇②♠ ♠♦❞❡❧❡♠ st♦✲
só✇✳

❚✇✐❡r❞③❡♥✐❡ t♦ ♠ó✇✐✱ ➺❡ s♣❡❝②✜❦❛❝❥❛ ❙✺ ✉❝❤✇②❝✐➟❛ ✇s③②st❦✐❡
✇➟❛s♥♦➧❝✐ str✉❦t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥ st♦s②✳ ❉♦✇♦❧♥② ♠♦❞❡❧ ③❜✐♦r✉
❛❦s❥♦♠❛tó✇ ❙✺ ❥❡st ✐③♦♠♦r✜❝③♥② ③❡ ❜✐♦r❡♠ s❦♦➠❝③♦♥②❝❤ ❝✐→❣ó✇
❡❧❡♠❡♥tó✇ ③❡ ③❜✐♦r✉ E✱ ❛ ♦♣❡r❛❝❥❡ ♣✉s❤✱ ♣♦♣ ✐ t♦♣ s→ ♦❦r❡➧❧♦♥❡
t❛❦ ❥❛❦ ✇ t❛❜❧✐❝② ✶✺✳✷✳
❩❛✉✇❛➺②➟❡➧✱ ➺❡ ❥❡❞❡♥ ③ ❛❦s❥♦♠❛tó✇ st✇✐❡r❞③❛✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦
st♦s✉ s ♣r♦❣r❛♠ ✇②♠✐❡♥✐♦♥② ✇ ❛❦s❥♦♠❛t❛❝❤ ③❛✇s③❡ ❦♦➠❝③② ♦❜✲
❧✐❝③❡♥✐❡✳ ❚❛ ✇➟❛s♥♦➧❝ ♦❦❛➺❡ s✐➛ ❜❛r❞③♦ ♣r③②❞❛t♥❛ ✇ ❞♦✇♦❞❛❝❤
♣♦♣r❛✇♥♦➧❝✐ ✐♥♥②❝❤ ❛❧❣♦r②t♠ó✇✳

❲✐❞③✐❡❧✐➧♠② ró➺♥❡ s♣❡❝②✜❦❛❝❥❡ st♦só✇✳ P♦ró✇♥❛❥♠② ❥❡✱ ③♦❜✳
♣♦♥✐➺s③→ t❛❜❧✐❝❡ ✶✺✳✽✳

❚❛❜❧✐❝❛ ✶✺✳✽ P♦ró✇♥❛♥✐❡ s♣❡❝②✜❦❛❝❥✐ ❙✶ ✲ ❙✺
❙♣❡❝②✜❦❛❝❥❛ ❯✇❛❣✐
S1 ✐♥❢♦r♠❛❝❥❛ ♦ st♦s❛❝❤ ♥✐❡❦♦♠♣❧❡t♥❛✱

♥♣✳ ❢♦r♠✉➟❛ s✺ ❥❡st ♥✐❡③❛❧❡➺♥❛ ♦❞ {s1, s2, s3, s4}
S1 ♠❛ ③❛s❦❛❦✉❥→❝❡ ♠♦❞❡❧❡ ♣♦r✳ ✐♠♣❧❡♠❡♥t❛❝❥❛ I2

S2 ❥❡➧❧✐ card(E) = k, k ∈ N✱
t♦ t❡♦r✐❛ ♣✐❡r✇s③❡❣♦ r③➛❞✉ S2 ❥❡st r♦③str③②❣❛❧♥❛✱
♥✐❡❦♦♠♣❧❡t♥❛ ✐♥❢♦r♠❛❝❥❛✱ ❞♦♣✉s③❝③❛ ♠♦❞❡❧❡ ♣❛t♦❧♦❣✐❝③♥❡

S3 s♣❡❝②✜❦❛❝❥❛ s♣r③❡❝③♥❛✱ ♣♦r✳ t✇✐❡r❞③❡♥✐❡ ✶✻✳✷
♥✐❡ ✐st♥✐❡❥❡ ➺❛❞❡♥ ♠♦❞❡❧

S4 r♦③str③②❣❛❧♥❛✱ ♥✐❡❦♦♠♣❧❡t♥❛ ✐♥❢♦r♠❛❝❥❛
❞♦♣✉s③❝③❛ ✐♠♣❧❡♠❡♥t❛❝❥❡ ♣❛t♦❧♦❣✐❝③♥❡

S5 ✐♥❢♦r♠❛❝❥❛ ❦♦♠♣❧❡t♥❛✱ ❦❛➺❞② ♠♦❞❡❧
❥❡st ✐③♦♠♦r✜❝③♥② ③ ♣❡✇♥②♠ ♠♦❞❡❧❡♠ st❛♥❞❛r❞♦✇②♠
❛❧❣♦r②t♠✐❝③♥❛ t❡♦r✐❛ ❥❡st ♥✐❡r♦③str③②❣❛❧♥❛✳

✷✽✻



❯✇❛❣❛ ✶✻✳✽✳ ❩❜✐ór ❢♦r♠✉➟ ♣✐❡r✇s③❡❣♦ r③➛❞✉ ♣r❛✇❞③✐✇②❝❤ ✇
str✉❦t✉r③❡ ❞❛♥②❝❤ st♦só✇ ♥❛❞ s❦♦➠❝③♦♥②♠ ③❜✐♦r❡♠ E ❡❧❡♠❡♥✲
tó✇ ❥❡st r♦③str③②❣❛❧♥②✳ ❘ó✇♥♦❝③❡➧♥✐❡ s♣❡❝②✜❦❛❝❥❡ ❙✷ ✐ ❙✹ ♠❛❥→
♠♦❞❡❧❡ ♥✐❡st❛♥❞❛r❞♦✇❡✳ ❲ ♠♦❞❡❧❛❝❤ t②❝❤ ♣♦❧❡❝❡♥✐❡ s✿❂♣♦♣✭s✮
♠♦➺❡ ❜②❝ ♣♦✇t❛r③❛♥❡ ❞♦✇♦❧♥✐❡ ✇✐❡❧❡ r❛③② ✐ ♥✐❡ ❞♦♣r♦✇❛❞③❛ ❞♦
st♦s✉ ♣✉st❡❣♦ ❡♠♣t②✭s✮✳

✷✳ ■♠♣❧❡♠❡♥t❛❝❥❡ st♦só✇

P♦✇s③❡❝❤♥✐❡ ③♥❛♥❡ s→ ❞✇✐❡ ✐♠♣❧❡♠❡♥t❛❝❥❡ st♦só✇✿ st♦s ❥❛❦♦
t❛❜❧✐❝❛ ✐ ✇s❦❛➺♥✐❦✱ ♦r❛③ st♦s ❥❛❦♦ ❧✐st❛✳ Pr③❡❞st❛✇✐♠② ❥❡s③❝③❡
❥❡❞♥→✱ ♠♥✐❡❥ ③♥❛♥→ ✐♠♣❧❡♠❡♥t❛❝❥➛ st♦só✇ ✕ st♦s② ❥❛❦♦ ❧✐❝③❜②✳

✷✳✶✳ ❙t♦s② ❥❛❦♦ t❛❜❧✐❝❡✳

✷✳✷✳ ❙t♦s② ❥❛❦♦ ❧✐st②✳ ❚❛ ✐♠♣❧❡♠❡♥t❛❝❥❛ ✕ ❧❡♣✐❡❥ ♠ó✇✐➣ t❡♥
♠♦❞❡❧✱ ③♦st❛➟❛ ♦♣✐s❛♥❛ ✇ t❛❜❡❧✐ ✶✺✳✷✳ ❑❧❛s❛ ❙t♦s② ❥❛❦→ t❛♠
③❛♠✐❡➧❝✐❧✐➧♠② ❥❡st ❞❡✜♥✐❝❥→ str✉❦t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥ Sl✳

Sl
df
= 〈{|Elem| ∪ |Stos|}, push, pop, top, empty, equal〉

❩❜✐ór |Elem| ❥❡st ③❜✐♦r❡♠ ♦❜✐❡❦tó✇ o✱ ❦tór❡ s♣❡➟♥✐❛❥→ r❡❧❛❝❥➛
o is Elem✳ P♦❞♦❜♥✐❡✱ ③❜✐ór |Stos| ❥❡st ③❜✐♦r❡♠ ♦❜✐❡❦tó✇ o✱ ❦tór❡
s♣❡➟♥✐❛❥→ r❡❧❛❝❥➛ o is Stos✳ ❖❜❛ ③❜✐♦r② ♥✐❡ s→ ③❜✐♦r❛♠✐ ✐st♥❡✲
❥→❝②♠✐ ✇ tr❛❦❝✐❡ ✇②❦♦♥②✇❛♥✐❛ ❥❛❦✐❡❣♦❦♦❧✇✐❡❦ ♣r♦❣r❛♠✉✳ ▼②✲
➧❧✐♠② ♦ ♥✐❝❤ ❥❛❦♦ ♦ ❛❜str❛❦❝❥✐✱ ③❜✐♦r❛❝❤ ♣♦t❡♥❝❥❛♥②❝❤ ♦❜✐❡❦tó✇✳
❉❡❦❧❛r❛❝❥❡ ❢✉♥❦❝❥✐ st❛♥♦✇✐→ ❞❡✜♥✐❝❥❡

✷✳✸✳ ❙t♦s② ❥❛❦♦ ❧✐❝③❜② ♥❛t✉r❛❧♥❡✳ ◆✐❡❝❤ ③❜✐ór ❊ ❡❧❡♠❡♥tó✇
❜➛❞③✐❡ s❦♦➠❝③♦♥②✳ ❲ s③❝③❡❣ó❧♥②♠ ♣r③②♣❛❞❦✉ ❣❞② ❧✐❝③❜❛ ❡❧❡✲
♠❡♥tó✇ ró✇♥❛ ❥❡st ✶✵✱ ♠♦➺❡♠② ✉t♦➺s❛♠✐❛➣ st♦s② ③ ❧✐❝③❜❛♠✐
♥❛t✉r❛❧♥②♠✐ l✱ t❛❦✐♠✐✱ ➺❡ l ≥ 10✳ ❙t♦s ♣✉st② ❥❡st ❧✐❝③❜→ ✶✵✳ ◆✐❡❝❤
st♦s s ❜➛❞③✐❡ r❡♣r❡③❡♥t♦✇❛♥② ♣r③❡③ ❧✐❝③❜➛ n✳ ❲t❡❞② ✇②♥✐❦ ♦♣❡✲
r❛❝❥✐ push(e, s) ❜➛❞③✐❡ r❡♣r❡③❡♥t♦✇❛♥② ♣r③❡③ ❧✐❝③❜➛ n ∗ 10 + e✳ ❲
t②♠ ♣r③②♣❛❞❦✉ r♦③✇❛➺❛♠② ♥❛st➛♣✉❥→❝❛ ❦❧❛s➛✳

✷✽✼



✉♥✐t ❙t♦s②✶✵✿ ❝❧❛ss❀
❝♦♥st ❦❂✶✵❀
s✐❣♥❛❧ ❊♠♣t②st❛❝❦❀
s✐❣♥❛❧ ❲r♦♥❣❊❧❡♠❀

✉♥✐t ❊❧❡♠✿ ❝❧❛ss✭❧✿ ✐♥t❡❣❡r✮❀
❜❡❣✐♥
✐❢ ❧❁✵ ♦r✐❢ ❧❃❦✲✶ t❤❡♥ r❛✐s❡ ❲r♦♥❣❊❧❡♠ ✜

❡♥❞ ❊❧❡♠❀
✉♥✐t ❙t♦s✿ ❝❧❛ss✭❧✿ ✐♥t❡❣❡r✮❀
✉♥✐t ♣✉s❤✿ ❢✉♥❝t✐♦♥✭❡✿❊❧❡♠✱ s✿❙t♦s✮✿❙t♦s❀
❜❡❣✐♥
r❡s✉❧t✿❂♥❡✇ ❙t♦s✭✭s✳❧✲❦✮✯❦✰❡✳❧✰❦✰✶✮❀

❡♥❞ ♣✉s❤❀

✉♥✐t ♣♦♣✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿❙t♦s❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠♣t②✭s✮ t❤❡♥
r❡s✉❧t✿❂ ♥❡✇ ❙t♦s✭ ✭✭s✳❧✲❦✲✶✮❞✐✈ ❦✮✰❦ ✮
❡❧s❡
r❛✐s❡ ❊♠♣t②❙t❛❝❦
✜

❡♥❞ ♣♦♣❀

✉♥✐t t♦♣✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿❊❧❡♠❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠♣t②✭s✮ t❤❡♥
r❡s✉❧t✿❂ ♥❡✇ ❊❧❡♠✭ ✭s✳❧✲❦✲✶✮♠♦❞ ❦ ✮
❡❧s❡
r❛✐s❡ ❊♠♣t②❙t❛❝❦
✜

❡♥❞ t♦♣❀

✉♥✐t ❡♠♣t②✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂s✳❧❂❦

❡♥❞ ❡♠♣t②❀

✉♥✐t ❡q✉❛❧✿ ❢✉♥❝t✐♦♥✭s✶✱s✷✿ ❙t♦s✮✿❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂ s✶✳❧❂s✷✳❧

❡♥❞ ❡q✉❛❧❀

❜❡❣✐♥
✐❢ ❧❁❦ t❤❡♥ ❧ ✿❂ ❦ ✜

❡♥❞ ❙t♦s
❡♥❞ ❙t♦s②✶✵❀

❑❧❛s❛ Stosy10 ❥❡st ❞❡✜♥✐❝❥→ str✉❦t✉r② ❛❧❣❡❜r❛✐❝③♥❡❥ S10✳ ◆❛ ✉♥✐✲
✇❡rs✉♠ t❡❥ str✉❦t✉r② s❦➟❛❞❛❥→ s✐❡ ❞✇❛ ③❜✐♦r② |Elem| ♦r❛③ |Stos|
♦♣✐s❛♥❡ ♣r③❡③ ❦❧❛s② Elem ✐ Stos✳ ❉③✐❛➟❛♥✐❛ t❡❥ str✉❦t✉r② s→ ③❞❡✲
✜♥✐♦✇❛♥❡ ♣r③❡③ ♠❡t♦❞② ✭t❥✳ ❢✉♥❦❝❥❡✮ push, pop, top, empty, equal✳

S10

df
= 〈{|Elem| ∪ |Stos|}, push, pop, top, empty, equal〉

✷✽✽



❩❜✐ór |Elem| ③❛✇✐❡r❛ ❞③✐❡s✐➛➣ ♦❜✐❡❦tó✇ ❥❛❦✐❡ ♠♦➺♥❛ ✉t✇♦r③②➣
♦❜❧✐❝③❛❥→❝ ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ♥❡✇ ❊❧❡♠✭✐✮✱ ✐❂✵ ✶ ✳ ✳ ✳ ✾✳ ❩❜✐ór |Stos|
❥❡st ♥✐❡s❦♦➠❝③♦♥②♠ ③❜✐♦r❡♠ ♦❜✐❡❦tó✇ ❦❧❛s② Stos✳ ❉③✐❛➟❛♥✐❡
push : |Elem| × |Stos| → |Stos| ③❞❡✜♥✐♦✇❛❧✐➧♠② ♣♦❞❛❥→❝ ❞❡❦❧❛r❛❝❥➛
❢✉♥❦❝❥✐ push✳ ▼♦➺♥❛ ➟❛t✇♦ s♣r❛✇❞③✐➣ ❦❛➺❞② ③ ❛❦s❥♦♠❛tó✇ st♦✲
só✇✳ ❈③② ❞❧❛ ❦❛➺❞②❝❤ e ∈ Elem ✐ s ∈ Stos ❥❡st ♣r❛✇❞→✱ ➺❡

top(push(e, s) = e

❲②♥✐❦ ♦♣❡r❛❝❥✐ push(e, s) ❥❡st ♦❜✐❡❦t❡♠ t②♣✉ Stos ❞❧❛ ❦tór❡❣♦ ✇❛r✲
t♦➧➣ ❛tr②❜✉t✉ l ❥❡st ró✇♥❛ (s.l − k) ∗ k + e.l + k + 1✳ ❩❛st♦s✉❥♠② ❞♦
t❡❥ ❧✐❝③❜② ❞③✐❛➟❛♥✐❡ top✳ ❆ ✇✐➛❝ ♦❜❧✐❝③♠② ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛
((s.l − k) ∗ k + e.l + k + 1 − k − 1)mod k✳ ❲✐❞❛➣ ➺❡ ❥❡st t♦ e.l✳ ■ t♦ s✐➛
③❣❛❞③❛✳
■ t❛❦ ♣♦ ❦✐❧❦✉ ❦r♦❦❛❝❤ s♣r❛✇❞③✐♠② ➺❡ ❦❛➺❞② ③ ❛❦s❥♦♠❛tó✇
st♦só✇ ❥❡st ♣r❛✇❞③✐✇② ✇ ✐♠♣❧❡♠❡♥t❛❝❥✐ ♦♣✐s❛♥❡❥ ♣r③❡③ ❦❧❛s➛
❙t♦s②✶✵✳ ❲s❦❛③ó✇❦❛✳ ▼♦➺❡s③ s✐➛ ③❛st❛♥❛✇✐❛➣ ✇ ❥❛❦✐ s♣♦só❜
s♣r❛✇❞③✐➣ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ st♦s✉ s ♣r♦❣r❛♠ ✇❤✐❧❡ ♥♦t ❡♠♣t②✭s✮ ❞♦ s✿❂
♣♦♣✭s✮ ♦❞ ③❛❦♦➠❝③② ♦❜❧✐❝③❡♥✐❛ t❥✳ ♥✐❡ ③❛♣➛t❧✐ s✐❡❄ Pr③②♣♦♠♥✐❥
s♦❜✐❡ ♦❞♣♦✇✐❡❞♥✐ ❛❦s❥♦♠❛t ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤✳

✷✳✹✳ ■♠♣❧❡♠❡♥t❛❝❥❛ s♣❡❝②✜❦❛❝❥✐ ❙✹✳ ❲ t②♠ ♠✐❡❥s❝✉ ♣♦❞❛✲
❥❡♠② ❞✇✐❡ ✐♠♣❧❡♠❡♥t❛❝❥❡ s♣❡❝②✜❦❛❝❥✐ ❙✹ ♣♦r✳✶ ③r❡❛❧✐③♦✇❛♥❡
❥❛❦♦ ❦❧❛s❛ ❙t♦s②✶✸ ✐ ❦❧❛s❛ ❙t♦s②✶✹✳ ❲ ♦❜✉ ❦❧❛s❛❝❤ ③♥❛❥❞✉✲
❥❡♠② ❦❧❛s➛ ◆❛t✳ ❦❧❛s❛ ◆❛t ③❛✇❛rt❛ ✇ ❦❧❛s✐❡ ❙t♦s②✶✸ ró➺♥✐ s✐➛
♦❞ ❦❧❛s② ◆❛t ③❛✇❛rt❡❥ ✇ ❦❧❛s✐❡ ❙t♦s②✶✹✳
P♦♥✐➺❡❥ ③♥❛❥❞③✐❡s③ s♣❡❝②✜❦❛❝❥➛ ❙◆❛t✳

❆ ✇ t❡❥ t❛❜❡❧✐ s→ ❞✇✐❡ ró➺♥❡ ✐♠♣❧❡♠❡♥t❛❝❥❡ s♣❡❝②✜❦❛❝❥✐ ❙◆❛t✳

❚♦ ❥❡st ✐♠♣❧❡♠❡♥t❛❝❥❛ ■✹✳

✷✽✾



✉♥✐t ❙t♦s②✶✸✿ ❝❧❛ss❀
❝♦♥st ❦❂✶✵❀
s✐❣♥❛❧ ❊♠♣t②st❛❝❦✱ ❲r♦♥❣❊❧❡♠✱ ◆❡❣❛t✈◆❛t❀

✉♥✐t ◆❛t✿ ❝❧❛ss✭❧✿ ✐♥t❡❣❡r✮❀
❛❞❞✿ ❢✉♥❝t✐♦♥✭♥✿ ◆❛t✮✿ ◆❛t❀
❜❡❣✐♥
r❡s✉❧t✿❂ ♥❡✇ ◆❛t✭❧✰♥✳❧✮

❡♥❞ ❛❞❞❀

✉♥✐t ③❡r♦✿ ❢✉♥❝t✐♦♥ ✿ ◆❛t❀
❜❡❣✐♥ r❡s✉❧t✿❂ ♥❡✇ ◆❛t✭✵✮
❡♥❞ ③❡r♦❀

❜❡❣✐♥
✐❢ ❧ ❁ ✵ t❤❡♥ r❛✐s❡ ◆❡❣❛t✈◆❛t ✜❀

❡♥❞ ◆❛t❀

✉♥✐t ❊❧❡♠✿ ❝❧❛ss✭❧✿ ◆❛t✮❀
❜❡❣✐♥ ✐❢ ❧✳❧❁✵ ♦r✐❢ ❧✳❧❃❦✲✶
t❤❡♥ r❛✐s❡ ❲r♦♥❣❊❧❡♠ ✜

❡♥❞ ❊❧❡♠❀

✉♥✐t ❙t♦s✿ ❝❧❛ss✭❧✿ ◆❛t✮❀
♣✉s❤✿ ❢✉♥❝t✐♦♥✭❡✿❊❧❡♠✱ s✿❙t♦s✮✿ ❙t♦s❀
❜❡❣✐♥
r❡s✉❧t✿❂♥❡✇ ❙t♦s✭
✭s✳❧✳❧✲❦✮✯❦✰❡✳❧✳❧✰❦✰✶✮❀

❡♥❞ ♣✉s❤❀

✉♥✐t ♣♦♣✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿❙t♦s❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠♣t②✭s✮ t❤❡♥
r❡s✉❧t✿❂ ♥❡✇ ❙t♦s✭
✭✭s✳❧✳❧✲❦✲✶✮❞✐✈ ❦✮✰❦ ✮
❡❧s❡
r❛✐s❡ ❊♠♣t②❙t❛❝❦
✜

❡♥❞ ♣♦♣❀

✉♥✐t t♦♣✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿ ❊❧❡♠❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠♣t②✭s✮ t❤❡♥
r❡s✉❧t✿❂ ♥❡✇ ❊❧❡♠✭ ✭s✳❧✳❧✲❦✲✶✮ ♠♦❞ ❦ ✮
❡❧s❡
r❛✐s❡ ❊♠♣t②❙t❛❝❦
✜

❡♥❞ t♦♣❀

❡♠♣t②✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿❇♦♦❧❡❛♥❀
❜❡❣✐♥ r❡s✉❧t✿❂s✳❧✳❧❂❦
❡♥❞ ❡♠♣t②❀

❡q✉❛❧✿ ❢✉♥❝t✐♦♥✭s✶✱s✷✿ ❙t♦s✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂ s✶✳❧✳❧❂s✷✳❧✳❧

❡♥❞ ❡q✉❛❧❀

❜❡❣✐♥
✐❢ ❧✳❧❁❦ t❤❡♥ ❧✳❧ ✿❂ ❦ ✜

❡♥❞ ❙t♦s
❡♥❞ ❙t♦s②✶✸❀

✉♥✐t ❙t♦s②✶✹✿ ❝❧❛ss❀
✈❛r ❦✿ ◆❛t❀ s✐❣♥❛❧ ❊♠♣t②st❛❝❦✱
❲r♦♥❣❊❧❡♠✱ ◆❡❣❛t✐✈❡◆❛t❀

✉♥✐t ◆❛t✿ ❝❧❛ss✭✐✱❧✱♠✿ ✐♥t❡❣❡r✮❀
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭♥✿ ◆❛t✮✿ ◆❛t❀
❜❡❣✐♥ r❡s✉❧t✿❂ ♥❡✇ ◆❛t✭
✐✰♥✳✐✱❧✯♥✳♠✰♥✳❧✯♠ ✱ ♠✯♥✳♠✮

❡♥❞ ❛❞❞❀

✉♥✐t ③❡r♦✿ ❢✉♥❝t✐♦♥ ✿ ◆❛t❀
❜❡❣✐♥ r❡s✉❧t✿❂ ♥❡✇ ◆❛t✭✵✱ ✵✱ ✶✮
❡♥❞ ③❡r♦❀

❜❡❣✐♥
✐❢ ❧ ❁ ✵ t❤❡♥
r❛✐s❡ ◆❡❣❛t✐✈❡◆❛t ✜❀

❡♥❞ ◆❛t❀

✉♥✐t ❊❧❡♠✿ ❝❧❛ss✭❧✿ ◆❛t✮❀
❜❡❣✐♥ ✐❢ ❧✳❧❁✵ ♦r✐❢ ❧✳❧❃❦✲✶ t❤❡♥

r❛✐s❡ ❲r♦♥❣❊❧❡♠ ✜
❡♥❞ ❊❧❡♠❀

✉♥✐t ❙t♦s✿ ❝❧❛ss✭❧✿ ◆❛t✮❀
♣✉s❤✿ ❢✉♥❝t✐♦♥✭❡✿❊❧❡♠✱ s✿❙t♦s✮✿ ❙t♦s❀
❜❡❣✐♥
r❡s✉❧t✿❂♥❡✇ ❙t♦s✭
✭s✳❧✳❧✲❦✮✯❦✰❡✳❧✳❧✰❦✰✶✮❀

❡♥❞ ♣✉s❤❀

✉♥✐t ♣♦♣✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿❙t♦s❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠♣t②✭s✮ t❤❡♥
r❡s✉❧t✿❂ ♥❡✇ ❙t♦s✭ ✭ ✭s✳❧✳❧✲❦✲✶✮❞✐✈ ❦✮✰❦ ✮

❡❧s❡ r❛✐s❡ ❊♠♣t②❙t❛❝❦ ✜
❡♥❞ ♣♦♣❀

✉♥✐t t♦♣✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿❊❧❡♠❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠♣t②✭s✮ t❤❡♥
r❡s✉❧t✿❂ ♥❡✇ ❊❧❡♠✭
✭s✳❧✳❧✲❦✲✶✮♠♦❞ ❦ ✮
❡❧s❡ r❛✐s❡ ❊♠♣t②❙t❛❝❦
✜

❡♥❞ t♦♣❀

✉♥✐t ❡♠♣t②✿ ❢✉♥❝t✐♦♥✭s✿❙t♦s✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂s✳❧✳❧❂❦

❡♥❞ ❡♠♣t②❀

❡q✉❛❧✿ ❢✉♥❝t✐♦♥✭s✶✱s✷✿ ❙t♦s✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂ s✶✳❧✳❧❂s✷✳❧✳❧

❡♥❞ ❡q✉❛❧❀

❜❡❣✐♥
✐❢ ❧✳❧❁❦ t❤❡♥ ❧✳❧ ✿❂ ❦ ✜

❡♥❞ ❙t♦s
❜❡❣✐♥
❦✿❂ ♥❡✇ ◆❛t✭✶✵✱✵✱✶✮❀

❡♥❞ ❙t♦s②✶✹❀

❖❜✐❡ ❦❧❛s② ❙t♦s②✶✸ ✐ ❙t♦s②✶✹ s♣❡➟♥✐❛❥→ ✇s③②st❦✐❡ ✇②♠❛❣❛♥✐❛ ✇②✲
❧✐❝③♦♥❡ ✇ s♣❡❝②✜❦❛❝❥✐ ❙✹✳ ❈③②t❡❧♥✐❦ ③❡❝❤❝❡ t♦ s♣r❛✇❞③✐➣ ♣♦r✳
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➣✇✐❝③❡♥✐❡ ✶✻✳✸ ♦r❛③ ➣✇✐❝③❡♥✐❡ ✶✻✳✹✳

■♠♣❧❡♠❡♥t❛❝❥❛ ■✹ ró③♥✐ s✐➛ ♦❞ ♣♦♣r③❡❞♥✐❡❥ ✐♥♥→ ❞❡✜♥✐❝❥→
❦❧❛s② ◆❛t✳
❩❛❝❤♦✇❛♥✐❡ s✐➛ t②❝❤ ❦❧❛s ❥❡st ✐st♦t♥✐❡ ró➺♥❡✳ ❈③②t❡❧♥✐❦ ③❡❝❤❝❡
♣r③❡♣r♦✇❛❞③✐➣ s❛♠♦❞③✐❡❧♥✐❡ ❡❦s♣❡r②♠❡♥t②✳

✸✳ ❆❜str❛❦❝②❥♥❛ ❦❧❛s❛ st♦s② ③ ❦♦♥❦r❡t♥→ ❦❧❛s→ ▼❊❧❡♠

❲ ♣r③②❦➟❛❞③✐❡ ✭❄✮ ♦♣✐s❛❧✐➧♠② ❛❜str❛❦❝②❥♥→ ❦❧❛s➛ ❙t♦s② ③
❛❜str❛❦❝②❥♥→ ❦❧❛s→ ❊❧❡♠✳ ❲ ③❛st♦s♦✇❛♥✐❛❝❤ ♣♦✇✐♥♥✐➧♠② ✇ ❥❛✲
❦✐➧ s♣♦só❜ ✉❦♦♥❦r❡t♥✐➣ ♦ ❥❛❦→ ❦❧❛s➛ ♥❛s③②❝❤ ❡❧❡♠❡♥tó✇ ♥❛♠
❝❤♦❞③✐✳
❩♥❛♥❡ s→ ❞✇❛ ♣♦❞❡❥➧❝✐❛
❚②♣ ❢♦r♠❛❧♥② ❝③② ❞③✐❡❞③✐❝③❡♥✐❡ ❄ ❲ t②♠ ♠✐❡❥s❝✉ ♣♦ró✇♥❛♠②
❞✇❛ s♣♦s♦❜② ✇♣r♦✇❛❞③❛♥✐❛ t②♣✉ ❡❧❡♠❡♥t ❞♦ str✉❦t✉r② st♦só✇✿
✲ ❡❧❡♠❡♥t ❥❛❦♦ t②♣ ❢♦r♠❛❧♥② ✕ ♣♦♣r❛✇♥✐❡✱ ❛❧❡ ✳✳✳
✲ ❡❧❡♠❡♥t ❥❛❦♦ t②♣ ❛❜str❛❦❝②❥♥②✱ ♥✐❡❦♦♠♣❧❡t♥②✱ ❞♦ ❞❛❧s③❡❣♦
s♣r❡❝②③♦✇❛♥✐❛ ♣♦♣r③❡③ ❞③✐❡❞③✐❝③❡♥✐❡✱ ✇❛❞❛ ✕ ❞♦♣✉s③❝③❛ ró③♥❡
r♦③s③❡r③❡♥✐❛✳
❆❧❡ ♠♦➺♥❛ s✐➛ ♣r③❡❞ t②♠ ③❛❜❡③♣✐❡❝③②❝ ③❛♠②❦❛❥→❝ ❞③✐❡❞③✐❝③❡♥✐❡
③♦❜✱ t②♣ ❝③➟♦✇✐❡❦ ✇ ♣♦❞r➛❝③♥✐❦✉ ▲♦❣❧❛♥✉✳

Pr③②❦➟❛❞ ✶✻✳✶✳ ❚②♣ ❊❧ ❥❛❦♦ ♣❛r❛♠❡tr ❢♦r♠❛❧♥②✳
✉♥✐t ❙t♦s②✿ ❝❧❛ss✭t②♣❡ ❊❧✱ ❢✉♥❝t✐♦♥ ❡q✉❛❧✭❡✶✱ ❡✷✿❊❧✮✿❇♦♦❧❡❛♥✮❀
✉♥✐t ❙t♦s✿ ❝❧❛ss❀ ✳✳✳ ❡♥❞ ❙t♦s❀
♣✉s❤✿ ❢✉♥❝t✐♦♥✭❡✿❊❧✱ s✿ ❙t♦s✮✿ ❙t♦s❀
❡♥❞ ♣✉s❤❀
♣♦♣
❡♥❞ ♣♦♣❀
✳✳✳

❡♥❞ ❙t♦s②❀
❲ t❛❦✐♠ ♣♦❞❡❥➧❝✐✉ ③❛♥✐♠ ✉➺②❥❡s③ ❣❡♥❡r❛t♦r❛ ♥❡✇ ❙t♦s② ❧✉❜
❜❧♦❦✉ ♣r❡✜❦s♦✇❛♥❡❣♦
❙t♦s②✭✳✳✳✮ ❜❧♦❝❦ ✳✳ ❡♥❞❀
♠✉s✐s③ ✉t✇♦r③②➣ t②♣ ❊▲❆ ✕ ♣❛r❛♠❡tr ❛❦t✉❛❧♥② ✐ ❢✉♥❦❝❥➛ ❡q ✕
❢✉♥❦❝❥➛ ❝❤❛r❛❦t❡r②st②❝③♥❛ r❡❧❛❝❥✐ ró✇♥♦➧➣✐✱ ❛ ✇✐➛❝ ❢✉♥❦❝❥❛ ❡q
♠❛ ♠✐❡❝ ♦❞♣♦✇✐❡❞♥✐❡ ✇➟❛s♥♦➧❝✐✳ ❚❡r❛③
❙t♦s②✭❊▲❆✱❡q✮ ❜❧♦❝❦ ✳✳✳ ❡♥❞
♣♦✇✐♥♥♦ ③❛❞③✐❛➟❛➣ ♣♦♣r❛✇♥✐❡ ✕ ❛❧❣♦r②t♠ ✇❡✇♥→tr③ t❡❣♦ ❜❧♦❦✉
r❡❛❧✐③♦✇❛♥② ✇ ➧r♦❞♦✇✐s❦✉ ❙t♦s②✭❊▲❆✱❡q✮✳ ❚③♥✳ ❡❧❡♠❡♥t② ♠❛❥❛
❜②➣ t②♣✉ ❊▲❆ ✐ ❞♦ ♣♦ró✇♥②✇❛♥❛ ❡❧❡♠❡♥tó✇ ✇②❦♦r③②st✉❥❡ s✐➛
❢✉♥❦❝❥➛ ❡q✳

❆ ✇✐➛❝ ♥❛ ✉➺②t❦♦✇♥✐❦❛ ❦❧❛s② ❙t♦s② ♥❛❦➟❛❞❛ s✐➛ ♦❜♦✇✐→③❦✐ ✳✳✳
■♥❛❝③❡❥ ♠♦③♥❛ t❛❦
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Pr③②❦➟❛❞ ✶✻✳✷✳ ❚②♣ ❊❧ ❥❛❦♦ ❛tr②❜✉t ❛❜str❛❦❝②❥♥❡❥ ❦❧❛s② ❙t♦s②✳
✉♥✐t ❙t♦s②✿ ❝❧❛ss❀
✉♥✐t ❊❧✿ ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ❡q✿ ❢✉♥❝t✐♦♥✭❡✶✱ ❡✷✿ ❊❧✮✿❇♦♦❧❡❛♥❀ ✳✳✳ ❡♥❞ ❡q

❡♥❞ ❊❧❀
✉♥✐t ❙t♦s✿ ❝❧❛ss❀ ✳✳✳ ❡♥❞ ❙t♦s❀
♣✉s❤✿ ❢✉♥❝t✐♦♥✭❡✿❊❧✱ s✿ ❙t♦s✮✿ ❙t♦s❀
❡♥❞ ♣✉s❤❀
♣♦♣
❡♥❞ ♣♦♣❀
✳✳✳

❡♥❞ ❙t♦s②❀
❲ t❛❦✐♠ ♣♦❞❡❥➧❝✐✉ tr③❡❜❛ r♦③s③❡r③②❝ ❞❡❦❧❛r❛❝❥❡
✉♥✐t ▼♦❥❡❙t♦s②✿ ❙t♦s② ❝❧❛ss❀
▼♦❥❡❊❧✿ ❊❧ ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ❡q✿ ❢✉♥❝t✐♦♥✭❡✶✱❡✷✿ ▼♦❥❡❊❧✮✿ ❇♦♦❧❡❛♥❀ ✳✳✳ ❡♥❞ ❡q❀

▼♦❥❡❊❧❀
❡♥❞ ▼♦❥❡❙t♦s②❀
❚✉ t❡➺ ♠✉s③❡ ♣❛♠✐➛t❛❝ ❝③❡❣♦ ♦❝③❡❦✉❥❡ s✐➛ ♦❞ ❢✉♥❦❝❥✐ ❡q✳
❲❛❞❛✿ ❥❛❦ ③❛♣❛♥♦✇❛➣ ♥❛❞ t②♠ ❝♦ ❜➛❞③✐❡ ✇st❛✇✐❛♥❡ ❞♦ st♦s✉❄

❉r♦❜♥❛ ♠♦❞②✜❦❛❝❥❛ ♣♦✇②➺s③❡❣♦ ♣♦❞❡❥➧❝✐❛ ♣♦❧❡❣❛ ♥❛ ③❛❜r♦✲
♥✐❡♥✐✉ r♦③s③❡r③❡♥✐❛ t②♣✉ ▼♦❥❡❊❧ ✇ s♣♦só❜ ❞♦✇♦❧♥②✳

Pr③②❦➟❛❞ ✶✻✳✸✳ ❚②♣ ③❛❜❡③♣✐❡❝③♦♥② ♣r③❡❞ ✳✳✳❄
✉♥✐t ❙t♦s②✿ ❝❧❛ss❀
✉♥✐t ❊❧✿ ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ❡q✿ ❢✉♥❝t✐♦♥✭❡✶✱ ❡✷✿ ❊❧✮✿❇♦♦❧❡❛♥❀ ✳✳✳ ❡♥❞ ❡q

❡♥❞ ❊❧❀
✉♥✐t ❙t♦s✿ ❝❧❛ss❀ ✳✳✳ ❡♥❞ ❙t♦s❀
♣✉s❤✿ ❢✉♥❝t✐♦♥✭❡✿❊❧✱ s✿ ❙t♦s✮✿ ❙t♦s❀
❡♥❞ ♣✉s❤❀
♣♦♣
❡♥❞ ♣♦♣❀
✳✳✳

❡♥❞ ❙t♦s②❀
❲ t❛❦✐♠ ♣♦❞❡❥➧❝✐✉ tr③❡❜❛ r♦③s③❡r③②➣ ❞❡❦❧❛r❛❝❥❡
✉♥✐t ▼♦❥❡❙t♦s②✿ ❙t♦s② ❝❧❛ss❀
▼♦❥❡❊❧✿ ❊❧ ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ❡q✿ ❢✉♥❝t✐♦♥✭❡✶✱❡✷✿ ▼♦❥❡❊❧✮✿ ❇♦♦❧❡❛♥❀ ✳✳✳ ❡♥❞ ❡q❀

❜❡❣✐♥
✐❢ ♥♦t ✭t❤✐s ❊❧ ✐s ▼♦❥❡❊❧✮ t❤❡♥ r❛✐s❡ ❊①❝❡♣t✐♦♥❊❇ ✜❀

▼♦❥❡❊❧❀
❡♥❞ ▼♦❥❡❙t♦s②❀
❚❡r❛③ ❞♦ st♦s✉ ✇❝❤♦❞③❛ t②❧❦♦ ♦❜✐❡❦t② t②♣✉ ▼♦❥❡❊❧✳

✹✳ Pr③②❦➟❛❞ ❞♦✇♦❞✉ ♣r♦❣r❛♠✉ ♥❛ st♦s✐➛

❲②♠②➧❧ ❝♦➧✦

✷✾✷



❶✇✐❝③❡♥✐❛

✶✻✳✶✳ ❯③✉♣❡➟♥✐❥ ❞♦✇ó❞ t✇✐❡r❞③❡♥✐❛ ✳✳✳ ❙♣r❛✇❞➵ ♣♦③♦st❛➟❡ ❛❦s❥♦✲
♠❛t②✳

✶✻✳✷✳ ❩❛➟ó➺♠②✱ ➺❡ ③❜✐ór E ♠❛ tr③② ❡❧❡♠❡♥t② E = {e1, e2, e3}✳ ❖♣✐s③
③❜✐ór |Stos|✳ ❈③② ❥❡st t♦ ❞r③❡✇♦❄ ❙❦♦➠❝③♦♥❡❄

✶✻✳✸✳ ❙♣r❛✇❞➵✱ ➺❡ ✐♠♣❧❡♠❡♥t❛❝❥❛ s♣❡❝②✜❦❝❥✐ ❙✹ ♦♣✐s❛♥❛ ✇ ❞❡❦❧❛r❛✲
❝❥✐ ❦❧❛s② ❙t♦s②✶✹ ❥❡st ♣♦♣r❛✇♥❛✱ ✇s③②st❦✐❡ ✇②♠❛❣❛♥✐❛ s→ s♣❡➟♥✐♦♥❡✳

✶✻✳✹✳ Pr♦❣r❛♠
✉t✇ór③ st♦s s
✇st❛✇ ❞♦ t❡❣♦ st♦s✉ ✸ ❡❧❡♠❡♥t② ✾✱✼✱✹✳
✇②❦♦♥❛❥ ♥❛st➛♣✉❥→❝② ♣r♦❣r❛♠
✇❤✐❧❡ ♥♦t ❡♠♣t②✭s✮ ❞♦
❡✿❂ t♦♣✭s✮
✇r✐t❡✭❡✮
s✿❂ ♣♦♣✭s✮
♦❞
❈♦ s✐➛ st❛♥✐❡ ❣❞② ✇②❦♦♥❛s③ t❡♥ ♣r♦❣r❛♠ ③ ❦❧❛s→ ❙t♦s②✶✷ ✱ ❛ ❝♦ ❣❞② ✇②❦♦♥❛s③ ❣♦ ③ ❦❧❛s→ ❙t♦s②✶✹❄

✶✻✳✺✳ ❯❞♦✇♦❞♥✐❥✱ ➺❡ s❝❤❡♠❛t ✐♥❞✉❦❝❥✐ str✉❦t✉r❛❧♥❡❥ ❞❧❛ st♦só✇ ❥❡st
t✇✐❡r❞③❡♥✐❡♠ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ st♦só✇✳

✷✾✸





❘❖❩❉❩■❆➟ ✶✼

❑♦❧❡❥❦✐ ❋■❋❖

❙tr✉❦t✉r❛ ❦♦❧❡❥❡❦ ✇②st➛♣✉❥❡ ✇ t❛❦ ✇✐❡❧✉ ③❛st♦s♦✇❛♥✐❛❝❤ ❦♦♠✲
♣✉t❡ró✇ ✐ ✇ r♦③♠❛✐t②❝❤ ❡❧❡♠❡♥t❛❝❤ s②st❡♠ó✇ ♦♣❡r❛❝②❥♥②❝❤✱
❜❛③ ❞❛♥②❝❤✱ ♣r♦t♦❦♦➟❛❝❤ ❦♦♠✉♥✐❦❛❝②❥♥②❝❤✱ ❡t❝✱ ➺❡ ♠✉s✐♠② s✐➛
❥❡❥ ♣r③②❥r③❡➣ ❜❧✐➺❡❥✳
❙tr✉❦t✉r❛ ❦♦❧❡❥❡❦ ❥❡st ❜❧✐s❦❛ str✉❦t✉r③❡ st♦só✇✳ ❲✐❞③✐❡❧✐➧♠②
✇❝③❡➧♥✐❡❥ ✶✱ ➺❡ ➟❛t✇♦ ③❛✐♠♣❧❡♠❡♥t♦✇❛➣ ✐♥t❡r❢❡❥s st♦só✇ r❡❛❧✐✲
③✉❥→❝ ✇ ✐st♦❝✐❡ s②st❡♠ ❦♦❧❡❥❡❦✳ ❉③✐❡❥❡ s✐➛ t❛❦ ✐ ✇ ❞r✉❣→ str♦♥➛✿
♣♦ ♣♦❞❛♥✐✉ ✐♥t❡r❢❡❥s✉ I ❦♦❧❡❥❡❦ ♠♦➺♥❛ ♣♦❞❛➣ ❦❧❛s➛ ❜➛❞→❝→ ♠♦✲
❞❡❧❡♠ str✉❦t✉r② st♦só✇✱ ❦tór❛ ❜➛❞③✐❡ ✐♠♣❧❡♠❡♥t♦✇❛➣ t❡♥ ✐♥t❡r✲
❢❡❥s✳
❈③②♠ ❥❡st ✇✐➛❝ str✉❦t✉r❛ ❦♦❧❡❥❡❦❄

❉❡✜♥✐❝❥❛ ✶✼✳✶✳ ❑❛➺❞❛ str✉❦t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛ s♣❡➟♥✐❛❥→❝❛ ♥❛✲
st➛♣✉❥→❝❡ ✇❛r✉♥❦✐

✭❯✮ ❯♥✐✇❡rs✉♠ str✉❦t✉r② ❥❡st s✉♠→ ❞✇✉ r♦③➟→❝③♥②❝❤ ③❜✐♦✲
ró✇ E ✐ Q,E ∩Q = ∅✱

✭❙✮ ❙②❣♥❛t✉r❛ str✉❦t✉r② ③❛✇✐❡r❛ ♦♣❡r❛❝❥❡ f, g, h ✐ r❡❧❛❝❥❡
e,=E ,=Q t❛❦✐❡✱ ➺❡

f : E ×Q→ Q
g : Q→ Q
h : Q→ E

♦r❛③
em : Q→ {true, false}
=E : E × E → {true, false}
=Q : Q×Q→ {true, false}

✭❆✮ ❆❦s❥♦♠❛t②✳ ❙tr✉❦t✉r❛ ③❛♣❡✇♥✐❛ ♣r❛✇❞③✐✇♦➧➣ ♥❛st➛✲
♣✉❥→❝②❝❤ ❢♦r♠✉➟
s✶✮ ∀e∈E∀s∈Q ¬em(f(e, s))
s✷✮ ∀e∈E∀s∈Q em(s)⇒ h(f(e, s)) =E e
s✸✮ ∀e∈E∀s∈Q em(s)⇒ g(f(e, s)) =S s
s✹✮ ∀e∈E∀s∈Q ¬em(s)⇒ h(s) =E h(f(e, s))
s✺✮ ∀e∈E∀s∈Q ¬em(s)⇒ f(e, g(s)) =Q g(f(e, s))
s✻✮ ∀s∈Q{while ¬em(s) do s := g(s) od} em(s)

❥❡st str✉❦t✉r→ ❦♦❧❡❥❡❦ ✭❋■❋❖✮✳

❩❛③✇②❝③❛❥ ③❜✐ór E ♥❛③②✇❛♠② ③❜✐♦r❡♠ ❡❧❡♠❡♥tó✇ ❛ ③❜✐ór Q
③❜✐♦r❡♠ ❦♦❧❡❥❡❦✳ ❖♣❡r❛❝❥❡ f, g, h ♥❛③②✇❛♥❡ s→ ③❛③✇②❝③❛❥✿ put, get, first✱
♣♦ ♣♦❧s❦✉✿ ✇st❛✇✱ ✉s✉➠✱ ♣✐❡r✇s③②✳ ❋✉♥❦❝❥❛ ❜♦♦❧♦✇s❦❛ em s♣r❛✇✲
❞③❛ ❝③② ❦♦❧❡❥❦❛ ❥❡st ♣✉st❛✳ ▼♦➺♥❛ ➟❛t✇♦ s♣r❛✇❞③✐➣✱ ➺❡ ❞✇✐❡

✷✾✺



③♥❛♥❡ ✐♠♣❧❡♠❡♥t❛❝❥❡ ❦♦❧❡❥❡❦ s♣❡➟♥✐❛❥→ t➛ ❞❡✜♥✐❝❥➛✳

Pr③②❦➟❛❞ ✶✼✳✶✳ ❘♦③✇❛➺♠② ♥❛st➛♣✉❥→❝→ ❦❧❛s➛

✉♥✐t ❑♦❧❡❥❦✐❚✿ ❝❧❛ss❀
✉♥✐t ❊❧❡♠❡♥t✿ ❝❧❛ss ❀
❡♥❞ ❊❧❡♠❡♥t❀

✉♥✐t ❑♦❧❡❥❦❛✿ ❝❧❛ss❀
✈❛r ❚✿ ❛rr❛②♦❢ ❊❧❡♠❡♥t✱ ✐✱❥✿ ✐♥t❡❣❡r❀

❜❡❣✐♥
❛rr❛② ❚ ❞✐♠ ✭✶✿✺✵✮❀

❡♥❞ ❑♦❧❡❥❦❛❀

s✐❣♥❛❧ ❊♠♣t②❊rr♦r✱ ❋✉❧❧❊rr♦r❀

✉♥✐t ♣✉t✿ ❢✉♥❝t✐♦♥✭❡✿ ❊❧❡♠❡♥t✱ s✿ ❑♦❧❡❥❦❛✮✿ ❑♦❧❡❥❦❛❀
❜❡❣✐♥
✐❢ ❥❁❃✺✵ t❤❡♥ s✳❚✭s✳❥✮ ✿❂ ❡❀ s✳❥ ✿❂ s✳❥✰✶❀ r❡s✉❧t✿❂t❤✐s ❑♦❧❡❥❦❛
❡❧s❡ r❛✐s❡ ❋✉❧❧❊rr♦r ✜❀

❡♥❞ ♣✉t ❀

✉♥✐t ✜rst✿ ❢✉♥❝t✐♦♥✭s✿ ❑♦❧❡❥❦❛✮✿ ❊❧❡♠❡♥t❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠✭s✮ t❤❡♥ r❡s✉❧t ✿❂ s✳❚✭s✳✐✮❀
❡❧s❡ r❛✐s❡ ❊♠♣t②❊rr♦r ✜

❡♥❞ ✜rst ❀

✉♥✐t ❣❡t✿ ❢✉♥❝t✐♦♥✭s✿ ❑♦❧❡❥❦❛✮✿ ❑♦❧❡❥❦❛❀
❜❡❣✐♥

✐❢ ♥♦t ❡♠✭s✮ t❤❡♥ s✳✐ ✿❂ s✳✐✰✶❀ r❡s✉❧t✿❂t❤✐s ❑♦❧❡❥❦❛
❡❧s❡ r❛✐s❡ ❊♠♣t②❊rr♦r ✜

❡♥❞ ❣❡t ❀

✉♥✐t ❡♠✿ ❢✉♥❝t✐♦♥✭s✿ ❑♦❧❡❥❦❛✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t ✿❂ s✳✐❂s✳❥
❡♥❞ ❡♠ ❀

❡♥❞ ❑♦❧❡❥❦✐❚❀

❇❛r❞③✐❡❥ ✏♦❜✐❡❦t♦✇♦✑ ✇②❣❧→❞❛ t❛ s❛♠❛ ✐❞❡❛ ❦♦❧❡❥❦✐ ③❛♣✐s❛♥❛
✇ t❡♥ s♣♦só❜✳

Pr③②❦➟❛❞ ✶✼✳✷✳ ❩❛♠✐❛st ❦❧❛s② ❑♦❧❡❥❦✐❚ ♠♦➺♥❛ r♦③✇❛➺❛➣ ❦❧❛s➛
❑♦❧❡❥❦✐❚✷✳ ❲ t②♠ ♣r③②♣❛❞❦✉ ♠ó✇✐♠② ♦ ♠❡t♦❞❛❝❤ ♣✉t✱ ❣❡t✱
✜rst ✐ ❡♠ ❦❧❛s② ❑♦❧❡❥❦✐✳ ❩❛✉✇❛➺✱ ➺❡ ♦❜❧✐❝③❛♥✐❡ ✇❛rt♦➧❝✐ ✇②r❛➺❡➠
♦❜✐❡❦t♦✇②❝❤ ✇②♠❛❣❛ ♣r③❡❦❛③②✇❛♥✐❛ ♠♥✐❡❥s③❡❥ ❧✐❝③❜② ♣❛r❛♠❡✲
tró✇✳

✷✾✻



✉♥✐t ❑♦❧❡❥❦✐❚✷✿ ❝❧❛ss❀
✉♥✐t ❊❧❡♠❡♥t✿ ❝❧❛ss ❀
✉♥✐t ✈✐rt✉❛❧ ❡q✉❛❧✿ ❢✉♥❝t✐♦♥✭❡✿ ❊❧❡♠❡♥t✮✿ ❇♦♦❧❡❛♥❀ ❡♥❞ ❡q✉❛❧

❡♥❞ ❊❧❡♠❡♥t❀

✉♥✐t ❑♦❧❡❥❦❛✿ ❝❧❛ss❀
✈❛r ❚✿ ❛rr❛②♦❢ ❊❧❡♠❡♥t✱ ✐✱❥✿ ✐♥t❡❣❡r❀
✉♥✐t ♣✉t✿ ♣r♦❝❡❞✉r❡✭❡✿ ❊❧❡♠❡♥t ✮❀
❜❡❣✐♥
✐❢ ❥❁❃✺✵ t❤❡♥ ❚✭❥✮ ✿❂ ❡❀ ❥ ✿❂ ❥✰✶
❡❧s❡ r❛✐s❡ ❋✉❧❧❊rr♦r ✜❀

❡♥❞ ♣✉t ❀

✉♥✐t ✜rst✿ ❢✉♥❝t✐♦♥✿ ❊❧❡♠❡♥t❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠✭s✮ t❤❡♥ r❡s✉❧t ✿❂ ❚✭✐✮❀
❡❧s❡ r❛✐s❡ ❊♠♣t②❊rr♦r ✜

❡♥❞ ✜rst ❀

✉♥✐t ❣❡t✿ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
✐❢ ♥♦t ❡♠✭s✮ t❤❡♥ ✐ ✿❂ ✐✰✶❀
❡❧s❡ r❛✐s❡ ❊♠♣t②❊rr♦r ✜

❡♥❞ ❣❡t ❀

✉♥✐t ❡♠✿ ❢✉♥❝t✐♦♥ ✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t ✿❂ ✭✐❂❥✮

❡♥❞ ❡♠ ❀

❜❡❣✐♥
❛rr❛② ❚ ❞✐♠ ✭✶✿✺✵✮❀

❡♥❞ ❑♦❧❡❥❦❛❀

s✐❣♥❛❧ ❊♠♣t②❊rr♦r✱ ❋✉❧❧❊rr♦r❀
❡♥❞ ❑♦❧❡❥❦✐❚✷❀

❲ t②♠ ♣r③②♣❛❞❦✉ ♠♦➺♥❛ ③♠✐❡♥✐➣ ♦rt♦❣r❛✜➛ ✇②♠❛❣❛➠✳ ◆♣✳
✇❛r✉♥❡❦

¬em(s)⇒ first(s) =E first(put(e, s))

③❛♣✐s③❡♠② t❛❦

¬s.em⇒ s.first.equal(s.put(e).first)

◆✐❡tr✉❞♥♦ ③❛✉✇❛➺②➣✱ ➺❡ t❛❦ ③♠✐❡♥✐♦♥❡ ❛❦s❥♦♠❛t② ❦♦❧❡❥❡❦ s→
s♣❡➟♥✐♦♥❡ ♣r③❡③ ❦❧❛s➛ ❑♦❧❡❥❦✐❚✷✳

❩ t❛❦→ ❦❧❛s→ ❑♦❧❡❥❦✐❚✷ ♠♦➺♥❛ ♣♦❦✉s✐➣ s✐➛ ♦ ❥❡❥ ③❛st♦s♦✇❛♥✐❡✳

Pr③②❦➟❛❞ ✶✼✳✸✳ ❚❡♥ ❜❧♦❦ ✇②❦♦r③②st✉❥❡ ❦❧❛s➛ ❑♦❧❡❥❦✐❚✷ ✭✐
ró✇♥♦❝③❡➧♥✐❡ r♦③✇✐❥❛ ❦❧❛s➛ ❊❧❡♠❡♥t✮ ✇ ❝❡❧✉ ✳✳✳

✷✾✼



❑♦❧❡❥❦✐❚✷ ❜❧♦❝❦
❊❧❡♠✿ ❊❧❡♠❡♥t ❝❧❛ss❀
✉♥✐t ✈✐rt✉❛❧ ❡q✉❛❧✿ ❢✉♥❝t✐♦♥❀ ✳✳✳ ❡♥❞ ❡q✉❛❧❀

❡♥❞ ❊❧❡♠❀
❦✶✱ ❦✷✿ ❑♦❧❡❥❦❛✱ ❡✿❊❧❡♠❀

❜❡❣✐♥
❦✶✿❂♥❡✇ ❑♦❧❡❥❦❛❀ ❦✷✿❂ ♥❡✇ ❑♦❧❡❥❦❛❀
❡✿❂♥❡✇ ❊❧❡♠✭✳✳✳✮❀
❦✶✳♣✉t✭❡✮❀
❦✷✳❣❡t❀

❡♥❞

✉③✉♣❡➟♥✐➣

❩❛✉✇❛➺♠②✱ ➺❡ ③ ♣❛r② ♦❜✐❡❦tó✇ ❦❧❛s② ❑♦❧❡❥❦✐ ♠♦➺❡♠② st✇♦✲
r③②➣ st♦s✳ ✭P♦❞♦❜♥✐❡ ③ ♣❛r② ♦❜✐❡❦tó✇ ❦❧❛s② ❙t♦s ♠♦➺❡♠② ③❜✉✲
❞♦✇❛➣ ❦♦❧❡❥❦➛✳✮ ❚❡ ③✇✐→③❦✐ ✉❦❛③✉❥→ ✇✐➛➵ ➟→❝③→❝→ ♣♦❥➛❝✐❛ st♦s✉
✐ ❦♦❧❡❥❦✐✳

Pr③②❦➟❛❞ ✶✼✳✹✳ ❑♦❧❡❥❦✐ ❥❛❦♦ ❧✐st②

❚❡ ♠♦❞❡❧❡ t❡♦r✐✐ ❦♦❧❡❥❡❦ ▲■❋❖ s→ ❛❧❣♦r②t♠✐❝③♥✐❡ ♥✐❡♦❞ró✲
③♥✐❛❧♥❡ t③♥✳ ❞❧❛ ❞♦✇♦❧♥❡❥ ❢♦r♠✉➟② ❛❧❣♦r②t♠✐❝③♥❡❥ α✱ ❢♦r♠✉➟❛ t❛
❥❡st s♣❡➟♥✐♦♥❛ ✇ ✐♠♣❧❡♠❡♥t❛❝❥✐ ✭t❥✳ ♠♦❞❡❧✉✮ ❑♦❧❡❥❦✐❚ ✇t❡❞② ✐
t②❧❦♦ ✇t❡❞② ❣❞② ❥❡st s♣❡➟♥✐♦♥❛ ✇ ♠♦❞❡❧✉ ❑♦❧❡❥❦✐▲✳ ❙❢♦r♠✉➟✉✲
❥❡♠② t✇✐❡r❞③❡♥✐❡ ✇③♠❛❝♥✐❛❥→❝❡ t➛ ♦❜s❡r✇❛❝❥➛✳ ◆✐❡❝❤ E ❜➛❞③✐❡
❞♦✇♦❧♥②♠ ③❜✐♦r❡♠ ✇②♣♦s❛➺♦♥②♠ ✇ r❡❧❛❝❥➛ ró✇♥♦➧❝✐ =E s♣❡➟✲
♥✐❛❥→❝❛ ❛❦s❥♦♠❛t② ró✇♥♦➧❝✐✿ ③✇r♦t♥♦➧➣✱ ♣r③❡❝❤♦❞♥✐♦➧➣ ✐ ❛♥t②s②✲
♠❡tr✐➛✳ ❘♦③✇❛➺♠② ③❜✐ór Fseq(E) s❦♦➠❝③♦♥②❝❤ ❝✐→❣ó✇ ❡❧❡♠❡♥tó✇
③❡ ③❜✐♦r✉ E✳ ✭❈✐→❣ ♣✉st② ∅ ∈ Fseq(E)✳
P❛r❛ 〈E,Fseq(E)〉 r♦③♣❛tr②✇❛♥❛ ③ ♥❛st➛♣✉❥→❝②♠✐ ♦♣❡r❛❝❥❛♠✐ ❥❡st
♠♦❞❡❧❡♠ t❡♦r✐✐ ❦♦❧❡❥❡❦✳

▼♦❞❡❧ st❛♥❞❛r❞♦✇② ❦♦❧❡❥❡❦
◆✐❡❝❤ E ❜➛❞③✐❡ ③❜✐♦r❡♠✳ ❘♦③♣❛tr③♠② ③❜✐ór Fseq(E) s❦♦➠❝③♦♥②❝❤
❝✐→❣ó✇ ❡❧❡♠❡♥tó✇ ③❡ ③❜✐♦r✉ E✳ ❖♣❡r❛❝❥❡ ♦❦r❡➧❧❛♠② ✇ ♥❛st➛♣✉✲
❥→❝② s♣♦só❜✿

◆✐❡s♣r③❡❝③♥♦➧➣✳

❚✇✐❡r❞③❡♥✐❡ ✶✼✳✶✳ ❆❧❣♦r②t♠✐❝③♥❛ t❡♦r✐❛ ❦♦❧❡❥❡❦ ❋■❋❖ ♠❛
♠♦❞❡❧✭❡✮✱ ❥❡st ✇✐➛❝ ♥✐❡s♣r③❡❝③♥❛✳

❚✇✳ ♦ r❡♣r❡③❡♥t❛❝❥✐
❆❦s❥♦♠❛t②③❛❝❥❛ ♣✐❡r✇s③❡❣♦ r③➛❞✉ ♠❛ ♠♦❞❡❧❡ ♣❛t♦❧♦❣✐❝③♥❡✳

❶✇✐❝③❡♥✐❛

✷✾✽



❘❖❩❉❩■❆➟ ✶✽

❩❜✐♦r② s❦♦➠❝③♦♥❡ ❝③②❧✐ ❦♦♥t❡♥❡r②

❲ ✇✐❡❧✉ ♣r♦❣r❛♠❛❝❤ ♦♣❡r❛❝❥❛♠✐ ❞♦♠✐♥✉❥→❝②♠✐ s❛ ♦♣❡r❛❝❥❡
♥❛ ③❜✐♦r❛❝❤ s❦♦➠❝③♦♥②❝❤✳ ❑♦♠♣✉t❡r ✇ ♥❛t✉r❛❧♥② s♣♦só❜ ♦♣❡✲
r✉❥❡ ♥❛ ❧✐❝③❜❛❝❤✳ ❏❡❞♥❛❦ ✇✐➛❦s③♦➧➣ ♦♣r♦❣r❛♠♦✇❛♥✐❛ ✇②♠❛❣❛
♣r③❡❝❤♦✇②✇❛♥✐❛ ✐ ♦❞s③✉❦✐✇❛♥✐❛ ✐♥❢♦r♠❛❝❥✐✳
❏❡♥♦st❦❛ ✐♥❢♦r♠❛❝❥✐ ♠♦➺❡ ③❛✇✐❡r❛❝ ♥✐❡ t②❧❦♦ ❧✐❝③❜②✱ ❛❧❡ t❛❦➺❡
♥❛♣✐s②✱ ✇❛rt♦➧❝✐ ❇♦♦❧♦✇s❦✐❡✱ ③♥❛❦✐✱ ♦❜r❛③②✱ ❞➵✇✐➛❦✐ ✐ ✐♥♥❡✳
■♥❢♦r♠❛❝❥❛ t❛❦❛ ❥❡st ♦❝③②✇✐➧❝✐❡ ③❛✇❛rt❛ ✇ ♣❡✇♥②♠ ③❜✐♦r③❡ s❦♦➠✲
❝③♦♥②♠✳ ❲ ③❛❧❡➺♥♦➧❝✐ ♦❞ ③❛❞❛♥✐❛ ❥❛❦✐❡ ♣r♦❣r❛♠ ♠❛ r♦③✇✐→③②✲
✇❛➣ ③❜✐ór s❦♦➠❝③♦♥② ❜➛❞③✐❡ ✐♠♣❧❡♠❡♥t♦✇❛♥② ✇ s♣♦só❜ ③❛♣❡✇✲
♥✐❛❥→❝② ❡❢❡❦t②✇♥♦➧➣ ❛❧❡ ✐ ❜❡③♣✐❡❝③❡➠st✇♦✳
❲ ❧❛t❛❝❤ ✼✵ ✵ ✽✵ ✉❜✐❡❣➟❡❣♦ ✇✐❡❦✉ ♣r♦❣r❛♠✐➧❝✐ ✉➺②✇❛❧✐ s➟♦✇❛
❞✐❝t✐♦♥❛r② ❧✉❜ ♣♦ ♣♦❧s❦✉ s➟♦✇♥✐❦✱ ③♦❜✳ ❬❆❍❯✼✹❪✳ ❖st❛t♥✐♦
♣r③②❥➛➟♦ s✐➛ ♠ó✇✐➣ ♦ ❦♦♥t❡♥❡r❛❝❤ ✭❛♥❣✳ ❝♦♥t❛✐♥❡r✮ ❥❛❦♦ ♣♦❥❡♠✲
♥✐❦❛❝❤ ♠✐❡s③❝③→❝②❝❤ s❦♦➠❝③♦♥❡ ③❜✐♦r② ♦❜✐❡❦tó✇✳ ❩❛st❛♥ó✇♠②
s✐➛ ❥❛❦ ♠❛ ✇②❣❧→❞❛➣ s♣❡❝②✜❦❛❝❥❛ ♣♦❥➛❝✐❛ ❦♦♥t❡♥❡r✳ ❑♦♥t❡✲
♥❡r② ❝③②❧✐ ♣♦❥❡♠♥✐❦✐ t♦ ♣♦❥➛❝✐❡ ❛❜str❛❦❝②❥♥❡✳ ❲ r③❡❝③②✇✐st♦➧❝✐
♠❛♠② ✇✐❡❧❡ ró➺♥②❝❤ str✉❦t✉r ❛❧❣❡❜r❛✐❝③♥②❝❤✱ ❦tór❡ r❡❛❧✐③✉❥→
♣♦❥➛❝✐❡ ♣♦❥❡♠♥✐❦ó✇✳

✶✳ ❙♣❡❝②✜❦❛❝❥❛ ❦♦♥t❡♥❡ró✇

P♦ ❞♦➧✇✐❛❞❝③❡♥✐❛❝❤ ③❡ str✉❦t✉r→ st♦só✇ s♣ró❜✉❥❡♠② ♣♦❞❛➣
❞❡✜♥✐❝❥➛ ❛❦s❥♦♠❛t②❝③♥→ str✉❦t✉r② ❦♦♥t❡♥❡ró✇✳

❉❡✜♥✐❝❥❛ ✶✽✳✶✳ ❑♦♥t❡♥❡r❡♠ ♥❛③②✇❛♠② str✉❦t✉r➛ ❛❧❣❡❜r❛✐❝③♥→
K✱ ❦tór❡❥ ✉♥✐✇❡rs✉♠ s❦➟❛❞❛ s✐➛ ③ ❞✇✉ r♦③➟→❝③♥②❝❤ ③❜✐♦ró✇ E ✐
S✱ E ∩ S = ∅✳ ❲ str✉❦t✉r③❡ t❡❥ ♠❛♠② ♥❛st➛♣✉❥→❝❡ ♦♣❡r❛❝❥❡ i, d, a
♦r❛③ ♣r❡❞②❦❛t② r, p, c, q✳

K = 〈E ∪ S; i, d, a, r, p, c, q〉

❙②❣♥❛t✉r❛ t❡❥ str✉❦t✉r② ❥❡st ✇②❧✐❝③♦♥❛ ♣♦♥✐➺❡❥
i : E × S → S
d : E × S → S
a : S → E

❘❡❧❛❝❥❡
r : E × E → B0

p : S → B0

c : E × S → B0

q : S × S → B0

✷✾✾



❆❦s❥♦♠❛t② str✉❦t✉r② ❦♦♥t❡♥❡ró✇ s→ ♥❛st➛♣✉❥→❝❡
❦✶✮ ∀e∈E ∀s∈S (c(e, i(e, s)) ∧ ∀e′∈E∧e′ 6=e(c(e

′, s)⇔ c(e′, i(e, s)))

❦✷✮ ∀e∈E ∀s∈S (¬c(e, d(e, s)) ∧ ∀e′∈E∧e′ 6=e(c(e
′, s)⇔ c(e′, d(e, s)))

❦✸✮ ∀s∈S(p(s)⇔ ∀e∈E ¬c(e, s))

❦✹✮
(
¬p(s)⇒ c(a(s), s)

)

❦✺✮ ∀e∈E ∀s∈S c(e, s)⇔







block

var bool : Boolean, s1 : S
begin

s1 := s; bool := false;
while ¬bool ∧ ¬p(s1) do

e1 := a(s1);
bool := r(e1, e);
s1 := d(e1, s1)

od

end







bool

❦✻✮ ∀s∈S {while ¬p(s) do s := d(a(s), s) od} p(s)

❦✼✮ q(s, s′)⇔ ∀e∈E(c(e, s)⇔ c(e, s′))

❦✽✮ ∀e∈E r(e, e)

❦✾✮ ∀e,e′∈E r(e, e′)⇔ r(e′, e)

❦✶✵✮ ∀e,e′,e′′∈E (r(e, e′) ∧ r(e′, e′′))⇒ r(e, e′′)

❚❛❦ ❥❛❦ ③✇②❦❧❡ ♥❛s✉✇❛❥→ s✐➛ ❞✇❛ ♣②t❛♥✐❛
✭✶✮ ❈③② ✐st♥✐❡❥→ ❥❛❦✐❡➧ ❦♦♥t❡♥❡r②❄ ❈③②❧✐✱ ❝③② ③❜✐ór ❢♦r♠✉➟

❦✶✮ ✲ ❦✶✵✮ ❥❡st ♥✐❡s♣r③❡❝③♥②❄
✭✷✮ ❈③② ❞❡✜♥✐❝❥❛ ❦♦♥t❡♥❡r❛ ✇②❦❧✉❝③❛ ♥✐❡♣♦➺→❞❛♥❡ str✉❦✲

t✉r②❄ ❈③② ♠♦❞❡❧❛♠✐ ③❜✐♦r✉ ❛❦s❥♦♠❛tó✇ s→ t②❧❦♦ t❛❦✐❡
str✉❦t✉r② ❥❛❦✐❡ ❛❦❝❡♣t✉❥❡ ♥❛s③❛ ✐♥t✉✐❝❥❛❄

❩❛❝③♥✐❥♠② ♦❞ ♥❛st➛♣✉❥→❝❡❣♦ t✇✐❡r❞③❡♥✐❛

❚✇✐❡r❞③❡♥✐❡ ✶✽✳✶✳ ❩❜✐ór ❛❦s❥♦♠❛tó✇ ❦✶✮ ✕ ❦✶✵✮ ❥❡st ♥✐❡✲
s♣r③❡❝③♥②✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣♦❧❡❣❛ ♥❛ ♣♦❦❛③❛♥✐✉ ♠♦❞❡❧✉ ❞❧❛ t❡❣♦ ③❜✐♦r✉✳
◆✐❡❝❤ E ❜➛❞③✐❡ ❞♦✇♦❧♥②♠ ③❜✐♦r❡♠✱ ♥✐❡❝❤ =E ♦③♥❛❝③❛ r❡❧❛❝❥➛
✐❞❡♥t②❝③♥♦➧❝✐ ✇ ③❜✐♦r③❡ E✳

❘♦③♣❛tr③♠② ③❜✐ór Fin(E) ✇s③②st❦✐❝❤ s❦♦➠❝③♦♥②❝❤ ♣♦❞③❜✐♦✲
ró✇ ③❜✐♦r✉ E✳ Pr③②❥♠✐❡♠② ♥❛st➛♣✉❥→❝→ ✐♥t❡r♣r❡t❛❝❥➛ s②♠❜♦❧✐
s②❣♥❛t✉r② ❦♦♥t❡♥❡r❛✿

i(e, s) d(e, s) a(s) p(s) c(e, s) q(s, s′)
s ∪ {e} s \ {e} a(s) ∈ s s = ∅ e ∈ s s =S s′

❾❛t✇♦ ✇✐❞❛➣✱ ➺❡ ✇s③②st❦✐❡ ❛❦s❥♦♠❛t② ❦♦♥t❡♥❡ró✇ s→ ✇ t❡❥ ✐♥t❡r✲
♣r❡t❛❝❥✐ ♣r❛✇❞③✐✇❡✳ ❲②❥❛➧♥✐❡♥✐❛ ✇②♠❛❣❛ ❥❡❞②♥✐❡ ✐♥t❡r♣r❡t❛❝❥❛
♦♣❡r❛t♦r❛ a✱ ❢✉♥❦❝❥❛ t❛ ♥❛③②✇❛♥❛ ❜②✇❛ s❡❧❡❦t♦r❡♠✳ ■st♥✐❡♥✐❡
❢✉♥❦❝❥✐ a : (Fin(E) \ ∅) → E ✇②♥✐❦❛ ③ ♥❛st➛♣✉❥→❝❡❣♦ t✇✐❡r❞③❡♥✐❛
t❡♦r✐✐ ③❜✐♦ró✇✱ ❦tór❡ tr❛❞②❝②❥♥✐❡ ♥❛③②✇❛♥❡ ❥❡st ❆❦s❥♦♠❛t❡♠

✸✵✵



✇②❜♦r✉ ❞❧❛ ③❜✐♦ró✇ s❦♦➠❝③♦♥②❝❤
❚✇✳ ❆❈❋ ❉❧❛ ❦❛➺❞❡❣♦ ③❜✐♦r✉ X ✐st♥✐❡❥❡ ❢✉♥❦❝❥❛ f ♣r③②♣♦r③→❞❦♦✲
✇✉❥→❝❛ ❦❛➺❞❡♠✉ ♥✐❡♣✉st❡♠✉✱ s❦♦➠❝③♦♥❡♠✉ ♣♦❞③❜✐♦r♦✇✐ ③❜✐♦r✉
X✱ ❥❡❞❡♥ ❡❧❡♠❡♥t x ∈ X✳ ♣♦r✳ ❬▼♦s✹✺❪
❉♦✇ó❞ t✇✐❡r❞③❡♥✐❛ ❆❈❋ ❥❡st ❡❢❡❦t②✇♥②✱ ♥✐❡ ✇②♠❛❣❛ ♣❡✇♥✐❦❛
✇②❜♦r✉✳
P♦❞s✉♠♦✇✉❥→❝✱ st✇✐❡r❞③❛♠②✱ ➺❡ ③❜✐ór ❢♦r♠✉➟ ❦✶✮ ✲ ❦✶✵✮ ❥❡st
♥✐❡s♣r③❡❝③♥②✳ �

❙tr✉❦t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛ ♦♣✐s❛♥❛ ♣♦✇②➺❡❥ ♥❛③②✇❛♥❛ ❜➛❞③✐❡
♠♦❞❡❧❡♠ st❛♥❞❛r❞♦✇②♠✳

❲s♣♦♠♥✐❡❧✐➧♠② ✇❝③❡➧♥✐❡❥✱ ➺❡ ③♥❛♥②❝❤ ❥❡st ✇✐❡❧❡ ró➺♥②❝❤ ♠♦✲
❞❡❧✐ t❡♦r✐✐ ❦♦♥t❡♥❡ró✇✳
❚❛❜❧✐❝❡
❏❡➧❧✐ ✇✐❛❞♦♠♦✱ ➺❡ ③❜✐ór E ❥❡st ♣❡✇♥❡❥ ♥✐❡❞✉➺❡❥ ♠♦❝②✱ ♣♦✇✐❡❞③♠②
card(E) < 1000 t♦ ❦❛➺❞② ♣♦❞③❜✐ór ③❜✐♦r✉ E ♠♦➺♥❛ ③❛♣✐s❛➣ ✇ t❛✲
❜❧✐❝② ❇♦♦❧♦✇s❦✐❡❥ ♦ ✶✵✵✵ ❡❧❡♠❡♥t❛❝❤✳ ❖♣❡r❛❝❥❡ ✇st❛✇✐❛♥✐❛✱
✉s✉✇❛♥✐❛ ✐ ✇②❜✐❡r❛♥✐❛ ❡❧❡♠❡♥t✉ ❜➛❞→ s③②❜❦✐❡✱ ✐❝❤ ❦♦s③t ♥✐❡
♣r③❡❦r♦❝③② c ∗ 1000✱ ❣❞③✐❡ c ❥❡st ♣❡✇♥→ st❛➟→✳ P♦❞♦❜♥✐❡ ❜➛❞③✐❡
③❡ s♣r❛✇❞③❛♥✐❡♠ ❝③② ❡❧❡♠❡♥t e ♥❛❧❡➺② ❞♦ ③❜✐♦r✉ s ✐ ❝③② ③❜✐ór
s ❥❡st ♣✉st②✳ ❚❡♥ s♣♦só❜ ♣r③❡❞st❛✇✐❛♥✐❛ ③❜✐♦ró✇ ✇②st➛♣✉❥❡ ✇
❥➛③②❦✉ P❛s❝❛❧✳

❑➟♦♣♦t ✇②st➛♣✉❥❡ ❣❞② ❧✐❝③♥♦➧➣ ③❜✐♦r✉ E ❥❡st ❞✉➺♦ ✇✐➛❦s③❛
❧✉❜ ❣❞② ró✇♥♦❝③❡➧♥✐❡ ❝❤❝❡♠② ♣r③❡❝❤♦✇②✇❛❝ ✇✐❡❧❡ ♣♦❞③❜✐♦ró✇
③❜✐♦r✉ E✳ ❲t❡❞② ❦♦s③t ♦♣❡r❛❝❥✐ st❛❥❡ s✐➛ ③❜②t ✇✐❡❧❦✐✳
❏❡➺❡❧✐ ✇ ❞③✐❛➟❛♥✐❛❝❤ ♥❛ ♣♦❞③❜✐♦r❛❝❤ ③❜✐♦r✉ E ♥✐❡ ✇②st➛♣✉❥❡ ♦♣❡✲
r❛❝❥❛ mb(e, s) s♣r❛✇❞③❛♥✐❛ ♣r③②♥❛❧❡➺♥♦➧❝✐ ❡❧❡♠❡♥t✉ e ❞♦ ③❜✐♦r✉ s
✐ ♣♦♥❛❞t♦ ✇✐❛❞♦♠♦✱ ➺❡ ♦♣❡r❛❝❥❛ ✉s✉✇❛♥✐❛ ❡❧❡♠❡♥t✉ del(e, s) ♦❞✲
♥♦s✐➣ s✐➛ ❜➛❞③✐❡ ③❛✇s③❡ ❞♦ t❡❣♦ ❡❧❡♠❡♥t✉ e✱ ❦tór② ❞♦ ③❜✐♦r✉ s
③♦st❛➟ ✇st❛✇✐♦♥② ♥❛❥❞❛✇♥✐❡❥✱ t♦ ♥❛❥❧❡♣✐❡❥ ♣r③❡❞st❛✇✐➣ ❦♦♥t❡♥❡r
✇ ♣♦st❛❝✐ ❦♦❧❡❥❦✐ ❄❄✳

❙t♦s② ✇❛rt♦ ♣r③②❥→➣ ❥❛❦♦ ✐♠♣❧❡♠❡♥t❛❝❥➛ ❦♦♥t❡♥❡r❛ ❣❞② ♦♣❡✲
r❛❝❥❛ mb(e, s) ♦❣r❛♥✐❝③❛ s✐➛ ❞♦ s♣r❛✇❞③❡♥✐❛ ❝③② ❡❧❡♠❡♥t e ❥❡st
ró✇♥② ✇✐❡r❝❤♦➟❦♦✇✐ st♦s✉ ✐ ❣❞② ✇✐❛❞♦♠♦✱ ➺❡ ♦♣❡r❛❝❥❛ ✉s✉✇❛✲
♥✐❛ ❡❧❡♠❡♥t✉ ③❛✇s③❡ ♦❞♥♦s✐➣ s✐➛ ❜➛❞③✐❡ ❞♦ ❡❧❡♠♥t✉ ♦st❛t♥✐♦
✇♣✐s❛♥❡❣♦ ❞♦ st♦s✉✳

❍❛s❤ t❛❜❧❡s

▲✐❝③❜❛ ró➺♥②❝❤ ♠♦❞❡❧✐ ♣♦❥➛❝✐❛ ❦♦♥t❡♥❡r❛ ❥❡st ♥✐❡♦❣r❛♥✐❝③♦♥❛✳
❙❦→❞ ✇✐❛❞♦♠♦✱ ➺❡ ♥✐❡ ✐st♥✐❡❥❡ ♠♦❞❡❧ ③❜✐♦r✉ ❢♦r♠✉➟ ❦✶ ✕ ❦✶✵✮
♣❛t♦❧♦❣✐❝③♥②✱ ♥✐❡♦❞♣♦✇✐❛❞❛❥→❝② ♥❛s③❡❥ ✐♥t✉✐❝❥✐❄ ◆❛ t♦ ♣②t❛♥✐❡
♦❞♣♦✇✐❡❞③✐ ✉❞③✐❡❧❛ ♥❛st➛♣✉❥→❝❡

❚✇✐❡r❞③❡♥✐❡ ✶✽✳✷✳ ❑❛➺❞❛ str✉❦t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛ K = 〈E∪S; i, d, a, r, p, c, q〉
❜➛❞→❝❛ ♠♦❞❡❧❡♠ ❦♦♥t❡♥❡r❛ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ♠♦❞❡❧❡♠ st❛♥✲
❞❛r❞♦✇②♠ ♥❛❞ ③❜✐♦r❡♠ ❊✳

✸✵✶



❉♦✇ó❞✳ ❉❧❛ ❞♦✇♦❞✉ ♥❛❧❡➺② ♣♦❦❛③❛➣✱ ➺❡ ✐st♥✐❡❥❡ t❛❦❛ ❢✉♥❦❝❥❛
f : S → Fin(E)✱ ❦tór❛ ❥❡st ró➺♥♦✇❛rt♦➧❝✐♦✇❛ ✐ ♥❛✱ ✐ t❛❦❛✱ ➺❡ s♣❡➟✲
♥✐♦♥❡ s→ ♥❛st➛♣✉❥→❝❡ ró✇♥♦➧❝✐
f(i(e, s)) = f(s) ∪ {e}
f(d(e, s)) = f(s) \ {e}
a(f(s)) = a(s)
mb(e, s)⇔ e ∈ f(s)
✳✳✳
❉❡✜♥✐✉❥❡♠② ❢✉♥❦❝❥➛ f ✇ t❡♥ s♣♦só❜
f(s)

df
= {e ∈ E : mb(e, s)}

❋✉♥❦❝❥❛ f ❥❡st ró➺♥♦✇❛rt♦➧❝✐♦✇❛ ♣♦♥✐❡✇❛➺ ✳✳✳
❋✉♥❦❝❥❛ f ♦❞✇③♦r♦✇✉❥❡ ③❜✐ór S ♥❛ ③❜✐ór Fin(E) ♣♦♥✐❡✇❛➺ ✳✳✳
❋✉♥❦❝❥➛ a : ❞❡✜♥✐✉❥❡♠② ✳✳✳
❾❛t✇♦ s♣r❛✇❞③✐❝✱ ➺❡ ③❛❝❤♦❞③→ ró✇♥♦➧❝✐ ✳✳✳ �

■st♥✐❡❥❡ ✇✐❡❧❡ str✉❦t✉r s♣❡➟♥✐❛❥→❝②❝❤ t➛ ❞❡✜♥✐❝❥➛✳ Pr♦❣r❛♠✐✲
stó✇ ✐♥t❡r❡s✉❥→ str✉❦t✉r②✱ ❦tór❡ ③❛✐♠♣❧❡♠❡♥t♦✇❛♥♦ ❥❛❦♦ ❦❧❛s②✳
❲ ♥✐❡♠❛❧ ❦❛➺❞②♠ ♣♦❞r➛❝③♥✐❦✉ ❆❧❣♦r②t♠ó✇ ✐ str✉❦t✉r ❞❛♥②❝❤
③♥❛❥❞③✐❡s③ ♠♥óst✇♦ ♣r③②❦➟❛❞ó✇ str✉❦t✉r② ❦♦♥t❡♥❡r✳

Pr♦❣r❛♠② ✇②❦♦r③②st✉❥→❝❡ str✉❦t✉r➛ ❦♦♥t❡♥❡r❛ ❜➛❞→ ❞③✐❛➟❛➣
s③②❜❝✐❡❥ ❥❡➧❧✐ ❦♦s③t ♦♣❡r❛❝❥✐ ✇②♠✐❡♥✐♦♥②❝❤ ✇ ♣♦✇②➺s③❡❥ ❞❡✜♥✐✲
❝❥✐ ❥❡st ♠❛➟②✳ P♦✇st❛➟♦ ✇✐❡❧❡ ✐♠♣❧❡♠❡♥t❛❝❥✐ str✉❦t✉r② ❦♦♥t❡✲
♥❡r✳ ◆❛ ♦❣ó➟✱ ✐♠♣❧❡♠❡♥t❛❝❥❡ t❡ ✇②❦♦r③②st✉❥→ str✉❦t✉r➛ ❞r③❡✇❛
✐ ✇t❡❞② ❦♦s③t ♣♦❥❡❞②♥❝③❡❥ ♦♣❡r❛❝❥✐ ❥❡st ♣r♦♣♦r❝❥♦♥❛❧♥② ❞♦ ❧♦✲
❣❛r②t♠✉ ❧✐❝③❜② ❡❧❡♠❡♥tó✇ ③❛✇❛rt②❝❤ ✇ ❦♦♥t❡♥❡r③❡✳
♥❛s③❦✐❝✉❥ ❦❧❛s➛ ❦♦♥t❡♥❡r

✷✳ ❉❡✜♥✐❝❥❛ ✐♥str✉❝❥✐ ❢♦r❛❧❧

Pr♦❣r❛♠✐➧❝✐ ♦❞❝③✉✇❛❥→ ♣♦tr③❡❜➛ ✐♥str✉❦❝❥✐ ♣♦❞♦❜♥❡❥ ❞♦ ♣♦✲
❧❡❝❡♥✐❛ ❢♦r✱ ❛❧❡ ♣♦③✇❛❧❛❥→❝❡❥ ♥❛ ♣♦✇tór③❡♥✐❡ ♣❡✇♥②❝❤ ✐♥str✉❦❝❥✐
❞❧❛ ❦❛➺❞❡❣♦ ❡❧❡♠❡♥t✉ ③ ♣❡✇♥❡❣♦ s❦♦➠❝③♦♥❡❣♦ ③❜✐♦r✉ S✳ Pr③②♣♦✲
♠♥✐❥♠②✱ ✐♥str✉❦❝❥❛ ❢♦r ♦❜❡❥♠✉❥❡ ♣❡✇♥→ s❡❦✇❡♥❝❥➛ S ✐♥str✉❦❝❥✐✱
✇s❦❛③✉❥❡ ♣❡✇♥→ ③♠✐❡♥♥→ ❧✐❝③❜♦✇❛ i ❥❛❦♦ ③♠✐❡♥♥→ ❦♦♥tr♦❧✉❥→❝→
♣♦✇t❛r③❛♥✐❡ ❝✐→❣✉ ✐♥str✉❦❝❥✐ S ✐ ❝♦ ♥❛❥✇❛➺♥✐❡❥s③❡ ③❛♣❡✇♥✐❛✱ ➺❡
♥✐❡ ❜➛❞③✐❡ ♥✐❡♦❣r❛♥✐❝③♦♥❡❥ ❧✐❝③❜② ♣♦✇tór③❡➠✳ ❈③②❧✐ ♣r♦❣r❛♠✐✲
st❛ ✇②❦♦r③②st✉❥→❝ t❛❦→ ✐♥str✉❦❝❥➛✱ ✇ s♣♦só❜ r♦③✉♠♥✉✱ ♥✐❡ ♠✉s✐
♣r③❡♣r♦✇❛❞③❛➣ ❞♦✇♦❞✉ ✇➟❛s♥♦➧❝✐ st♦♣✦
❲ t②♠ r♦③❞③✐❛❧❡ ♣r③❡❞st❛✇✐♠② ♣❡✇✐❡♥ s♣♦só❜ r❡❛❧✐③❛❝❥✐ ♣♦❧❡✲
❝❡♥✐❛ ❢♦r❡❛❝❤✳ ❑❧❛s❛ ❈♦♥t❛✐♥❡r ♠♦➺❡ ③❛✇✐❡r❛➣ t❛❦→ ❦❧❛s➛✳

✸✵✷



✉♥✐t ❢♦r❡❛❝❤✿ ❝❧❛ss❀
✈❛r ❡✿ ❊❧❡♠❀

❜❡❣✐♥

✐❢ ¬ ❡♠♣t②✭✮ t❤❡♥
❡ ✿❂ ✜rst✭✮❀
✇❤✐❧❡ ¬ ❛t❴❧❛st✭✮ ❞♦

■◆◆❊❘❀
❡ ✿❂ ♥❡①t✭✮

♦❞

✜

❡♥❞ ❢♦r❡❛❝❤❀

❩❛st♦s♦✇❛♥✐❡
P♦♥✐➺s③❛ ✐♥str✉❦❝❥❛ ❜❧♦❦✉ ♣r❡✜❦s♦✇❛♥❡❣♦ ♣♦✇tór③② ❁♠♦❥❡ ✐♥✲
str✉❦❝❥❡❃ ❞❧❛ ❦❛➺❞❡❣♦ ❡❧❡♠❡♥t✉ e ③♥❛❥❞✉❥→❝❡❣♦ s✐➛ ✇ ❜✐❡➺→❝❡❥
✐♥st❛♥❝❥✐ ❝♦♥t❛✐♥❡r❛✳ ❏❡st ✇s❦❛③❛♥❡ ❜② ✐♥tr✉❦❝❥❡ t❡ ♣♦s➟✉❣✐✇❛➟②
s✐➛ ③♠✐❡♥♥→ ♥✐❡❧♦❦❛❧♥→ ❡✳
❏❡st ró✇♥✐❡➺ ✇s❦❛③❛♥❡ ❜② ✐♥str✉❦❝❥❡ t❡ ♥✐❡ ③♠✐❡♥✐❛➟② t❡❥ ③♠✐❡♥✲
♥❡❥ ✲ ❞♦❦➟❛❞♥✐❡❥ ❜② ♥✐❡ ✇②❦♦r③②st②✇❛➟② ♣♦❧❡❝❡➠ ✜rst✭✮ ❛♥✐ ♥❡①t✭✮✳
❈♦ ③ ✐♥str✉❦❝❥❛♠✐ ✐♥s ♦r❛③ ❞❡❧❄ ▼♦❣→ ♦♥❡ ③♠✐❡♥✐➣ str✉❦t✉r➛
❦♦♥t❡♥❡r❛ ✐ s♣♦✇♦❞♦✇❛➣ ♣♦♠✐♥✐➛❝✐❡ ❧✉❜ ♣♦✇tór③❡♥✐❡ ✐t❡r♦✇❛✲
♥❡❥ ✐♥str✉❦❝❥✐✳

♣r❡❢ ❢♦r❡❛❝❤ ❜❧♦❝❦

❜❡❣✐♥

❁♠♦❥❡ ✐♥str✉❦❝❥❡❃
❡♥❞

❚❛ ✐♥str✉❦❝❥❛ ❥❡st ró✇♥♦✇❛➺♥❛ ♥❛st➛♣✉❥→❝❡❥ ✐♥str✉❦❝❥✐✳

❜❧♦❝❦
✈❛r ❡✿ ❊❧❡♠❀

❜❡❣✐♥
✐❢ ♥♦t ❡♠♣t②✭✮ t❤❡♥
❡ ✿❂ ✜rst✭✮❀

✇❤✐❧❡ ♥♦t ❛t❴❧❛st✭✮ ❞♦
❁♠♦❥❡ ✐♥str✉❦❝❥❡❃❀
❡ ✿❂ ♥❡①t✭✮

♦❞
✜

❡♥❞ ✭✯ ❢♦r❛❧❧ ✯✮ ❀

❏❡➧❧✐ ❝❤❝❡♠② ✉❞♦✇♦❞♥✐➣✱ ➺❡ ✐♥str✉❦❝❥❛ ❁♠♦❥❡ ✐♥str✉❦❝❥❡❃
③♦st❛♥✐❡ ♣♦✇tór③♦♥❛ ❞❧❛ ❦❛➺❞❡❣♦ ❡❧❡♠❡♥t✉ ③♥❛❥❞✉❥❛❝❡❣♦ s✐➛ ✇
❦♦♥t❡♥❡r③❡ ✲ ✇ ❝❤✇✐❧✐ r♦③♣♦❝③➛❝✐❛ ✐♥str✉❦❝❥✐ ❢♦r❡❛❝❤
t♦ ♠✉s✐♠② ✇②❦❛③❛➣✱ ➺❡ s♣❡➟♥✐♦♥❡ s→ ♣❡✇♥❡ ❞♦❞❛t❦♦✇❡ ✇❛r✉♥❦✐✿
❥❛❦✐❡❄

❲❛rt♦ ③❜❛❞❛➣ ✐♥♥❡ ✇❛r✐❛♥t②✿
✲ ✉♥✐t ❢♦r❛❧❧✿ ❝❧❛ss✭✐♥♦✉t ❛✿❊❧❡♠✱ ❝✿ ❈♦♥t❛✐♥❡r✮❀ ✳✳✳

✸✵✸



❧✉❜
✲ ✉♥✐t ❢♦r❛❧❧✿ ❝❧❛ss✭❛✿ ❊❧❡♠✮❀ ✳✳✳

❶✇✐❝③❡♥✐❛

✶✽✳✶✳ ◆❛♣✐s③ ❦❧❛s➛ ✐♠♣❧❡♠❡♥t✉❥→❝❛ str✉❦t✉r➛ ❦♦♥t❡♥❡ró✇ ✇
t❛❜❧✐❝❛❝❤ ✐ ♦s③❛❝✉❥ ❦♦s③t ❦❛➺❞❡❥ ♦♣❡r❛❝❥✐✳

✶✽✳✷✳ ◆❛♣✐s③ ❦❧❛s➛ ✐♠♣❧❡♠❡♥t✉❥→❝→ str✉❦t✉r➛ ❦♦♥t❡♥❡ró✇ ✇
❦♦❧❡❥❦❛❝❤ ✐ ♦s③❛❝✉❥ ❦♦s③t ❦❛➺❞❡❥ ♦♣❡r❛❝❥✐✳

✶✽✳✸✳ ◆❛♣✐s③ ❦❧❛s➛ ✐♠♣❧❡♠❡♥t✉❥→❝❛ str✉❦t✉r➛ ❦♦♥t❡♥❡ró✇ ✇
st♦s❛❝❤ ✐ ♦s③❛❝✉❥ ❦♦s③t ❦❛➺❞❡❥ ♦♣❡r❛❝❥✐✳

✸✵✹



❘❖❩❉❩■❆➟ ✶✾

❩❛r③→❞③❛♥✐❡ st❡rt→ ♦❜✐❡❦tó✇

❚❡♥ r♦③❞③✐❛➟ ❥❡st ♣♦➧✇✐➛❝♦♥② ❛♥❛❧✐③✐❡ str✉❦t✉r② ❞❛♥②❝❤✱ ✇
❦tór❡❥ ♥❛❧❡➺② ③❛r③→❞③❛➣ s❦♦➠❝③♦♥②♠ ③❜✐♦r❡♠ ♦❜✐❡❦tó✇ ♣❡✇♥❡❣♦
t②♣✉✳

❖❜✐❡❦t② t❡❥ str✉❦t✉r② ♠♦❣→ ♣♦s✐❛❞❛➣ ✇✐❡❧♦❦r♦t♥❡ ♦❞♥♦➧♥✐❦✐✱
t③♥✳ ❥❡❞❡♥ ♦❜✐❡❦t ♠♦➺❡ ❜②➣ ✇❛rt♦➧❝✐→ ✇✐❡❧✉ ③♠✐❡♥♥②❝❤✳ ❉③✐❡❥❡
s✐➛ t❛❦ ❣❞② ✇②❦♦♥❛♥❡ ③♦st❛♥→ ♣♦❧❡❝❡♥✐❛

①✿❂ ♥❡✇ ❚✭✳✳✳✮❀ ✳ ✳ ✳ ❀ ②✿❂ ①❀

❙tr✉❦t✉r❛ t❛❦❛ t♦ s②st❡♠ ③❛r③→❞③❛♥✐❛ ♦❜✐❡❦t❛♠✐ ❦❧❛s t③✇✳
❤❡❛♣ ✭♥❛③✇❛ t❛ ❥❡st ♠②❧→❝❛ ♣♦♥✐❡✇❛➺ ✇ ❧✐t❡r❛t✉r③❡ ③ t→ s❛♠→
♥❛③✇→ ♠♦➺♥❛ s♣♦t❦❛➣ s✐➛ ❣❞② ♠♦✇❛ ♦ str✉❦t✉r③❡ ❦♦♣❝ó✇✱ ③♦❜✳
r♦③❞③✐❛➟ ✷✷✮✳

❲ ✇✐➛❦s③♦➧❝✐ ❥➛③②❦ó✇ ♣r♦❣r❛♠♦✇❛♥✐❛ ♦❜✐❡❦t♦✇❡❣♦ ✇②❦♦♥②✲
✇❛♥✐❡ ♣r♦❣r❛♠✉ ♠♦➺❡ ❞♦♣r♦✇❛❞③✐➣ ❞♦ ❣r♦➵♥❡❣♦ ✐ ❜❛r❞③♦ tr✉❞✲
♥❡❣♦ ❞♦ ✇②❦r②❝✐❛ ❜➟➛❞✉✳
❇➟→❞ t❛❦✐ ♣♦✇st❛❥❡ ❣❞② ❥❡❞❡♥ ♦❜✐❡❦t ❥❡st ✇❛rt♦➧❝✐→ ❞✇✉✱ ❧✉❜
✇✐➛❝❡❥✱ ③♠✐❡♥♥②❝❤✳ ❲ s②t✉❛❝❥❛❝❤ ♣♦❞♦❜♥②❝❤ ❞♦ t❡❥ ③ r②s✉♥❦✉
✷ ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❞❡❧❡t❡✭✉✮ ♣r♦✇❛❞③✐ ❞♦ s②t✉❛❝❥✐ ♣♦❜♥❡❥ ❞♦
t❡❥ ③ r②s✉♥❦✉ ✸✳

❈♦ s✐➛ ❞❛❧❡❥ ♠♦➺❡ ③❞❛r③②➣❄
❇➟➛❞♥❛ ✐♥t❡r♣r❡t❛❝❥❛ ❞❛♥②❝❤✱ ❥❡➧❧✐ ♥❛ ♠✐❡❥s❝❡ ✉s✉♥✐➛t❡❣♦ ♦❜✐❡❦t✉
♣♦❥❛✇✐ s✐➛ ✐♥♥② ♦❜✐❡❦t ③✳

■♥♥② ❜➟→❞ ✕ ✧♦♣ó➵♥✐♦♥❡❥ ❞❡str✉❦❝❥✐✧ ✇②st➛♣✉❥❡✱ ❣❞② ③♦st❛♥✐❡
✇②❦♦♥❛♥❡ ♣♦❧❡❝❡♥✐❡ ❞❡❧❡t❡✭✈✮✳
❏❛❦ ♣♦✇st❛❥→ ♦❜✐❡❦t② ➧♠✐❡❝✐❄

✉ ❂
t ❂

❘❡ ❂ ✸✳✵
■♠ ❂ ✲✹✳✺

❘❡ ❂✲✷✶✳✾
■♠ ❂ ✷✶✳✾

✉❂

t❂

❘②s✉♥❡❦ ✶✳ ❩♠✐❡♥♥❡ t ✐ ✉ ✇s❦❛③✉❥→ ♥❛ ❞✇❛ ♦❜✐❡❦t②✳

✸✵✺



✉ ❂
t ❂

✈ ❂
❘❡ ❂ ✸✳✵
■♠ ❂ ✲✹✳✺

❘❡ ❂✲✷✶✳✾
■♠ ❂ ✷✶✳✾

✉❂

t❂

✈❂

❘②s✉♥❡❦ ✷✳ ❩♠✐❡♥♥❡ ✉ ✐ ✈ ✇s❦❛③✉❥→ ♥❛ t❡♥ s❛♠
♦❜✐❡❦t✳ ❲❛rt♦➧❝✐ ✇②r❛➺❡➠ ✉✳■♠ ♦r❛③ ✈✳■♠ s→ ró✇♥❡✳
❲②❦♦♥❛♥✐❡ ♣♦❧❡❝❡♥✐❛ ✈✳❘❡← ✺✵ s♣♦✇♦❞✉❥❡✱ ➺❡ ♦❞ t❡❥
♣♦r② ✇❛rt♦➧➣ ✇②r❛➺❡♥✐❛ ✉✳❘❡ ❜➛❞③✐❡ ró✇♥❛ ✺✵✳ ❲
t❛❦✐♠ ♣r③②♣❛❞❦✉ ♠ó✇✐ s✐➛ ♦ ❛❧✐❛s✐♥❣✉ ③♠✐❡♥♥②❝❤
✉ ✐ ✈✳

P♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ ❞❡❧❡t❡✭✉✮ ✳

✉ ❂ ♥✉❧❧
t ❂

✈ ❂

❘❡ ❂✲✷✶✳✾
■♠ ❂ ✷✶✳✾

t❂

✈❂

❘②s✉♥❡❦ ✸✳ ❖❞ t❡❥ ♣♦r② ♦❜✐❡❦t ✇s❦❛③②✇❛♥②
♣r③❡③ ③♠✐❡♥♥→ ✉ ♥✐❡ ✐st♥✐❡❥❡ ✭✉❂♥✉❧❧✮✳ ❆ ③♠✐❡♥♥❡❥
✈ ♥✐❡ ♦❞♣♦✇✐❛❞❛ ➺❛❞❡♥ ♦❜✐❡❦t✦ Pró❜❛ ✇②③♥❛❝③❡♥✐❛
✇❛rt♦➧❝✐ ✉✳❘❡ ❧✉❜ ✉✳■♠ s♣♦✇♦❞✉❥❡ ③❣➟♦s③❡♥✐❡ ❜➟➛❞✉✳
❲❛rt♦➧❝✐ ✇②r❛➺❡➠ ✈✳❘❡ ✐ ✈✳■♠ s→ ❢❛➟s③②✇❡✳ ❖❜❧✐❝③❡♥✐❡
❥❡st ❦♦♥t②♥✉♦✇❛♥❡✱ ❜❡③ ♦str③❡➺❡♥✐❛ ♦ ❜➟➛❞③✐❡✦✦
◆❛ t②♠ ♣♦❧❡❣❛ ❜➟→❞ ❉❆◆●▲■◆● ❘❊❋❊❘❊◆❈❊✳ ●r♦➵♥❡
❥❡st t♦✱ ➺❡ ♣r♦❣r❛♠ ♥✐❡ s②❣♥❛❧✐③✉❥❡ ❜➟➛❞✉✳ Pr♦✲
❣r❛♠✐st❛ ♠♦➺❡ str❛❝✐➣ ♠✐❡s✐→❝❡ ♥❛ ③r♦③✉♠✐❡♥✐❡ ❝♦
③❛s③➟♦ ✐ ✇②❦r②❝✐❡ t❛❦✐❡❣♦ ❜➟➛❞✉✳ ❑♦s③t②❄

P♦ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡♥✐❛ ✉←♥✉❧❧ ✖✖✖✖✖✖✖✖✖✖✖✲
P♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ ✈←♥✉❧❧
■♥♥→ ✇❛➺♥→ ❝❡❝❤→ s②st❡♠✉ ③❛r③→❞③❛♥✐❛ ♦❜✐❡❦t❛♠✐ ❥❡st ❦♦✲

♥✐❡❝③♥♦➧➣ ✉s✉✇❛♥✐❛ ♦❜✐❡❦tó✇ ♥✐❡♣♦tr③❡❜♥②❝❤ ✭♥✐❡❞♦st➛♣♥②❝❤✮
✐ ♣♦♥♦✇♥❡❣♦ ✇②❦♦r③②st❛♥✐❛ ③✇♦❧♥✐♦♥❡❣♦ ♠✐❡❥s❝❛ ✇ ♣❛♠✐➛❝✐✳
❖❜✐❡❦t st❛❥❡ s✐➛ ♥✐❡❞♦st➛♣♥② ❣❞② ♥✐❡ ❥❡st ✇❛rt♦➧❝✐→ ➺❛❞♥❡❥ ③♠✐❡♥✲
♥❡❥ ♣r♦❣r❛♠✉✳ ■❧✉str✉❥❡ t♦ ♥❛st➛♣✉❥→❝② ♣r③②❦➟❛❞

①✿❂♥❡✇ ❚✭✶✒✷✮❀ ✳ ✳ ✳ ❀ ①✿❂ ♥❡✇ ❚✭✸✱✹✮❀
♦❜r❛③❡❦ ❖♣✐s③❡♠② t❛❦✐ s②st❡♠ ♣♦❞❛❥→❝ ❥❡❣♦ s♣❡❝②✜❦❛❝❥➛ t③♥✳

✸✵✻



✉ ❂ ♥✉❧❧
t ❂

✈ ❂

③ ❂ ❚ ❂ ✲✹✳✺ ➦❈
❍❂ ✷✵ ❱

❘❡ ❂✲✷✶✳✾ ♠
■♠ ❂ ✷✶✳✾ s

③❂

t❂

✈❂

❘②s✉♥❡❦ ✹✳ ❲✐❞❛➣ t♦ ✇②r❛➵♥✐❡ ③ r②s✉♥❦✉✿ ✇❛r✲
t♦➧➣ ✈✳❘❡ ❥❡st ♥✐❡ t②❧❦♦ ❢❛➟s③②✇❛ ♥✉♠❡r②❝③♥✐❡✱ ❜➟➛✲
❞❡♠ ❥❡st t❡➽ tr❛❦t♦✇❛♥✐❡ ❥❡❥ ❥❛❦♦ ③♠✐❡r③♦♥❡❥ ✇ ❥❡❞✲
♥♦st❦❛❝❤ ♠✳

✉ ❂ ♥✉❧❧
t ❂

✈ ❂ ♥✉❧❧

③ ❂ ❚ ❂ ✲✹✳✺
❍❂ ✷✵

❘❡ ❂✲✷✶✳✾
■♠ ❂ ✷✶✳✾

③❂

t❂

❘②s✉♥❡❦ ✺✳ ❲ ❡❢❡❦❝✐❡ ✉s✉♥✐➛t♦ ♣♦♣r❛✇♥② ✐ ♣♦✲
tr③❡❜♥② ♦❜✐❡❦t ③✱ ③❛♠✐❛st ✇❝③❡➧♥✐❡❥ ✉s✉♥✐➛t❡❣♦
♦❜✐❡❦t✉ ✉✳

✉ ❂
t ❂

✈ ❂
❘❡ ❂ ✸✳✵
■♠ ❂ ✲✹✳✺

❘❡ ❂✲✷✶✳✾
■♠ ❂ ✷✶✳✾

✉❂

t❂

✈❂

❘②s✉♥❡❦ ✻✳ ❜❜

❛❦s❥♦♠❛t②❝③♥② ♦♣✐s ♦r❛③ ✐♠♣❧❡♠❡♥t❛❝❥➛ ✇②♠②➧❧♦♥→ ♣r③❡③ ❆♥✲
t♦♥✐❡❣♦ ❑r❡❝③♠❛r❛✳

❩✇r❛❝❛♠② ✉✇❛❣➛ ♥❛ ♠♦➺❧✐✇♦➧❝ ③❛st♦s♦✇❛♥✐❛ t❛❦✐❡❣♦ s②s✲
t❡♠✉ ✇ ✇✐❡❧✉ ♣r♦❣r❛♠❛❝❤✱ ♥✐❡ t②❧❦♦ ✇ ♠❛s③②♥✐❡ ✇✐rt✉❛❧♥❡❥
✭❛♥❣✳r✉♥♥✐♥❣ s②st❡♠✐❡✮✳ ❚✉ ♣♦❞❛➣ ♥✐❡❢♦r♠❛❧♥② ♦♣✐s ✳✳✳

◆❛♣✐s③✱ ♣♦✇♦❧✐ r♦③✇✐❥❛❥→❝ s♣❡❝②✜❦❛❝❥➛

✸✵✼



✉ ❂ ♥✉❧❧
t ❂

✈ ❂
❘❡ ❂ ✸✳✵
■♠ ❂ ✲✹✳✺

❘❡ ❂✲✷✶✳✾
■♠ ❂ ✷✶✳✾

t❂

✈❂

❘②s✉♥❡❦ ✼✳ ❝❝❝

✉ ❂ ♥✉❧❧
t ❂

✈ ❂♥✉❧❧
❘❡ ❂ ✸✳✵
■♠ ❂ ✲✹✳✺

❘❡ ❂✲✷✶✳✾
■♠ ❂ ✷✶✳✾

t❂

❘②s✉♥❡❦ ✽✳ ◆❛ t②♠ ♦❜r❛③❦✉ ♣♦❥❛✇✐➟ s✐➛ ➧♠✐❡➣✦
❲s❦❛➺ ❣♦✦✳

✭✶✮ ❛❦s❥♦♠❛t② ❍❛♥✐ ❖❦t❛❜② ✐ ✐❝❤ ♠♦❞❡❧✱ ♥✐❡ ③❛♣❡✇♥✐❛❥→
✇s③②st❦✐❝❤ ♣♦➺→❞❛♥②❝❤ ❝❡❝❤ s②st❡♠✉ ③❛r③❛❞③❛♥✐❛ ❍❡✲
❛♣❡♠ ❍▼

✭✷✮ ✇③♠✐❛♥❦❛ ♦ ❦♦❧❡❥♥②♠ ♣♦❞❡❥➧❝✐✉ ❖❦t❛❜②
✭✸✮ s♣❡❝②✜❦❛❝❥❛ ③ ✐♥str✉❦❝❥❛♠✐ ❦✐❧❧ ♦r❛③ ❣❝ ✉❦➟❛❞ ❛❦s❥♦♠❛✲

tó✇ ❆❙✰❆❩
✭✹✮ ♠♦❞❡❧ ♥♦✇❡❥ s♣❡❝②✜❦❛❝❥✐ ♦♣✐s❛♥② ✇ ▲♦❣❧❛♥✐❡

❞✇✐❡ t❛❜❧✐❝❡ t❛❜❧✐❝❛ ▼ ❛rr❛②♦❢ ♣r♦t♦❖❜❥❡❝t ✐
t❛❜❧✐❝❛ ❍ ❛rr❛② ♦❢ r❡❢❡r❡♥❝❡
✉♥✐t r❡❢❡r❡♥❝❡✿ ❝❧❛ss✭s❡r✐❛❧◆♦✿ ✐♥t❡❣❡r✱ ✇s❦❛③♥✐❦✿ ♣r♦✲
t♦❖❜❥❡❝t✮ ❡♥❞ r❡❢❡r❡♥❝❡❀
✉♥✐t ♣r♦t♦❖❜❥❡❝t✿ ❝❧❛ss✭s❡r✐❛❧◆♦✿ ✐♥t❡❣❡r✮ ❡♥❞ ♣r♦t♦✲
❖❜❥❡❝t❀
❞❡❦❧❛r❛❝❥❡✿ ♥❡✇✱ ♠❡♠❜❡r✱ ❦✐❧❧✱ ❣❝✱ ✳✳✳

❱▲P ✕ ♠❛s③②♥❛ ✇✐rt✉❛❧♥❛ ▲♦❣❧❛♥✉ ③❛r③→❞③❛ ♦❜✐❡❦t❛♠✐ ❦❧❛s ✐
t❛❜❧✐❝✱ ❥❛❦✐❡ ♣♦✇st❛❥→ ♣♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉✳ ❙②st❡♠
AK ♣♦r✳❬❈❑✽✹❪ ♦❜✐❡❦tó✇ ró➺♥✐ s✐➛ ♦❞ ❦♦♥t❡♥❡ró✇ ♦♠❛✇✐❛♥②❝❤
✇❝③❡➧♥✐❡❥✳

✶✳ ❙♣❡❝②✜❦❛❝❥❛
P♦♣r❛✇✐➣

P♦♥✐➺s③❛ s♣❡❝②✜❦❛❝❥❛ ♥✐❡ ♠ó✇✐ ♥✐❝ ♦ ✇❛rt♦➧❝✐♦✇❛♥✐❛❝❤ ③♠✐❡♥✲
♥②❝❤ ✇ ♦❜✐❡❦t❛❝❤✳ ◆❛♣✐s❛➣ ♥♦✇→ s♣❡❝②✜❦❛❝❥➛✳

❑♦♥✐❡❝ ✉✇❛❣✐
✸✵✽



◆❛❥♣✐❡r✇ ✇ r✳ ✶✾✼✾ ❆♥t♦♥✐ ❑r❡❝③♠❛r ♦❜♠②➧❧✐➟ ✐ ③r❡❛❧✐③♦✇❛➟
s②st❡♠ ③❛r③→❞③❛♥✐❛ ♣❛♠✐➛❝✐→ ♣r③❡③♥❛❝③♦♥→ ♥❛ ♣r③❡❝❤♦✇②✇❛♥✐❡
♦❜✐❡❦tó✇ ③♦❜✳❬❈❑✽✹❪✳ ❙♣❡❝②✜❦❛❝❥❛ ❝③②❧✐ ❛❦s❥♦♠❛t②❝③♥② ♦♣✐s
s②st❡♠✉ ③❛r③❛❞③❛♥✐❛ ③❜✐♦r❡♠ ♦❜✐❡❦tó✇ ♣♦✇st❛➟❛ ♣ó➵♥✐❡❥✳ ❲ r✳
✶✾✽✷ ❍❛♥♥❛ ❖❦t❛❜❛ ♣r③❡❞st❛✇✐➟❛ ❦♦❧❡❥♥♦ ❛❧❣♦r②t♠✐❝③♥→ t❡♦r✐➛
r❡❢❡r❡♥❝❥✐ ✐ ❛❧❣♦r②t♠✐❝③♥→ t❡♦r✐➛ ③❛r③→❞③❛♥✐❛ ♦❜✐❡❦t❛♠✐❬▼❙✽✼❪
str✳✸✷✽✲✸✹✹✳

❉❡✜♥✐❝❥❛ ✶✾✳✶✳ ❙②st❡♠ ♦❜✐❡❦tó✇ ▲♦❣❧❛♥✉ ❥❡st t♦ str✉❦t✉r❛
❛❧❣❡❜r❛✐❝③♥❛

AK = 〈Fr ∪ S ∪ {none}; r, a, i, d,m, k, eS〉

t❛❦❛✱ ➺❡ ❥❡❥ ✉♥✐✇❡rs✉♠ ❥❡st ✉♥✐→ r♦③➟→❝③♥②❝❤ ③❜✐♦ró✇ Fr ✐ S ♦r❛③
{none}✳
❙tr✉❦t✉r❛ AK ♠❛ ♥❛st➛♣✉❥→❝❡ ♦♣❡r❛❝❥❡✳

❙②❣♥❛t✉r❛ ❑♦♠❡♥t❛r③
r : S → Fr r❡③❡r✇✉❥❡ ♥♦✇→✱ ✇♦❧♥→ r❛♠❦➛ r(s)
a : S → Fr ✇ st❛♥✐❡ s ✇②❜✐❡r③ r❛♠❦➛
i : Fr × S → S ❞♦➟→❝③ r❛♠❦➛ ❞♦ st❛♥✉
d : Fr × S → S ✉s✉➠ r❛♠❦➛
m : Fr × S → {true, false} ❝③② ♥❛❧❡➺② ❄
k : Fr × S → S ③❛❜✐❥
e ∈ S st❛♥ ♣♦❝③→t❦♦✇② ✭♣✉st②✮

❲ ❛❧❢❛❜❡❝✐❡ ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ ❆❚❍▼ ♦♣ró❝③ ✇②♠✐❡♥✐♦♥②❝❤
♣♦✇②➺❡❥ ❢✉♥❦t♦ró✇ ✐ ♣r❡❞②❦❛tó✇ ♣♦❥❛✇✐❛❥❛ s✐➛ ③♠✐❡♥♥❡ t②♣✉
Fr✳ ❩❛③✇②❝③❛❥ ❜➛❞③✐❡♠② ❥❡ ♦③♥❛❝③❛➣ f, f ′, ... ✐ ③♠✐❡♥♥❡ t②♣✉ S ✲
❞❧❛ st❛♥ó✇✱ ♦③♥❛❝③❛♥❡ ♣r③❡③ s, s′, ...✳

❙t❛➟❛ ♥♦♥❡ /∈ {Fr ∪ S} ✳ ❲❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ f t②♣✉ Fr ❥❡st ❡❧❡✲
♠❡♥t ③❜✐♦r✉ Fr ❧✉❜ st❛➟❛ ♥♦♥❡✳

Aksjomaty specyficzne teorii AT HM ♣♦❞❛♥❡ s→ ♣♦♥✐➺❡❥
HM1) ∀s∈S ¬m(r(s), s)

❉❧❛ ❦❛➺❞❡❣♦ st❛♥✉ s ∈ S✱ ♦♣❡r❛❝❥❛ r(s) ③✇r❛❝❛ ♥♦✇❛
r❛♠❦➛ ♥✐❡ ♥❛❧❡➺→❝❛ ❞♦ ③❜✐♦r✉ s

HM2) ∀f∈Fr ¬m(f, e)
st❛♥ ♣♦❝③→t❦♦✇② e ❥❡st ♣✉st②♠ ③❜✐♦r❡♠ r❛♠❡❦

HM3) ∀s∈S







✇❤✐❧❡ s 6= e ❞♦
s := d(a(s), s)

♦❞






(s = e)

❉❧❛ ❦❛➺❞❡❣♦ st❛♥✉ s✱ ♣♦✇②➺s③② ♣r♦❣r❛♠ ✇❤✐❧❡ ❦♦➠❝③②
♦❜❧✐❝③❡♥✐❡✱ ❛ ✇✐➛❝
❦❛➺❞② st❛♥ ❥❡st s❦♦➠❝③♦♥②♠ ③❜✐♦r❡♠ r❛♠❡❦✳

✸✵✾



HM4) ∀s∈S s 6= e⇒ m(a(s), s)
❉❧❛ ❦❛➺❞❡❣♦ ♥✐❡♣✉st❡❣♦ st❛♥✉ s✱ ❢✉♥❦❝❥❛ amb ③✇r❛❝❛
❥❛❦→➧ r❛♠❦➛ ♥❛❧❡➺→❝→ ❞♦ t❡❣♦ st❛♥✉ s✳

HM5) ∀f∈Fr∀s∈S{s
′ := i(f, s)}(m(f, s′)∧∀f ′∈Fr(f

′ 6= f ⇒ m(f ′, s)⇔ m(f ′, s′))
♦♣❡r❛❝❥❛ ins ❞♦❞❛❥❡ r❛♠❦➛ f ❞♦ st❛♥✉ s

HM6) ∀f∈Fr∀s∈S{s
′ := d(f, s)}(¬m(f, s′) ∧ ∀f ′∈F (f

′ 6= f ⇒ m(f ′, s) ⇔
m(f ′, s′))
♦♣❡r❛❝❥❛ del ✉s✉✇❛ r❛♠❦➛ f ❢③❡ st❛♥✉ s✳

HM7) m(f, s)⇔







❜❡❣✐♥
s1 := s; bool := false;
✇❤✐❧❡ s1 6= e ∧ ¬bool
❞♦

f1 := a(s1);
✐❢ f = f1 t❤❡♥ bool := true ✜;
s1 := d(f1, s1);

♦❞
❡♥❞







bool

P♦✇②➺s③❛ ❢♦r♠✉➟❛ ❞❡✜♥✐✉❥❡ r❡❧❛❝❥➛ ♠❡♠❜❡r ✇ t❡r♠✐✲
♥❛❝❤ ♦♣❡r❛❝❥✐ a, d ✐ e✳ ❚♦ ♥✐❡ ❥❡st ✐♠♣❧❡♠❡♥t❛❝❥❛ t❡❥
r❡❧❛❝❥✐✳
❆✳ ❑r❡❝③♠❛r ♣♦❞❛➟ s♣♦só❜ ♦❜❧✐❝③❛♥✐❛ ♦❞♣♦✇✐❡❞③✐ ♦
❦♦s③❝✐❡ st❛➟②♠✳

HM8) ❖♣❡r❛❝❥❛ ❦✐❧❧ ❥❡st s❝❤❛r❛❦t❡r②③♦✇❛♥❛ ♣r③❡③ ❛❦s❥♦♠❛t②
♦ ♥❛st➛♣✉❥→❝②♠ s❝❤❡♠❛❝✐❡✳
❲s❦❛➵♥✐❦ p ♠♦➺❡ ❜②➣ ❞♦✇♦❧♥→ ❧✐❝③❜→ ♥❛t✉r❛❧♥→ ✇✐➛❦s③→
♦❞ ③❡r❛ p > 0✳ ◆✐❡❝❤ 1 ≤ i ≤ p✳

((f1 = ... = fp) ∧m(f1, s))
︸ ︷︷ ︸

precondition

⇒ [s′ := k(fi, s)]
︸ ︷︷ ︸

statement

(f1 = ... = fp = none)
︸ ︷︷ ︸

postcondition

❑❛➺❞❛ ❢♦r♠✉➟❛ t❡❥ ♣♦st❛❝✐ ❥❡st ❛❦s❥♦♠❛t❡♠✳ ❙t✇✐❡r❞③❛
♦♥❛✱ ➺❡ ♦♣❡r❛❝❥❛ kill ✇ ❥❡❞♥②♠ r✉❝❤✉ ❛♥✉❧✉❥❡ ✇s③②st❦✐❡
♦❞♥♦➧♥✐❦✐ ❞♦ ♦❜✐❡❦t✉ ✇s❦❛③②✇❛♥❡❣♦ ♣r③❡③ t➛ ③♠✐❡♥♥→
fi✳
■ r③❡❝③②✇✐➧❝✐❡ ✇ s②st❡♠✐❡ ❑r❡❝③♠❛r❛ ❦♦s③t ♦♣❡r❛❝❥✐ kill
❥❡st st❛➟②✳

HM9) ∀s∈S ∀f∈Fr m(f, s)⇒ f 6= none
HM10) ∀s,s′∈S s =S s′ ⇔ ∀f∈F (m(f, s)⇔ m(f, s′))

✶✳✶✳ ❲➟❛s♥♦➧❝✐ s♣❡❝②✜❦❛❝❥✐ ❍▼✳ ❖♥❡ ❝❛♥ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦✲
♣❡rt✐❡s ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐ts❡❧❢✳ ❲❡ ❛r❡ ❛❜❧❡ t♦ st❛t❡ ❛♥ ✐♠✲
♣♦rt❛♥t ♠❡t❛t❤❡♦r❡♠ ❛❜♦✉t t❤❡ s②st❡♠ ♦❢ ❛①✐♦♠s ✐♥ ❍▼✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❛s ♥♦t ❢♦r♠✉❧❛t❡❞ ✐♥ ❬❈❑✽✹❪✳ ❍✳ ❖❦t❛❜❛
♣r♦✈❡❞ ❛ t❤❡♦r❡♠ ♦♥ ❝♦♥s✐st❡♥❝② ❢♦r ❛ s✐♠✐❧❛r s❡t ♦❢ ❛①✐♦♠s
❬❖❦t✽✷❪✱ ❜❛s✐❝❛❧❧② ✐t ✇❛s t❤❡ s❡t ④❍▼1 ✲ ❍▼7 ⑥✳

❚✇✐❡r❞③❡♥✐❡ ✶✾✳✶✳ ✭♦♥ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ s❡t ④❍▼✶✲✽⑥ ✮
❚❤❡ s②st❡♠ ♦❢ ❛①✐♦♠s ❍▼1 ✕ ❍▼8 ❤❛s ❛ ♠♦❞❡❧✳

✸✶✵



❋♦r ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ s❡❡ t❤❡ ❆♣♣❡♥❞✐① ❆✳ ❚❤❡ ♠♦❞❡❧
❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧✳

❍✳ ❖❦t❛❜❛ ♣r♦✈❡❞ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ❢❛❝t✿

❚✇✐❡r❞③❡♥✐❡ ✶✾✳✷✳ ✭r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✮
❊✈❡r② t✇♦ ♠♦❞❡❧s ♦❢ t❤❡ ❛①✐♦♠s ❍▼1 ✕ ❍▼7 ❛r❡ ✐s♦♠♦r♣❤✐❝✱ ✉♣
t♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥s amb ❛♥❞ res✱ t♦ t❤❡ st❛♥❞❛r❞
♠♦❞❡❧✳

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ t❤❡♦r❡♠ ✐s✿ t❤❡ ♦♣❡r❛t✐♦♥s ✐♥s✱ ♠❜✱ ❛r❡
♣r❡❝✐s❡❧② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s❡t ♦❢ ❛①✐♦♠s✱ ✇❤❡♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
♣r♦♣❡rt✐❡s ♦❢ ♦♣❡r❛t✐♦♥s r❡s ❛♥❞ ❛♠❜ ✇❛s ❧❡❢t ✉♥❞❡rst❛t❡❞✳ ❚❤✐s
✇❛s ❞♦♥❡ ✐♥t❡♥t✐♦♥❛❧❧②✱ ❢♦r t❤❡r❡ ❛r❡ ✈❛r✐♦✉s ♣♦ss✐❜✐❧✐t✐❡s ❤♦✇ t♦
tr❡❛t t❤❡ r❡❧❡❛s❡❞ ♠❡♠♦r② ❛♥❞ ❤♦✇ t♦ ❝❤♦♦s❡ ✇❤❡r❡✭❛❞❞r❡ss✮
t♦ ❛❧❧♦❝❛t❡ ❛ ♥❡✇ ♦❜❥❡❝t✳✳ ❊✈❡r②❜♦❞② ❛❣r❡❡s t❤❛t t❤❡ ♦♣❡r❛t✐♦♥s
res ❛♥❞ amb ♠❛② ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ s❡✈❡r❛❧ ✈❡rs✐♦♥s✳ ▼❛♥② ❞✐❢✲
❢❡r❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ res ✭r❡s♣❡❝t✐✈❡❧② amb✮ ♦♣❡r❛t✐♦♥ ❛❧❧♦✇s
t♦ ♣r♦✈❡ t❤❛t t❤❡ r❡q✉✐r❡♠❡♥ts ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❛①✐♦♠s ❍▼1

❛♥❞ ❍▼4 ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥♦t ❡❛s② t♦ ♣r♦✈❡ t❤❡
r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❢♦r t❤❡ ❛①✐♦♠s ❍▼1 ✕ ❍▼10✳ ❖♥❡ ♠✉st
❞❡❝✐❞❡ ♦♥ ❤✐s ❝❤♦✐❝❡ ♦❢ t❤❡ res ♦♣❡r❛t✐♦♥ ✕ ❤♦✇ ✐t ✇✐❧❧ ❜❡ ✐♠♣❧❡✲
♠❡♥t❡❞ ✐♥ ♦♥❡ s②st❡♠✱ ✇❤✐❧❡ ♦t❤❡r s②st❡♠s ♠❛② ♣r❡❢❡r ❞✐✛❡r❡♥t
s♦❧✉t✐♦♥✳ ♣♦❞❛❥ ♣r③②❦➟❛❞②

✶✳✷✳ ❖❞♠✐❛♥② ✉❦➟❛❞✉ ❛❦s❥♦♠❛tó✇✳ ❈③② ✉♣r♦s③❝③❡♥✐❛ ❥❛❦✐❡
♣r③②❥➛❧✐➧♠② ❢♦r♠✉➟✉❥→❝ ♣♦✇②➺s③❡ ❛❦s❥♦♠❛t② s→ ✐st♦t♥❡❄ ❩❛✲
✉✇❛➺♠②✿

• ▼♦➺♥❛ r♦③✇❛➺②➣ ♥✐❡❝♦ ③♠✐❡♥✐♦♥→ ♦♣❡r❛❝❥➛ r❡s r❡③❡r✲
✇✉❥✳ ❖♣❡r❛❝❥❛ r❡s ♠❛ t❡r❛③ ♣❛r❛♠❡tr appetite ❞❡✜♥✐✉✲
❥→❝② r♦③♠✐❛r ♣♦tr③❡❜♥② ❞❧❛ ✉t✇♦r③❡♥✐❛ ♦❜✐❡❦t✉✳ ▼♦✲
❞②✜❦✉❥❡♠② ✇ ♦❞♣♦✇✐❡❞♥✐ s♣♦só❜ s②❣♥❛t✉r➛ res : S×N →
Fr ♣r♦✇❛❞③✐ t♦ ❞♦ ♥♦✇❡❣♦ ✭♥✐❡s♣r③❡❝③♥❡❣♦✮ ✉❦➟❛❞✉ ❛❦✲
s❥♦♠❛tó✇✳

• ❑♦❧❡❥♥❡ r♦③s③❡r③❡♥✐❡ ♥❛s③❡❣♦ s②st❡♠✉ HM ♠♦➺❡ ❜②➣
③❞❡✜♥✐♦✇❛♥❡ ❣❞② ♦♣✐s✉❥❡♠② ✇❡✇♥➛tr③♥❛ str✉❦t✉r➛ ♦❜✐❡❦t✉✳
✭❚❛ str✉❦t✉r❛ ❥❡st ✇②③♥❛❝③♦♥❛ ♣r③❡③ ❞❡❦❧❛r❛❝❥➛ ♦❞✲
♣♦✇✐❡❞♥✐❡❥ ❦❧❛s②✮✳ ❚❛❦✐❡ r♦③s③❡r③❡♥✐❡ t❡♦r✐✐ HM ❥❡st
t❛❦➺❡ t❡♦r✐→ ♥✐❡s♣r③❡❝③♥→✳

❉♦ t❡❥ ♣♦r② ♥✐❡ ❜②➟♦ ♣♦tr③❡❜② ✇♣r♦✇❛❞③❛♥✐❛ ♦♣❡r❛❝❥✐ ♦❞➧♠✐❡✲
❝❛♥✐❛✳ ❲ ♠♦❞❡❧✉ ♥❛s③❡❥ ❛❜str❛❦❝②❥♥❡❥ t❡♦r✐✐ ③❜✐ór r❛♠❡❦ Fr
❥❡st ✐③♦♠♦r✜❝③♥② ③❡ ③❜✐♦r❡♠ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤✳ ❇❛r❞③✐❡❥ r❡✲
❛❧✐st②❝③♥❛ ✇❡rs❥❛ t❡♦r✐✐ ♣♦✇✐♥♥❛ ✇♣r♦✇❛❞③✐➣ ♣♦st✉❧❛t✱ ③❜✐ór Fr
❥❡st s❦♦➠❝③♦♥②✳ ❲ t②♠ ♣r③②♣❛❞❦✉ ♣♦✇st❛❥❡ ♣♦tr③❡❜❛ ♦❞➧♠✐❡✲
❝❛♥✐❛ ✭❛♥❣✳ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t✐♦♥✮✳

❲ ❥❛❦✐ s♣♦só❜ ✇②r❛③✐➣ ✇➟❛s♥♦➧➣ ③❜✐ór Fr r❛♠❡❦ ❥❡st s❦♦➠✲
❝③♦♥②❄ ◆✐❡tr✉❞♥♦ ♦❞❣❛❞♥→➣✱ ➺❡ ♣♦♥✐➺s③❛ ❢♦r♠✉➟❛ ❥❡st ❞♦❜r②♠
❦❛♥❞②❞❛t❡♠✿
❍▼11✮ ∃s0∈St∀f∈Frmb(f, s0)

✸✶✶



❈♦ ❝③②t❛♠② t❛❦✿ ③❜✐ór r❛♠❡❦ ✇②♣❡➟♥✐❛ ♣❡✇✐❡♥ st❛♥✱ ❛ ✇✐➛❝ Fr
❥❡st ③❜✐♦r❡♠ s❦♦➠❝③♦♥②♠✳
❚❛❦✐ ③❜✐ór ❛❦s❥♦♠❛tó✇ HM1 ✕ HM11 ❥❡st s♣r③❡❝③♥②✳

✶✾✳✶✳ ✭✶✮ ❲②❦❛➺ t♦✳
✭✷✮ ◆❛♣r❛✇ t♦✱ t③♥✳ ♣♦❞❛❥ ♥✐❡s♣r③❡❝③♥② ✉❦➟❛❞ ❛❦s❥♦♠❛✲

tó✇✳
❲s❦❛③ó✇❦❛✳ ❲♣r♦✇❛❞➵ ♣r❡❞②❦❛t full t❥✳ ♣❡➟♥②✳

◆❛ s②st❡♠ s❦➟❛❞❛❥→ s✐➛ ③❜✐ór ❋r ✭r❛♠❡❦✮✱ ③❜✐ór ❙t ✭st❛♥ó✇✮✱
✇②ró③♥✐♦♥② ❡❧❡♠❡♥t ♥♦♥❡ ♦r❛③ ❞③✐❛➟❛♥✐❛✿✐♥✱ ❞❡❧✱ ❦✐❧❧ ✐ r❡❧❛❝❥❡
♠❜✱ ❡♠✱

✸✶✷



✷✳ ▼♦❞❡❧ ❆❑

❲ t②♠ ♣♦❞r♦③❞③✐❛❧❡ ♣r③❡❞st❛✇✐♠② s③❦✐❝ s②st❡♠✉ ③❛r③→❞③❛✲
♥✐❛ ♣❛♠✐➛❝✐→ ♦❜✐❡❦tó✇ ❦❧❛s✳
P❛♠✐➛➣ ❥❡st ③♦r❣❛♥✐③♦✇❛♥❛ ✇ ♥❛st➛♣✉❥→❝② s♣♦só❜ Pr③②❥➛t♦ ❦✐❧❦❛
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❘②s✉♥❡❦ ✾✳ ❙❝❤❡♠❛t ♦r❣❛♥✐③❛❝❥✐ ♣❛♠✐➛❝✐ ♦❜✐❡❦tó✇

③❛➟♦➺❡➠ ✳✳✳ ❩♠✐❡♥♥❡ t②♣ó✇ ♦❜✐❡❦t♦✇②❝❤ ♥✐❡ ✇s❦❛③✉❥→ ❜❡③♣♦✲
➧r❡❞♥✐♦ ♥❛ ♦❜✐❡❦t✳ ❲❛rt♦➧❝✐→ t❛❦✐❡❥ ③♠✐❡♥♥❡❥ ❥❡st ❛❞r❡s ♣♦✲
➧r❡❞♥✐ ❝③②❧✐ ♣❛r❛ ✇✐❡❧❦♦➧❝✐ 〈adreswtabiltyIATadresw, klucz〉✳ ❑❛➺❞②
❞♦st➛♣ ❞♦ ♦❜✐❡❦t✉ ✇s❦❛③②✇❛♥❡❣♦ ♣r③❡③ ③♠✐❡♥♥→ x r♦③♣♦❝③②♥❛
s✐➛ ♦❞ s♣r❛✇❞③❡♥✐❛ ❝③② ♦❜✐❡❦t ✐st♥✐❡❥❡✳
❏❡➺❡❧✐ ♦❜✐❡❦t ③♦st❛➟ ❥✉➺ ✉s✉♥✐➛t② ❜→❞➵ ③♠✐❡♥♥❡❥ x ♥✐❡ ♣r③②♣✐s❛♥♦
❥❡s③❝③❡ ➺❛❞♥❡❣♦ ♦❜✐❡❦t✉ t♦ ③♦st❛♥✐❡ ♣♦❞♥✐❡s✐♦♥② ❛❧❛r♠ ✏r❡❢❡✲
r❡♥❝❡ t♦ ♥♦♥❡✑✳
❲ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉ ❛❦❝❥❛ ♠❡♠❜❡r ③✇ró❝✐ ❜❡③♣♦➧r❡❞♥✐
❛❞r❡s ♦❜✐❡❦t✉ ✐ ♣r♦❣r❛♠ ❜➛❞③✐❡ ❦♦♥t②♥✉♦✇❛♥②✿ ♦♣❡r❛❝❥❡ ♦❞✲
❝③②t✉ ♣♦❧❛✱ ③❛♣✐s✉ ♥♦✇❡❥ ✇❛rt♦➧❝✐ ♣♦❧❛ ❧✉❜ ③❞❛❧♥❡❣♦ ✇②✇♦➟❛♥✐❛
♠❡t♦❞② ♦❜✐❡❦t✉ ③♦st❛♥→ ✇②❦♦♥❛♥❡✳

✸✶✸



✉♥✐t ❆❑✿ ❝❧❛ss❀
✉♥✐t ♣r♦t♦❖❜❥❡❝t✿ ❝❧❛ss✭s✐③❡✿✐♥t❡❣❡r✮❀
❡♥❞ ♣r♦t♦♦❜❥❡❝t❀
✉♥✐t ✐♥❞✐r❆❞r❡s✿ ❝❧❛ss✭❛❞r❡s❆❞✿ ❛❞r❡s✱ ❦❧✉❝③✿✐♥t❡❣❡r✮❀
❡♥❞ ✐♥❞✐r❆❞r❡s❀
✈❛r ■♥s✿ ❛rr❛②♦❢ ♣r♦t♦♦❜❥❡❝t✱ ■❆❚✿ ❛rr❛②♦❢ ✐♥❞✐r❆❞r❡s❀
✉♥✐t ♥❡✇✿ ❢✉♥❝t✐♦♥✭❛♣❡t✐t❡✿✐♥t❡❣❡r✮✿ ✐♥❞✐r❆❞r❡s❀

✈❛r ❝ ✿ ❜♦♦❧❡❛♥✱ ❞ ✿ ❛❞❞r❡ss❀
❜❡❣✐♥

❝ ✿❂ ❢❛❧s❡❀
✐❢ ❍❡❛❞ ❂ ✵ ④❋■❋❖ ✐s ❡♠♣t②⑥
t❤❡♥
✐❢ ❧✐♠■❆❚ ✲ ▲❛st■t❡♠ < ✸ ④♥♦ s♣❛❝❡ ❢♦r ■❆❚ ❡♥tr②⑥
t❤❡♥
❝ ✿❂ tr✉❡❀ ❝❛❧❧ ❝♦♠♣❛❝t♦r

✜❀
✐❢ ❝ t❤❡♥ r❛✐s❡ ❊rr❇r❛❦✉❥❡P❛♠✐❡❝✐ ④❡♥❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥⑥ ✜❀
▲❛st■t❡♠ ✿❂ ▲❛st■t❡♠ ✰ ✷❀ ❜ ✿❂ ▲❛st■t❡♠❀
■❆❚❬❜❪✳guard❴counter ✿❂ ✵❀ ④✐♥✐t✐❛❧✐③❡ ♥❡✇ ■❆❚ ❡♥tr②⑥
❡❧s❡ ④t❛❦❡ ❢r♦♠ ❋■❋❖⑥
❜ ✿❂ ❍❡❛❞❀ ❍❡❛❞ ✿❂ ■❆❚❬❜❪✳❞
✜❀
✐❢ ❧✐♠■◆❙ ✲ ▲❛st❯s❡❞ < s ✰ ✶ ④❋r❡❡ ❙♣❛❝❡ t♦♦ s♠❛❧❧⑥
t❤❡♥
✐❢ s❡❛r❝❤✭s✱ ❞✮ ④❢r❛♠❡ ❢♦✉♥❞⑥
t❤❡♥
■❆❚❬❜❪✳❞ ✿❂ ❞❀ ❝♦✉♥t❡r ✿❂ ■❆❚❬❜❪✳ guard❴counter❀ r❡t✉r♥

✜❀
✐❢ ❝ t❤❡♥ ④❡♥❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥⑥ ❡❧s❡ ❝❛❧❧ ❝♦♠♣❛❝t♦r ✜❀
✐❢ ▲❛st■t❡♠ ✲ ▲❛st❯s❡❞ < s ✰ ✶ t❤❡♥ ④❡♥❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥⑥ ✜❀
✜❀
❞ ✿❂ ▲❛st❯s❡❞ ✰ ✶❀ ■◆❙❬❞❪✳s✐③❡ ✿❂ s❀ ▲❛st❯s❡❞ ✿❂ ▲❛st❯s❡❞ ✰ s❀
r❡s✉❧t✿❂ ♥❡✇ ✐♥❞✐r❆❞r❡s✭❞✱ ■❆❚❬❜❪✳guard❴counter✮

❡♥❞ ♥❡✇❀
✉♥✐t ♠❜✿ ❢✉♥❝t✐♦♥✭❜✱❦❡②✿ ✐♥t❡❣❡r✮✿✐♥t❡❣❡r

✭✯❢✉♥❦❝❥❛ ♠❜ ③✇r❛❝❛ ❛❞r❡s ♦❜✐❡❦t✉ ❧✉❜ ③❣➟❛s③❛ ❊rr♦r✲r❡❢✷♥♦♥❡ ✯✮
❜❡❣✐♥

✐❢ ❦❡②❂■❆❚❬❜❪✳❧♦❝❦
t❤❡♥ r❡s✉❧t✿❂■❆❚❬❜❪✳❞
❡❧s❡ r❛✐s❡ r❡❢✷♥♦♥❡
✜

❡♥❞ ♠❜❀
✉♥✐t ❦✐❧❧✿ ♣r♦❝❡❞✉r❡✭❜✿❛❞❞r❡ss✱ ❦❡②✿✐♥t❡❣❡r✮❀

✈❛r ❞✿ ❛❞❞r❡ss❀
❜❡❣✐♥

✐❢ ❦❡② 6= ■❆❚❬❜❪✳❧♦❝❦ t❤❡♥ r❡t✉r♥ ✜ ❀
■❆❚❬❜❪✳❧♦❝❦ ✿❂ ■❆❚❬❜❪✳❧♦❝❦✰✶❀
❞ ✿❂ ■❆❚❬❜❪❞❀ ✭✯ ♣✉t t❤✐s ■❆❚❬❜❪ ✐♥t♦ ❋■❋❖ ✯✮
■❆❚❬❚❛✐❧❪✳❞ ✿❂ ❜❀ ■❆❚❬❜❪✳❞✿❂✵❀ ❚❛✐❧✿❂❜❀
✐❢ ❞✰■◆❙❬❞❪✳s✐③❡❂▲❛st❯s❡❞✰✶ t❤❡♥ ▲❛st❯s❡❞✿❂▲❛st❯s❡❞✰■◆❙❬❞❪✳s✐③❡
❡❧s❡ ❝❛❧❧ ✐♥s❡rt✷❋r❡❡❞✭■◆❙❬❞❪✳s✐③❡✱ ❞✮ ✜

❡♥❞ ❦✐❧❧❀
❜❡❣✐♥
❛rr❛② ■❆❚ ❞✐♠ ✭✶✿❧✐♠■❆❚✮❀
❛rr❛② ■◆❙ ❞✐♠ ✭✶✿❧✐♠■◆❙✮❀

❡♥❞ ❆❑❀

✸✶✹



❚✇✐❡r❞③❡♥✐❡ ✶✾✳✸✳ ❙②st❡♠ ❆❑ ❥❡st ♠♦❞❡❧❡♠ ❛❧❣♦r②t♠✐❝③♥❡❥
t❡♦r✐✐ ❆❚❍▼ ✭❛❧❣♦r✐t❤♠✐❝ t❤❡♦r② ♦❢ ❤❡❛♣ ♠❛♥❛❣❡♠❡♥t✮

❉♦✇ó❞✳ ❉♦✇ó❞ ❥❡st ♠♦❞②✜❦❛❝❥→ ❞♦✇♦❞✉ ③ ♣r❛❝② ❬❈❑✽✹❪✳ �

✸✳ P♦ró✇♥❛♥✐❛ ✐ ③❛st♦s♦✇❛♥✐❛

❙②st❡♠ ❆❑ ③♦st❛➟ ♦❜♠②➧❧♦♥② ✐ ③r❡❛❧✐③♦✇❛♥② ❞❧❛ ❥➛③②❦❛ ▲♦✲
❣❧❛♥ ✇ r✳ ✶✾✼✾✳ ❏❡st ♦♥ ❝③➛➧❝✐→ r✉♥♥✐♥❣ s②st❡♠✉ ✭♠❛s③②♥②
✇✐rt✉❛❧♥❡❥✮ ❥➛③②❦❛ ▲♦❣❧❛♥✳

✸✳✶✳ ■❧✉str❛❝❥❛ ③❛st♦s♦✇❛♥✐❛✳ ❩❛st♦s♦✇❛♥✐❡ s②st❡♠✉ ❆❑ ✇
♣r♦❣r❛♠✐❡ ♠♦➺❡ ✇②❣❧→❞❛➣ ♥♣✳ t❛❦

♣r❡❢ ❆❑ ❜❧♦❝❦
✉♥✐t ❚✿ ♣r♦t♦❖❜❥❡❝t ❝❧❛ss✭❛ttr✿r❡❛❧✮❀ ✳✳✳ ❡♥❞ ❚❀
✈❛r ①✱②✱③✿ ❚❀

❜❡❣✐♥
✳ ✳ ✳
①✿❂ ♥❡✇✭✮ ❀
✳ ✳ ✳
①✳❛ttr✿❂✼❀ ✭✯ ♠✉s✐♠② ③❛❝③→➣ ♦❞ s♣r❛✇❞③❡♥✐❛ ♠❜✭✮ ❝③② ①6=♥♦♥❡❄ ✯✮
②✿❂①❀ ③✿❂②❀
✳ ✳ ✳
❦✐❧❧✭②✮❀
✐❢ ①❂♥♦♥❡ t❤❡♥ ✇r✐t❡✭✏①❂♥♦♥❡✑✮ ✜❀
✐❢ ③❂♥♦♥❡ t❤❡♥ ✇r✐t❡✭✏③❂♥♦♥❡✑✮ ✜❀

❡♥❞ ❜❧♦❝❦

❚❡♥ ♣r③②❦➟❛❞ ❝❡❧♦✇♦ ♥✐❡ ❥❡st ❞♦♣r❛❝♦✇❛♥② ❞♦ ❦♦➠❝❛✳ ❙♣ró✲
❜✉❥ s❛♠❛ ♥❛♣✐s❛➣ t❛❦✐ ♣r③②❦➟❛❞ ✇ ✉❧✉❜✐♦♥②♠ ❥➛③②❦✉ ♣r♦❣r❛♠♦✲
✇❛♥✐❛✳

✸✳✷✳ P♦ró✇♥❛♥✐❡✳ ❲ t❛❜❧✐❝② ✶ ♣♦ró✇♥✉❥❡♠② s♣♦s♦❜② ✉s✉✇❛✲
♥✐❛ ♦❜✐❡❦tó✇ ❥❛❦✐❡ s→ ✉➺②✇❛♥❡ ✇ ró➺♥②❝❤ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛✲
♥✐❛✳ ❲②ró➺♥✐❛♠② tr③② ❣r✉♣②✿ ♣✐❡r✇s③❛ ❣r✉♣❛ s❦➟❛❞❛ s✐➛ ③ ❥➛③②❦❛
▲♦❣❧❛♥✳ ❏➛③②❦✐ ❞r✉❣✐❡❥ ❣r✉♣② ③❡③✇❛❧❛❥→ ♥❛ ♣r♦❣r❛♠♦✇❛♥→ ❞❡✲
❛❧♦❦❛❝❥➛ ♦❜✐❡❦tó✇ ✭❈✰✰✱ P❛s❝❛❧✱ ❡t❝✳✮✳ ❚r③❡❝✐❛ ❣r✉♣❛ ③❛✇✐❡r❛
❥➛③②❦✐ ✇ ❦tór②❝❤ ✐♥str✉❦❝❥❛ ❞❡❛❧♦❦❛❝❥✐ ♦❜✐❡❦t✉ ❥❡st ③❛❜r♦♥✐♦♥❛✳
❲ ❥➛③②❦❛❝❤ t❡❥ ❣r✉♣② ♣r♦❣r❛♠ ♠✉s✐ ♣♦❧❡❣❛➣ ♥❛ s♣r❛✇♥②♠ ♦❞✲
➧♠✐❡❝❛♥✐✉ ♥✐❡✉➺②t❡❝③♥②❝❤ ♦❜✐❡❦tó✇✳
Pr③② ♣♦ró✇♥❛♥✐❛❝❤ ✇③✐➛t♦ ♣♦❞ ✉✇❛❣➛ ♥❛st➛♣✉❥→❝❡ ❛s♣❡❦t② ✭♣✐➛➣✮✿
Pr❡✲t❥✳ ✇❛r✉♥❡❦ ✇st➛♣♥② ✲ ✇❡ ✇s③②st❦✐❝❤ ♣r③②♣❛❞❦❛❝❤ ❥❡st ♦♥
❥❡❞♥❛❦♦✇②✱ ❑♦❞ ✲ ✐♥str✉❦❝❥❡ ♣r♦✇❛❞③→❝❡ ❞♦ ❞❡❛❧♦❦❛❝❥✐ ♦❜✐❡❦t✉✱
P♦st✲✇❛r✉♥❦✐ ❦♦➠❝♦✇❡ ✲ ③❛✉✇❛➺ ró➺♥✐❝❡✱ ❑♦s③t ✲ ❝③❛s ♣♦tr③❡❜♥②
❞❧❛ ❞♦❦♦♥❛♥✐❛ ❞❡❛❧♦❦❛❝❥✐ ♦❜✐❡❦t✉✱ ❘②③②❦♦ ✲ ♥✐❡✉❞❛♥❡❥ ❞❡❛❧♦❦❛❝❥✐
❧✉❜ ✇②st→♣✐❡♥✐❛ ❜➟➛❞✉✳

❙♦♠❡ ❡①♣❧❛♥❛t✐♦♥s ❝♦♥❝❡r♥✐♥❣ ❝♦st ♦❢ ❞❡❛❧❧♦❝❛t✐♦♥ ♦♣❡r❛t✐♦♥
s❡❡♠ ♥❡❝❡ss❛r②✿ ❚❤❡ ❝♦st ♦❢ ❞❡❧❡t❡✭✮ ✐♥ ❈✰✰✱ ❞✐s♣♦s❡✭✮ ✐♥ P❛s❝❛❧✱
❛♥❞ ❢r❡❡✭✮ ✐♥ ❆❞❛ ❛r❡ ❦♥♦✇♥ ❬❙tr✶✸✱ ❏❲✼✹✱ ❇❛r✾✻❪✳ ❚❤❡ ❝♦st ♦❢

✸✶✺



❦✐❧❧✭✮ ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥ ❬❈❑✽✹❪✱ ❛♥❞ ✐t ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✱ s❡❡
❆♣♣❡♥❞✐① ❆✳ ❚❤❡ ❝♦st ♦❢ ❛♥② ❣❛r❜❛❣❡ ❝♦❧❧❡❝t♦r ❣❝✭✮ ✐s ❦♥♦✇♥ ❛s
O(m)✱ ✇❤❡r❡ m ✐s t❤❡ s✐③❡ ♦❢ ❤❡❛♣ ✐✳❡✳ ♦❜❥❡❝t ♠❡♠♦r②✳ ◆♦t❡✱
❛♥② ❣❛r❜❛❣❡ ❝♦❧❧❡❝t✐♥❣ ❛❧❣♦r✐t❤♠ ♠✉st ✈✐s✐t ❡❛❝❤ ♦❜❥❡❝t ✐♥ t❤❡
❤❡❛♣✳

❈③② ✇❛rt♦ ✐♥st❛❧♦✇❛➣ s②st❡♠ ❆❑ ✇ ✳✳✳❄ ❖❝❡➠♠② ♠♦➺❧✐✇❡
♣r♦✜t② ③ ③❛✐♥st❛❧♦✇❛♥✐❛ s②st❡♠✉ ❑r❡❝③♠❛r❛ ✇ ❥❛❦✐♠➧ ♣♦♣✉❧❛r✲
♥②♠ ❥➛③②❦✉ ♣r♦❣r❛♠♦✇❛♥✐❛✳

❏❛✈✐❡❄ ❏❛✈❛ ❥❡st ❞✉♠♥❛ ③ ♣r③②❥➛❝✐❛ ③❛❦❛③✉ ✉➺②✇❛♥✐❛ ✐♥str✉❦✲
❝❥✐ ❞❡❛❧♦❦❛❝❥✐✱ ♣♦r✳ ❬●▼✾✺❪✳ ❲ ✇✐❡❧❦✐♠ s❦ró❝✐❡ ❏❛✈❛ ♠ó✇✐✿ ♥✐❡
♠❛ ✐♥str✉❦❝❥✐ ❞❡❛❧♦❦❛❝❥✐ ✕ ♥✐❡ ♠❛ r②③②③❦❛ ✇✐s③→❝②❝❤ r❡❢❡r❡♥❝❥✐✱
❛ ♣♦❧❡❝❡♥✐❡ ♦❞➧♠✐❡❝❛❝③❛ ❣❝✭✮ ③❛❥♠✐❡ s✐➛ ♣r♦❜❧❡♠❡♠ ✇②❝✐❡❦✉ ♣❛✲
♠✐➛❝✐✳ ❚♦ ❥❡st ♣r❛✇❞❛✱ ❛❧❡ ❥❛❦✐ ③ t②♠ ✇✐→➺❡ s✐➛ ❦♦s③t❄
❘♦③✇❛➺ ♥❛st➛♣✉❥→❝② ❢r❛❣♠❡♥t ❦♦❞✉

❝❧❛ss ❈♦♠♣❧❡① ④ ⑥
✴✯ ❉❡❦❧❛r❛❝❥❛ ❦❧❛s② ❝♦♠♣❧❡① ③ ♠❡t♦❞❛♠✐✿ ❛❞❞ ✐ ♠✉❧t ✯✴
❈♦♠♣❧❡① ①✱t✱③❀
✴✯ ③❛❞❡❦❧❛r♦✇❛♥♦ tr③② ③♠✐❡♥♥❡ t②♣✉ ❝♦♠♣❧❡① ✯✴
③❂♥❡✇ ❈♦♠♣❧❡①✭✸✳✵✱ ✲✹✳✺✮❀
t❂♥❡✇ ❝♦♠♣❧❡①✭✲✷✶✳✾✱ ✷✶✳✾✮❀
①❂t✳❛❞❞✭③✳♠✉❧t✭♥❡✇ ❝♦♠♣❧❡①✭✸✳✷✱ ✹✳✸✮✮✮❀
③❂①✳♠✉❧t✭③✳❛❞❞✭①✮✮❀

✴✯ ✉t✇♦r③♦♥♦ s✐❡❞❡♠ ♦❜✐❡❦tó✇✱ ❝③t❡r② ③ ♥✐❝❤ t♦ ➧♠✐❡❝✐ ✯✴

◆✐❝ ♥❛❞③✇②❝③❛❥♥❡❣♦✳ ❚❤❡ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t♦r gc() ✇✐❧❧ ❞✐s♣♦s❡
t❤❡♠✳ ◆♦✇✱ ✐♠❛❣✐♥❡ t❤❛t t❤❡ ♣r♦❣r❛♠ ❝r❡❛t❡s ❛ ❧♦t ♦❢ ❣❛r❜❛❣❡✳
❚❤✐s ❤❛♣♣❡♥s ✐♥ s❝✐❡♥t✐✜❝ ♦r ❡♥❣✐♥❡❡r✐♥❣ ♣r♦❥❡❝ts✳ ■♠❛❣✐♥❡ t❤❡
❢♦✉r ❛ss✐❣♥♠❡♥ts s❡❡♥ ❛❜♦✈❡✱ ❛r❡ ✐♥s❡rt❡❞ ✐♥s✐❞❡ ❛ ❢♦r✲ st❛t❡✲
♠❡♥t ❛♥❞ ❡①❡❝✉t❡❞ s❛② ✶✵✵✵✵✵ t✐♠❡s✳ ❍♦✇ ♠❛♥② ❣❛r❜❛❣❡ ♦❜✲
❥❡❝ts ❛r❡ ❝r❡❛t❡❞❄
❯s✐♥❣ ❦✐❧❧✭✮ ✐♥str✉❝t✐♦♥ ✇♦✉❧❞ ❛❧❧♦✇ t♦ s❛✈❡ ❛ ❧♦t ♦❢ ✇♦r❦✳
▼♦r❡♦✈❡r✱ ❛♥ ♦❜❥❡❝t ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ t❤❛t ♣r♦❤✐❜✐ts t❤❡
✐♥str✉❝t✐♦♥ delete()✱ ❜❡❝♦♠❡s ♣r♦♥❡ t♦ ♠❡♠♦r② ❧❡❛❦❛❣❡ ❡rr♦rs✳

❈✰✰✳ ❲❡ ❛r❡ ❝♦♥✈✐♥❝❡❞ t❤❛t ✐t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ❡q✉✐♣ ❈✰✰
✇✐t❤ ❛ s②st❡♠ s✐♠✐❧❛r t♦ t❤✐s ♦❢ ❑r❡❝③♠❛r✳

• ❋♦r ✐t ❡❧✐♠✐♥❛t❡s t❤❡ r✐s❦ ♦❢ ❞❛♥❣❧✐♥❣ r❡❢❡r❡♥❝❡s✳ ❊❛❝❤
❛tt❡♠♣t t♦ ❛❝❝❡s ❛ ❦✐❧❧❡❞ ♦❜❥❡❝t ✇✐❧❧ r❛✐s❡ ❛♥ ❡①❝❡♣t✐♦♥
r❡❢❡r❡♥❝❡ t♦ ♥♦♥❡ ❛♥❞ ❛ ♣r♦♣❡r ❞✐❛❣♥♦st✐❝ ♦❢ t❤❡ ❡rr♦r✳

• ■t ❛❧s♦ ♣r♦t❡❝ts ❛❣❛✐♥st t❤❡ ❡rr♦rs ♦❢ ❞❡str✉❝t✐♦♥ ❛♥❞
❝♦♥tr❛❞✐❝t✐♦♥✳

• ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥s ❦✐❧❧ ❛♥❞ ♠❡♠❜❡r✱ t❤❡
♦♣❡r❛t✐♦♥ ❣❝✭✮ ✲ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t♦r ✕ ♠❛② ❜❡ ♦✛❡r❡❞ t♦
♣r♦❣r❛♠♠❡rs ✉s❡✳

◆✐❡❦tór③② ♣r♦❣r❛♠✐➧❝✐ ❛r❣✉♠❡♥t✉❥→✱ ➺❡ ♣r♦❝❡s t❡st♦✇❛♥✐❛ ✭❞❡✲
❜✉❣♦✇❛♥✐❛✮ ♣r♦❣r❛♠✉ ♣♦③✇❛❧❛ ♥❛ ✐❞❡♥t②✜❦❛❝❥➛ ③❛❣r♦➺❡➠ ✐ ✐❝❤

✸✶✻



❡❧✐♠✐♥❛❝❥➛✳ ❆ t♦ ♥✐❡ ❥❡st ♣r❛✇❞→✳

❙②st❡♠ ❆❑ ❑r❡❝③♠❛r❛
❣✇❛r❛♥t✉❥❡ ➺❡ ❡✇❡♥t✉❛❧♥❡
✇✐s③→❝❡ r❡❢❡r❡♥❝❥❡ ③♦st❛♥→
✇②❦r②t❡ ✐ ♦str③❡➺❡♥✐❡ ③♦st❛♥✐❡
✇②s➟❛♥❡ ❞♦ ✉➺②t❦♦✇♥✐❦❛
♣r♦❣r❛♠✉✳

❚❡st♦✇❛♥✐❡ ♠♦➺❡ ③♠♥✐❡❥s③②➣
r②③②❦♦ ❜➟➛❞✉✱ ❥❡❞♥❛❦ ♥✐❡ ❡❧✐✲
♠✐♥✉❥❡ ③❛❣r♦➺❡♥✐❛ ❥❛❦✐♠ s→
♥✐❡✇②❦r②t❡ ❜➟➛❞② ✇✐s③→❝②❝❤
r❡❢❡r❡♥❝❥✐✳

P♦③♦st❛✇✐❛♠② ❝③②t❡❧♥✐❦♦✇✐ ③❛❞❛♥✐❡ ✇②r♦❜✐❡♥✐❛ s♦❜✐❡ ✇➟❛s♥❡❣♦
♣♦❣❧→❞✉ ♥❛ s♣r❛✇➛ ❞❡❛❧♦❦❛❝❥✐ ♦❜✐❡❦tó✇✳
❋♦r t❤♦s❡ ✇❤♦ ♦❜❥❡❝t✿ ✧t❤❡ ❝♦st ♦❢ ♥❡✇ s②st❡♠ ♦❢ ❤❡❛♣ ♠❛♥❛✲
❣❡♠❡♥t ✐s t♦♦ ❤✐❣❤✧✱ ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ ❛ ❝♦♠♣✐❧❡✲t✐♠❡ s✇✐t❝❤
t❤❛t t✉r♥s ♦✛ t❤❡ ❝❤❡❝❦s ❛t ✐♥❞✐❝❛t❡❞ ❧✐♥❡s ♦❢ ❝♦❞❡✳ ❆tt❡♥t✐♦♥✦
t❤❡ ♣r♦❣r❛♠♠❡r ♠❛② s✇✐t❝❤ ♦✛ ❝❤❡❝❦s ❛t ❤✐s✴❤❡r r❡s♣♦♥s✐❜✐❧✐t②✳
■♥ ♦t❤❡r ✇♦r❞s✿ ✇❤❡♥ ②♦✉ t✉r♥ ♦✛ t❤❡ ❝❤❡❝❦ ❛❣❛✐♥st ❞❛♥❣❧✐♥❣
r❡❢❡r❡♥❝❡ ❡rr♦r ✐♥ ❧✐♥❡s✱ s❛② ✷✻✵✲✷✽✵ ♦❢ ②♦✉r ❝♦❞❡✱ ②♦✉ s❤♦✉❧❞
❜❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❡rr♦r ✇✐❧❧ ♥♦t ❛♣♣❡❛r✳

❶✇✐❝③❡♥✐❛

✶✾✳✷✳ ❈③② ♦❜✐❡❦t ♥✐❡♣♦tr③❡❜♥② ✐ ♦❜✐❡❦t ♥✐❡❞♦st➛♣♥② t♦ t♦
s❛♠♦ ♣♦❥➛❝✐❡❄ P♦❞❛❥ ♣r③②❦➟❛❞②✳

✶✾✳✸✳ P♦ró✇♥❛❥ s♣❡❝②✜❦❛❝❥➛ str✉❦t✉r② ❦♦♥t❡♥❡ró✇ ✐ st❡rt②
♦❜✐❡❦tó✇✳

✶✾✳✹✳ ❈♦ s✐➛ st❛♥✐❡ ❣❞② ✇ s♣❡❝②✜❦❛❝❥✐ ♣♦♠✐♥✐❡♠② ❛❦s❥♦♠❛t
AT HM✽✮❄
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❚❛❜❧✐❝❛ ✶✳ ❚r③② ♠♦❞❡❧❡ ❞❡❛❧♦❦❛❝❥✐ ♦❜✐❡❦tó✇✳

▼♦❞❡❧ ❉
✭ ▲♦❣❧❛♥✬✽✷✮

▼♦❞❡❧ ❆
✭♥♣✳ ❈✰✰✱
P❛s❝❛❧✮

▼♦❞❡❧ ❇
✭♥♣✳ ❏❛✈❛✱
P②t❤♦♥✮

Pr❡✲ ❖❜✐❡❦t o ❥❡st ✇❛rt♦➧❝✐→ ③♠✐❡♥♥②❝❤ x1 = x2 = ... = xn, 1 ≤ i ≤ n✳

❑♦❞
❦✐❧❧✭xi✮ ❞❡❧❡t❡✭xi✮❀

xi = null

■♥str✉❦❝❥❛
gc()

s♣♦✇♦❞✉❥❡ ✉s✉✲
♥✐➛❝✐❡ ♦❜✐❡❦t✉
o✳ P♦❞ ✇❛r✉♥✲
❦✐❡♠✱ ➺❡ ✇❝③❡✲
➧♥✐❡❥ ✇②❦♦♥❛♥♦

x1 = null;
x2 = null;
...
xn = null❀

P♦st✲ ❲s③②st❦✐❡
③♠✐❡♥♥❡ ♣r③②❥✲
♠✉❥→ ✇❛rt♦➧➣
♥♦♥❡✳
❖❜✐❡❦t o ❥❡st
✉s✉♥✐➛t②✳

❖❜✐❡❦t o ③♦✲
st❛➟ ✉s✉♥✐➛t②✳
❩♠✐❡♥♥❛ xi

♠❛ ✇❛rt♦➧➣
♥✉❧❧✳ P♦③♦st❛➟❡
③♠✐❡♥♥❡ ♥❛✲
❞❛❧ ✇s❦❛③✉❥❛
♥❛ ✉s✉♥✐➛t②
♦❜✐❡❦t ✕ t♦ ❥❡st
❣r♦➵♥② ❜➟→❞
✕ ✇✐s③→❝②❝❤
r❡❢❡r❡♥❝❥✐✳

❖❜✐❡❦t o ③♦st❛➟
✉s✉♥✐➛t② ✕ ♣♦❞
✇❛r✉♥❦✐❡♠✱
➺❡ ✇s③②st❦✐♠
✇s❦❛③❛♥✐♦♠
♥❛ ✉s✉✇❛♥②
♦❜✐❡❦t ③♦st❛➟❛
✇❝③❡➧♥✐❡❥ ♣r③②✲
♣✐s❛♥❛ ✇❛rt♦➧➣
♥✉❧❧✳

❑♦s③t O(1) O(1) O(n+m)
m ❥❡st ❣❧♦❜❛❧✲
♥②♠ r♦③♠✐❛r❡♠
♣❛♠✐➛❝✐ ♣r③❡✲
③♥❛❝③♦♥❡❥ ♥❛
♦❜✐❡❦t②✳

❘②③②✲
❦♦

❇r❛❦✭✦✮
P♦♥✐❡✇❛➺ ❦❛➺❞❛
♣ró❜❛ ❞♦st➛♣✉
❞♦ ✉s✉♥✐➛t❡❣♦
♦❜✐❡❦t✉ ✭③❛♣✐s✉✱
♦❞❝③②t✉✱ ✇②✇♦✲
➟❛♥✐❛ ♠❡t♦❞②✮
s♣♦✇♦❞✉❥❡
♣♦❞♥✐❡s✐❡♥✐❡
❛❧❛r♠✉ r❡❢❡r❡♥❝❡

t♦ ♥♦♥❡✳

❏❡➧❧✐ ♥❃✶ t♦
♣♦✇st❛❥❡ ❜➟→❞
✇✐s③→❝②❝❤ r❡❢❡✲
r❡♥❝❥✐✳
❲②s♦❦✐❡
♣r❛✇❞♦♣♦✲
❞♦❜✐❡➠st✇♦
✇②st→♣✐❡♥✐❛
❜➟➛❞✉ s♣r③❡✲
❝③♥②❝❤ ✐♥❢♦r♠❛✲
❝❥✐ ✐✴❧✉❜ ❜➟➛❞✉
❞❡str✉❦❝❥✐✳

❙♣♦r❡ s③❛♥s❡✱
➺❡ ♣r♦❣r❛♠✐st❛
③❛♣♦♠♥✐ ✉s✉✲
♥→➣ ❦tór②➧
✇s❦❛➵♥✐❦ ❞♦
♦❜✐❡❦t✉ o✱ ❛
✇t❡❞② ♦❜✐❡❦t
♥✐❡ ③♦st❛♥✐❡
✉s✉♥✐➛t②✳
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❘❖❩❉❩■❆➟ ✷✵

❑♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡

P♦❥➛❝✐❡ ❦♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡ ❥❡st ③❜❧✐➺♦♥❡ ❞♦ ♣♦❥➛❝✐❛ ❦♦♥t❡✲
♥❡r❛✳ ▼ó✇✐♠② ♦ ❦♦❧❡❥❦❛❝❤ ♣r✐♦r②t❡t♦✇②❝❤ ❣❞② ③❜✐ór E ❡❧❡♠❡♥✲
tó✇ ❥❡st ✇②♣♦s❛➺♦♥② ✇ ❞✇✐❡ r❡❧❛❝❥❡✿ =E ✕ r❡❧❛❝❥➛ ró✇♥♦➧❝✐ ♦r❛③
r❡❧❛❝❥➛ < ♣♦r③→❞❦✉ ✇ ③❜✐♦r③❡ E✳
❑♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡ ♠❛❥→ ♥✐❡✇✐❡❧❡ ✇s♣ó❧♥❡❣♦ ③ ❦♦❧❡❥❦❛♠✐ ✇
③✇②❦➟②♠ s❡♥s✐❡ t❥✳ ❦♦❧❡❥❦❛♠✐ ❋■❋❖✳ ◆✐❡ s→ ③♥❛♥❡ ✐♠♣❧❡♠❡♥t❛✲
❝❥❡ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ✐♥♥❡ ♥✐➺ ✇ ❞r③❡✇❛❝❤✳

✶✳ P♦❥➛❝✐❡ ❦♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡❥

❉❡✜♥✐❝❥❛ ✷✵✳✶✳ ❑♦❧❡❥❦→ ♣r✐♦r②t❡t♦✇→ ♥❛③②✇❛♠② str✉❦t✉r➛ ❛❧✲
❣❡❜r❛✐❝③♥→ KP✱ ❦tór❡❥ ✉♥✐✇❡rs✉♠ s❦➟❛❞❛ s✐➛ ③ ❞✇✉ r♦③➟→❝③♥②❝❤
③❜✐♦ró✇ E ✐ S✱ E ∩ S = ∅✳

KP = 〈E ∪ S; i, d,m, r,≤, p, c, q〉

❲ str✉❦t✉r③❡ t❡❥ ♠❛♠② ♥❛st➛♣✉❥→❝❡ ♦♣❡r❛❝❥❡ i, d,m ♦r❛③ ♣r❡❞②✲
❦❛t② r,<, p, c, q✳ ❙②❣♥❛t✉r❛ ♦♣❡r❛❝❥✐ ❥❡st ✇②❧✐❝③♦♥❛ ♣♦♥✐➺❡❥

i : E × S → S
d : E × S → S
m : S → E

❘❡❧❛❝❥❡

r : E × E → B0

≤ : E × E → B0

p : S → B0

c : E × S → B0

q : S × S → B0

❆❦s❥♦♠❛t② str✉❦t✉r② ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤
❦✶✮ ∀e∈E ∀s∈S (c(e, i(e, s)) ∧ ∀e′∈E∧e′ 6=e(c(e

′, s)⇔ c(e′, i(e, s)))

❦✷✮ ∀e∈E ∀s∈S (¬c(e, d(e, s)) ∧ ∀e′∈E∧e′ 6=e(c(e
′, s)⇔ c(e′, d(e, s)))

❦✸✮ ∀s∈S(p(s)⇔ ∀e∈E ¬c(e, s))

❦✹✮ ∀s∈S(¬p(s)⇒ c(m(s), s))

❦✺✮ ∀e∈E ∀s∈S (c(e, s)⇒ ¬(e ≤ m(s)))
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❦✻✮ ∀e∈E ∀s∈S c(e, s)⇔







block

var bool : Boolean, s1 : S
begin

s1 := s; bool := false;
while ¬bool ∧ ¬p(s1) do

e1 := m(s1);
bool := r(e1, e);
s1 := d(e1, s1)

od

end







bool

❦✼✮ ∀s∈S {while ¬p(s) do s := d(m(s), s) od} p(s)

❦✽✮ ∀s,s′∈S q(s, s′)⇔ ∀e∈E(c(e, s)⇔ c(e, s′))

❦✾✮ ∀e∈E r(e, e)

❦✶✵✮ ∀e,e′∈E r(e, e′)⇔ r(e′, e)

❦✶✶✮ ∀e,e′,e′′∈E (r(e, e′) ∧ r(e′, e′′))⇒ r(e, e′′)

❦✶✷✮ ∀e∈E e ≤ e

❦✶✸✮ ∀e,e′∈E e ≤ e′ ∧ e′ ≤ e⇒ r(e, e′)

❦✶✹✮ ∀e,e′,e′′∈E (e ≤ e′ ∧ e′ ≤ e′′)⇒ e ≤ e′′

❑♦♥✐❡❝ ❞❡✜♥✐❝❥✐ ❦♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡❥✳

✷✳ ◆✐❡s♣r③❡❝③♥♦➧➣✱ t✇✳ ♦ r❡♣r❡③❡♥t❛❝❥✐✱ ♠♦❞❡❧❡

❚❛ s♣❡❝②✜❦❛❝❥❛ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ❥❡st ♥✐❡s♣r③❡❝③♥❛✳

❚✇✐❡r❞③❡♥✐❡ ✷✵✳✶✳ ❩❜✐ór ❢♦r♠✉➟ ❦✶✮ ✕ ❦✶✹✮ ♣♦s✐❛❞❛ ♠♦❞❡❧✳

❉♦✇ó❞✳ ❉♦✇ó❞ t❡❣♦ t✇✐❡r❞③❡♥✐❛ ♣r③❡❜✐❡❣❛ ♣♦❞♦❜♥✐❡ ❞♦ ❞♦✲
✇♦❞✉ t✇✐❡r❞③❡♥✐❛ ✶✽✳✶✳ ◆✐❡❝❤ E ❜➛❞③✐❡ ❞♦✇♦❧♥②♠ ③❜✐♦r❡♠✱ ✉♣♦✲
r③→❞❦♦✇❛♥②♠ ♣r③❡③ r❡❧❛❝❥➛ ≤E✱ ♥✐❡❝❤ =E ♦③♥❛❝③❛ r❡❧❛❝❥➛ ✐❞❡♥✲
t②❝③♥♦➧❝✐ ✇ ③❜✐♦r③❡ E✳

❘♦③♣❛tr③♠② ③❜✐ór Fin(E) ✇s③②st❦✐❝❤ s❦♦➠❝③♦♥②❝❤ ♣♦❞③❜✐♦✲
ró✇ ③❜✐♦r✉ E✳ Pr③②❥♠✐❡♠② ♥❛st➛♣✉❥→❝→ ✐♥t❡r♣r❡t❛❝❥➛ s②♠❜♦❧✐
s②❣♥❛t✉r② ❦♦♥t❡♥❡r❛✿

i(e, s) d(e, s) m(s) r(e, e′) e ≤ e′ p(s) c(e, s) q(s, s′)
s ∪ {e} s \ {e} min(s) e =E e′ e ≤E e′ s = ∅ e ∈ s s =S s′

Pr③② t❛❦✐❡❥ ✐♥t❡r♣r❡t❛❝❥✐ s②♠❜♦❧✐ ❦❛➺❞❛ ❢♦r♠✉➟❛ ③❡ ③❜✐♦r✉ ❦✶✮ ✕
❦✶✹✮ ❥❡st ♣r❛✇❞③✐✇❛✳ �

❙tr✉❦t✉r➛ ❛❧❣❡❜r❛✐❝③♥→ E ∪Fin(E) ③ ❞③✐❛➟❛♥✐❛♠✐ ♦♣✐s❛♥②♠✐ ✇
♣♦✇②➺s③❡❥ t❛❜❡❧❝❡ ❜➛❞③✐❡♠② ♥❛③②✇❛➣ st❛♥❞❛r❞♦✇②♠ ♠♦❞❡❧❡♠
❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ✇②③♥❛❝③♦♥②♠ ♣r③❡③ ③❜✐ór E✳

❚✇✐❡r❞③❡♥✐❡ ✷✵✳✷✳ ❑❛➺❞❛ ❦♦❧❡❥❦❛ ♣r✐♦r②t❡t♦✇❛ B ❥❡st ✐③♦♠♦r✲
✜❝③♥❛ ③ st❛♥❞❛r❞♦✇②♠ ♠♦❞❡❧❡♠ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ✇②✲
③♥❛❝③♦♥②♠ ♣r③❡③ ③❜✐ór ❡❧❡♠❡♥tó✇ str✉❦t✉r② B✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ✇ s♣♦só❜ ♣♦❞♦❜♥② ❞♦ ❞♦✇♦❞✉ t✇✐❡r✲
❞③❡♥✐❛ ✶✽✳✷✳ �

✸✷✵



✸✳ ❩❛st♦s♦✇❛♥✐❛

❖❜❛ ③♥❛♥❡ ❛❧❣♦r②t♠② ❜✉❞♦✇❛♥✐❛ ❞r③❡✇❛ r♦③♣✐♥❛❥→❝❡❣♦ ❣r❛❢✉✿
❛❧❣♦r②t♠ ❑r✉s❦❛❧❛ ✐ ❛❧❣♦r②t♠ Pr✐♠❛ ✇②❦♦r③②st✉❥❛ str✉❦t✉r➛
❦♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡❥✱ ❛❧❣♦r②t♠ ❈❤❛rtr❡s❛ ③♥❛❥❞♦✇❛♥✐❛ ❦♦❧❡❥✲
♥❡❥ ❧✐❝③❜② ♣✐❡r✇s③❡❥✱ ❛❧❣♦r②t♠ ❉✐❥❦str② ③♥❛❥❞♦✇❛♥✐❛ ♥❛❥❦róts③❥
➧❝✐❡➺❦✐ ✇ ❣r❛✜❡✱ ③❛r③→❞③❛♥✐❡ ③❞❛r③❡♥✐❛♠✐ ✇ ❦❧❛s✐❡ ❙✐♠✉❧❛t✐♦♥✱

❶✇✐❝③❡♥✐❛

✷✵✳✶✳ Pr③❡♣r♦✇❛❞➵ ❞♦✇ó❞ t✇✐❡r❞③❡♥✐❛ ✷✵✳✶✳

✷✵✳✷✳ Pr③❡♣r♦✇❛❞➵ ❞♦✇ó❞ t✇✐❡r❞③❡♥✐❛ ✷✵✳✷✳

✸✷✶





❘❖❩❉❩■❆➟ ✷✶

❉r③❡✇❛ ❇❙❚

Pr③②❥♠✉❥❡♠②✱ ➺❡ ❞❛♥② ❥❡st ③❜✐ór E ✉♣♦r③→❞❦♦✇❛♥② ♣r③❡③ r❡✲
❧❛❝❥➛ <✳ ❲ ♣r❛❦t②❝❡ ♣r♦❣r❛♠✐st②❝③♥❡❥ ♠❛♠② ♥❛❥❝③➛➧❝✐❡❥ ❞♦
❝③②♥✐❡♥✐❛ ③❡ ③❜✐♦r❡♠ r❡❦♦r❞ó✇✱ t❛❦✐♠✱ ➺❡ ❦❧✉❝③❡ ♣r③②♣✐s❛♥❡
r❡❦♦r❞♦♠ s→ ✉♣♦r③→❞♦✇❛♥❡ ♣r③❡③ ♣❡✇♥→ r❡❧❛❝❥➛ ③✇r♦t♥→✱ ♣r③❡✲
❝❤♦❞♥✐→ ✐ ❛♥t②s②♠❡tr②❝③♥→ less✳

❉r③❡✇❛ ❜✐♥❛r♥②❝❤ ♣♦s③✉❦✐✇❛➠ s→ ③♥❛♥❡ ♦❞ ♣♦➟♦✇② ❳❳ ✇✐❡❦✉✳
❙t♦s♦✇❛♥✐❡ ❞r③❡✇ ❇❙❚ ✉♠♦➺❧✐✇✐❛ s③②❜❦✐❡ ✇②❦♦♥❛♥✐❡ ♥❛st➛♣✉✲
❥→❝②❝❤ ♦♣❡r❛❝❥✐✳

❑❛➺❞❛ ✐♠♣❧❡♠❡♥t❛❝❥❛ ❞r③❡✇❛ ❇❙❚ ♣♦③✇❛❧❛ ③❛✐♠♣❧❡♠❡♥t♦✲
✇❛➣ ❦♦❧❡❥❦➛ ♣r✐♦r②t❡t♦✇→✳
P▲❆◆

✭✶✮ ❞❡✜♥✐❝❥❛ ✭❛❧❣❡❜r②✮ str✉❦t✉r② ❞r③❡✇ ❇❙❚✱
✭✷✮ ❛❦s❥♦♠❛t②
✭✸✮ ♠♦❞❡❧ st❛♥❞❛r❞♦✇② ✲ ❙✲✇②r❛➺❡♥✐❛
✭✹✮ ♠♦❞❡❧ ❦❧❛s❛ ◆♦❞❡✱
✭✺✮ ✇➟❛s♥♦➧❝✐ str✉❦t✉r② ❇❙❚
✭✻✮ ✐♠♣❧❡♠❡♥t❛❝❥❛ ❦♦❧❡❥❡❦ P◗

✶✳ ❙tr✉❦t✉r❛ ❞r③❡✇ ❇❙❚❄

◆✐❡❝❤ E ♦③♥❛❝③❛ ③❜✐ór ✉♣♦r③→❞❦♦✇❛♥② ♣r③❡③ r❡❧❛❝❥➛ ≤E✱ ③✇r♦t♥→
♣r③❡❝❤♦❞♥✐→ ✐ ❛♥t②s②♠❡tr②❝③♥→✳ ❘ó✇♥♦➧➣ =E ❡❧❡♠❡♥tó✇ ③❜✐♦r✉
E ✳✳✳

❉❡✜♥✐❝❥❛ ✷✶✳✶✳ ❙tr✉❦t✉r→ ❞r③❡✇ ❜✐♥❛r♥②❝❤ ♣♦s③✉❦✐✇❛➠ ♥❛✲
③②✇❛♠② s②st❡♠ ❛❧❣❡❜r❛✐❝③♥②

BST = 〈E ∪BST ∪ {none}; v, l, r, n, ul, ur;m,≤,=〉

❣❞③✐❡
v ❥❡st ❥❡❞♥♦❛r❣✉♠❡♥t♦✇→ ♦♣❡r❛❝❥→ t②♣✉ (BST → E)
l, r s→ ❥❡❞♥♦❛r❣✉♠❡♥t♦✇②♠✐ ♦♣❡r❛❝❥❛♠✐ t②♣✉ (BST → {BST ∪ {none}})
n ❥❡st ❥❡❞♥♦❛r❣✉♠❡♥t♦✇→ ♦♣❡r❛❝❥→ t②♣✉ (E → BST )
ul, ur s→ ❞✇✉❛r❣✉♠❡♥t♦✇②♠✐ ♦♣❡r❛❝❥❛♠✐ t②♣✉ (BST ×BST → BST )
m ❥❡st ❢✉♥❦❝❥→ ❝❤❛r❛❦t❡r②st②❝③♥→ r❡❧❛❝❥✐ m : E ×BST → B0

P♦♥❛❞t♦✱ ❞❧❛ ❞♦✇♦❧♥❡❣♦ e ∈ E ✐ ❞♦✇♦❧♥②❝❤ ❞r③❡✇ n1, n2 ∈ BST
♣r❛✇❞③✐✇❡ s→ ♥❛st➛♣✉❥→❝❡ ✇➟❛s♥♦➧❝✐ ✭❆❦s❥♦♠❛t②✮✿

✸✷✸



❜st✶✮ v(n(e)) = e ∧ l(n(e)) = none ∧ r(n(e)) = none

❜st✷✮ S :







begin

n1 := n; continue := true;
while (n1 6= none) ∧ continue
do

if e = n1.val then continue := false
else

if e < n1.val then n1 := n1.l
else n1 := n1.r fi

fi;
done

end







true

❜st✸✮ m(e, n)⇔M :







begin

n1 := n; result := false;
while¬result ∧ n1 6= none
do

if e = n1.v then result := true
else

if e < n1.v then n1 := n1.l
else n1 := n1.r fi

fi

done

end







result

❜st✹✮ m(e, n.l)⇒ e < v(n)

❜st✺✮ m(e, n.r)⇒ v(n) < e

❜st✻✮ (n = n′ ≡ (n = none = n′) ∨ (n.v = n′.v ∧ n.l = n′.l ∧ n.r = n′.r))

❜st✼✮
(
n.r = n′′ ∧ n.v = e ∧





















K : begin
n2 := n′;
while n2.r 6= none
do

n2 := n2.r
done;
bol := n2.v < n.v

end







bol ∨ n′ = none















)

⇒ {n3 := ul(n′, n)}(n3.r = n′′ ∧ n3.v = e ∧ n3.l = n′)

❜st✽✮
(
n.l = n′′ ∧ n.v = e ∧ (







L : begin
n2 := n′;
while n2.l 6= none
do

n2 := n2.l
done;
bol := n.v < n2.v

end







bol ∨ n′ = none)
)

⇒ {n3 := ur(n′, n)}(n3.r = n′ ∧ n3.v = e ∧ n3.l = n′′)

❜st✾✮ ❛❦s❥♦♠❛t② ❧✐♥✐♦✇❡❣♦ ♣♦r③→❞❦✉ ≤ ✐ ró✇♥♦➧❝✐ ❂
❜st✶✵✮ ❛❦s❥♦♠❛t② ♦ ❊①❝❡♣t✐♦♥ ✲ ❞♦ ✇②♠②s❧❡♥✐❛

✸✷✹



❇➛❞③✐❡♠② t❛❦➺❡ ❜❛❞❛➣ ③❜✐ór ❦♦♥s❡❦✇❡♥❝❥✐ ♣r③②❥➛t❡❣♦ ✉❦➟❛❞✉
❛❦s❥♦♠❛tó✇✳

❉❡✜♥✐❝❥❛ ✷✶✳✷✳ ❆❧❣♦r②t♠✐❝③♥→ t❡♦r✐→ ❞r③❡✇ ❜✐♥❛r♥②❝❤ ♣♦s③✉✲
❦✐✇❛➠ ♥❛③②✇❛➣ ❜➛❞③✐❡♠② ③❜✐ór ❦♦♥s❡❦✇❡♥❝❥✐ ✇②③♥❛❝③♦♥② ♣r③❡③
③❜✐ór ❢♦r♠✉➟ Bst = {bst1, . . . , bst10}✳

AT BST = C(Bst).

▲❡♠❛t ✷✶✳✶✳ ▼ ♦③♥❛❝③❛ ♣r♦❣r❛♠ ✇②st➛♣✉❥→❝② ✇ ❛❦s❥♦♠❛❝✐❡
❜st✷✳ ❲➟❛s♥♦➧➣ st♦♣✉ t❡❣♦ ♣r♦❣r❛♠✉ ❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐
AT BST ✳

AT BST ⊢M true

❉♦✇ó❞✳ ❾❛t✇♦ ③❛✉✇❛➺②➣✱ ➺❡ ♣r♦❣r❛♠ ▼ ♠❛ ♦❜❧✐❝③❡♥✐❡ s❦♦➠✲
❝③♦♥❡ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞② ❣❞② ♦❜❧✐❝③❡♥✐❡ s❦♦➠❝③♦♥❡ ♠❛ ♣r♦✲
❣r❛♠ ❙✳ ❩ t✇✐❡r❞③❡♥✐❛ ♦ ♣❡➟♥♦➧❝✐ ✇②♥✐❦❛ ✐st♥✐❡♥✐❡ ❞♦✇♦❞✉ ❞❧❛
❢♦r♠✉➟② Mtrue✳ ▼♦➺♥❛ ❥❡❞♥❛❦ ➟❛t✇♦ ✇②❦❛③❛➣ ✐st♥✐❡♥✐❡ ❞♦✇♦❞✉
♥❛ ✐♥♥❡❥ ❞r♦❞③❡✳ ❩❛✉✇❛➺♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ❧✐❝③❜② ♥❛t✉r❛❧♥❡❥
i ∈ N ♣♦♥✐➺s③❛ ✐♠♣❧✐❦❛❝❥❛ ❥❡st t❛✉t♦❧♦❣✐→✳







n1 := n; continue := true;














if (n1 6= none) ∧ continue
then

if e = n1.val then continue := false
else

if e < n1.val then n1 := n1.l
else n1 := n1.r fi

fi;
fi















i







true⇒







n1 := n; result := false;














if (n1 6= none) ∧ ¬result
then

if e = n1.val then result := true
else

if e < n1.val then n1 := n1.l
else n1 := n1.r fi

fi;
fi















i







true✭✽✵✮

❉♦✇ó❞ t❡❣♦ ♠♦➺♥❛ ♣r③❡♣r♦✇❛❞③✐➣ ♣r③❡③ ✐♥❞✉❦❝❥➛✳ ❉❧❛ i = 0
♠❛♠② ♦❝③②✇✐s❝✐❡

⊢ {n1 := n; continue := true}true⇒ {n1 := n; result := false}true

❩❛➟ó➺♠②✱ ➺❡ ✐st♥✐❡❥❡ ❞♦✇ó❞ ❞❧❛ ✐♠♣❧✐❦❛❝❥✐ ✽✵✳✳✳ ❝③②t❡❧♥✐❡❥ ♣r♦s③➛
❩❛♣✐s③♠② ❥❡❥ s❝❤❡♠❛t

⊢ {N ; (if γ then M fi)i}true⇒ {K; (if δ then L fi)i}true

❲②❦♦r③②st✉❥→❝ ✇②➟→❝③♥✐❡ r❛❝❤✉♥❡❦ ③❞❛➠ s♣r❛✇❞③❛♠② ➺❡ t❛✉t♦✲
❧♦❣✐→ ❥❡st t❡➺ ❢♦r♠✉➟❛ ♣♦st❛❝✐

⊢ {N ; (if γ then M fi)i+1}true⇒ {K; (if δ then L fi)i+1}true

✸✷✺



❙t→❞ ✇♥✐♦s❦✉❥❡♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ i ∈ N ❥❡st t❛✉t♦❧♦❣✐→ ❢♦r♠✉➟❛

⊢ {N ; (if γ then M fi)i+1}true⇒ {K; (while δ do L od)}true

❝③②t❡❧♥✐❡❥ ❲ ❞♦✇♦❞③✐❡ ✇②❦♦r③②st✉❥❡♠② ❛❦s❥♦♠❛t ❆①✷✶ ❧♦❣✐❦✐
❛❧❣♦r②t♠✐❝③♥❡❥ ✶✳✸✳✶✳ ❲✐❡❞③→❝✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ i ∈ N ❢♦r♠✉➟❛
♦ ♣♦✇②➺s③❡❥ ♣♦st❛❝✐ ❥❡st t❛✉t♦❧♦❣✐→ ♠♦➺❡♠② ③❛st♦s♦✇❛➣ r❡❣✉➟➛
❘✸ ✶✳✸✳✶ ✐ ♦tr③②♠✉❥❡♠② ➺❡ ✐♠♣❧✐❦❛❝❥❛ ❄❄ ❥❡st t❛✉t♦❧♦❣✐→✳ ❉♦✇ó❞
❦♦➠❝③② ③❛st♦s♦✇❛♥✐❡ r❡❣✉➟② ♦❞r②✇❛♥✐❛ ❘✶✳ �

✷✳ ▼♦❞❡❧❡✳ ❚✇✳ ♦ ♥✐❡s♣r③❡❝③♥♦➧❝✐

❖♣✐s❛♥❛ ♣♦✇②➺❡❥ t❡♦r✐❛ ❆❚❇❙❚ ♠❛ ✇✐❡❧❡ ♠♦❞❡❧✐✳ P♦♥✐✲
➺❡❥ ♣r③②t♦❝③②♠② ❞✇❛ t❛❦✐❡ ♠♦❞❡❧❡✳ ❙❢♦r♠✉➟✉❥❡♠② ✐ ✉❞♦✇♦❞✲
♥✐♠② t✇✐❡r❞③❡♥✐❛✿ ♦ ♥✐❡s♣r③❡❝③♥♦➧❝✐ ③❜✐♦r✉ ❛❦s❥♦♠❛tó✇ ❜st✶✮ ✕
❜st✶✵✮ ♦r❛③ t✇✐❡r❞③❡♥✐❡ ♦ r❡♣r❡③❡♥t❛❝❥✐✳

▼♦❞❡❧ st❛♥❞❛r❞♦✇②✳ Pr③②❦➟❛❞❡♠ str✉❦t✉r② ❞r③❡✇ ❇❙❚ ❥❡st
③❜✐ór ❙✲✇②r❛➺❡➠ ③ ♦❞♣♦✇✐❡❞♥✐♦ ♦❦r❡➧❧♦♥②♠✐ ♦♣❡r❛❝❥❛♠✐✳

Pr③②❦➟❛❞ ✷✶✳✶✳ ◆✐❡❝❤ E ❜➛❞③✐❡ ③❜✐♦r❡♠ ✉♣♦r③→❞❦♦✇❛♥②♠
♣r③❡③ r❡❧❛❝❥➛ <✳ ❩❜✐ór S✲✇②r❛➺❡➠ ♥❛❞ ③❜✐♦r❡♠ E ❥❡st t♦ ♥❛❥✲
♠♥✐❡❥s③② ③❜✐ór ✇②r❛➺❡➠ S t❛❦✐✱ ➺❡

❡✮ ❞❧❛ ❦❛➺❞❡❣♦ e ∈ E ♥❛♣✐s (()e()) ♥❛❧❡③② ❞♦ ③❜✐♦r✉ S✱
❝✮ ❥❡➧❧✐ ♥❛♣✐s② t1 ✐ t2 ♥❛❧❡➺→ ❞♦ ③❜✐♦r✉ S✱ e ∈ E ✐ ♣♦♥❛❞t♦

♥❛❥✇✐➛❦s③② ❡❧❡♠❡♥t ③❜✐♦r✉ E ✇②st➛♣✉❥→❝② ✇ ♥❛♣✐s✐❡ t1
❥❡st ♠♥✐❡❥s③② ♦❞ e ♦r❛③ ♥❛❥♠♥✐❡❥s③② ❡❧❡♠❡♥t ③❜✐♦r✉ E
✇②st➛♣✉❥→❝② ✇ ♥❛♣✐s✐❡ t2 ❥❡st ✇✐➛❦s③② ♦❞ e✱ t♦ ♥❛♣✐s
(t1et2) ♥❛❧❡➺② ❞♦ ③❜✐♦r✉ S

❲ ③❜✐♦r③❡ S✲✇②r❛➺❡➠ ♦❦r❡➧❧❛♠② ♥❛st➛♣✉❥→❝❡ ❞③✐❛➟❛♥✐❛

new(e) = (()e()) ❞❧❛ ❞♦✇♦❧♥❡❣♦ e ∈ E

val(t1 e t2) = e

left(t1 e t2) = t1

right(t1 e t2) = t2

upl(t, (t1 e t2)) =

{
(t e t2) ✇tt✇ (t e t2) ❥❡st ❡❧❡♠❡♥t❡♠ ③❜✐♦r✉ S
♥✐❡♦❦r❡➧❧♦♥② ✇ ♣♦③♦st❛➟②❝❤ ♣r③②♣❛❞❦❛❝❤

upr(t, (t1 e t2)) =

{
(t1 e t) ✇tt✇ (t1 e t) ❥❡st ❡❧❡♠❡♥t❡♠ ③❜✐♦r✉ S
♥✐❡♦❦r❡➧❧♦♥② ✇ ♣♦③♦st❛➟②❝❤ ♣r③②♣❛❞❦❛❝❤

❥❡st str✉❦t✉r→ ❞r③❡✇ ❇❙❚✳

❩❛✉✇❛➺✱ ➺❡ ❦❛➺❞❡ ✇②r❛➺❡♥✐❡ ③❡ ③❜✐♦r✉ ❇❙❚ ♠♦③♥❛ ♥❛r②s♦✇❛➣
❥❛❦♦ ❞r③❡✇♦✳

Pr③②❦➟❛❞ ✷✶✳✷✳ r②s✉♥❡❦

❚✇✐❡r❞③❡♥✐❡ ✷✶✳✷✳ ✭♦ ♥✐❡s♣r③❡❝③♥♦➧❝✐✮
❩❜✐ór ❛❦s❥♦♠❛tó✇ ❜st✶✮ ✕ ❜st✽✮ ♣♦s✐❛❞❛ ♠♦❞❡❧✳

✸✷✻



❉♦✇ó❞✳ ❘♦③✇❛➺♠② ♥❛st➛♣✉❥→❝❛ ✐♥t❡r♣r❡t❛❝❥➛
♥ ❧ r ✈ ✉❧ ✉r
♥❡✇ ❧❡❢t r✐❣❤t ✈❛❧ ✉♣❧ ✉♣r

�

❙tr✉❦t✉r➛ ♦♣✐s❛♥→ ♣♦✇②➺❡❥ ♥❛③②✇❛➣ ❜➛❞③✐❡♠② ♠♦❞❡❧❡♠ st❛♥✲
❞❛r❞♦✇②♠ t❡♦r✐✐ ❇❙❚✳

❚✇✐❡r❞③❡♥✐❡ ✷✶✳✸✳ ✭♦ r❡♣r❡③❡♥t❛❝❥✐✮
❑❛➺❞② ♠♦❞❡❧ t❡♦r✐✐ ❇❙❚ ❥❡st ✐③♦♠♦r✜❝③♥② ③ ♣❡✇♥②♠ ♠♦❞❡❧❡♠
st❛♥❞❛r❞♦✇②♠✳

▼♦❞❡❧ ♦❜✐❡❦t♦✇②✳ ❲ ♣r♦❣r❛♠❛❝❤✱ str✉❦t✉r❛ ❞r③❡✇ ❜✐♥❛r✲
♥②❝❤ ♣♦s③✉❦✐✇❛➠ ❥❡st ✐♠♣❧❡♠❡♥t♦✇❛♥❛ ♥❛ ♣♦❞st❛✇✐❡ ♥❛st➛♣✉✲
❥→❝❡❥ ❧✉❜ ♣♦❞♦❜♥❡❥ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s②✳

✉♥✐t ◆♦❞❡✿ ❝❧❛ss✭❡✿ ❊✮❀
✈❛r ❧✱r✿ ◆♦❞❡

❡♥❞ ◆♦❞❡

❣❞③✐❡ ❊ ❥❡st ♥❛③✇→ ♣❡✇♥❡❥ ❦❧❛s② ♦♣✐s✉❥→❝❡❥ t②♣ ♦❜✐❡❦tó✇ ❦❧❛s②
E✳ ❩❛❦➟❛❞❛♠②✱ ➺❡ ❞❡❦❧❛r❛❝❥❛ t❡❥ ❦❧❛s② ③❛✇✐❡r❛ ❞✇✐❡ ❞❡❦❧❛r❛❝❥❡
❢✉♥❦❝❥✐ ❞❡✜♥✐✉❥→❝❡✿ r❡❧❛❝❥➛ ≤

E
♣♦r③→❞❦✉ ✇ ③❜✐♦r③❡ ♦❜✐❡❦tó✇ t②♣✉

E✱ ♦r❛③ r❡❧❛❝❥➛ ró✇♥♦➧❝✐ =

E
✇ t②♠ s❛♠②♠ ③❜✐♦r③❡✳ r②s✳ ♦❜✐❡❦t✉

◆♦❞❡ ❩ t→ ♥✐❡♣♦③♦r♥→ ❞❡❦❧❛r❛❝❥→ ❦❧❛s② ✇✐→➺❡ s✐➛ ♥❛st➛♣✉❥→❝❛
str✉❦t✉r❛ ❞❛♥②❝❤

〈E ∪Node, v, l, r, new, ul, ur, isnone, ≤

E
, =

E
〉

❣❞③✐❡ ✳✳✳
❲➟❛s♥♦➧❝✐ ❦❧❛s② ◆♦❞❡ s→ ③❜②t ❧✐❜❡r❛❧♥❡ ♥❛ ♥❛s③ ❣✉st✳ P♦③✇❛❧❛❥→
♥❛ st✇♦r③❡♥✐❡ ❞♦✇♦❧♥❡❣♦ ❣r❛❢✉✳ ❩❛r❛❞③✐♠② t❡♠✉ ♠♦❞②✜❦✉❥→❝
♣♦✇②➺s③→ ❞❡❦❧❛r❛❝❥➛✳
❩♠♦❞②✜❦♦✇❛♥❛ ❦❧❛s❛ ◆♦❞❡✱ ♠♦❞②✜❦❛t♦r ♣r✐✈❛t❡ ✭t❥✳ ❤✐❞❞❡♥✮
♥✐❡ ♣♦③✇♦❧✐ ♥❛ ❞♦✇♦❧♥❡ ♠❛♥✐♣✉❧❛❝❥❡ ♥❛ ❛tr②❜✉t❛❝❤ ❦❧❛s② ♥♦❞❡✳
❖❢❡r♦✇❛♥❡ ♠❡t♦❞② ul ✐ ur ③❛♣❡✇♥✐❛❥→✱ ➺❡ ✇②♥✐❦ ♠♦❞②✜❦❛❝❥✐
❛tr②❜✉t✉ ❜➛❞③✐❡ ③♥♦✇✉ ❞r③❡✇❡♠ ❇❙❚✳

✸✷✼



❆❧❣♦r②t♠ ✷✶✳✸✳
✉♥✐t ◆♦❞❡✿ ❝❧❛ss✭❡✿ ❊✮❀
✭✯ ♣r✐✈❛t❡ ✯✮ ❤✐❞❞❡♥ ❡✱❧✱r❀
s✐❣♥❛❧ ❙✐❣❆❀ ✭✯ ♥❛r✉s③♦♥♦ ❜st✹ ❧✉❜ ❜st✺ ✯✮
✈❛r ❧✱r✿ ◆♦❞❡
✉♥✐t ❝❧ ✿ ❢✉♥❝t✐♦♥✿ ◆♦❞❡❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ❧
❡♥❞ ❝❧❀
✉♥✐t ✉❧✿ ♣r♦❝❡❞✉r❡✭♥✶✿ ◆♦❞❡✮❀
❜❡❣✐♥

✐❢ ♠❛①✭♥✶✮ ❁ ❡ t❤❡♥ ❧✿❂♥✶ ❡❧s❡ r❛✐s❡ ❙✐❣❆ ✜

❡♥❞ ✉❧❀
✉♥✐t ❝r ✿ ❢✉♥❝t✐♦♥✿ ◆♦❞❡❀
❜❡❣✐♥

r❡s✉❧t ✿❂ r
❡♥❞ ❝r❀
✉♥✐t ✉r✿ ♣r♦❝❡❞✉r❡✭♥✶✿ ◆♦❞❡✮❀
❜❡❣✐♥

✐❢ ♠✐♥✭♥✶✮ ❃ ❡ t❤❡♥ r✿❂♥✶ ❡❧s❡ r❛✐s❡ ❙✐❣❆ ✜

❡♥❞ ✉r❀
✉♥✐t ♠❛① ✿ ❢✉♥❝t✐♦♥✭♥✿ ◆♦❞❡✮✿ ❊❀
✈❛r ♥✷✿ ◆♦❞❡

❜❡❣✐♥

♥✷✿❂♥❀
✇❤✐❧❡ ♥✷✳r 6= ♥♦♥❡ ❞♦ ♥✷ ✿❂♥✷✳r ♦❞❀
r❡s✉❧t ✿❂ ♥✷✳❡

❡♥❞ ♠❛①❀
✉♥✐t ♠✐♥ ✿ ❢✉♥❝t✐♦♥✭♥✿ ◆♦❞❡✮✿ ❊❀
✈❛r ♥✷✿ ◆♦❞❡

❜❡❣✐♥

♥✷✿❂♥❀
✇❤✐❧❡ ♥✷✳❧ 6= ♥♦♥❡ ❞♦ ♥✷ ✿❂♥✷✳❧ ♦❞❀
r❡s✉❧t ✿❂ ♥✷✳❡

❡♥❞ ♠✐♥
❤❛♥❞❧❡rs

✇❤❡♥ ❙✐❣❆✿ ✇r✐t❡❧♥✭✑ ♥❛r✉s③❡♥✐❡ ❛❦s❥♦♠❛t✉ ❜st✹ ❧✉❜ ❜st✺✏✮
❡♥❞ ❤❛♥❞❧❡rs

❡♥❞ ◆♦❞❡

✷✶✳✶✳ ❈③②t❡❧♥✐❦ ③❡❝❤❝❡ s♣r❛✇❞③✐➣✱ ➺❡ ✇s③②st❦✐❡ ❢♦r♠✉➟② ❜st✶
✕ ❜st✶✵✮ s→ ♣r❛✇❞③✐✇❡ ♣r③② t❛❦✐❡❥ ✐♥t❡r♣r❡t❛❝❥✐✳

✸✳ ❘♦③s③❡r③❡♥✐❡ str✉❦t✉r② ❇❙❚

❙tr✉❦t✉r➛ ❇❙❚ ✇③❜♦❣❛❝✐♠② ♦ ❦✐❧❦❛ ❞❡✜♥✐❝❥✐✱ ✉③❛s❛❞♥✐❛❥→❝
✐❝❤ ♣♦♣r❛✇♥♦➧➣✳

✸✷✽



❉❡✜♥✐❝❥❛ ✷✶✳✹✳ ❖♣❡r❛❝❥❛ min ③✇r❛❝❛ ♥❛❥♠♥✐❡❥s③→ ✇❛rt♦➧➣ ③❛✲
♣✐s❛♥→ ✇ ❞r③❡✇✐❡ n✳

min(n)
df
=







if n 6= none
then

n1 := n ;
while n1.l 6= none do n1 := n1.l od

else raise SigRefToNone
fi







n1.v

▲❡♠❛t ✷✶✳✹✳ ❉❧❛ ❞♦✇♦❧♥❡❣♦ n t❛❦✐❡❣♦✱ ➺❡ n 6= none✱ ✇❛rt♦➧➣
min(n) ❥❡st ♦❦r❡➧❧♦♥❛✳

❉♦✇ó❞✳ ❉❧❛ ❞♦✇♦❞✉ ✇②st❛r❝③② ③❛♦❜s❡r✇♦✇❛➣✱ ➺❡ ✇ ❞♦✇♦❧✲
♥②♠ ♠♦❞❡❧✉ t❡♦r✐✐ ❆❚❇❙❚✱ ❦❛➺❞❡ ♦❜❧✐❝③❡♥✐❡ ♣♦♥✐➺s③❡❣♦ ♣r♦✲
❣r❛♠✉

while n1 6= none do n1 := n1.l od

❥❡st ✉❞❛♥❡ ✐ s❦♦➠❝③♦♥❡✳ ❏❡st t♦ ❦♦♥s❡❦✇❡♥❝❥❛ t✇✐❡r❞③❡♥✐❛
♦ r❡♣r❡③❡♥t❛❝❥✐ ✷✶✳✸✳ ❋❛❦t t❡♥ ♠♦➺♥❛ t❡➺ ✉❞♦✇♦❞♥✐➣ ❢♦r♠❛❧♥✐❡
✇②♣r♦✇❛❞③❛❥→❝ ❢♦r♠✉➟➛ st♦♣✉ ③ ❛❦s❥♦♠❛t✉ ❜st✶✳ �

▲❡♠❛t ✷✶✳✹ ♣♦③✇❛❧❛ ♥❛♠ ❜❡③♣✐❡❝③♥✐❡ ❞♦❞❛➣ ❞❡❦❧❛r❛❝❥➛ ❢✉♥❦✲
❝❥✐ min ❞♦ ♣♦③♦st❛➟②❝❤ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s② Node✳ ❑♦❧❡❥ ♥❛ ❞❡✜♥✐❝❥➛
♦♣❡r❛❝❥✐ ♠❡♠❜❡r ✭♣r♦❣r❛♠✐➧❝✐ ❝③❛s❛♠✐ ♥❛③②✇❛❥→ ❥→ ❝♦♥t❛✐♥s✮✳
❆❦s❥♦♠❛t ❜st✸ ❥❡st ❞❡✜♥✐❝❥→ ❢✉♥❦❝❥✐ ❜♦♦❧♦✇s❦✐❡❥ s♣r❛✇❞③❛❥→❝❡❥
❝③② ❡❧❡♠❡♥t e ∈ E ♥❛❧❡➺② ❞♦ ❞r③❡✇❛ n✳
▲❡♠❛t ✷✶✳✶ ✉♣❡✇♥✐❛ ♥❛s✱ ➺❡ ♠♦➺♥❛ ✇ ❜❡③♣✐❡❝③♥② s♣♦só❜ ♣♦s➟✉✲
❣✐✇❛➣ s✐➛ t→ ❞❡✜♥✐❝❥→✱ ❝③②t❛❥ ♦♣❡r♦✇❛➣ ❢✉♥❦❝❥→ ♠❡♠❜❡r ③❛❞❡✲
❦❧❛r♦✇❛♥→ ✇ ❦❧❛s✐❡ ✳ ✳ ✳

❑♦❧❡❥♥② ❧❡♠❛t ♣♦❦❛③✉❥❡ ③✇✐→③❡❦ ♣♦❥➛➣ ♠✐♥ ✐ ♠❡♠❜❡r✳

▲❡♠❛t ✷✶✳✺✳ ◆❛st➛♣✉❥→❝❛ ❢♦r♠✉➟❛ ❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐
AT BST

AT BST ⊢ ∀n∈N∀e∈E(member(e, n)⇒ min(n) < e

✐ ✇♦❜❡❝ t❡❣♦ ❢♦r♠✉➟❛ t❛ ❥❡st ♣r❛✇❞③✐✇❛ ✇ ❦❛➺❞②♠ ♠♦❞❡❧✉ ❛❧✲
❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ AT BST ❞r③❡✇ ❜✐♥❛r♥②❝❤ ♣♦s③✉❦✐✇❛➠✳

❖♣✐s③❡♠② t❡r❛③ ❞✇✐❡ ♦♣❡r❛❝❥❡ ♣♦r③❡❞♥✐❦❛ pred ✐ ♥❛st➛♣♥✐❦❛
succ✳
❖♣❡r❛❝❥❛ succ(n, r) ❞❧❛ ③❛❞❛♥❡❣♦ ✇➛③➟❛ n ❞r③❡✇❛ ♦ ❦♦r③❡♥✐✉ r
✇②③♥❛❝③❛ ✇➛③❡➟ n′ t❛❦✐✱ ➺❡ ♣r③②♣✐s❛♥❛ ♠✉ ✇❛rt♦➧➣ n′.v ❥❡st ♥❛❥✲
♠♥✐❡❥s③→ ③ ✇❛rt♦➧❝✐ ✇✐➛❦s③②❝❤ ♦❞ n.v✱ ③❛♣✐s❛♥②❝❤ ✇ ❞r③❡✇✐❡ r✳

succ(n, r)
df
= n′ t❛❦✐❡✱ ➺❡ m(n′.v, r) ∧ n′.v = Min{e : m(e, r) ∧ n.v < e}

P♦❞♦❜♥✐❡ ❞❡✜♥✐✉❥❡♠② ♦♣❡r❛❝❥➛ pred

pred(n, r)
df
= n′ t❛❦✐❡✱ ➺❡ m(n′.v, r) ∧ n′.v = Max{e : m(e, r) ∧ e < n.v}

❆ ♦t♦ ❛❧❣♦r②t♠ SUCC ✇②③♥❛❝③❛♥✐❛ ♥❛st➛♣♥✐❦❛✳ ❩❛✉✇❛➺✱ ➺❡ ✇②✲
❦♦r③②st✉❥❡♠② ❢✉♥❦❝❥➛ father ③✇r❛❝❛❥→❝❛ ♦❥❝❛ ❞❛♥❡❣♦ ✇➛③➟❛ ✇

✸✷✾



❞r③❡✇✐❡✱ father(root) = none✳ ❋✉♥❦❝❥➛ t➛ ♠♦➺♥❛ ③ ➟❛t✇♦➧❝✐→ ③❛♣r♦✲
❣r❛♠♦✇❛➣ ❧✉❜ ③❛♣✐s❛➣ ❥❡❥ ✇②❦r❡s ✇ ✇➛③➟❛❝❤ ❞r③❡✇❛ ❞♦❞❛❥→❝ ♣♦❧❡
father ♦❜♦❦ ♣ó❧ left, right ✐ ♦❞♣♦✇✐❡❞♥✐♦ ③♠✐❡♥✐❛❥→❝ ❛❧❣♦r②t♠②✳

❆❧❣♦r②t♠ ✷✶✳✺✳

✭✽✶✮ SUCC :







if n.right 6= none
then

result := Min(n.right)
else

y := father(n); x := n;
while y 6= none ∧ x = y.right do

x := y; y := father(y)
done;
result := y

fi







▼♦➺♥❛ s♣r❛✇❞③✐➣✱ ➺❡ ❛❧❣♦r②t♠ t❡♥ ♣♦♣r❛✇♥✐❡ ♦❜❧✐❝③❛ ✇❛r✲
t♦➧➣ ❢✉♥❦❝❥✐ succ(n, r)✳

▲❡♠❛t ✷✶✳✻✳ ❏❡➧❧✐ n ❥❡st ✇➛③➟❡♠ ❞r③❡✇❛ r✱ t♦ ♣♦ ✇②❦♦♥❛♥✐✉
❛❧❣♦r②t♠✉ SUCC ③♠✐❡♥♥❛ r❡s✉❧t ♠❛ ✇❛rt♦➧➣ ró✇♥→ succ(n, r)

m(n.v, r)⇒ {SUCC}(result = succ(n, r))

❉♦✇ó❞✳ ❉♦✇ó❞ ♥✐❡ ❥❡st tr✉❞♥②✳ ◆❛❧❡➺② r♦③♣❛tr③②➣ ❞✇❛ ♣r③②✲
♣❛❞❦✐✿
❛✮ ❣❞② ✇➛③❡➟ n ♠❛ ♣r❛✇❡ ♣♦❞❞r③❡✇♦ n.right✱ ✇t❡❞② ♥❛st➛♣♥✐❦✐❡♠
❥❡st ✇➛③❡➟ ③❛✇✐❡r❛❥→❝② ♥❛❥♠♥✐❡❥s③② ❡❧❡♠❡♥t t❡❣♦ ♣♦❞❞r③❡✇❛✳
❜✮ ✇ ♣r③❡❝✐✇♥②♠ ✇②♣❛❞❦✉ ♥❛st➛♣♥✐❦✐❡♠ ✇➛③➟❛ n ❥❡st t❛❦✐ ✇➛✲
③❡➟ y✱ ♣r③♦❞❡❦ ✇➛③➟❛ n✱ ❦tór② ❥❡st ♥❛❥❜❧✐➺s③② ✇➛③➟♦✇✐ n ✐ t❛❦✐✱ ➺❡
y ♠❛ ❧❡✇❡❣♦ s②♥❛✳ ❚③♥✳

y = fatherj(n) ❣❞③✐❡ j = µi(fatheri(n) = y ∧ y.l 6= none)

③❛❝❤♦❞③✐ ♣r③② t②♠ ró✇♥♦➧➣ n.v = max{e : m(e, y.l) ∧ e > n.v}) ✳ �

❉③✐❛➟❛♥✐❡ ✇st❛✇✐❛♥✐❛ ❡❧❡♠❡♥t✉ e ❞♦ ❞r③❡✇❛ ♦ ❦♦r③❡♥✐✉ n ♦♣✐✲
s✉❥❡ ♥❛st➛♣✉❥→❝② ❛❧❣♦r②t♠ INSERT ✳

✸✸✵



❆❧❣♦r②t♠ ✷✶✳✻✳

insert(e, n)
df
=

M :







n1 := n; bol := false; res := n1;
while ¬(n1 = none ∨ bol)do

n2 := n1;
if e = n1.v then bol := true
else

if e < n1.v then n1 := n1.l else n1 := n1.r fi

fi

done;
if ¬bol then

aux := new Node(e);
if n2 = none then n1 := aux else

if e < n2.v then n2.l := aux else n2.r := aux fi

fi







n1✭✽✷✮

▲❡♠❛t ✷✶✳✼✳ ◆✐❡❝❤ M ❜➛❞③✐❡ ♣r♦❣r❛♠❡♠ ③ ♣♦♣r③❡❞♥✐❡❥ ❞❡✜✲
♥✐❝❥✐ ✷✶✳✻✳
P♦♥✐➺s③❛ ❢♦r♠✉➟❛ ❥❡st ♣r❛✇❞③✐✇❛ ✇ ❦❛➺❞②♠ ♠♦❞❡❧✉ M t❡♦r✐✐
AT BST ❞r③❡✇ ❜✐♥❛r♥②❝❤ ♣♦s③✉❦✐✇❛➠✳

AT BST |= ∀n∈BST∀e∈E({M}m(e, n1) ∧ (∀e′ 6=em(e′, n)⇔M m(e′, n1)))

❉♦✇ó❞✳ ❑❛➺❞❡ ❞✇❛ ♠♦❞❡❧❡ ♦ t②♠ s❛♠②♠ ③❜✐♦r③❡ ❡❧❡♠❡♥tó✇
E s→ ✐③♦♠♦r✜❝③♥❡✳ ❲②st❛r❝③② ✇✐➛❝✱ ❥❡➧❧✐ s♣r❛✇❞③✐♠②✱ ➺❡ ❢♦r♠✉➟❛
t❛ ❥❡st ♣r❛✇❞③✐✇❛ ✇ ❥❛❦✐♠❦♦❧✇✐❡❦ ♠♦❞❡❧✉ t❡♦r✐✐ AT BST ✭♥✐❡
❦♦r③②st❛❥→❝ ♣r③② t②♠ ③ ➺❛❞♥②❝❤ ③❛➟♦➺❡➠ ♦ ③❜✐♦r③❡ ❡❧❡♠❡♥tó✇
❊✮✳
▼♦➺❡♠② ❥❡❞♥❛❦ ♣♦st→♣✐➣ ✐♥❛❝③❡❥✳ ❯❞♦✇♦❞♥✐♠②✱ ➺❡ ❢♦r♠✉➟❛ t❛
❥❡st t✇✐❡r❞③❡♥✐❡♠ t❡♦r✐✐ AT BST ′✱ ❥❛❦❛ ♣♦✇st❛❥❡ ❣❞② ❞♦ t❡♦r✐✐
AT BST ❞♦❞❛❥❡♠② ♥♦✇② s②♠❜♦❧ ♦♣❡r❛❝❥✐ insert ✐ ❞❡✜♥✐✉❥→❝② ❥→
❛❦s❥♦♠❛t t❥✳ ❞❡✜♥✐❝❥❡ ✷✶✳✻✳
❩❛✉✇❛➺♠②✱ ➺❡ Strue⇒Mtrue ❥❡st t❛✉t♦❧♦❣✐→✳
❩ ❦♦❧❡✐ ❛❧❜♦

((m(e, n) ∧Mbol)

❧✉❜

(¬m(e, n) ∧M(n1 = none ∧ pred(n2).v < e < succ(n2) ∧ father(n1) = n2))

❈③②❧✐ ♣r♦❣r❛♠ ▼ ✉st❛❧❛ ❝③② ❡❧❡♠❡♥t e ♥❛❧❡➺② ❞♦ ❞r③❡✇❛ n ✐ ♥❛✲
❞❛❥❡ ③♠✐❡♥♥❡❥ bol ♦❞♣♦✇✐❡❞♥✐→ ✇❛rt♦➧➣✱ ♣♦♥❛❞t♦✱ ✇ ♣r③②♣❛❞❦✉
❣❞②✱ ♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦❣r❛♠✉ M ③♠✐❡♥♥❛ bol ♠❛ ✇❛rt♦➧➣ ❢❛❧s❡✱
♦❜❧✐❝③♦♥❛ ♣r③❡③ ♣r♦❣r❛♠ M ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ n1 ✇s❦❛③✉❥❡ ❣❞③✐❡
♥❛❧❡➺② ✇st❛✇✐➣ ♥♦✇② ✇➛③❡➟ n(e) ❥❛❦♦ ♦❞♣♦✇✐❡❞♥✐❡❣♦ s②♥❛ ✇➛③➟❛
n2✳

❘♦③♣❛tr③♠② ❢♦r♠✉➟② ♣♦st❛❝✐ ✳✳✳ �

✸✸✶



❆❧❣♦r②t♠ ✷✶✳✼✳

delete(e, n)
df
=

∆







Λ

n1 := n; bol := false; res := n1;
while ¬(n1 = none ∨ bol)do

n2 := n1;
if e = n1.v then bol := true
else

if e < n1.v then n1 := n1.l else n1 := n1.r fi

fi

done;

Ψ

if bol
then

if e < n2.v then tolft := true else tolft := false fi;
if n1.l = none ∧ n1.r = none
then

if tolft then n2.l := none else n2.r := none fi

else

if n1.l = none
then

if n1 = n
then res := n1.r
else

if tolft then n2.l := n1.r
else n2.r := n1.r fi

fi

else

if n1.r = none
then (∗n1 has the left son only ∗)

if n1 = n
then (∗found in the root∗)

res := n1.l
else

if tolft
then n2.l := n1.l
else n2.r := n1.l
fi

(∗n2 ommited n1 to son∗)
fi

else {n1 has two sons}
n4 := n1.r;
while n4.l 6= none
do

n5 := n4;
n4 := n4.l

done (∗ n4.v = min(n1.r) ∗)
n5.l := n4.r;
n1.v := n4.v (∗ i.e. n1.v ← min(n4.r) ∗)

fi(∗ n1.r = none? ∗)
fi(∗ n1.l = none ∗)

fi(∗ n1.l = none ∧ n1.r = none ∗)
fi(∗bol∗)







res

✸✸✷



▲❡♠❛t ✷✶✳✽✳ ❉❧❛ ❦❛➺❞❡❣♦ ❡❧❡♠❡♥t✉ e ✐ ❞❧❛ ❦❛➺❞❡❣♦ ❞r③❡✇❛
❇❙❚ n✱ ♣r♦❣r❛♠ ∆ ✇②st➛♣✉❥→❝② ✇ ❞❡✜♥✐❝❥✐ ❞③✐❛➟❛♥✐❛ delete ❦♦➠✲
❝③② ♦❜❧✐❝③❡♥✐❡✳

❉♦✇ó❞✳ ❉❧❛ ❞♦✇♦❞✉ ✇②st❛r❝③② ③❛✉✇❛➺②➣✱ ➺❡ ✇②❦♦♥②✇❛♥✐❡
✭❥❡❞②♥❡❥✮ ✐♥str✉❦❝❥✐ Λ ③❛✇✐❡r❛❥→❝❡❥ ✐♥str✉❦❝❥➛ ✇❤✐❧❡✱ ❦tór❛ ✇②✲
st➛♣✉❥❡ ✇ t②♠ ♣r♦❣r❛♠✐❡ ❦♦➠❝③② s✐➛ ♣♦ s❦♦➠❝③♦♥❡❥ ❧✐❝③❜✐❡ ❦r♦✲
❦ó✇✳
▼♦➺♥❛ t♦ ✇②♣r♦✇❛❞③✐❝ ❢♦r♠❛❧♥✐❡ ③ ❛❦s❥♦♠❛t✉ ❜st✷ ✭♣♦r✳ ❞♦✇ó❞
❧❡♠❛t✉ ✷✶✳✶✮ �

▲❡♠❛t ✷✶✳✾✳ ❉❧❛ ❦❛➺❞❡❣♦ ❡❧❡♠❡♥t✉ e ✐ ❞❧❛ ❦❛➺❞❡❣♦ ❞r③❡✇❛
❇❙❚ n ♣♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ {n1 := n; bol := false; res := n1; Λ}
③❛❝❤♦❞③✐ ❞♦❦➟❛❞♥✐❡ ❥❡❞♥❛ ③ ♣♦♥✐➺s③②❝❤ ❢♦r♠✉➟

✐✮ ¬bol ❣❞② ❡❧❡♠❡♥t e ♥✐❡ ✇②st➛♣✉❥❡ ✇ ❞r③❡✇✐❡ n✱
❧✉❜

✐✐✮ bol ∧ n1.v = e ∧ (n2.left = n1 ∨ n2.right = n1)

❉♦✇ó❞✳ ❉♦✇ó❞ ♣♦③♦st❛✇✐❛♠② ❝③②t❡❧♥✐❦♦✇✐ �

◆❛st➛♣♥② ❧❡♠❛t st✇✐❡r❞③❛ ♣♦♣r❛✇♥♦➧❝ ❛❧❣♦r②t♠✉ Ψ ✇③❣❧➛✲
❞❡♠ ✇❛r✉♥❦✉ ♣♦❝③→t❦♦✇❡❣♦ α : bol∧n1.v = e∧(n2.left = n1∨n2.right =
n1) ✐ ✇❛r✉♥❦✉ ❦♦➠❝♦✇❡❣♦ β : ¬m(e, n) ∧ ...

▲❡♠❛t ✷✶✳✶✵✳
AT BST ⊢ α⇒ ∆β

❉♦✇ó❞✳ �

❾→❝③→❝ ♣♦✇②➺s③❡ s♣♦str③❡➺❡♥✐❛ st✇✐❡r❞③❛♠②✱ ➺❡ ❛❦s❥♦♠❛t
❦✷✮ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ❥❡st t✇✐❡r❞③❡♥✐❡♠ ❛❧❣♦r②t♠✐❝③♥❡❥
t❡♦r✐✐ ❞r③❡✇ ❇❙❚ AT BST ext ✇③❜♦❣❛❝♦♥❡❥ ♦ ③❡st❛✇ ❞❡✜♥✐❝❥✐ declar
❥❡➧❧✐ ③✐♥t❡r♣r❡t♦✇❛➣ ♥❛③✇② ✳✳✳

▲❡♠❛t ✷✶✳✶✶✳
AT BST ext ⊢ ∀e∈E ∀s∈S (¬c(e, d(e, s)) ∧ ∀e′∈E∧e′ 6=e(c(e

′, s)⇔ c(e′, d(e, s)))

❯❞♦✇♦❞♥✐➣ ❧❡♠❛t st❛♥♦✇✐→❝②✱ ➺❡ ♣r♦❣r❛♠ ❙ ③❛✇s③❡ ❦♦➠❝③②
♦❜❧✐❝③❡♥✐❡ t❥✳ ❜st✷✳

✹✳ ■♠♣❧❡♠❡♥t❛❝❥❛ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤

❲ t❡❥ s❡❦❝❥✐ ✉❞♦✇♦❞♥✐♠②✱ ♣♦♣r❛✇♥♦➧➣ ✐♠♣❧❡♠❡♥t❛❝❥✐ ❦♦❧❡✲
❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤✱ ❥❛❦❛ ♦♣✐s❛♥❛ ❥❡st ✇ ♣♦♥✐➺s③❡❥ ❦❧❛s✐❡ P◗❙✳
❦❧❛s❛ P♦♥✐➺❡❥ ♣r❡③❡♥t✉❥❡♠② ♠♦❞✉➟ ❦❧❛s② Pr✐♦r✐t②◗✉❡✉❡s✱ ❦tór②
✐♠♣❧❡♠❡♥t✉❥❡ str✉❦t✉r➛ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ♥❛ ❜❛③✐❡ ❦❧❛s②
◆♦❞❡ r❡❛❧✐③✉❥→❝❡❥ str✉❦t✉r➛ ❞r③❡✇ ❜✐♥❛r♥②❝❤ ♣♦s③✉❦✐✇❛➠✳ ❉②s✲
❦✉s❥❛ ♣r③❡♣r♦✇❛❞③♦♥❛ ✇ ♣♦♣r③❡❞♥✐♠ ♣♦❞r♦③❞③✐❛❧❡ ♣♦③✇❛❧❛ ♥❛♠
③❛♣❡✇♥✐➣ ✉➺②t❦♦✇♥✐❦❛ ♦ ♣♦♣r❛✇♥♦➧❝✐ t❡❥ ✐♠♣❧❡♠❡♥t❛❝❥✐✳ ❯❞♦✲
✇♦❞♥✐❧✐➧♠② ❜♦✇✐❡♠✱ ③❡ ❦❛③❞② ❛❦s❥♦♠❛t ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤
❥❡st ♣r❛✇❞③✐✇② ✇ str✉❦t✉r③❡ ♦❜✐❡❦tó✇ t②♣✉ ◆♦❞❡✳

✸✸✸



✉♥✐t Pr✐♦r✐t②◗✉❡✉❡s ✿ ❝❧❛ss ✭t②♣❡ ❊❀ ❢✉♥❝t✐♦♥ ❧❡ss✭❡✱ ❡✬ ✿ ❊✮ ✿ ❇♦♦❧❡❛♥✮❀
✭✯ t❤❡ ❝❧❛ss Pr✐♦r✐t②◗✉❡✉❡s ✐♠♣❧❡♠❡♥ts ❛ ❢❛♠✐❧② ♦❢ ❛❜str❛❝t ❞❛t❛ t②♣❡s✳
❆ ❞❛t❛ t②♣❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ❝❧❛ss ♦❢ ❡❧❡♠❡♥ts ❛♥❞ ❛♥ ♦r❞❡r✐♥❣ r❡❧❛t✐♦♥ ❧❡ss✳
❯s❡r✦ ♠❛❦❡ s✉r❡ t❤❛t ❧❡ss ❢✉❧✜❧❧s t❤❡ ❛①✐♦♠s ♦❢ ♦r❞❡r ✯✮
✉♥✐t ♥♦❞❡ ✿ ❝❧❛ss ✭✈ ✿ ❊✮❀
✈❛r✐❛❜❧❡ ❧✱ r ✿ ♥♦❞❡❀

❡♥❞ ♥♦❞❡❀

✉♥✐t ♠✐♥ ✿ ❢✉♥❝t✐♦♥ ✭♥ ✿ ♥♦❞❡✮ ✿ ❊❀
❜❡❣✐♥
✇❤✐❧❡ ♥✳❧ 6= ♥♦♥❡ ❞♦ ♥ ✿❂ ♥✳❧ ♦❞❀
r❡s✉❧t ✿❂ ♥✳✈

❡♥❞ ♠✐♥❀

✉♥✐t ♠❡♠❜❡r ✿ ❢✉♥❝t✐♦♥ ✭❡ ✿ ❊✱ ♥ ✿ ♥♦❞❡✮ ✿ ❇♦♦❧❡❛♥❀
✈❛r✐❛❜❧❡ ♥✶ ✿ ♥♦❞❡✱ ❜♦♦❧ ✿ ❇♦♦❧❡❛♥❀

❜❡❣✐♥
♥✶ ✿❂ ♥❀
❜♦♦❧ ✿❂ ❢❛❧s❡❀
✇❤✐❧❡ ♥✶ 6= ♥♦♥❡ ∧ ¬ ❜♦♦❧ ❞♦

✐❢ ♥✶✳✈❂❡ t❤❡♥
❜♦♦❧ ✿❂ tr✉❡

❡❧s❡
✐❢ ❧❡ss✭❡✱ ♥✶✳✈✮ t❤❡♥
♥✶ ✿❂ ♥✶✳❧

❡❧s❡
♥✶ ✿❂ ♥✶✳r

✜
✜

♦❞❀
r❡s✉❧t ✿❂ ❜♦♦❧

❡♥❞ ♠❡♠❜❡r❀

✉♥✐t ❡♠♣t② ✿ ❢✉♥❝t✐♦♥ ✭♥ ✿ ♥♦❞❡✮ ✿ ❇♦♦❧❡❛♥ ✿
❜❡❣✐♥
r❡s✉❧t ✿❂ ✭♥ ❂ ♥♦♥❡✮

❡♥❞ ❡♠♣t②❀

✸✸✹



✉♥✐t ✐♥s❡rt ❢✉♥❝t✐♦♥ ✭❡ ✿ ❊✱ ♥ ✿ ♥♦❞❡✮ ✿ ♥♦❞❡❀
✈❛r✐❛❜❧❡ ♥✶✱ ♥✷✱ ♥✸ ✿ ♥♦❞❡✱ ❜♦♦❧ ✿ ❇♦♦❧❡❛♥❀

❜❡❣✐♥
♥✶ ✿❂ ♥❀ ♥✸ ✿❂ ♥❀ ❜♦♦❧ ✿❂ ❢❛❧s❡❀
✇❤✐❧❡ ¬ ♥✶ ❂ ♥♦♥❡ ∧¬ ❜♦♦❧
❞♦
♥✷ ✿❂ ♥✶❀
✐❢ ❡ ❂ ♥✶✳✈ t❤❡♥ ❜♦♦❧ ✿❂ tr✉❡
❡❧s❡
✐❢ ❧❡ss✭❡✱ ♥✶✳✈✮ t❤❡♥ ♥✶ ✿❂ ♥✶✳❧ ❡❧s❡ ♥✶ ✿❂ ♥✶✳r ✜

✜
♦❞❀
✐❢ ¬ ❜♦♦❧
t❤❡♥
❛✉①✿❂♥❡✇ ♥♦❞❡✭❡✮❀
✐❢ ♥✸ ❂ ♥♦♥❡ t❤❡♥ ♥✸ ✿❂ ❛✉①
❡❧s❡ ✐❢ ❧❡ss✭❡✱ ♥✷✳✈✮ t❤❡♥ ♥✷✳❧ ✿❂ ❛✉① ❡❧s❡ ♥✷✳r ✿❂ ❛✉① ✜
✜

✜❀
r❡s✉❧t ✿❂ ♥✸
❡♥❞ ✐♥s❡rt❀

✉♥✐t ❞❡❧❡t❡ ✿ ❢✉♥❝t✐♦♥✭❡ ✿ ❊✱ ♥ ✿ ♥♦❞❡✮ ✿ ♥♦❞❡❀
✈❛r✐❛❜❧❡ ♥✶✱ ♥✷✱ ♥✸✱ ♥✹✱ ♥✺ ✿ ♥♦❞❡✱ ❜♦♦❧✶✱ ❧❡❢ts♦♥ ✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥
♥✶ ✿❂ ♥❀ ♥✸ ✿❂ ♥❀ ❜♦♦❧✶ ✿❂ ❢❛❧s❡❀
✭✯ s❡❛r❝❤ ❡ ✯✮
✇❤✐❧❡ ➡ ♥✶ ❂ ♥♦♥❡ ¬ ❜♦♦❧✶
❞♦
♥✷ ✿❂ ♥✶❀
✐❢ ❡ ❂ ♥✶✳✈
t❤❡♥
❜♦♦❧✶ ✿❂ tr✉❡
❡❧s❡

✐❢ ❧❡ss✭❡✱ ♥✶✳✈✮
t❤❡♥
♥✶ ✿❂ ♥✶✳❧
❡❧s❡
♥✶ ✿❂ ♥✶✳r
✜
✜
♦❞

✐❢ ❜♦♦❧✶
t❤❡♥ ❡ ✐s ❢♦✉♥❞ ✐♥ ♥✶✱ ♥✷ ✐s t❤❡ ❢❛t❤❡r ♦❢ ♥✶

✸✸✺



❧❡❢ts♦♥ ✿❂ ❧❡ss✭❡✱ ♥✷✳✈✮
❧❡❢ts♦♥ ♥✶ ✐s t❤❡ ❧❡❢t s♦♥ ♦❢ ♥✷❀
✐❢ ♥✶✳❧ ❂ ♥♦♥❡ ♥✶✳r ❂ ♥♦♥❡
t❤❡♥ ♥✶ ✐s ❛ ❧❡❛❢
✐❢ ❧❡❢ts♦♥ t❤❡♥ ♥✷✳❧ ✿❂ ♥♦♥❡
❡❧s❡ ♥✷✳r ✿❂ ♥♦♥❡ ✜❀
❡❧s❡ ♥✶ ✐s ♥♦t ❛ ❧❡❛❢
✐❢ ♥✶✳❧ ❂ ♥♦♥❡
t❤❡♥ ♥✶ ❤❛s t❤❡ r✐❣❤t s♦♥ ♦♥❧②
✐❢ ♥✶ ❂ ♥
t❤❡♥
♥✸ ✿❂ ♥✶✳r
❡❧s❡
✐❢ ❧❡❢ts♦♥
t❤❡♥
♥✷✳❧ ✿❂ ♥✶✳r
❡❧s❡
♥✷✳r ✿❂ ♥✶✳r
✜ ✭✯ s✐♥❝❡ ♥♦✇ ♥✷ ✐s t❤❡ ❢❛t❤❡r ♦❢ t❤❡ ♦♥❧② s♦♥ ♦❢ ♥✶ ✯✮
✜ ♥ ❂ ♥✶❄
❡❧s❡ ♥✶ ❤❛s t❤❡ ❧❡❢t s♦♥ ♦♥❧②
✐❢ ♥✶✳r ❂ ♥♦♥❡
t❤❡♥ ♥✶ ❤❛s t❤❡ ❧❡❢t s♦♥ ♦♥❧②
✐❢ ♥✶ ❂ ♥
t❤❡♥ ❢♦✉♥❞ ✐♥ t❤❡ r♦♦t
♥✸ ✿❂ ♥✶✳❧
❡❧s❡
✐❢ ❧❡❢ts♦♥
t❤❡♥
♥✷✳❧ ✿❂ ♥✶✳r
❡❧s❡
♥✷✳r ✿❂ ♥✶✳r
✜ ✭✯ s✐♥❝❡ ♥♦✇ ♥✷ ✐s t❤❡ ❢❛t❤❡r ♦❢ t❤❡ ♦♥❧② s♦♥ ♦❢ ♥✶ ✯✮
✜
❡❧s❡ ♥✶ ❤❛s t✇♦ s♦♥s
♥✹ ✿❂ ♥✶✳r❀
✇❤✐❧❡ ♥✹✳❧ ♥♦♥❡
❞♦
♥✺ ✿❂ ♥✹❀
♥✹ ✿❂ ♥✹✳❧
♦❞❀ ✭✯ ♥✹ ✐s t❤❡ ❧❡❛st ❡❧❡♠❡♥t ✐♥ t❤❡ ❧❡❢t s✉❜tr❡❡ ♦❢ ♥✶ ✯✮
♥✺✳❧ ✿❂ ♥✹✳r❀ ✭✯ ✐✳❡✳ ✇❡ ♦♠✐tt❡❞ t❤❡ ♥✹ ♥♦❞❡ ✯✮
♥✶✳✈ ✿❂ ♥✹✳✈ ✭✯ t❤❡ ✈❛❧✉❡ ❢♦✉♥❞ ✐♥ t❤❡ ♥✹ ✐s ♣✉t ✐♥ ♥✶ ♥♦❞❡ ✯✮
✜ ♥✶✳r ❂ ♥♦♥❡❄
✜ ♥✶✳❧ ❂ ♥♦♥❡❄
✜ ♥✶✳❧ ❂ ♥♦♥❡ ♥✶✳r ❂ ♥♦♥❡❄
✜ ❜♦♦❧✶❄
r❡s✉❧t ✿❂ ♥✸
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❡♥❞ ❞❡❧❡t❡

❡♥❞ Pr✐♦r✐t②◗✉❡✉❡s

❚❛❦✐ ♠♦❞✉➟ ❦❧❛s② Pr✐♦r✐t②◗✉❡✉❡s ✐♠♣❧❡♠❡♥t✉❥❡ str✉❦t✉r➛
❦♦❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡❥ ✇②③♥❛❝③♦♥❡❥ ♣r③❡③ ♣❡✇✐❡♥ t②♣ T ✐ ③❛❞❛♥→
✇ ♥✐♠ r❡❧❛❝❥➛ ♣♦r③→❞❦✉ less✳ ❏❡➧❧✐ ✇✐➛❝ ♠❛♠② ❦❧❛s➛ ♦ str✉❦t✉r③❡
♣♦❞❛♥❡❥ ♣♦♥✐➺❡❥ ✐ t♦✇❛r③②s③→❝→ ❥❡❥ ❢✉♥❦❝❥➛

✉♥✐t ❚✿ ❝❧❛ss ✳ ✳ ✳
✈✐rt✉❛❧ ✉♥✐t ❡q✉❛❧✿ ❢✉♥❝t✐♦♥✭①✿❚✮✿ ❇♦♦❧❡❛♥❀

❡♥❞ ❡q✉❛❧❀
❡♥❞ ❚❀
✉♥✐t ❧❡ss✿ ❢✉♥❝t✐♦♥✭①✿❚✮✿ ❇♦♦❧❡❛♥❀
✳ ✳ ✳
❡♥❞ ❧❡ss❀

Pr③② ❝③②♠ ❢✉♥❦❝❥❛ ❧❡ss ③❛♣❡✇♥✐❛ ♣r❛✇❞③✐✇♦➧➣ ♥❛st➛♣✉❥→❝②❝❤
✇❛r✉♥❦ó✇✿

s✮ ∀x, y in T (less(x, y) ∨ less(y, x))
③✮ ∀x in T less(x, x)
♣✮ ∀x, y, z in T ((less(x, y) ∧ less(y, z))⇒ less(x, z))
❛✮ ∀x, y in T ((less(x, y) ∧ less(y, x)⇒ x.equal(y))

❛ ❢✉♥❦❝❥❛ equal s♣❡➟♥✐❛ tr♦❝❤➛ ✐♥♥② ③❡st❛✇ ✇❛r✉♥❦ó✇✳

✷✶✳✷✳ ◆❛♣✐s③ t❡ ✇❛r✉♥❦✐✳

■ ♠❛s③ ♣♦♥❛❞t♦ ❜❧♦❦✱ ✇ ❦tór②♠ ③❛♣✐s❛♥♦ ♣❡✇✐❡♥ ❛❧❣♦r②t♠
❛❜str❛❦❝②❥♥②✱ ♣♦s➟✉❣✉❥→❝② s✐➛ ③♠✐❡♥♥②♠✐ t②♣✉ T ✐ ③♠✐❡♥♥②♠✐
t②♣✉ node ♦r❛③ ❞③✐❛➟❛♥✐❛♠✐ insert✱ member✱ delete✱ min ❡t❝✳
◆❛ ♣r③②❦➟❛❞ ❜❧♦❦

APr :

❜❧♦❝❦
✈❛r ❡✱❡✶✿❊✱ ♥✱♥✶✱♥✷✿♥♦❞❡

❜❡❣✐♥
❡✿❂ ♥❡✇ ❚✭✳ ✳ ✳ ✮❀ ❄❄❄
♥ ✿❂ ♥❡✇ ♥♦❞❡✭❡✮❀
♥✶ ✿❂ ✐♥s❡rt✭❡✶✱♥✮❀

✳ ✳ ✳
❡♥❞

❚♦ ➟→❝③→❝ t❡ ❝③t❡r② ♠♦❞✉➟②✿ ❚✱ ❧❡ss✱ Pr✐♦r✐t②◗✉❡✉❡s ✐ ❆Pr ✇
❥❡❞♥→ ✐♥str✉❦❝❥➛ ❜❧♦❦✉ ♣r❡✜❦s♦✇❛♥❡❣♦ ❦❧❛s→ ♦tr③②♠✉❥❡♠② ♣♦✲
➺②t❡❝③♥②✭❄✮ ♣r♦❣r❛♠

✸✸✼



♣r❡❢ Pr✐♦r✐t②◗✉❡✉❡s✭❚✱❧❡ss✮ ❜❧♦❝❦
✈❛r ❡✱❡✶✿❚✱ ♥✱♥✶✱♥✷✿♥♦❞❡

❜❡❣✐♥
❡✿❂ ♥❡✇ ❚✭✳ ✳ ✳ ✮❀
♥ ✿❂ ♥❡✇ ♥♦❞❡✭❡✮❀
♥✶ ✿❂ ✐♥s❡rt✭❡✶✱♥✮❀

✳ ✳ ✳
❡♥❞

P♦✇②➺s③❛ ✐♥str✉❦❝❥❛ ❜❧♦❦✉
❆ ♠♦❞✉❧❡ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts Pr✐♦r✐t②◗✉❡✉❡s ❝❛♥ ❜❡ ✉s❡❞

♠❛♥② t✐♠❡s ❢♦r ❞✐✛❡r❡♥t ❛❜str❛❝t ♣r♦❣r❛♠s✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦
♦♥❡ s❤♦✉❧❞ ♣r❡✜① t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❛❜str❛❝t ♣r♦❣r❛♠
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡

♣r❡❢ Pr✐♦r✐t②◗✉❡✉❡s ✭❛♥ ❛❝t✉❛❧ t②♣❡ ❊✱ ❛♥ ❛❝t✉❛❧ ♣r♦❝❡❞✉r❡
♦❢ ❝♦♠♣❛r✐s♦♥✮ ❜❧♦❝❦
✳✳✳❛♥ ❛❜str❛❝t ♣r♦❣r❛♠✱ s❡❡✳s❡❝t✐♦♥✳✺✳✶
❡♥❞ ♦❢ ♣r❡✜①❡❞ ❜❧♦❝❦✱ s❡❡✳❬✾❪✳

❆❞❞✐♥❣ ❥✉st ♦♥❡ ❧✐♥❡ ✇❤✐❝❤ ✜①❡s t❤❡ ♥❛♠❡ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥✲
t✐♥❣ ♠♦❞✉❧❡ ❛♥❞ ✐ts ❛❝t✉❛❧ ♣❛r❛♠❡t❡rs ❝❛✉s❡s t❤❛t t❤❡ ♦♣❡r❛✲
t✐♦♥s ♦❢ ❞❛t❛ str✉❝t✉r❡ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s ❛r❡ r❡❛❧✐③❡❞ ✐♥ ❛❝✲
❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ♠❡❛♥✐♥❣ ❣✐✈❡♥ ❜② t❤❡ ✐♠♣❧❡♠❡♥t✐♥❣ ♠♦❞✉❧❡
Pr✐♦r✐t②◗✉❡✉❡s✳
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❘❖❩❉❩■❆➟ ✷✷

❑♦♣❝❡

❙tr✉❦t✉r❛ ❞❛♥②❝❤ ✕ ❦♦♣❝❡✱ ♠❛ ✇✐❡❧❡ ③❛st♦s♦✇❛➠✳ ❖♠ó✇✐♠②
♣❛r➛ ✇❛➺♥②❝❤ ♣r③②❦➟❛❞ó✇✿ ❛❧❣♦r②t♠ s♦rt♦✇❛♥✐❛ ♣r③❡③ ❦♦♣❝♦✇❛✲
♥✐❡ heapsort ✐ ③❛st♦s♦✇❛♥✐❡ ❦♦♣❝ó✇ ❞♦ ❡❢❡❦t②✇♥❡❥ ✐♠♣❧❡♠❡♥t❛❝❥✐
str✉❦t✉r② ❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ❣✇❛r❛♥t✉❥→❝❡❥ ♣❡s②♠✐st②❝③♥②
❝③❛s ♦♣❡r❛❝❥✐ O(log n)✳

✶✳ ❉❡✜♥✐❝❥❛

❈③②♠ ❥❡st ❦♦♣✐❡❝❄ ❙t✉❞❡♥t ✉❞③✐❡❧✐ s③②❜❦✐❡❥ ♦❞♣♦✇✐❡❞③✐ ✲ ❦♦✲
♣✐❡❝ t♦ ❞r③❡✇♦ ❜✐♥❛r♥❡✱ ❞♦s❦♦♥❛➟❡✱ ✇ ❦tór②♠ ❦❛➺❞❛ ➧❝✐❡➺❦❛ ❥❡st
✉♣♦r③→❞❦♦✇❛♥❛ ♥✐❡♠❛❧❡❥→❝♦✳ ❇❛r❞③♦ ❞♦❜r❛ ♦❞♣♦✇✐❡❞➵✳ ❆ ❥❛❦
t♦ ♣r③❡t➟✉♠❛❝③②➣ ♥❛ ❥➛③②❦ ♣r♦❣r❛♠✐stó✇❄ ❲✐❡❧✉ ♣r♦❣❛♠✐stó✇
♣♦✇✐❡ ❦♦♣✐❡❝ ❥❡st t♦ t❛❜❧✐❝❛✳ ◆✐❡❦tór③② ♣r♦❣r❛♠✐➧❝✐ ♣♦✇✐❡❞③→✱
❦♦♣✐❡❝ t♦ ❞r③❡✇♦ ♦ ♣❡✇♥②❝❤ ✇➟❛s♥♦➧❝✐❛❝❤✳✳✳ ❏❛❦ ③ t②❝❤ ♣r♦♣♦✲
③②❥✐ ✇②❜r❛➣ t➛ ✇➟❛➧❝✐✇→❄ P♦s③✉❦✉❥❡♠② ❞❡✜♥✐❝❥✐ ♣♦❞♦❜♥❡❥ ❞♦
❞❡✜♥✐❝❥✐ st♦só✇✱ ❦♦❧❡❥❡❦✱ ❞r③❡✇ ❇❙❚✳ ❚r③❡❜❛ ♦❦r❡➧❧✐➣ ③ ❥❛❦✐♠✐
♦♣❡r❛❝❥❛♠✐ ♠❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ✐ ❥❛❦✐❡ ♠❛❥→ ♦♥❡ ✇➟❛➧❝✐✇♦➧❝✐✳

❉❡✜♥✐❝❥❛ ✷✷✳✶✳ ❙tr✉❦t✉r❛ ❛❧❣❡❜r❛✐❝③♥❛ K

K = 〈E ∪N ∪K ∪ {none}; r, o, l, p, f, v;≤,=,m〉

♣r③②❥♠✐❥♠②✱ ❞❧❛ ✇②❣♦❞②✱ ➺❡ Nn
df
= N ∪ {none}

❥❡st str✉❦t✉r→ ❦♦♣❝ó✇ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞② ❣❞② ✇②❧✐❝③♦♥❡ ♣♦✇②✲
➺❡❥ ❢✉♥❦❝❥❡ ♠❛❥→ ❧✐❝③❜➛ ✐ t②♣② ❛r❣✉♠❡♥tó✇ ♣♦❞❛♥❡ ✇ ♣♦♥✐➺s③②♠
③❡st❛✇✐❡♥✐✉

r : K → N✱ o : K → N✱ v : N → E✱
p : N → Nn✱ l : N → Nn✱ f : N → Nn✱
≤ : E × E → B0✱ m : N ×K → B0✱ =: E × E → B0✱

P♦♥❛❞t♦ ♣r❛✇❞③✐✇❡ s→ ✇➟❛s♥♦➧❝✐ ❦✶✮ ✕ ❦✶✶✮✱ ③♦❜✳ ♣♦♥✐➺❡❥✳ ♣♦✲
♣r❛✇ ❦✸✱ ❞♦❞❛❥ ✉♣♦r③→❞♦✇❛♥✐❡ ➧❝✐❡➺❦✐

❦✶✮ ∀k∈K {n := o(k); while n 6= r(k) do n := f(n) od}(n = r(k))
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❦✷✮ ∀k∈K∀n∈N

(
m(n, k)⇒







n1 := n; n2 := o(k); bl := true;
while n1 6= r(k) ∧ n2 6= r(k) do

n1 := f(n1);
if n1 = none then bl := false; exit

else n1 := f(n1) fi;
n2 := f(n2) ;
if n1 6= r(k) ∧ n2 = r(k)

then bl := false fi

od







bl
)

❦✸✮ ∀k∈K (n = o(k))⇒ (l(n) = none∧p(n) = none∧(nie istnieje na prawo))
❦✹✮ ∀n,n′∈N f(n′) = n⇒ (l(n) = n′ ∨ p(n) = n′)
❦✺✮ ∀n,n′∈N l(n′) = n⇒ f(n) = n′

❦✻✮ ∀n,n′∈N p(n′) = n⇒ f(n) = n′

❦✼✮ ∀k∈K∀n,n′∈N (n = f(n′)∧ n 6= f(o(k)))⇒ (l(n) 6= none∧ p(n) 6= none)
∀k∈K∀n,n′∈N (n 6= o(k))⇒ (l(f(n)) 6= none ∧ p(f(n)) 6= none)

❦✽✮ ∀k∈K∀n∈N (n 6= r(k) ∧m(f(n), k))⇒ (v(f(n)) ≤ v(n))
❦✾✮ ❛❦s❥♦♠❛t② ♣♦r③→❞❦✉ ≤✱ ③✇r♦t♥♦➧➣
❦✶✵✮ ♣r③❡❝❤♦❞♥✐♦➧➣
❦✶✶✮ ❛♥t②s②♠❡tr✐❛
❦✶②✮ sub(n, n′)

df
= {n1 := n; while n1 6= n′ do n1 := f(n1) od}(n1 = n′)

❦✶③✮ onleft(n, n′)
df
= ∃h(sub(n, h.left) ∧ sub(n′, h.right))

P②t❛♥✐❡✳ ❈③② t❡ ❛❦s❥♦♠❛t② ♣♦s✐❛❞❛❥→ ♠♦❞❡❧❄ ❛ ♠♦➺❡ s→
s♣r③❡❝③♥❡❄
❖❞♣♦✇✐❡❞③✐ ♥❛ t♦ ♣②t❛♥✐❡ ✉❞③✐❡❧❛ ♥❛st➛♣✉❥→❝❡

❚✇✐❡r❞③❡♥✐❡ ✷✷✳✶✳ P♦✇②➺s③② ✉❦➟❛❞ ❛❦s❥♦♠❛tó✇ ♣♦s✐❛❞❛ ♠♦✲
❞❡❧✱ ❛ ✇✐➛❝ ❥❡st ♥✐❡s♣r③❡❝③♥②✳

❉♦✇ó❞✳ P♦✇s③❡❝❤♥✐❡ ③♥❛♥→ r❡❛❧✐③❛❝❥→ ❦♦♣❝❛ ❥❡st t❛❜❧✐❝❛✳ ❖
str✉❦t✉r③❡ E ❡❧❡♠❡♥tó✇ ♥✐❡ ♠✉s✐♠② ♥✐❝③❡❣♦ ③❛❦➟❛❞❛➣✳ ❉❧❛ ✉st❛✲
❧❡♥✐❛ ✉✇❛❣✐✱ ♣r③②❥♠✐❥♠② ✇✐➛❝✱ ➺❡ ❡❧❡♠❡♥t❛♠✐ s→ ❧✐❝③❜② ♥❛t✉r❛❧♥❡
③ ✐❝❤ ♥❛t✉r❛❧♥②♠ ♣♦r③→❞❦✐❡♠✳ ❑♦♣❝❡♠ k ❜➛❞③✐❡ ✇✐➛❝ t❛❜❧✐❝❛ A
❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤✳ ❲➛③➟❛♠✐ ❜➛❞→ ③♠✐❡♥♥❡ ✕ ❡❧❡♠❡♥t② t❛❜❧✐❝②
A[1], . . . , A[n]✳ ■♥t❡r♣r❡t✉❥❡♠② ♥❛③✇② ❞③✐❛➟❛➠ ✇ ♥❛st➛♣✉❥→❝② s♣♦✲
só❜

r(k) o(k) l(A[i]) p(A[i]) f(A[i]) v(A[i]) ≤ m(A[i], A)
A[1] A[n] A[2 ∗ i] A[2 ∗ i+ 1] A[i÷ 2] val(A[i]) ≤ 1 ≤ i ≤ n

❉♦❦➟❛❞♥✐❡❥✱ ❦♦r③❡♥✐❡♠ ❦♦♣❝❛ k ❥❡st ③♠✐❡♥♥❛ A[1]✱ ✇❛rt♦➧❝✐→ ❢✉♥❦✲
❝❥✐ o(k) ❥❡st ③♠✐❡♥♥❛ A[n]✳ ❲❛rt♦➧❝✐ ❢✉♥❦❝❥✐ l, p, f s→ ♦♣✐s❛♥❡ ✇
♣♦✇②➺s③❡❥ t❛❜❡❧❝❡✱ ③ ♥❛st➛♣✉❥→❝②♠ ③❛str③❡➺❡♥✐❡♠✱ ❥❡➧❧✐ ✇❛rt♦➧➣
✇②r❛➺❡♥✐❛ 2∗i, 2∗i+1, i÷2 ✇②❦r❛❝③❛ ♣♦③❛ ③❛❦r❡s 1 . . . n✱ t♦ ♣r③②❥♠✉✲
❥❡♠②✱ ➺❡ ✇❛rt♦➧➣ ❢✉♥❦❝❥✐ ❥❡st ♥♦♥❡✳ ❲❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛ v(A[i])
❥❡st ❧✐❝③❜❛ ♣r③②♣✐s❛♥❛ ③♠✐❡♥♥❡❥ A[i]✳ P♦ ❦♦❧❡✐ s♣r❛✇❞③❛♠② ♣r❛✇✲
❞③✐✇♦➧➣ ❦❛➺❞❡❣♦ ❛❦s❥♦♠❛t✉ ✇ t❡❥ ✐♥t❡r♣r❡t❛❝❥✐ ✐ ♣r③❡❦♦♥✉❥❡♠②
s✐➛✱ ➺❡ ✇s③②st❦✐❡ ✇➟❛s♥♦➧❝✐ ❦✶✮ ✕ ❦✶✷✮ s→ ♣r❛✇❞③✐✇❡✳
❆ ✇✐➛❝ ✐st♥✐❡❥❡ ♠♦❞❡❧ t❡♦r✐✐ AT K ❛❧❣♦r②t♠✐❝③♥❡❥ t❡♦r✐✐ ❦♦♣❝ó✇
✐ ✇♦❜❡❝ t❡❣♦✱ t❡♦r✐❛ t❛ ❥❡st ♥✐❡s♣r③❡❝③♥❛✳ �
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◆✐❡❝❤ t❛❜❧✐❝❛ A ❜➛❞③✐❡ ♦❞♣♦✇✐❡❞♥✐♦ ❞✉➺❛ t❥✳ lower(A) � l ≤ u �
upper(A)✳ ❲❛rt♦ ③❛❞❛➣ s♦❜✐❡ ♣②t❛♥✐❡✿ ❝③② ❢r❛❣♠❡♥t t❡❥ t❛❜❧✐❝②
A[l], . . . , A[u] ❥❡st ❦♦♣❝❡♠❄

❑♦❧❡❥♥❡ ♣②t❛♥✐❡ ❥❛❦✐❡ st❛❥❡ ♣r③❡❞ ♥❛♠✐✱ ❜r③♠✐✿ ❝③② ❦❛➺❞❛
str✉❦t✉r❛ ❦♦♣❝ó✇ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③❡ str✉❦t✉r→ ❦♦♣❝ó✇ ✇ t❛✲
❜❧✐❝❛❝❤❄ ◆❛ t♦ ♣②t❛♥✐❡ ✉❞③✐❡❧❛ ♦❞♣♦✇✐❡❞③✐ ♥❛st➛♣✉❥→❝❡

❚✇✐❡r❞③❡♥✐❡ ✷✷✳✷✳ ✭♦ r❡♣r❡③❡♥t❛❝❥✐✮ ❑❛➺❞❛ str✉❦t✉r❛ ❦♦♣❝ó✇
K ❥❡st ✐③♦♠♦r✜❝③♥❛ ③❡ str✉❦t✉r→ KT ❦♦♣❝ó✇ ③❛♣✐s❛♥②❝❤ ✇ t❛❜❧✐✲
❝❛❝❤ ♦ t②♠ s❛♠②♠ ③❜✐♦r③❡ ❡❧❡♠❡♥tó✇ E✳

❯✇❛❣❛✳ P♦✇✐♥♥✐➧♠② ♦❞ró➺♥✐❛➣ str✉❦t✉r➛ ❦♦♣❝ó✇ ♦❞ ③❜✐♦r✉
❦♦♣❝ó✇✳
P♦✇②➺s③❡ ❛❦s❥♦♠❛t② ♦♣✐s✉❥→ ♦❜✐❡❦t②✱ ❦tór❡ ❦✇❛❧✐✜❦✉❥→ s✐➛ ❞♦
♥❛③✇② ❦♦♣✐❡❝✳ ❆❧❡ ♥❛ ❦♦♣❝❛❝❤ ✇②❦♦♥②✇❛➣ ♠♦➺♥❛ ♦♣❡r❛❝❥❡✱
❦tór❡ ③✇r❛❝❛❥→ ✐♥♥❡ ❦♦♣❝❡✳
❚r③❡❜❛ t♦ ♣♦❞❦r❡➧❧✐➣ ✐ ✉③✉♣❡➟♥✐➣✳ ❑♦♥✐❡❝ ✉✇❛❣✐

✷✳ ❍❡❛♣s♦rt ✲ s♦rt♦✇❛♥✐❡ ✇ ❦♦♣❝✉

❲ t②♠ ♣♦❞r♦③❞❞③✐❛❧❡ ♣♦❦❛➺❡♠② ❥❛❦ ♠♦➺♥❛ ✇②❦♦r③②st❛➣ ❞③✐❡✲
❞③✐❝③❡♥✐❡ ❜② ✏✇②❝✐→❣♥→➣ ✇s♣ó❧♥→ ❝③➛➧➣ ❛❧❣♦r②t♠✉ ♣r③❡❞ ♥❛✲
✇✐❛s✑✳ ❊❢❡❦t t❡♥ ♦s✐→❣❛♠② ♣r③❡③ ❞③✐❡❞③✐❝③❡♥✐❡✳

❆♥t♦♥✐ ❑r❡❝③♠❛r ③❛♣r♦❣r❛♠♦✇❛➟ ✇ ▲♦❣❧❛♥✐❡ ❛❧❣♦r②t♠ ❤❡✲
❛♣s♦rt ✇②❦♦r③②st✉❥→❝ ♠♦➺❧✐✇♦➧➣ ❞③✐❡❞③✐❝③❡♥✐❛ ❦❧❛s② ♣r③❡③ ♣r♦✲
❝❡❞✉r➛✳

✷✳✶✳ ❑♦♥str✉♦✇❛♥✐❡ ❛❧❣♦r②t♠✉✳ ◆✐❡❝❤ A ❜➛❞③✐❡ t❛❜❧✐❝→ ❧✐❝③❜
❝❛➟❦♦✇✐t②❝❤ A[1], A[2], . . . , A[n]✳ ◆✐❡❝❤ p = n ✐ l = p div 2✳
❩❛❝③♥✐❥♠② ♦❞ ❛♥❛❧✐③② ♥❛st➛♣✉❥→❝❡❣♦ ❦♦❞✉

❑♦♣❝✉❥✿

✐ ✿❂❧❀ ❥ ✿❂ ✷✯✐❀ ① ✿❂❆✭✐✮❀
✇❤✐❧❡ ❥❁❂♣ ❞♦
✐❢ ❥❁♣ ❛♥❞✐❢ ❆✭❥✮❁❆✭❥✰✶✮
t❤❡♥
❥✿❂❥✰✶

✜❀
✐❢ ①❃❂❆✭❥✮ t❤❡♥ ❡①✐t ✜❀
❆✭✐✮✿❂❆✭❥✮❀ ✐✿❂❥❀ ❥✿❂✷✯✐❀

❞♦♥❡❀
❆✭✐✮ ✿❂ ①❀

◆✐❡❝❤ ❞❛♥❡ ❜➛❞→✿ ✇❛r✉♥❡❦ ✇st➛♣♥②
α✿ t❛❜❧✐❝❛ ❆ ♥❛ ♠✐❡❥s❝❛❝❤ l + 1, . . . , p r❡♣r❡③❡♥t✉❥❡ ❧❛s ❦♦♣❝ó✇✱
♦r❛③ ✇❛r✉♥❡❦ ❦♦➠❝♦✇②
β✿ t❛❜❧✐❝❛ ❆ ♥❛ ♠✐❡❥s❝❛❝❤ l, l + 1, . . . , p r❡♣r❡③❡♥t✉❥❡ ❧❛s ❦♦♣❝ó✇✳

▲❡♠❛t ✷✷✳✸✳ Pr♦❣r❛♠ ❑♦♣❝✉❥ ❥❡st ♣♦♣r❛✇♥② ③❡ ✇③❣❧➛❞✉ ♥❛
✇❛r✉♥❡❦ ♣♦❝③→t❦♦✇② α ✐ ✇❛r✉♥❡❦ ❦♦➠❝♦✇② β

α⇒ {❑♦♣❝✉❥}β.

✸✹✶



❉♦✇ó❞✳ ●❞② j > p t♦ A[l] ❥❡st ❧✐➧❝✐❡♠✱ A[l] ❥❡st t❡➺ ❦♦r③❡♥✐❡♠✳
❆ ✇✐➛❝ ❢r❛❣♠❡♥t t❛❜❧✐❝② A[l], A[l + 1], . . . , A[p] ❥❡st ❧❛s❡♠ ❦♦♣❝ó✇✳
❘♦③✇❛➺♠② ♣r③②♣❛❞❡❦ ❣❞② j ≤ p✳ ❩❛❝③♥✐❥♠② ♦❞ ♦❜s❡r✇❛❝❥✐✱ ➺❡
♣♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐
✐❢ ❥❁♣ ❛♥❞✐❢ ❆❬❥❪ ❁ ❆❬❥✰✶❪ t❤❡♥ ❥ ✿❂ ❥✰✶ ✜
③❛❝❤♦❞③✐ A[j] = max{A[2i], A[2i + 1]}✳ ❲ ♣r③②♣❛❞❦✉ ❣❞② x > A[j] t♦
③ ③❛➟♦③❡♥✐❛ ✐♥❞✉❦❝②❥♥❡❣♦ x ❥❡st ✇✐➛❦s③❡ ♦❞ ✇s③②st❦✐❝❤ ✇➛③➟ó✇
♣♦❞❞r③❡✇❛ A[j]✱ ❛ ✇✐➛❝ ✐ ♦❞ ✇s③②st❦✐❝❤ ✇➛③➟♦✇ ♣♦❞❞r③❡✇❛ A[j−1❪✳
◆✐❡ ♠❛ ♥✐❝ ✇✐➛❝❡❥ ❞♦ r♦❜♦t② ✐ ♦♣✉s③❝③❛♠② ✭❡①✐t✮ ♣❡t❧➛✳ ❏❡➧❧✐
t❛❦ ♥✐❡ ❥❡st t♦ ❦➟❛❞→❝ ❆❬✐❪✿❂❆❬❥❪❀ ✐✿❂ ❥❀ ❥✿❂✷✯✐❀ s♣r♦✇❛❞③❛♠②
♥❛s③ ♣r♦❜❧❡♠ ❞♦ ♣r♦❜❧❡♠✉ ♣r③❡s✐❡✇❛♥✐❛ ✇ ♣♦❞❞r③❡✇✐❡ ❞r③❡✇❛
♣♦❝③→t❦♦✇❡❣♦✳ P♦ ♣❡✇♥❡❥ ❧✐❝③❜✐❡ ♣♦✇tór③❡➠ ❛❧❣♦r②t♠ ③❛tr③②♠❛
s✐➛ ♣♦♥✐❡✇❛➺ ❦♦❧❡❥♥❡ ❞r③❡✇♦ ❜➛❞③✐❡ ❧✐➧❝✐❡♠✳ �

❘♦③♣❛tr③♠② t❡r❛③ ♥❛st➛♣✉❥→❝② ❦♦❞

❇❙✿

❧✿❂ ✭✉♣♣❡r✭❆✮ ❞✐✈ ✷✮✰✶❀
❞♦
❧✿❂ ❧✲✶❀
✐❢ ❧❂❧♦✇❡r✭❆✮ t❤❡♥ ❡①✐t ✜❀

Kopcuj

♦❞

❩❛➟♦➺②❧✐➧♠②✱ ➺❡ lower(A) = 1✳

▲❡♠❛t ✷✷✳✹✳ Pr♦❣r❛♠ ❇❙ ❜✉❞✉❥❡ ❦♦♣✐❡❝ ③ ❡❧❡♠❡♥tó✇ t❛❜❧✐❝②
A✳

❉♦✇ó❞✳ P♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ ❧✿❂✭✉♣♣❡r✭❆✮❞✐✈ ✷✮✰✶ ❢r❛❣✲
♠❡♥t t❛❜❧✐❝② A : A[l], A[l+1], . . . , A[upper(A)] ❥❡st ❧❛s❡♠ ❞r③❡✇✳ ❲ ❦❛➺✲
❞❡❥ ✐t❡r❛❝❥✐ ♣➛t❧✐ ❞♦ ✳ ✳ ✳ ♦❞ ♣♦✇✐➛❦s③❛♠② ❢r❛❣♠❡♥t ③❛✇✐❡r❛❥→❝②
❧❛s ❦♦♣❝ó✇✳ P♦✇t❛r③❛♥✐❡ ③❛❦♦➠❝③② s✐➛ ❣❞② l = lower(A)✳ ❲t❡❞②
❧❛s ❦♦♣❝ó✇ ❥❡st ❥❡❞♥②♠ ❦♦♣❝❡♠ ♦ ❦♦r③❡♥✐✉ A[1]✳ �

❚❡r❛③ r♦③✇❛➺♠② ❦♦❞

❙❚✿

♣✿❂ ✉♣♣❡r✭❆✮❀ ❧✿❂❧♦✇❡r✭❆✮❀
❞♦
①✿❂❆❬❧❪❀ ❆❬❧❪✿❂❆❬♣❪❀ ❆❬♣❪✿❂ ①❀
♣✿❂♣✲✶❀
✐❢ ♣❂❧♦✇❡r✭❆✮ t❤❡♥ ❡①✐t ✜❀

Kopcuj

♦❞

❯❞♦✇♦❞♥✐♠② ♥❛st➛♣✉❥→❝②

▲❡♠❛t ✷✷✳✺✳ ❏❡➧❧✐ t❛❜❧✐❝❛ A ❥❡st ❦♦♣❝❡♠✱ t♦ ♣r♦❣r❛♠ ❙❚ s♦r✲
t✉❥❡ ❡❧❡♠❡♥t② t❛❜❧✐❝② A ✇ ♣♦r③→❞❦✉ ♥✐❡♠❛❧❡❥→❝②♠✳

✸✹✷



❉♦✇ó❞✳ ❲ ♣✐❡r✇s③②♠ ❦r♦❦✉ ✐t❡r❛❝❥✐ ③❛♠✐❡♥✐❛♠② ♠✐❡❥s❝❛♠✐
A[l] ✐ A[p]✱ ♣♦♥❛❞t♦ ③♠♥✐❡❥s③❛♠② ✇❛rt♦➧➣ p✳ ❖st❛t♥✐♠ ❡❧❡♠❡♥✲
t❡♠ t❛❜❧✐❝② A ❥❡st ✇✐➛❝ ❡❧❡♠❡♥t ♥❛❥✇✐➛❦s③②✳ ●❞② l = p t♦ t❛❜❧✐❝❛
A ❥❡st ✉♣♦r③→❞❦♦✇❛♥❛ ♥✐❡♠❛❧❡❥→❝♦ ✐ ♠♦➺♥❛ ③❛❦♦➠❝③②➣ ❞③✐❛➟❛♥✐❡
♣r♦❣r❛♠✉ ❙❚✳ ❲ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉ ♠♦➺❡ ❜②➣ t❛❦✱ ➺❡ ❢r❛❣✲
♠❡♥t A[l], . . . , A[p] t❛❜❧✐❝② A ♥✐❡ ❥❡st ❦♦♣❝❡♠✳ ❆❧❡ ♣♦ ✇②❦♦♥❛♥✐✉
♣♦❧❡❝❡♥✐❛ ❑♦♣❝✉❥ ❢r❛❣♠❡♥t t❡♥ ❜➛❞③✐❡ ❦♦♣❝❡♠✳ ❑♦❧❡❥♥② ❝♦ ❞♦
✇✐❡❧❦♦➧❝✐ ❡❧❡♠❡♥t tr❛✜ ♥❛ ♠✐❡❥s❝❡ p ✇ t❛❜❧✐❝② A✳ Pr♦❝❡s t❡♥ ❦♦➠✲
❝③② s✐➛ ✐ ③ ❝❤✇✐❧→ ❥❡❣♦ ③❛❦♦➠❝③❡♥✐❛ t❛❜❧✐❝❛ A ❥❡st ✉♣♦r③→❞❦♦✇❛♥❛
♥✐❡♠❛❧❡❥→❝♦✳ �

❈♦ ❞❛❧❡❥❄
❏❛❦ s❦♦♥str✉♦✇❛➣ ♣r♦❝❡❞✉r➛ ❤❡❛♣s♦rt❄
▼♦➺♥❛ ③❛♣r♦♣♦♥♦✇❛➣ tr③② r♦③✇✐→③❛♥✐❛✿

• ❚r❡➧❝✐→ ♣r♦❝❡❞✉r② ♠♦❣→ st❛➣ s✐➛ ♣r♦❣r❛♠② ❇❙ ✐ ❙❚✱ ✇
❦tór②❝❤ ♣♦✇t❛r③❛ s✐➛ ♣r♦❣r❛♠ ❑♦♣❝✉❥✳

• ❚r❡➧➣ ♣r♦❝❡❞✉r② ♠♦➺❡ ♣♦❧❡❣❛➣ ♥❛ ✇②✇♦➟❛♥✐✉ ♣♦ ❦♦❧❡✐
♣r♦❝❡❞✉r ❇✉❞✉❥❑♦♣✐❡❝ ✐ ❙♦rt✉❥✱ ❦❛➺❞❛ ③ t②❝❤ ♣r♦❝❡❞✉r
✇②✇♦➟✉❥❡ ♣r♦❝❡❞✉r➛ ❑♦♣❝✉❥✳

• ◆❛ tr❡➧➣ ♣r♦❝❡❞✉r② ❤❡❛♣s♦rt s❦➟❛❞❛❥→ s✐➛ ❦❧❛s❛ Pr③❡✲
s✐❡❥✱ ♣r♦❝❡❞✉r❛ ❇✉❞✉❥❑♦♣✐❡❝ r♦③s③❡r③❛❥→❝❛ ❦❧❛s➛ Pr③❡✲
s✐❡❥ ✐ ♣r♦❝❡❞✉r❛ ❙♦rt✉❥ t❡➺ r♦③s③❡r③❛❥→❝❛ ❦❧❛s➛ Pr③❡s✐❡❥✳

❩❡st❛✇♠② t❡ tr③② ♠♦➺❧✐✇♦➧❝✐ ♦❜♦❦ s✐❡❜✐❡
✉♥✐t ❤❡❛♣s♦rt❆✿ ♣r♦❝❡✲
❞✉r❡

❁❞❡❦❧❛r❛❝❥❡❃
❜❡❣✐♥

❇❙❀
❙❚

❡♥❞ ❤❡❛♣s♦rt❆

✉♥✐t ❤❡❛♣s♦rt❇✿ ♣r♦❝❡❞✉r❡
✉♥✐t ❑♦♣❝✉❥✿ ♣r♦❝❡✲

❞✉r❡
❡♥❞ ❑♦♣❝✉❥
✉♥✐t ❇✉❞❑♦♣✿ ♣r♦❝❡✲

❞✉r❡
✳✳✳ ❝❛❧❧ ❑♦♣❝✉❥ ✳✳✳
❡♥❞ ❇✉❞❑♦♣
✉♥✐t ❙♦rt✉❥✿ ♣r♦❝❡✲

❞✉r❡
✳✳✳ ❝❛❧❧ ❑♦♣❝✉❥ ✳✳✳
❡♥❞ ❙♦rt✉❥

❜❡❣✐♥
❝❛❧❧ ❇✉❞❑♦♣❀
❝❛❧❧ ❙♦rt✉❥❀

❡♥❞ ❤❡❛♣s♦rt❇

✉♥✐t ❤❡❛♣s♦rt❈✿ ♣r♦❝❡❞✉r❡
✉♥✐t Pr③❡s✐❡❥✿
❝❧❛ss ✳✳✳

✉♥✐t ❇✉❞❑♦♣✿
Pr③❡s✐❡❥ ♣r♦❝❡❞✉r❡

✉♥✐t ❙♦rt✉❥✿
Pr③❡s✐❡❥ ♣r♦❝❡❞✉r❡

❜❡❣✐♥
❝❛❧❧ ❇✉❞❑♦♣❀
❝❛❧❧ ❙♦rt✉❥❀

❡♥❞ ❤❡❛♣s♦rt❈

❑❛➺❞❛ ③ t②❝❤ ♣r♦♣♦③②❝❥✐ ♣♦③✇♦❧✐ s❦♦♥str✉♦✇❛➣ ♣♦♣r❛✇♥→ ♣r♦✲
❝❡❞✉r➛ ❤❡❛♣s♦rt✳

❑tór❛ ❞r♦❣❛ ♣r♦✇❛❞③✐ ❞♦ ♥❛❥❧❡♣s③❡❣♦ r♦③✇✐→③❛♥✐❛❄ Pr♦❝❡❞✉r❛
❤❡❛♣s♦rt❇ ♠❛ ♥❛❥✇✐➛❦s③② ❦♦s③t✳ P♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦✲
❝❥✐ ❇✉❞❑♦♣ ✐ ❙♦rt✉❥ ✐♥str✉❦❝❥❛ call ❑♦♣❝✉❥ ❜➛❞③✐❡ ✇②❦♦♥②✇❛♥❛
✇✐❡❧♦❦r♦t♥✐❡✳ ❲✐❡❧♦❦r♦t♥✐❡ tr③❡❜❛ ❜➛❞③✐❡ t✇♦r③②➣ r❡❦♦r❞ ❛❦✲
t②✇❛❝❥✐ t❡❥ ♣r♦❝❡❞✉r②✳ Pr♦❝❡❞✉r❛ ❤❡❛♣s♦rt❈ ♣♦③✇❛❧❛ ✉♥✐❦♥→➣
t❡❣♦ ♥❛r③✉t✉✳ ❩♦❜❛❝③②♠② ❥❛❦✳ ❆❧❡ ♥❛❥❜❛r❞③✐❡❥ ✇②❞❛❥♥❛ ❥❡st
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❝❤②❜❛ ♣r♦❝❡❞✉r❛ ❤❡❛♣s♦rt❆✳ ❚②❧❡✱ ➺❡ ✇②♠❛❣❛ t♦ ♦❞ ♥❛s ❞✇✉✲
❦r♦t♥❡❣♦ ♥❛♣✐s❛♥✐❛ ❦♦❞✉ ❑♦♣❝✉❥✱ ✇❡✇♥❛tr③ ♣r♦❣r❛♠✉ ❇❙ ✐ ✇❡✲
✇♥→tr③ ♣r♦❣r❛♠✉ ❙❚✳ ◆✐❡ ♠❛ ✇ t②♠ ♥✐❝ ③➟❡❣♦ t❛❦ ❞➟✉❣♦ ❥❛❦
❞➟✉❣♦ ♥✐❡ tr③❡❜❛ ✇♣r♦✇❛❞③❛➣ ③♠✐❛♥ ✇ ❦♦❞③✐❡ ❑♦♣❝✉❥ ✕ ♠✉s✐♠②
t②❧❦♦ ♣❛♠✐➛t❛➣✱ ➺❡ tr③❡❜❛ t♦ ③r♦❜✐➣ ✇ ❞✇✉ ♠✐❡❥s❝❛❝❤✦

❉♦❦♦➠❝③♠② ❦♦♥str✉❦❝❥➛ ♣r♦❝❡❞✉r② ❤❡❛♣s♦rt❈✳ ❚✇♦r③②♠② ❦❧❛s➛
Pr③❡s✐❡✇❛♥✐❡✳

✉♥✐t Pr③❡s✐❡✇❛♥✐❡✿ ❝❧❛ss❀
✈❛r ❦♦♥✐❡❝✿ ❜♦♦❧❡❛♥

❜❡❣✐♥
❞♦

✐♥♥❡r ❀
✐❢ ❦♦♥✐❡❝ t❤❡♥ ❡①✐t ✜❀
✐ ✿❂❧❀ ❥ ✿❂ ✷✯✐❀ ① ✿❂❆✭✐✮❀
✇❤✐❧❡ ❥❁❂♣ ❞♦

✐❢ ❥❁♣ ❛♥❞ ❆✭❥✮❁❆✭❥✰✶✮
t❤❡♥

❥✿❂❥✰✶
✜❀
✐❢ ①❃❂❆✭❥✮ t❤❡♥ ❡①✐t ✜❀
❆✭✐✮✿❂❆✭❥✮❀ ✐✿❂❥❀ ❥✿❂✷✯✐❀

❞♦♥❡❀
❆✭✐✮ ✿❂ ①❀

❞♦♥❡
❡♥❞ ♣r③❡s✐❡✇❛♥✐❡❀

✐ ❞✇✐❡ ♣r♦❝❡❞✉r② ❞③✐❡❞③✐❝③→❝❡ ❦❧❛s➛ Pr③❡s✐❡✇❛♥✐❡✿ ❜✉❞✉❥❑♦♣✐❡❝
✐ s♦rt✉❥✳

✉♥✐t ❜✉❞✉❥❑♦♣✐❡❝✿ Pr③❡s✐❡✇❛♥✐❡ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥

❦♦♥✐❡❝ ✿❂ ✭❧❂❧♦✇❡r✭❆✮✮❀ ❧ ✿❂❧✲✶❀
❡♥❞ ❜✉❞✉❥❑♦♣✐❡❝❀

◆✐❡ tr③❡❜❛ ❞➟✉❣♦ ❞♦✇♦❞③✐➣✱ ➺❡ ♣r❛✇❞③✐✇→ tr❡➧➣ ♣r♦❝❡❞✉r② ❜✉✲
❞✉❥❑♦♣✐❡❝ st❛♥♦✇✐ tr❡➧➣ ❦❧❛s② Pr③❡s✐❡✇❛♥✐❡ ✇ ❦tór❡❥ ♣s❡✉❞♦✲
✐♥str✉❦❝❥➛ ✐♥♥❡r ③❛st→♣✐♦♥♦ ❞✇♦♠❛ ✐♥str✉❦❝❥❛♠✐ ③ ❞❡❦❧❛r❛❝❥✐
♣r♦❝❡❞✉r② ❜✉❞✉❥❑♦♣✐❡❝✳ ❈③②❧✐ ♥❛❧❡➺② ♣❛♠✐➛t❛➣✱ ➺❡ ❞③✐❡❦✐ r❡✲
❣✉❧❡ ❦♦♥❦❛t❡♥❛❝❥✐ ♣♦✇✐♥♥✐➧♠② ♣r③②❥→➣✱ ➺❡ ✐♥str✉❦❝❥❛ ♣r♦❝❡❞✉r②
❜✉❞✉❥❑♦♣✐❡❝ ③♦st❛♥✐❡ ✇②❦♦♥❛♥❛ t❛❦ ❥❛❦ ❣❞②❜② ♣r♦❝❡❞✉r❛ t❛ ③♦✲
st❛➟❛ ③❛❞❡❦❧❛r♦✇❛♥❛ ✇ s♣♦só❜ ♣r③②t♦❝③♦♥② ♣♦♥✐➺❡❥✳ ❉③✐➛❦✐ ③❛✲
st♦s♦✇❛♥✐✉ ❞③✐❡❞③✐❝③❡♥✐❛ s❦ró❝✐❧✐➧♠② t❡❦st ✐ ❝♦ ✇❛➺♥✐❡❥s③❡ ✉♥✐❦✲
♥➛❧✐➧♠② ✇②✇♦➟❛♥✐❛ ♣r♦❝❡❞✉r② ❜✉❞✉❥→❝❡❥ ❦♦♣✐❡❝✳
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✉♥✐t ❜✉❞✉❥❑♦♣✐❡❝✿ ✭✯ Pr③❡s✐❡✇❛♥✐❡ ✯✮ ♣r♦❝❡❞✉r❡❀
✈❛r ❦♦♥✐❡❝✿ ❜♦♦❧❡❛♥

❜❡❣✐♥
❞♦

❦♦♥✐❡❝ ✿❂ ✭❧❂❧♦✇❡r✭❆✮✮❀ ❧ ✿❂❧✲✶❀
✐❢ ❦♦♥✐❡❝ t❤❡♥ ❡①✐t ✜❀
✐ ✿❂❧❀ ❥ ✿❂ ✷✯✐❀ ① ✿❂❆✭✐✮❀
✇❤✐❧❡ ❥❁❂♣ ❞♦

✐❢ ❥❁♣ ❛♥❞ ❆✭❥✮❁❆✭❥✰✶✮
t❤❡♥

❥✿❂❥✰✶
✜❀
✐❢ ①❃❂❆✭❥✮ t❤❡♥ ❡①✐t ✜❀
❆✭✐✮✿❂❆✭❥✮❀ ✐✿❂❥❀ ❥✿❂✷✯✐❀

❞♦♥❡❀
❆✭✐✮ ✿❂ ①❀

❞♦♥❡
❡♥❞ ❜✉❞✉❥❑♦♣✐❡❝❀

❲❝③❡➧♥✐❡❥ ♣r③❡❦♦♥❛❧✐➧♠② s✐➛✱ ➺❡ t❡♥ ❛❧❣♦r②t♠ ♣r③❡❦s③t❛➟❝❛ t❛✲
❜❧✐❝➛ A ✇ ❦♦♣✐❡❝✳ P♦❞♦❜♥✐❡ ♠♦➺♥❛ s♣r❛✇❞③✐➣✱ ➺❡ ✐♥str✉❦❝❥❛ ❝❛❧❧
s♦rt✉❥ ✉♣♦r③→❞❦✉❥❡ t❛❜❧✐❝➛ A ✇ ❝✐→❣ ♥✐❡♠❛❧❡❥❛❝②✳

✉♥✐t s♦rt✉❥✿ Pr③❡s✐❡✇❛♥✐❡ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥

❞✿❂ ❧♦✇❡r✭❆✮❀ ❦♦♥✐❡❝✿❂✭♣❂❞✮❀
①✿❂❆✭❞✮❀ ❆✭❞✮ ✿❂ ❆✭♣✮❀ ❆✭♣✮ ✿❂ ①❀
♣ ✿❂ ♣✲✶❀

❡♥❞ s♦rt✉❥❀

P♦ ♣r③②❥➛❝✐✉ t②❝❤ tr③❡❝❤ ❞❡❦❧❛r❛❝❥✐ ➟❛t✇♦ ✉③✉♣❡➟♥✐➣ tr❡➧➣ ♣r♦✲
❝❡❞✉r②
❤❡❛♣s♦rt❈ t❛❦ ❥❛❦ t♦ ✇✐❞❛➣ ♣♦♥✐➺❡❥✳

✉♥✐t ❤❡❛♣s♦rt❈✿ ♣r♦❝❡❞✉r❡✭❆✿ ❛rr❛②♦❢ ✐♥t❡❣❡r✮❀
✈❛r ✐✱ ❥✱ ❧✱ ♣✱ ①✿ ✐♥t❡❣❡r❀

✉♥✐t Pr③❡s✐❡✇❛♥✐❡✿ ❝❧❛ss ✳✳✳

✉♥✐t ❜✉❞✉❥❑♦♣✐❡❝✿ Pr③❡s✐❡✇❛♥✐❡ ♣r♦❝❡❞✉r❡ ✳✳✳

✉♥✐t s♦rt✉❥✿ Pr③❡s✐❡✇❛♥✐❡ ♣r♦❝❡❞✉r❡ ✳✳✳

❜❡❣✐♥
❧ ✿❂ ✉♣♣❡r✭❆✮ ❞✐✈ ✷ ✰✶❀
♣ ✿❂ ✉♣♣❡r✭❆✮❀
❝❛❧❧ ❜✉❞✉❥❑♦♣✐❡❝❀
❝❛❧❧ s♦rt✉❥

❡♥❞ ❤❡❛♣s♦rt❈
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✷✳✷✳ ❑♦♠♣❧❡t♥② ❛❧❣♦r②t♠✳ P♦♥✐➺❡❥ ♣r③②t❛❝③❛♠② ❦♦♠♣❧❡t♥②
t❡❦st ♣r♦❝❡❞✉r② ❤❡❛♣s♦rt ✭✇ ✇❡rs❥✐ ❈✮✳ ❩ ♣♦♣r③❡❞♥✐❝❤ r♦③✇❛➺❛➠
✇②♥✐❦❛✱ ➺❡ ❛❧❣♦r②t♠ t❡♥ ♣♦♣r❛✇♥✐❡ ♣♦r③→❞❦✉❥❡ ③❛❞❛♥→ t❛❜❧✐❝➛
❆✳

✉♥✐t ❤❡❛♣s♦rt✿ ♣r♦❝❡❞✉r❡✭❆✿ ❛rr❛②♦❢ ✐♥t❡❣❡r✮❀

✈❛r ✐✱❥✱❧✱❞✱♣✱①✿ ✐♥t❡❣❡r

✉♥✐t Pr③❡s✐❡✇❛♥✐❡✿ ❝❧❛ss❀
✈❛r ❦♦♥✐❡❝✿ ❜♦♦❧❡❛♥

❜❡❣✐♥

❞♦

✐♥♥❡r ❀
✐❢ ❦♦♥✐❡❝ t❤❡♥ ❡①✐t ✜❀
✐ ✿❂❧❀ ❥ ✿❂ ✷✯✐❀ ① ✿❂❆✭✐✮❀
✇❤✐❧❡ ❥❁❂♣ ❞♦

✐❢ ❥❁♣ ❛♥❞ ❆✭❥✮❁❆✭❥✰✶✮
t❤❡♥

❥✿❂❥✰✶
✜❀
✐❢ ①❃❂❆✭❥✮ t❤❡♥ ❡①✐t ✜❀
❆✭✐✮✿❂❆✭❥✮❀ ✐✿❂❥❀ ❥✿❂✷✯✐❀

❞♦♥❡❀
❆✭✐✮ ✿❂ ①❀

❞♦♥❡

❡♥❞ Pr③❡s✐❡✇❛♥✐❡❀

✉♥✐t ❜✉❞✉❥❑♦♣✐❡❝✿ Pr③❡s✐❡✇❛♥✐❡ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥

❦♦♥✐❡❝ ✿❂ ✭❧❂❧♦✇❡r✭❆✮✮❀ ❧ ✿❂❧✲✶❀
❡♥❞ ❜✉❞✉❥❑♦♣✐❡❝❀

✉♥✐t s♦rt✉❥✿ Pr③❡s✐❡✇❛♥✐❡ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥

❞✿❂ ❧♦✇❡r✭❆✮❀ ❦♦♥✐❡❝✿❂✭♣❂❞✮❀
①✿❂❆✭❞✮❀ ❆✭❞✮ ✿❂ ❆✭♣✮❀ ❆✭♣✮ ✿❂ ①❀
♣ ✿❂ ♣✲✶❀

❡♥❞ s♦rt✉❥❀

✭✯ t✉ ③❛❝③②♥❛❥→ s✐➛ ✐♥str✉❦❝❥❡ ♣r♦❝❡❞✉r② ❤❡❛♣s♦rt ✯✮
❜❡❣✐♥

❧✿❂ ✉♣♣❡r✭❆✮ ❞✐✈ ✷ ✰✶❀
♣✿❂ ✉♣♣❡r✭❆✮❀
❝❛❧❧ ❜✉❞✉❥❑♦♣✐❡❝❀
❝❛❧❧ s♦rt✉❥❀

❡♥❞ ❤❡❛♣s♦rt❀

✸✹✻



✸✳ ❈③② t♦ ❥❡st ❦♦❧❡❥❦❛ ♣r✐♦r②t❡t♦✇❛❄

❚✉ ♣♦❦❛➺❡♠② ❥❛❦ s♣r❛✇❞③✐➣ ❝③② ③❛❞❛♥❛ ❦❧❛s❛ K s♣❡➟♥✐❛ s♣❡✲
❝②✜❦❛❝❥➛ S ✐ ❞♦✇✐❡➧➣ s✇♦❥❡❥ r❛❝❥✐✳

✸✳✶✳ ❉❡❦❧❛r❛❝❥❛ ❦❧❛s② P◗❙✳ P♦♥✐➺❡❥ ③♥❛❥❞③✐❡s③ ♣❡➟♥② t❡❦st
❦❧❛s② P◗❙ ♥❛♣✐s❛♥❡❥ ✇✐❡❧❡ ❧❛t t❡♠✉ ♣r③❡③ ❲✳▼✳ ❇❛rt♦❧ ✐ ❉✳
❙③❝③❡♣❛➠s❦→✳ ❏❡st t♦ ❝③➛➧➣ ✇✐➛❦s③❡❣♦ ♣r♦❣r❛♠✉ s②♠✉❧❛❝❥✐ ♣r❛❝②
♦❞❞③✐❛➟✉ ❜❛♥❦♦✇❡❣♦ ❬❘❇❙❲✼✾❪ ❬❘❇❙❲✵✼❪✳ ❙♣ró❜✉❥ ♣r③❡❦♦♥❛➣
❦♦❧❡❣➛✱ s③❡❢❛✱ ➺❡ ❥❡st t♦ ♣♦♣r❛✇♥❛ ✐♠❧❡♠❡♥t❛❝❥❛ str✉❦t✉r② ❦♦✲
❧❡❥❦✐ ♣r✐♦r②t❡t♦✇❡✳✳
✉♥✐t P◗❙ ✿ ❝❧❛ss❀ ✭✯ ♣r✐♦r✐t② q✉❡✉❡s s②st❡♠ ✯✮

✉♥✐t P◗✿ ❝❧❛ss❀
✈❛r ❧❛st✱r♦♦t✿♥♦❞❡❀
✉♥✐t ♠✐♥✿ ❢✉♥❝t✐♦♥✿ ❡❧❡♠❀
❜❡❣✐♥

✐❢ r♦♦t❂✴❂ ♥♦♥❡ t❤❡♥ r❡s✉❧t✿❂r♦♦t✳❡❧ ❡❧s❡ r❛✐s❡ ❘❡❢t♦◆♦♥❡ ✜❀
❡♥❞ ♠✐♥❀

✉♥✐t ✐♥s❡rt✿ ♣r♦❝❡❞✉r❡✭r✿❡❧❡♠✮❀
✈❛r ①✱③✿ ♥♦❞❡❀

❜❡❣✐♥
①✿❂ r✳❧❛❜❀
✐❢ ❧❛st❂♥♦♥❡ t❤❡♥

r♦♦t✿❂①❀ r♦♦t✳❧❡❢t✱ ❧❛st✿❂r♦♦t
❡❧s❡

✐❢ ❧❛st✳♥s❂✵ t❤❡♥
❧❛st✳♥s✿❂✶❀ ③✿❂❧❛st✳❧❡❢t❀ ❧❛st✳❧❡❢t✿❂①❀
①✳✉♣✿❂❧❛st❀ ①✳❧❡❢t✿❂③❀ ③✳r✐❣❤t✿❂①❀

❡❧s❡
❧❛st✳♥s✿❂✷❀ ③✿❂❧❛st✳r✐❣❤t❀ ❧❛st✳r✐❣❤t✿❂①❀
①✳r✐❣❤t✿❂③❀ ①✳✉♣✿❂❧❛st❀ ③✳❧❡❢t✿❂①❀
❧❛st✳❧❡❢t✳r✐❣❤t✿❂①❀ ①✳❧❡❢t✿❂❧❛st✳❧❡❢t❀ ❧❛st✿❂③❀

✜
✜❀
❝❛❧❧ ❝♦rr❡❝t❯♣✭r✮

❡♥❞ ✐♥s❡rt❀

✉♥✐t ❞❡❧❡t❡✿ ♣r♦❝❡❞✉r❡✭r✿ ❡❧❡♠✮❀
✈❛r ①✱②✱③✿♥♦❞❡❀

❜❡❣✐♥
①✿❂r✳❧❛❜❀ ③✿❂❧❛st✳❧❡❢t❀
✐❢ ❧❛st✳♥s ❂✵ t❤❡♥

②✿❂ ③✳✉♣❀
✐❢ ②❂♥♦♥❡ t❤❡♥ r♦♦t✿❂♥♦♥❡ ❡❧s❡ ②✳r✐❣❤t✿❂ ❧❛st ✜❀
❧❛st✳❧❡❢t✿❂②❀ ❧❛st✿❂②❀

❡❧s❡
②✿❂ ③✳❧❡❢t❀ ②✳r✐❣❤t✿❂ ❧❛st❀ ❧❛st✳❧❡❢t✿❂ ②❀

✜❀

✸✹✼



③✳❡❧✳❧❛❜✿❂①❀ ①✳❡❧✿❂ ③✳❡❧❀ ❧❛st✳♥s✿❂ ❧❛st✳♥s✲✶❀
r✳❧❛❜✿❂③❀ ③✳❡❧✿❂r❀
✭✯ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ✐♥str✉❝t✐♦♥s ✇❡r❡ ❛❞❞❡❞ ❞✉r✐♥❣ ♦✉r ✈❡r✐✜❝❛t✐♦♥ ✯✮
③✳❧❡❢t✳r✐❣❤t ✿❂♥♦♥❡❀ ③✳♥s✿❂✵❀ ③✳❧❡❢t✱ ③✳r✐❣❤t✱ ③✳✉♣ ✿❂ ♥♦♥❡❀
✐❢ ①✳❧❡ss✭①✳✉♣✮ t❤❡♥

❝❛❧❧ ❝♦rr❡❝t❯♣✭①✳❡❧✮
❡❧s❡

❝❛❧❧ ❝♦rr❡❝t❉♦✇♥✭①✳❡❧✮
✜❀

❡♥❞ ❞❡❧❡t❡❀

✉♥✐t ❝♦rr❡❝t❯♣✿ ♣r♦❝❡❞✉r❡✭r✿ ❡❧❡♠✮❀
✈❛r ①✱③✿ ♥♦❞❡✱ t✿ ❡❧❡♠✱ ✜♥✱ ❧♦❣✿ ❇♦♦❧❡❛♥❀

❜❡❣✐♥
③ ✿❂ r✳❧❛❜❀
①✿❂ ③✳✉♣❀
❞♦

✐❢ ①❂♥♦♥❡ t❤❡♥ ❧♦❣✿❂tr✉❡ ❡❧s❡ ❧♦❣✿❂①✳❧❡ss✭③✮ ✜❀
✐❢ ❧♦❣ t❤❡♥ ❡①✐t ✜❀
t✿❂③✳❡❧❀ ③✳❡❧✿❂①✳❡❧❀ ①✳❡❧✿❂t❀
①✳❡❧✳❧❛❜✿❂①❀ ③✳❡❧✳❧❛❜✿❂③❀ ③✿❂①❀ ①✿③✳✉♣❀

♦❞
❡♥❞ ❝♦rr❡❝t❯♣❀

✉♥✐t ❝♦rr❡❝t❉♦✇♥✿ ♣r♦❝❡❞✉r❡✭r✿ ❡❧❡♠✮❀
✈❛r ①✱③✿ ♥♦❞❡✱ t✿ ❡❧❡♠✱ ✜♥✱ ❧♦❣✿ ❇♦♦❧❡❛♥❀

❜❡❣✐♥
③ ✿❂ r✳❧❛❜❀
✇❤✐❧❡ ♥♦t ✜♥
❞♦

✐❢ ③✳♥s ❂ ✵ t❤❡♥ ✜♥ ✿❂tr✉❡
❡❧s❡

✐❢ ③✳♥s❂✶ t❤❡♥ ① ✿❂ ③✳❧❡❢t
❡❧s❡

✐❢ ③✳❧❡❢t✳❧❡ss✭③✳r✐❣❤t✮ t❤❡♥ ①✿❂ ③✳❧❡❢t ❡❧s❡ ①✿❂③✳r✐❣❤t ✜
✜❀
✐❢ ③✳❧❡ss✭①✮
t❤❡♥

✜♥ ✿❂ tr✉❡
❡❧s❡

t✿❂ ①✳❡❧❀ ①✳❡❧ ✿❂③✳❡❧❀ ③✳❡❧✿❂t❀
③✳❡❧✳❧❛❜ ✿❂③❀ ①✳❡❧✳❧❛❜✿❂①

✜❀
✜❀
③✿❂①❀

♦❞
❡♥❞ ❝♦rr❡❝t❉♦✇♥❀
❡♥❞ P◗❀

✸✹✽



✉♥✐t ♥♦❞❡✿ ❝❧❛ss ✭❡❧✿❡❧❡♠✮❀
✈❛r ❧❡❢t✱r✐❣❤t✱✉♣✿ ♥♦❞❡✱ ♥s✿✐♥t❡❣❡r❀
✉♥✐t ❧❡ss✿ ❢✉♥❝t✐♦♥✭①✿♥♦❞❡✮✿ ❜♦♦❧❡❛♥❀
❜❡❣✐♥

✐❢ ①❂ ♥♦♥❡ t❤❡♥
r❡s✉❧t✿❂❢❛❧s❡

❡❧s❡
r❡s✉❧t✿❂❡❧✳❧❡ss✭①✳❡❧✮

✜❀
❡♥❞ ❧❡ss❀

❡♥❞ ♥♦❞❡❀

✉♥✐t ❡❧❡♠✿ ❝❧❛ss✭♣r✐♦r✿r❡❛❧✮❀
✈❛r ❧❛❜✿ ♥♦❞❡❀
✉♥✐t ✈✐rt✉❛❧ ❧❡ss✿ ❢✉♥❝t✐♦♥✭①✿❡❧❡♠✮✿❜♦♦❧❡❛♥❀
❜❡❣✐♥

✐❢ ①❂♥♦♥❡ t❤❡♥
r❡s✉❧t✿❂ ❢❛❧s❡

❡❧s❡
r❡s✉❧t✿❂ ♣r✐♦r ≤ ①✳♣r✐♦r

✜❀
❡♥❞ ❧❡ss❀

❜❡❣✐♥
❧❛❜✿❂ ♥❡✇ ♥♦❞❡✭t❤✐s ❡❧❡♠✮❀

❡♥❞ ❡❧❡♠❀
❡♥❞ P◗❙ ✭✯ ♣r✐♦r✐t② q✉❡✉❡s s②st❡♠ ✯✮❀

✸✳✷✳ ■♥tr♦❞✉❝t✐♦♥✳ ❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛ ♣r♦♦❢ t❤❛t t❤❡ ❝❧❛ss
PQS ✐s ❛ ❝♦rr❡❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s ❞❛t❛ str✉❝✲
t✉r❡✳ ❚❤❡ ❝❧❛ss ✭s❡❡ ❆♣♣❡♥❞✐①✮ ✐s ✇r✐tt❡♥ ✐♥ ❛♥ ♦❜❥❡❝t✲♦r✐❡♥t❡❞
♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✭s❡❡ ❚❛❜❧❡ ✶✮ ❝♦♥s✐sts
♦❢ ❛ ❢❡✇ ❛❧❣♦r✐t❤♠✐❝ ❢♦r♠✉❧❛s✳ ❋♦r♠❛❧❧②✱ t❤❡ ♣r♦♦❢ ♦❢ ❝♦rr❡❝t♥❡s
♦❢ t❤❡ ❝❧❛ss ✇✳r✳t✳ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ r❡s❡♠❜❧❡s ❛ ♣r♦♦❢ t❤❛t ❛ ❣✐✲
✈❡♥ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ A ✐s ❛ model ♦❢ s♦♠❡ ❛①✐♦♠❛t✐❝ t❤❡♦r② T ✳
▲✐t❡r❛t✉r❡ ❦♥♦✇s ♠❛♥② ❡①❛♠♣❧❡s ♦❢ t❤❡ ♣r♦♦❢s ♦❢ ❝♦rr❡❝t♥❡s ♦❢
❛❧❣♦r✐t❤♠s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s✳ ❍♦✲
✇❡✈❡r✱ t❤❡ ✉♥✐♦♥ ♦❢ ♣r♦♦❢s ♦❢ ❛ ❝❧❛ss✬ ♠❡t❤♦❞s ✭✐✳❡✳ ❛❧❣♦r✐t❤♠s✮
❞♦❡s ♥♦t r❡s✉❧t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛ss ❝♦rr❡❝t♥❡ss✳

❊❛❝❤ ❝❧❛ss ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝
str✉❝t✉r❡ ✭❛ ❞❛t❛ str✉❝t✉r❡✮✳ ❚❤❡ ✉♥✐✈❡rs❡ ♦❢ t❤❡ str✉❝t✉r❡ ✐s
t❤❡ s❡t ♦❢ ❛❧❧ ♣♦t❡♥t✐❛❧ ♦❜❥❡❝ts ♦❢ t❤❡ ❝❧❛ss✱ ✐ts ❢✉♥❝t✐♦♥s ❛♥❞
r❡❧❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❜② ❝❧❛ss ♠❡t❤♦❞s✳

❉❡❛❧✐♥❣ ✇✐t❤ ❛ ❝❧❛ss ✇❡ ❛r❡ ❝♦♥❢r♦♥t❡❞ ✇✐t❤ s❡✈❡r❛❧ ♣r♦♣❡r✲
t✐❡s✱ s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ❝❧❛ss ✭❇✳ ▼❡②❡r ✐♥ ❊✐✛❡❧
❬▼❡②✽✼❪✮✱ t❤❛t ♠✉st ❜❡ ✈❛❧✐❞ ❢♦r ❛❧❧ ♦❜❥❡❝ts ♦❢ t❤❡ ❝❧❛ss✳ ▼♦✲
r❡♦✈❡r✱ ❛♥ ❡①t❡r♥❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss r❡q✉✐r❡s s♦♠❡
♣r♦♣❡rt✐❡s t❤❛t ❡①♣r❡ss ❝♦r❡❧❧❛t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✳

✸✹✾



❆❧❧ t❤❡s❡ ♣r♦♣❡rt✐❡s ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ ❝❧❛ss✳

❖✉r ♠❡ss❛❣❡ ❤❛s s❡✈❡r❛❧ ❧❛②❡rs✿
• ✜rst✱ ✇❡ ♦✛❡r ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞s ♦❢ s♦❢t✇❛r❡✬s
✈❡r✐✜❝❛t✐♦♥✳

• s❡❝♦♥❞✱ ✇❡ ♣r♦♣♦s❡ t♦ t❤✐♥❦ ✇❤❛t ❛ s♦❢t✇❛r❡✬s ✈❡r✐✜✲
❝❛t✐♦♥ ✐s✱

• ✜♥❛❧❧②✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ✇❤❛t ❛ ❝❧❛ss s♣❡❝✐✜❝❛t✐♦♥ ❧♦✲
♦❦s ❧✐❦❡❄

❚✇♦ ✈✐❡✇s ❛♥❞ t✇♦ ♣r❛❝t✐❝❡s ❛r❡ ❝♦❧❧✐❞✐♥❣ ✐♥ ♣r♦❞✉❝t✐♦♥ ♦❢ s♦✲
❢t✇❛r❡✳ ❖♥❡ ✈✐❡✇ ✐s t❤❛t ♣r♦❣r❛♠s s❤♦✉❧❞ ❜❡ ❛❝❝♦♠♣❛♥✐❡❞ ❜②
s♦❧✐❞ ❛r❣✉♠❡♥ts ❞❡♠♦♥str❛t✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ❛♥❞ t❤❡ ❝♦♠✲
♣❧❡t❡♥❡ss ♦❢ s♦❢t✇❛r❡✳ ❚❤❡ ♣r❛❝t✐❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ✈✐❡✇
❝♦♥s✐st ✐♥ ♣r♦✈✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ s♦❢t✇❛r❡✳ ❆t ♣r❡s❡♥t✱ ✇❡ ♦❜✲
s❡r✈❡ t❤❛t t❤❡r❡ ❛r❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ❝❛s❡s ✇❤❡♥ t❤❡ ✐♥❞✉str②
❞❡♠❛♥❞s t❤❡ ♣r♦♦❢s ♦❢ ❝♦rr❡❝t♥❡ss ♦❢ ♣r♦❣r❛♠s✳ ■t ✐s ❡s♣❡❝✐❛❧❧②
tr✉❡ ♦❢ t❤❡s❡ ❝❛s❡s ✇❤❡r❡ s❡❝✉r✐t② ♠✉st ❜❡ ❣✉❛r❛♥t❡❡❞✳ ❆♥♦t❤❡r
✈✐❡✇ ✐s ❢♦❧❧♦✇❡❞ ❜② t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❣r❛♠♠❡rs
❛♥❞ t❤❡ ❜✐❣ s♦❢t✇❛r❡ ❝♦♠♣❛♥✐❡s✳ ❚❤❡② ❛r❡ ♦❢ t❤❡ ♦♣✐♥✐♦♥ t❤❛t
t❡st✐♥❣ ♦❢ ♣r♦❣r❛♠s ✐s t❤❡ s✉✣❝✐❡♥t ❛❝t✐✈✐t② ❜❡❢♦r❡ t❤❡ s♦❢t✇❛r❡
✐s ❞❡❧✐✈❡r❡❞ t♦ ❝❧✐❡♥ts✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ t✇♦ ♣r❛❝t✐❝❡s t❤❛t s❡❡♠
t♦ ❡①❝❧✉❞❡ ♦♥❡ ❛♥♦t❤❡r✿ t❡st✐♥❣ ♦r ♣r♦✈✐♥❣✳ ■♥ t❤❡ ♣r❡s❡♥t❡❞
♣❛♣❡r ✇❡ ❛r❣✉❡✶ t❤❛t t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s ♠❛② ❜❡ s②♥t❤❡s✐③❡❞
t♦ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t s❝❤❡♠❡ ♦❢ ♣r❛❝t✐❝❡✳ ❲❡ ♣r♦♣♦s❡ t♦ r❡✲
♣❧❛❝❡ t❤❡ t❡r♠ t❡st✐♥❣ ❜② ❛♥♦t❤❡r ✇♦r❞ ❡①♣❡r✐♠❡♥t✐♥❣✳ ❚❡st✐♥❣
❧✐♠✐ts ✐ts❡❧❢ t♦ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ♣r♦❣r❛♠ ❛♥❞ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢
✐ts ❡✛❡❝ts ✇✐t❤ t❤❡ ♣r❡❞✐❝t❡❞✱ s✉♣♣♦s❡❞❧② ❝♦rr❡❝t r❡s✉❧ts✳ ❋♦r
t❤❡ ♠❛❥♦r✐t② ♦❢ ♣❡♦♣❧❡ t❡st✐♥❣ ✐s t❤❡ ♣r❛❝t✐❝❡ ♦❢ s❡❛r❝❤✐♥❣ ❜✉❣s
✐♥ s♦❢t✇❛r❡✳ ❊①♣❡r✐♠❡♥t✐♥❣ ❤❛s ❧❛r❣❡r ❤♦r✐③♦♥s✱ ✐t ❝♦✈❡rs ♥♦t
♦♥❧② s❡❛r❝❤✐♥❣ ♦❢ ❡rr♦rs ✭❛❦❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡s✮ ❜✉t ❛❧s♦ ❣❛t❤❡✲
r✐♥❣ t❤❡ ♣♦s✐t✐✈❡ ❡✈✐❞❡♥❝❡✳ ❙♦♠❡t✐♠❡s ❞✉r✐♥❣ ❡①♣❡r✐♠❡♥ts ✇❡
❜❡❣✐♥ t♦ ❜❡❧✐❡✈❡ t❤❛t ♦❜❥❡❝ts ♦❜❡② ❝❡rt❛✐♥ r✉❧❡s ❛♥❞ ❧❛t❡r ✇❡
tr② t♦ ✜♥❞ ♠♦r❡ ❡✈✐❞❡♥❝❡ ❝♦♥✜r♠✐♥❣ ♦✉r ❜❡❧✐❡❢s✳ ❉✉r✐♥❣ ❡①♣❡✲
r✐♠❡♥ts ♦♥❡ ✐s ❣♦✐♥❣ t♦ ❡①❡❝✉t❡ ♣r♦❣r❛♠ ✇✐t❤ ❞✐✛❡r❡♥t ❞❛t❛✱ t♦
❝♦❧❧❡❝t r❡s✉❧ts ❛♥❞ t♦ ♣r❡s❡♥t t❤❡♠ ✐♥ ❣r❛♣❤✐❝❛❧ ♠♦❞❡✱ ✐♥ t❛❜❧❡s✱
✐♥ ❞❛t❛ ❜❛s❡s✱ ❡t❝✳ ■t ✐s s✉❣❣❡st❡❞ t❤❛t t❤❡ ❡①♣❡r✐♠❡♥ts ✇❡r❡
❞♦♥❡ ✇✐t❤ s♦♠❡ ♣❧❛♥✳ ◆❡①t✱ ♦♥❡ s❤♦✉❧❞ ❛♥❛❧②③❡ t❤❡ ❣❛t❤❡r❡❞
❡①♣❡r✐❡♥❝❡ ❛♥❞ s❡❛r❝❤ s♦♠❡ r❡❣✉❧❛r✐t✐❡s✳ ❚❤✐s ♣r♦❝❡ss s❤♦✉❧❞
❧❡❛❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❧❡♠♠❛s ❛♥❞ ♣r♦♣♦s✐t✐♦♥s✳ ❆❢t❡r t❤✐s
✐s ❞♦♥❡✱ t❤❡r❡ ✐s t❤❡ t✐♠❡ ♦❢ ♣r♦✈✐♥❣ t❤❡ ❤②♣♦t❤❡s❡s✳ ❖❜✈✐♦✉s❧②✱
t❤❡ ♣r♦❝❡ss s❦❡t❝❤❡❞ ❛❜♦✈❡ ♠❛② ♥❡❡❞ t♦ ❜❡ ✐t❡r❛t❡❞ ❢♦r ❞✐✛❡✲
r❡♥t r❡❛s♦♥s✱ ❡✳❣✳ ✇❤❡♥ ♦✉r ♣r♦❣r❛♠ ✐s ♠♦❞✐✜❡❞✳ ❲❡ ❝♦♥s✐❞❡r
t❤❡ ♠❡t❤♦❞ ❣✐✈❡♥ ❜❡❧♦✇

experiment→ observe→ formulate hypotheses→ prove.

✶❢♦❧❧♦✇✐♥❣ t♦ s♦♠❡ ❡①t❡♥t t❤❡ ✐❞❡❛s ♦❢ ●❡♦r❣ ❍❡❣❡❧ ✇❤♦ ✉s❡❞
t♦ s❛② t❤❛t ❢r♦♠ ❛ ♣❛✐r✿ t❤❡s✐s ❛♥❞ ❛♥t✐t❤❡s✐s ✇❡ s❤♦✉❧❞ ♠❛❦❡
❛ s②♥t❤❡s✐s

✸✺✵



❛s ❛ ♣r♦♣❡r ❛♣♣r♦❛❝❤ t♦ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❤✐❣❤ ✐♥t❡❣r✐t②
s♦❢t✇❛r❡ ❬▼❙❙✵✽❪✱ ❬❇❛r✵✸❪✱ ❬❄❪❑❡②✿❇❇✿❘❍✿P❙✱ ❬❆♠❡✵✶❪✳

❍♦✇ t♦ ❞❡✜♥❡ t❤❡ ❣♦❛❧s ♦❢ s♦❢t✇❛r❡✬s ✈❡r✐✜❝❛t✐♦♥❄ ❆ss✉♠✐♥❣
t❤❛t ❛ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ ❝❧❛ss ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ s❡t ♦❢
❢♦r♠✉❧❛s✱ t❤❡ ✈❡r✐✜❡r ❛❣❡♥t s❤♦✉❧❞ ♣r♦✈❡ t❤❛t ❡✈❡r② ♦❜❥❡❝t ♦❢
t❤❡ ❛♥❛❧②③❡❞ ❝❧❛ss ✇✐❧❧ s❛t✐s❢② ❡✈❡r② ❢♦r♠✉❧❛ ♦❢ t❤❡ s❡t✱ ✇❤❡♥❡✈❡r
❛♥② ♠❡t❤♦❞ ♦❢ t❤❡ ❝❧❛ss ❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❞✳

❲❡ ❛r❡ ♣r♦♣♦s✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛❧❣♦r✐✲
t❤♠✐❝ ❧♦❣✐❝ ❆▲ ❛♥❞ ❛♥ ❡♥✈✐r♦♥♠❡♥t ❙♣❡❝❱❡r ✕ ❛ ♣❧✉❣✐♥ ✐♥t♦ t❤❡
❊❝❧✐♣s❡ ■❉❊✳ ❆ ❙♣❡❝❱❡r ♣r♦❥❡❝t ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ❢r♦♠ ✐ts ✐♥✐t✐❛❧
♣❤❛s❡ ♦❢ s♣❡❝✐❢②✐♥❣ ❛❧❣♦r✐t❤♠s ❛♥❞ ❝❧❛ss❡s✱ t❤r♦✉❣❤ ✐♠♣❧❡♠❡♥✲
t✐♥❣ t❤❡♠ ✐♥ ❛♥ ♦❜❥❡❝t ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✱ t♦ t❤❡ ♣❤❛s❡ ♦❢
✈❡r✐✜❝❛t✐♦♥ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛❣❛✐♥st ✐ts s♣❡❝✐✜❝❛t✐♦♥✳

❲❡ ♣r❡s❡♥t ❛♥ ❛❧♠♦st ❝♦♠♣❧❡t❡ ❝❛s❡ st✉❞② ✇❤✐❝❤ ❝♦♥s✐sts
♦❢ ❛ s♣❡❝✐✜❝❛t✐♦♥ ATPQ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s✱ ❛ ❝❧❛ss P◗❙✱ ❛♥❞ t❤❡
✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ t❤❡s✐s t❤❛t t❤❡ ❝❧❛ss P◗❙ ❝♦rr❡❝t❧② ✐♠♣❧❡♠❡♥ts
t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ATPQ✳

❈❧❛ss PQS ♠❛② ❜❡ ✉s❡❞ ✐♥ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱
✐t ✐s ❛ ♣❛rt ♦❢ ❛ ❜✐❣❣❡r ♣r♦❣r❛♠ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❛ ❇❛♥❦ ❉❡♣❛rt✲
♠❡♥t✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ♣r♦❣r❛♠ ✐s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✶✳ ❚❤❡ ♣r♦❣r❛♠ ❝♦♥t❛✐♥s ✻ ❡①t❡r♥❛❧ ❝❧❛ss❡s✱ ✶✸ ✐♥♥♥❡r
❝❧❛ss❡s ❛♥❞ ✷✵ ♠❡t❤♦❞s✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✐♥♥❡r ❝❧❛ss❡s ❛♥❞
t❤❡ ❝♦♥t❛✐♥✐♥❣ t❤❡♠ ❡①t❡r♥❛❧ ❝❧❛ss❡s ❛r❡ s❤♦✇♥ ♦♥ t❤❡ ❞✐❛❣r❛♠✳
❚❤❡ r❡❧❛t✐♦♥ ♦❢ ✐♥❤❡r✐t❛♥❝❡ ✐s ❛❧s♦ s❤♦✇♥ ♦♥ t❤❡ ❞✐❛❣r❛♠✳ ❚❤❡
❛rr♦✇s ❧❡❛❞ ❢r♦♠ ♦♥❡ ❝❧❛ss t♦ ✐ts ❞✐r❡❝t s✉♣❡r❝❧❛ss✳ ❚❤❡ t❤✐❝❦
❛rr♦✇s st❛rt ❛t ❡①t❡r♥❛❧ ❝❧❛ss❡s✳ ❚❤❡ t❤✐♥ ❛rr♦✇s ❧❡❛❞ ❢r♦♠
❛♥ ✐♥♥❡r ❝❧❛ss K t♦ ✐♥♥❡r ❝❧❛ss I ✐♥❤❡r✐t❡❞ ❜② t❤❡ ❝❧❛ss K✳ ❲❡
❝♦♥❝❡✐✈❡ t❤❡ ✜✈❡ ❡①t❡r♥❛❧ ❝❧❛ss❡s ❛s ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ❞❛t❛
str✉❝t✉r❡s✿ ❈❧❛ss ❇❛♥❦❉❡♣❛rt♠❡♥t ❡①t❡♥❞s t❤❡ str✉❝t✉r❡ ♦❢ ❖❢❢✐❝❡✳
❈❧❛ss ❖❢❢✐❝❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss ❙✐♠✉❧❛t✐♦♥✱ ✐t ✉s❡s ❛❧s♦ t❤❡
❞❛t❛ str✉❝t✉r❡ ♦❢ ❋■❋❖◗✉❡✉❡s✳ ❚❤❡ ❝❧❛ss ❙✐♠✉❧❛t✐♦♥ r❡❧✐❡s ♦♥ t❤❡
❝❧❛ss Pr✐♦r✐t②◗✉❡✉❡s✳ ❚❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ s❤♦✇♥ ♦♥ t❤❡ ❞✐❛❣r❛♠
❜② t❤✐❝❦ ❛rr♦✇s✳ ✭❆s ♥♦ ♦♥❡ ❝❧❛ss ♠❛② ✐♥❤❡r✐t t✇♦ ❝❧❛ss❡s✱ ✇❡
❞❡❝✐❞❡❞ t♦ ♠❛❦❡ t❤❡ ❝❧❛ss ❋■❋❖◗✉❡✉❡s t❤❡ ❜❛s❡ ❝❧❛ss ♦❢ t❤❡ ❝❧❛ss
Pr✐♦r✐t②◗✉❡✉❡s✳✮ ❚❤❡ ❞✐❛❣r❛♠ s❤♦✇s ❛❧s♦ t❤❡ ✐♥❤❡r✐t❛♥❝❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ ✐♥♥❡r ❝❧❛ss❡s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ✐♥tr♦❞✉❝❡ ♠♦r❡ s✉❜✲
t❧❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝❧❛ss❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛♥② ♦❜❥❡❝t ♦❢ ❝❧❛ss
❈✉st♦♠❡r ✐s q✉❡✉❡❛❜❧❡ s✐♥❝❡ t❤❡ ❝❧❛ss ❈✉st♦♠❡r ✐♥❤❡r✐ts ❢r♦♠ t❤❡
❝❧❛ss ❙✐♠♣r♦❝❡ss ✇❤✐❝❤ ✐♥ t✉r♥ ✐♥❤❡r✐ts ❢r♦♠ t❤❡ ❝❧❛ss ❊❧❡♠❋■❋❖✳
❆♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ❈✉st♦♠❡r ♠❛② ❜❡ ❛❝t✐✈❛t❡❞ ❛♥❞ ♠❛❞❡ ♣❛ss✐✈❡
s❡✈❡r❛❧ t✐♠❡s s✐♥❝❡ t❤❡ ❝❧❛ss ❙✐♠Pr♦❝❡ss ✐s ❛ ❝♦r♦✉t✐♥❡✳ ❚❤❡ ✈❛❧✉❡
♦❢ ✉♥✐q✉❡ ✈❛r✐❛❜❧❡ ❊①♣❡r✐♠P❧❛♥ ✐s ❛ s❡t ♦❢ ❊✈❡♥t◆♦t✐❝❡s✳ ❉✉r✐♥❣ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥ ❡①♣❡r✐♠❡♥t t❤❡ ✈❛r✐❛❜❧❡ ❊①♣❡r✐♠P❧❛♥

❤❛s ✈❛r✐♦✉s s❡ts ♦❢ ❊✈❡♥t◆♦t✐❝❡s ❛s ✐ts ✈❛❧✉❡✳ ❆♥ ♦❜❥❡❝t ♦❢ t❤❡
❝❧❛ss ❊✈❡♥t◆♦t✐❝❡ ✐s ❛ ♣❛✐r✿ 〈s.t〉✱ ✇❤❡r❡ s ✐s ❛ ❙✐♠Pr♦❝❡ss ♦❜❥❡❝t
❛♥❞ t ✐s ❛ t✐♠❡✳ ❖❜❥❡❝ts ♦❢ ❝❧❛ss ❊✈❡♥t◆♦t✐❝❡ ❛r❡ ✐♥s❡rt❡❞ ❛♥❞✴♦r
❞❡❧❡t❡❞ ❢r♦♠ t❤❡ s❡t ❊①♣❡r✐♠P❧❛♥✳ ❊✈❡♥t◆♦t✐❝❡s ❛r❡ ♦r❞❡r❡❞ ❜② ❛
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r❡❧❛t✐♦♥ less✳ ❚❤❡ ❝❧❛ss ❙✐♠✉❧❛t✐♦♥ ✐s t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❛❝✲
t✐✈❡ ♦❜❥❡❝t ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✱ ✐♥ ♦✉r ❝❛s❡ ✐t ✇✐❧❧ ❜❡ ❡✐t❤❡r ❛
❝✉st♦♠❡r ♦r ❛ t❡❧❧❡r ♦❜❥❡❝t✱ ✇✐❧❧ ❜❡ ❛❝t✐✈❡ ✐✛ ✐ts ❛❝t✐✈❛t✐♦♥ t✐♠❡
✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛❧❧ t✐♠❡s ♦❢ ❊✈❡♥t◆♦t✐❝❡s ✐♥ ❊①♣❡r✐♠P❧❛♥ s❡t✳
❊♥❝❛♣s✉❧❛t✐♥❣ t✇♦ ✐♥♥❡r ❝❧❛ss❡s ❙✐♠Pr♦❝❡ss ❛♥❞ ❊✈❡♥t◆♦t✐❝❡ ❛♥❞
t❤❡ ✈❛r✐❛❜❧❡ ❊①♣❡r✐♠P❧❛♥ ♦❢ t②♣❡ P◗ ♠❛❦❡s t❤❡ ♣r♦❝❡ss ♦❢ ❝♦❞✐♥❣
♦❢ t❤❡ ❝❧❛ss ❙✐♠✉❧❛t✐♦♥ s✐♠♣❧❡r✳

Queues

Element of queue

Queue

Types

Methods

put

first

tail

empty

Priority Queues

Element of set

Set

Types

Methods

insert

delete

min

isEmpty

Simulation

SimProces

EventNotice

TimeAxis

Types

Methods

schedule

hold

run

cancel

currentProcess

currentTime

Office

Service

Customer

Queue of Customers

Types

Methods

customerArrives

Bank

Bank Customer

Teller

Cashier

Types

Methods

pays

Bank Simulation
Uses

   notions & methods

   defined in BANK

   module and above

Structure of class Simulation An example of application

inheritance

❘②s✉♥❡❦ ✶✳ ▼♦❞✉➟② ♣r♦❣r❛♠✉ s②♠✉❧✉❥→✲
❝❡❣♦ ❜❛♥❦

❚❤❡ t❡r♠ ❤✐❣❤ ✐♥t❡❣r✐t② s♦❢t✇❛r❡ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❇❛r✵✸❪✳
❋♦r ✉s t❤❡ ❤✐❣❤ ✐♥t❡❣r✐t② ♣r♦❣r❛♠♠✐♥❣ ♠❡❛♥s t❤❡ ❛❝t✐✈✐t② ✇❤✐❝❤
✐♥✈♦❧✈❡s s♣❡❝✐✜❝❛t✐♦♥ ♦❢ s♦❢t✇❛r❡ ♠♦❞✉❧❡s✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t❤❡
♠♦❞✉❧❡s ✭✐✳❡✳ ❝❧❛ss❡s ❛♥❞ ♠❡t❤♦❞s✮ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦✲
❞✉❧❡s ❛❣❛✐♥st t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡ str✉❝t✉r❡
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶ t♦ ✐❧❧✉str❛t❡ ✇❤❛t ❤❛s t♦ ❜❡ ❞♦♥❡✳
❋♦r ❡❛❝❤ ❡①t❡r♥❛❧ ❝❧❛ss ❈ t❤r❡❡ ❞♦❝✉♠❡♥ts s❤♦✉❧❞ ❜❡ ♣r♦❞✉❝❡❞✿

• ❆ s♣❡❝✐✜❝❛t✐♦♥ ❙ ♦❢ t❤❡ ❝❧❛ss ❈✳ ❙♣❡❝✐✜❝❛t✐♦♥ ✐s ❛ s❡t ♦❢
❢♦r♠✉❧❛s ✇❤✐❝❤ ❡①♣r❡ss t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♠❡t❤♦❞s ❛♥❞
✐♥✈❛r✐❛♥ts ♦❢ ♦❜❥❡❝ts ♦❢ t❤❡ ❝❧❛ss✳ ❊❛❝❤ s♣❡❝✐✜❝❛t✐♦♥
s❤♦✉❧❞ ❡♥❥♦② t✇♦ ♣r♦♣❡rt✐❡s✿

✕ ❈♦♥s✐st❡♥❝②
❚❤❡r❡ ✐s ♥♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛♥ ✐♥❝♦♥s✐st❡♥t
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s♣❡❝✐✜❝❛t✐♦♥✳ ❆♥ ✐♥❝♦♥s✐st❡♥t s♣❡❝✐✜❝❛t✐♦♥ ❤❛s
♥♦ s❡♥s❡✳

✕ ❈♦♠♣❧❡t❡♥❡ss
❆♥ ✐♥❝♦♠♣❧❡t❡ s♣❡❝✐✜❝❛t✐♦♥ ❛❧❧♦✇s ✈❛r✐♦✉s ♠♦✲
❞❡❧s✳ ◆♦t ❛❧❧ ♦❢ t❤❡♠ ❛r❡ ❞❡s✐r❡❞✳ ❆ ❝♦♠♣❧❡t❡
s♣❡❝✐✜❝❛t✐♦♥ ❜r✐♥❣s ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♣r♦✲
♣❡rt✐❡s ♦❢ ♦❜❥❡❝ts ♦❢ ❝❧❛ss t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥
❛ ❞❡s✐r❡❞ ❛♥❞ ❛♥ ✐♠♣r♦♣❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛♥❞
t❤❡r❡❢♦r❡ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ❝r✐t❡r✐♦♥ ♦❢ ❛❝❝❡♣t❛♥❝❡
♦❢ ❛ ❝❧❛ss✳ ■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦❞✉❝❡ t❤❡ ♣r♦♦❢s
♦r ✈❡r✐✜❝❛t✐♦♥ r❡♣♦rts✳

• ❚❤❡ ✜❧❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❝❧❛ss ❈ ✐ts❡❧❢✳ ❯s✉❛❧❧② t❤✐s ✜❧❡
❝♦♥t❛✐♥s ❛❧❧ t❤❡ ♠❡t❤♦❞s ❛♥❞ ✐♥♥❡r ❝❧❛ss❡s ♦❢ t❤❡ ❝❧❛ss
❈✳

• ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ r❡♣♦rt✳ ❚❤✐s ✜❧❡ s❤♦✉❧❞ ❝♦♥t❛✐♥ ❛r✲
❣✉♠❡♥ts t❤❛t s♦♦t❤❡ ♦✉r ❝♦♥s❝✐❡♥❝❡ ❛♥❞ ❝♦♥✈✐♥❝❡ t❤❡
✉s❡r ♦❢ ♦✉r ❝❧❛ss✳ ❚❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ ♠❛② ❜❡ ♠♦r❡
❢♦r♠❛❧ ✲ ❤❛✈✐♥❣ ❢♦r♠ ♦❢ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ♦r ♠❛②
r❡❝❛❧❧ ❛ ❞✐❛❧♦❣✉❡✳ ❘❛r❡❧② ❛ ❢♦r♠❛❧ ♣r♦♦❢ ✐s ♥❡❡❞❡❞✳
❚❤❡ ✈❡r✐✜❝❛t✐♦♥ r❡♣♦rt s❤♦✉❧❞ ❜❡ r❛t❤❡r ❛♥ ❡✈✐❞❡♥❝❡
♦❢ ❛♥❛❧②s✐s ❛♥❞ ✐t s❤♦✉❧❞ s❡r✈❡ t♦ ❝♦♥✈✐♥❝❡ ✐ts r❡❛❞❡r
t❤❛t t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤❡ r❡♣♦rt ❛r❡ s♦✉♥❞✳ ❆ ✈❡r✐✜✲
❝❛t✐♦♥ r❡♣♦rt ✐s ♦❢ ❣♦♦❞ q✉❛❧✐t② ✐❢ ✐t ✐s ❛♥ ✐♥t❡rs✉❜❥❡❝✲
t✐✈❡ ❡①♣❡r✐❡♥❝❡✳ ❙✉r❡❧②✱ ❛ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ ❛ ❝♦rr❡❝t♥❡s
❤❛s t❤✐s q✉❛❧✐t②✱ ❜✉t ❢r❡q✉❡♥t❧② ✐t ✐s ♥♦t r❡❛❞❛❜❧❡ ❜②
❛ ❤✉♠❛♥ ❜❡✐♥❣✳ ❆ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❡①tr❡♠✐t✐❡s ✐s
♥❡❡❞❡❞✳

■♥ ❡❛r❧✐❡r ♣❛♣❡rs ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ t❤❡ ✇♦r❦ ♦♥ s♣❡❝✐✜❝❛t✐♦♥s
♦❢ ❝❧❛ss❡s ❬▼❙❙✵✽❪✳ ❙♣❡❝✐✜❝❛t✐♦♥s ❛r❡ s✉❜❥❡❝ts ♦❢ st✉❞✐❡s ❛♥❞
❛♥❛❧②s❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♦♥❡ s❤♦✉❧❞ ✈✐s✉❛❧✐③❡ ❛ ♣r♦❝❡ss ♦❢
❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ❛♠❡❧✐♦r❛t✐♦♥ ♦❢ ❛ s♣❡❝✐✜❝❛t✐♦♥✳

❚❤✐s ♣❛♣❡r ✐❧❧✉str❛t❡s t❤❡ ♣r♦❝❡ss ♦❢ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❛ ❝❧❛ss
C ❛❣❛✐♥st ❛ s♣❡❝✐✜❝❛t✐♦♥ S✳ ■♥ t❤❡ ♠♦st ❝❛s❡s ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ ❛ ❝❧❛ss ♣r❡❝❡❞❡s t❤❡ ♣r♦❝❡ss ♦❢ ✈❡r✐✜❝❛t✐♦♥✳ ❙♦♠❡t✐♠❡s✱ t❤❡
✈❡r✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤ t❤❡ ♣r♦❞✉❝t✐♦♥
♦❢ t❤❡ ♥❡❡❞❡❞ ❝❧❛ss✳ ■♥ ❛♥♦t❤❡r ♣❛♣❡r ✇❡ s❤❛❧❧ ❡①❡♠♣❧✐❢② t❤❡
✭r❛r❡✮ ❝❛s❡ ✇❤❡♥ ❛ ❝❧❛ss✱ t❤❡ ❙✐♠✉❧❛t✐♦♥ ❝❧❛ss✱ ✐s s②st❡♠❛t✐❝❛❧❧②
❡❧❛❜♦r❛t❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ ✐ts ❝♦rr❡❝t♥❡ss✳ ❋♦r t❤✐s
✇❡ ♥❡❡❞ ♦♥❧② t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❜❛s❡ ❝❧❛ss P◗❙ ❛♥❞ t❤❡
t❛r❣❡t ❝❧❛ss ❙✐♠✉❧❛t✐♦♥✳

❲❡ ♣r♦♣♦s❡ t♦ ♠❛❦❡ ❛♥ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ r❡❛❞❡r ✇✐❧❧ ❧♦♦❦
❛t t❤❡ ❛♣♣❡♥❞✐① ❛♥❞ tr② t♦ ❣✐✈❡ ❛r❣✉♠❡♥ts t❤❛t t❤❡ ❝❧❛ss PQS
❝♦rr❡❝t❧② ✐♠♣❧❡♠❡♥ts ❛ ♣r✐♦r✐t② q✉❡✉❡s s②st❡♠✳ ❚❤♦s❡ ✇❤♦ ❢♦r✲
❣♦t ✇❤❛t ❛ ♣r✐♦r✐t② q✉❡✉❡ ✐s✱ ♠❛② ✜♥❞ ✐ts ❛①✐♦♠❛t✐❝ ❞❡✜♥✐t✐♦♥
✐♥ ❚❛❜❧❡ ✶ ❜❡❧♦✇✳ ❲❡ ❛s❦ t❤❡ r❡❛❞❡r ❤♦✇ ♠✉❝❤ ♦❢ t✐♠❡ ❤❡✴s❤❡
♥❡❡❞s t♦ ❝♦♥✈✐♥❝❡ s♦♠❡♦♥❡ t❤❛t t❤❡ ❝❧❛ss PQS ✐♠♣❧❡♠❡♥ts t❤❡
❛❜str❛❝t ❞❛t❛ t②♣❡ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s✳
❲❡ ❞✐❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿
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✭✶✮ ❊①♣❡r✐♠❡♥ts ✲ ✇❡ ❡①❡❝✉t❡❞ ♠❡t❤♦❞s ♦❢ t❤❡ ❝❧❛ss ❜②
❤❛♥❞ ❛♥❞ ❤❛✈❡ ❞r❛✇♥ s♦♠❡ ♣✐❝t✉r❡s✳

✭✷✮ ❖❜s❡r✈❛t✐♦♥s ✲ ✇❡ ❛♥❛❧②③❡❞ t❤❡ ♣✐❝t✉r❡s ❛♥❞ s❡❛r❝❤❡❞
❢♦r s♦♠❡ r❡❣✉❧❛r✐t✐❡s✳

✭✸✮ ❈♦♥❝❧✉s✐♦♥s ✲ ✇❡ ❢♦r♠✉❧❛t❡❞ s❡✈❡r❛❧ ❤②♣♦t❤❡s❡s ✭❧❡♠✲
♠❛s✮ ❛♥❞ ♣r♦♣♦s✐t✐♦♥s✳

✭✹✮ Pr♦✈✐♥❣ ✲ ✇❡ ♣r♦✈❡❞ t❤❡ ❧❡♠♠❛s✳
✭✺✮ ❋✐♥❛❧❧② ✲ ♣✉tt✐♥❣ t♦❣❡t❤❡r t❤❡ ❢❛❝ts✱ ✇❡ ♣r♦✈❡❞ t❤❡

❝♦rr❡❝t♥❡ss t❤❡♦r❡♠✳

✸✳✸✳ Pr✐♦r✐t② ◗✉❡✉❡s ❙♣❡❝✐✜❝❛t✐♦♥✳ ❇❡❢♦r❡ ✐♠♣❧❡♠❡♥t✐♥❣ ❛
❞❛t❛ str✉❝t✉r❡ ♦♥❡ s❤♦✉❧❞ ✇r✐t❡ ❞♦✇♥ ✐ts s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡
✜rst ♣❛rt ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✕ t❤❡ s✐❣♥❛t✉r❡ ✕ ❡♥❧✐sts t❤❡ s♦rts✱
t❤❡ ♦♣❡r❛t✐♦♥s ❛♥❞ t❤❡ r❡❧❛t✐♦♥s✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ❡♥❧✐sts t❤❡
♣r♦♣❡rt✐❡s✱ ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❛①✐♦♠s✱ ❚❛❜❧❡ ✶ ❝♦♥t❛✐♥s t❤❡ s♣❡✲
❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❜str❛❝t ❞❛t❛ t②♣❡ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s ❬▼❙✽✼✱
♣✳✶✺✹❪✳ ❘❡♠❛r❦ t❤❛t ❜❡s✐❞❡s t❤❡ ❢♦r♠✉❧❛s ♦❢ ✜rst✲♦r❞❡r ❧♦❣✐❝
✇❡ ✉s❡ ❛❧❣♦r✐t❤♠✐❝ ❢♦r♠✉❧❛s ❬▼❙✽✼❪✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛❧❣♦r✐t❤✲
♠✐❝ ❢♦r♠✉❧❛ ✐s t❤❡ ❛①✐♦♠ ✭❛✷✮✳ ■ts str✉❝t✉r❡ ✐s ❛s ❢♦❧❧♦✇✿

〈program P 〉〈formula α〉.

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ✇❤♦❧❡ ❢♦r♠✉❧❛ ✐s →❢t❡r ❡①❡❝✉t✐♦♥ ♦❢ ♣r♦❣r❛♠
P t❤❡ ❢♦r♠✉❧❛ α ✐s ✈❛❧✐❞✧✳ ■♥ ♦✉r ❡①❛♠♣❧❡ t❤❡ ❢♦r♠✉❧❛ ✭❛✷✮ t❛❦❡s
✈❛❧✉❡ tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣r♦❣r❛♠ ❤❛❧ts✳ ❍❡♥❝❡✱ ✐♥❝❧✉❞✐♥❣
s✉❝❤ ❢♦r♠✉❧❛ ❛♠♦♥❣ t❤❡ ❛①✐♦♠s ♦❢ ♦✉r s♣❡❝✐✜❝❛t✐♦♥✱ ♠❡❛♥s ✧t❤❡
♣r♦❣r❛♠ P ❛❧✇❛②s t❡r♠✐♥❛t❡s✧✳ ❚❤❡ s❡♠❛♥t✐❝ ♠❡❛♥✐♥❣ ♦❢ t❤❡
❛①✐♦♠ ✭❛✷✮ ✐s t❤❡ s❡t q ✐s ✜♥✐t❡✳ ❚❤❡ ❛①✐♦♠ ✭❛✽✮ ✐s ✐♥ ❢❛❝t ❛♥
❡①♣❧✐❝✐t✱ ❛❧❣♦r✐t❤♠✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥ member✳

❆❧❣♦r✐t❤♠✐❝ ❢♦r♠✉❧❛s ❛❧❧♦✇ t♦ ❡①♣r❡ss t❤❡ s❡♠❛♥t✐❝ ♣r♦♣❡r✲
t✐❡s ♦❢ ♣r♦❣r❛♠s s✉❝❤ ❛s t❡r♠✐♥❛t✐♦♥✱ ❝♦rr❡❝t♥❡ss✱ ❡t❝✳ ❆❧♠♦st
✹✵ ②❡❛rs ❛❣♦ ✇❡ ♣r♦✈❡❞ t❤❛t t❤❡ ❝❛❧❝✉❧✉s ✐s s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡
❬▼❙✽✼❪✳ ■t ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ s❤♦✇✐♥❣ t❤❛t
s♦♠❡ s❡♠❛♥t✐❝ ♣r♦♣❡rt② ♦❢ ❛ ♣r♦❣r❛♠ ✐s ✈❛❧✐❞ ♦r ♣r♦✈✐♥❣ t❤❡
❢♦r♠✉❧❛ t❤❛t ❡①♣r❡ss❡s t❤❡ ♣r♦♣❡rt②✳ ❲❡ ❣❛✈❡ s❡✈❡r❛❧ ❡①❛♠♣❧❡s
♦❢ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛❜str❛❝t ❞❛t❛ t②♣❡s ❛s ❛❧❣♦r✐t❤♠✐❝ t❤❡♦r✐❡s✳
ATPQ ✐s ♦♥❡ ♦❢ s✉❝❤ ❡①❛♠♣❧❡s✳
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❚❛❜❧❡ ✶✳ ❙♣❡❝✐✜❝❛t✐♦♥ ATPQ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s✳
Signature ❈♦♠♠❡♥ts
❙♦rts Universe = E ∪ PQ
E s❡t ♦❢ ❡❧❡♠❡♥ts
PQ s❡t ♦❢ ♣r✐♦r✐t② q✉❡✉❡s

❖♣❡r❛t✐♦♥s ❧❡t e ∈ E ❛♥❞ q ∈ PQ
insert : E × PQ −→ PQ ♣✉t e ✐♥t♦ q
delete : E × PQ −→ PQ ❞❡❧❡t❡ e ❢r♦♠ q
min : PQ −→ E ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ ❡❧❡♠❡♥t
empty : PQ −→ {true, false} ✐s ❛ ♣r✐♦r✐t② q✉❡✉❡ q

❡♠♣t②❄
member : E × PQ −→ {true, false} ❞♦❡s e ∈ q❄
≤: E × E −→ {true, false} t❤❡ ♦r❞❡r✐♥❣ r❡❧❛t✐♦♥

Axioms

✭❛✶✮ The set E ofelements is linearly ordered by the relation ≤ .
✭❛✷✮ [✇❤✐❧❡ not empty(q) ❞♦ q := delete(min(q), q) ❞♦♥❡] true

❚❤✐s ❛①✐♦♠ s❛②s ❢♦r ❛❧❧ q ♣r♦❣r❛♠ ❤❛❧ts✱ ✐✳❡✳ t❤❡ ♣r✐♦r✐t② q✉❡✉❡ q ✐s ✜♥✐t❡
✭❛✸✮ [q1 := insert(e, q)]{member(e, q1) ∧ (∀e1 6=e member(e1, q1)⇔ member(e1, q))}
✭❛✹✮ [q1 := delete(e, q)]{¬member(e, q1) ∧ (∀e1 6=e member(e1, q1)⇔ member(e1, q))}
✭❛✺✮ empty(q)⇒ (∀e∈E ¬member(e, q))
✭❛✻✮ ¬empty(q)⇒ (∀e∈E member(e, q)⇒ min(q) ≤ e))

❚❤❡ ♦♣❡r❛t✐♦♥ min ✜♥❞s t❤❡ ❧❡❛st ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t q✳
✭❛✼✮ [e := min(q)]true⇔ ¬empty(q)

❆①✐♦♠ ✭❛✼✮ s❛②s t❤❡ r❡s✉❧t ♦❢ ❡①♣r❡ss✐♦♥ min(q) ✐s ❞❡✜♥❡❞ ✐✛ ¬empty(q)
✭❛✽✮ member(e, q)⇔ ❜❡❣✐♥

s✶ ✿❂ q❀ r❡s✉❧t ✿❂ ❢❛❧s❡❀
✇❤✐❧❡ ♥♦t ❡♠♣t②✭s✶✮ ❛♥❞ ♥♦t r❡s✉❧t ❞♦
✐❢ ❡ ❂♠✐♥✭s✶✮ t❤❡♥ r❡s✉❧t✿❂tr✉❡ ✜❀
s✶ ✿❂ ❞❡❧❡t❡✭♠✐♥✭s✶✮✱s✶✮

❞♦♥❡
❡♥❞ r❡s✉❧t

ATPQ ✐s ❛♥ ❛❝r♦♥②♠ ♦❢ ❆❧❣♦r✐t❤♠✐❝ ❚❤❡♦r② ♦❢ Pr✐♦r✐t② ◗✉❡✉❡s✳
❚❤❡ t❤❡♦r❡♠s ♦❢ t❤❡ t❤❡♦r② ❛r❡ t❤❡ ❢♦r♠✉❧❛s ♣r♦✈❛❜❧❡ ❜② t❤❡
❝❛❧❝✉❧✉s ♦❢ ❛❧❣♦r✐t❤♠✐❝ ❧♦❣✐❝ ❬▼❙✽✼❪ ❢r♦♠ t❤❡ ❛①✐♦♠s ♦❢ ATPQ✳

❯✇❛❣❛ ✷✷✳✻✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ❢r❡q✉❡♥t ❝❤♦✐❝❡ ✇❤❡♥ s♣❡✲
❛❦✐♥❣ ♦♥ t❤❡ ❛❜str❛❝t ❞❛t❛ t②♣❡ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s✱ ✐s t❤❡ ♦♣❡✲
r❛t✐♦♥ ❞❡❧❡t❡♠✐♥✱ ✐♥st❡❛❞ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ❞❡❧❡t❡✳ ❖✉r ❝❤♦✐❝❡
✇❛s ❞✐✛❡r❡♥t ❛♥❞ ❞❡❧✐❜❡r❛t❡✳ ❲✐t❤ t❤❡ ♣r❡s❡♥t s❡t ♦❢ ♦♣❡r❛✲
t✐♦♥s ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✇❤✐❝❤ ❡♥❥♦②s
t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ❛❧♠♦st ❝♦♠♣❧❡t❡✳

■t ✇❛s s❤♦✇♥ ✐♥ ❬▼❙✽✼❪ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠✐❝ t❤❡♦r② ♦❢ ♣r✐♦✲
r✐t② q✉❡✉❡s ❤❛s ❛ ♠❡t❛❧♦❣✐❝❛❧ ♣r♦♣❡rt② ❦♥♦✇♥ ❛s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥
♠❡t❛✲t❤❡♦r❡♠✿ ❊✈❡r② ♠♦❞❡❧ ♦❢ ATPQ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ st❛♥✲
❞❛r❞ ♠♦❞❡❧ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s✳ ✷

✷❆❧❣♦r✐t❤♠✐❝ t❤❡♦r✐❡s ✭❡✳❣✳ ❬❙❛❧✽✵❪✱ ❬▼❙✽✼❪✮ ✇❡r❡ st✉❞✐❡❞
s✐♥❝❡ ✼✵✬s ♦❢ ❳❳ ❝❡♥t✉r②✳

✸✺✺



▲❡t ✉s ❛❞❞ ❛ ❢❡✇ ✇♦r❞s ♦♥ t❤❡ ATPQ s♣❡❝✐✜❝❛t✐♦♥✳ ❆♥ ✐♠♣♦r✲
t❛♥t ❢❛❝t st❛t❡s t❤❛t ❛♥② ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠s ♦❢ ATPQ
✇❤❡r❡ ❛ ❝♦♥❝r❡t❡ s❡t E ✇❛s ❣✐✈❡♥✱ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ str✉❝t✉r❡
♦❢ ✜♥✐t❡ s✉❜s❡ts ♦❢ t❤❡ s❡t E ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥s

insert(e, s) = ✐♥❝r❡❛s❡ t❤❡ s❡t s ❜② ❛❞❞✐♥❣ ❡❧❡♠❡♥t e t♦ ✐t✱

❛♥❞

delete(e, s) = s✉♣♣r✐♠❡ t❤❡ ❡❧❡♠❡♥t e ❢r♦♠ t❤❡ s❡t s.

❚❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ t❤❡♦r❡♠ ❛r❡ ♦❢ ❣❡♥❡r❛❧ ♠❡t❤♦❞♦❧♦❣✐❝❛❧
♥❛t✉r❡✿

• t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ATPQ ✐s ❝♦♠♣❧❡t❡✳ ■❢ ❛ ♥❡✇ ❢♦r♠✉❧❛
✐s ❛❞❞❡❞ t❤❡♥ ❡✐t❤❡r ✐t ✐s ❛ ❧♦❣✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
❛①✐♦♠s ♦r ✐t ❧❡❛❞s t♦ ❝♦♥tr❛❞✐❝t✐♦♥✱ ♦r ✐t ❡①♣r❡ss❡s t❤❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦♥❧②✳

• t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ❛s t❤❡ ❝r✐t❡r✐♦♥ ♦❢ ❝♦r✲
r❡❝t♥❡ss ♦❢ ❛ ♣r♦♣♦s❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱

• t❤❡ ♣r♦♦❢s ♦❢ ♣r♦♣❡rt✐❡s ♦❢ ♣r♦❣r❛♠s t❤❛t ✉s❡ t❤✐s ❞❛t❛
str✉❝t✉r❡ ♠❛② ❜❡ ❜❛s❡❞ ♦♥ ❛①✐♦♠s ♦❢ ♣r✐♦r✐t② q✉❡✉❡s
❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ◆♦ ♦t❤❡r ♣r♦♣❡rt✐❡s ♦❢ ♣r✐♦r✐t② q✉✲
❡✉❡s ❛r❡ ❡✈❡r ♥❡❡❞❡❞✳

✸✳✹✳ ❊①♣❡r✐♠❡♥ts✳ ❖✉r ✇♦r❦ ♦♥ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss PQS
❜❡❣❛♥ ❜② ❡①♣❡r✐♠❡♥t✐♥❣✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ❝♦♥s✐st❡❞ ✐♥ ❡①❡❝✉✲
t✐♥❣ ✭❜② ❤❛♥❞✮ ♦♣❡r❛t✐♦♥s ✐♥s❡rt ❛♥❞ ❞❡❧❡t❡✱ ❞r❛✇✐♥❣ ♣✐❝t✉r❡s✱
❛♥❞ ♦❜s❡r✈✐♥❣ t❤❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♥st❡❧❧❛t✐♦♥ ♦❢ ♦❜❥❡❝ts ♦❢
t②♣❡ ♥♦❞❡✳ ❋✐❣✉r❡ ✷ s❤♦✇s ❛ ❢❡✇ s♥❛♣s❤♦ts ♦❢ ♦✉r ❡①♣❡r✐♠❡♥t❛✲
t✐♦♥✳ ■♥ ❢❛❝t✱ ✇❡ ❞✐❞ t✇✐❝❡ ❛s ♠✉❝❤ ❞r❛✇✐♥❣s✳ ❚❤❡ r❡❛❞❡r ♠❛②
✇✐s❤ t♦ ❝♦♥t✐♥✉❡ ♦✉r ❡①♣❡r✐♠❡♥ts ♦♥ ❤✐s ♦✇♥✱ ❡✳❣✳ ❜② ✐♥s❡rt✐♥❣
t❤❡ ❡❧❡♠❡♥t e6 ♦r ❞❡❧❡t✐♥❣ t❤❡ ❡❧❡♠❡♥t e2 ❛❢t❡r ✐♥s❡rt✐♦♥ ♦❢ t❤❡
❡❧❡♠❡♥t e5 ✇❛s ❞♦♥❡✳ ■t ✐s ✇♦rt✇❤✐❧❡ t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ s♥❛♣✲
s❤♦t ❛❢t❡r ❡①❡❝✉t✐♦♥ ♦❢ delete(e2) ✇✐❧❧ s❤♦✇ t❤❡ ♣✐❝t✉r❡ ✇❤✐❝❤ ✐s
❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s ❛❢t❡r ✐♥s❡rt✐♦♥ e1, e2, e3, e4 ✇✐t❤ ❢♦❧❧♦✇✐♥❣
❞✐✛❡r❡♥❝❡✿ ■♥st❡❛❞ ♦❢ e2 ✇❡ ✜♥❞ e5✱ ❛♥❞ t❤❡ ♣❛✐r ♦❢ ♦❜❥❡❝ts 〈 e2✱
✐ts ❝♦♠♣❛♥✐♦♥ ♥♦❞❡ ♦❜❥❡❝t 〉 ✐s ❛♥ ✐s♦❧❛t❡❞ ✭♥♦t ❝♦♥♥❡❝t❡❞✮ ♣❛rt
♦❢ t❤❡ ❣r❛❢✳ ❉✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts ✇❡ ♥❡❣❧❡❝t❡❞ t❤❡ ♦r❞❡r✐♥❣
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts✳

❖✉r ✜rst ✐♠♣r❡ss✐♦♥✱ ✇❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ ❞r❛✇✐♥❣s ♦❢ ❋✐❣✉r❡
✷✱ ✐s ❛ ❝♦♠♣❧❡t❡ ❝❤❛♦s✳ ❙❧♦✇❧② ✇❡ ❝♦♠♠❡♥❝❡ t♦ ❞✐st✐♥❣✉✐s❤
s♦♠❡ ♣❛rts ❛♥❞ ✇❡ ❜❡❣✐♥ t♦ ♣❡r❝❡✐✈❡ s♦♠❡ r❡❣✉❧❛r✐t✐❡s✳ ❋✐rst✱
✇❡ r❡♠❛r❦ t❤❛t ✐♥ ❡❛❝❤ ♦❢ ✻ ♣✐❝t✉r❡s t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ♦❜❥❡❝t
♦❢ t②♣❡ PQ ✇❤✐❝❤ ❤❛s t✇♦ ✜❡❧❞s✿ root, last✳ ◆❡①t✱ ✇❡ r❡♠❛r❦ t❤❛t
♦❜❥❡❝ts ♦❢ t②♣❡ Elem ❛♥❞ ♦❢ t②♣❡ Node ❝♦♠❡ ✐♥ ♣❛✐rs✱ ❡❛❝❤ ♣❛✐r ✐s
❝♦♥♥❡❝t❡❞ ❜② .el ❛♥❞ .lab ❛rr♦✇s✳ ❖✉r ♥❡①t ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t
t❤❡ ❛rr♦✇s .up ❢♦r♠ ❧✐sts ♦❢ ♦❜❥❡❝ts ♦❢ t②♣❡ Node ✭♥♦ ❝②❝❧❡s✮✳ ❚❤❡
♠❡❛♥✐♥❣ ♦❢ ❛rr♦✇s .left ❛♥❞ .right ✐s ❧❡ss ❡✈✐❞❡♥t t❤❛t ✐t ♠❛② ❜❡
s✉❣❣❡st❡❞ ❜② t❤❡✐r ♥❛♠❡s✳ ❖♥ t❤❡ ❞✐❛❣r❛♠ s♦♠❡ ♦❢ t❤❡♠ ❛r❡
s♦❧✐❞ ❛♥❞ s♦♠❡ ♦❢ t❤❡♠ ❛r❡ ❞♦tt❡❞✳ ❚❤✐s ❝♦♠❡s ❛s t❤❡ r❡s✉❧t
♦❢ ❛♥❛❧②s✐s✱ t❤❡ ❛rr♦✇s .left ❛♥❞ .right ♣❛② t✇♦ r♦❧❡s✳ ❲❡ s❡❡
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t❤❛t t❤❡ s♦❧✐❞ ❛rr♦✇s .left ❛♥❞ .right ❣♦ ❛❣❛✐♥st t♦ t❤❡ ❛rr♦✇s .up✳
❲❤✐❧❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t t❤❡r❡ ✐s ♥♦ ❝②❝❧❡ ✐♥ ♣❛t❤s ❝♦♠♣♦s❡❞
♦❢ .up ❛rr♦✇s ♠❛② ❧❡❛❞ t♦ t❤❡ st❛t❡♠❡♥t t❤❛t ♦♥ ❡❛❝❤ ❞✐❛❣r❛♠
✇❡ ❤❛✈❡ ❛ tr❡❡ ♦❢ ♥♦❞❡ ♦❜❥❡❝ts✱ t❤❡ ♣r❡s❡♥t ♦❜s❡r✈❛t✐♦♥ st❛t❡s
t❤❛t t❤❡ tr❡❡ ✐s ❛ ❜✐♥❛r② ♦♥❡✳
❖✉r ♦❜s❡r✈❛t✐♦♥s ♥❡❡❞ t♦ ❜❡ ♣r♦♣❡r❧② ❢♦r♠✉❧❛t❡❞ ❛♥❞ ♣r♦✈❡❞✳
❚❤✐s ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❇❡❢♦r❡ t❤❛t✱ ♦♥❡ ♠❛②
❡①❡❝✉t❡ ❢✉rt❤❡r ❡①♣❡r✐♠❡♥ts✱ ❡✳❣✳ ❜② ❡①❡❝✉t✐♥❣ t❤❡ ❝♦♠♠❛♥❞
delete(e2)✳

✸✳✺✳ ❖❜s❡r✈❛t✐♦♥s ❛♥❞ ▲❡♠♠❛s✳ ❲❡ s❤❛❧❧ st✉❞② t❤❡ ❝❧❛ss PQS✱
s❡❡ t❤❡ ❆♣♣❡♥❞✐①✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❛ ✉s❛❣❡ ♦❢ P◗❙ ❝♦♥s✐sts
✐♥ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❝r❡❛t✐♦♥ ♦❢ newElem() ♦❜❥❡❝ts ❛♥❞ ❝❛❧❧s✿ ❝❛❧❧

q✳✐♥s❡rt✭❡✮✱ ❝❛❧❧ q✳❞❡❧❡t❡✭❡✬✮✳
❋♦❧❧♦✇✐♥❣ t❤❡ ✐♥t✉✐t✐♦♥ ❣❛✐♥❡❞ ❢r♦♠ ❋✐❣✉r❡ ✷ ✇❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡
t❤❡ ♥♦t✐♦♥ ♦❢ ♦❜s❡r✈❛❜❧❡ st❛t❡s✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡ s0 ✐s t❤❡ ❣r❛♣❤
❝♦♥s✐st✐♥❣ ♦❢ ❡①❛❝t❧② ♦♥❡ ♦❜❥❡❝t o ♦❢ t②♣❡ PQ✱ s0 = {new PQ} ❛♥❞
♥♦ ❡❞❣❡s✳

❉❡✜♥✐❝❥❛ ✷✷✳✷✳ ✭♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡ st❛t❡s✮ ❚❤❡ s❡t S ♦❢ ♦❜s❡✲
r✈❛❜❧❡ st❛t❡s ✐s t❤❡ ❧❡❛st s❡t ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ✐♥✐t✐❛❧ st❛t❡ s0
❛♥❞ ✇❤✐❝❤ ✐s ❝❧♦s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦♣❡r❛t✐♦♥s ✐♥s❡rt ❛♥❞
❞❡❧❡t❡ ❛♥❞ ❝r❡❛t✐♦♥ ♦❢ new Elem() ♦❜❥❡❝ts✳

❊❛❝❤ st❛t❡ ❝♦♥s✐sts ♦❢ ❛ s❡t ♦❢ ♦❜❥❡❝ts ❛♥❞ t❤❡ ❡❞❣❡s ❝♦♥✲
♥❡❝t✐♥❣ t❤❡♠✳ ❚❤❡ ❡①❛♠♣❧❡s ♦❢ st❛t❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡
✷✳ ❚❤❡ ❝❧❛ss P◗❙ ♠❛② ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥❛❧
str✉❝t✉r❡ P◗❙✳ ❚❤❡ ✉♥✐✈❡rs❡ U ♦❢ t❤❡ str✉❝t✉r❡ ❝♦♥s✐sts ♦❢ t❤❡
♦❜❥❡❝ts ♦❢ t❤❡ ✐♥♥❡r ❝❧❛ss❡s ♦❢ t❤❡ ❝❧❛ss P◗❙✳ ❚❤❡ ❛ttr✐❜✉t❡s ♦❢
♦❜❥❡❝ts ♦❢ U ❞❡✜♥❡ ❢✉♥❝t✐♦♥s ❜❡t✇❡❡♥ ♦❜❥❡❝ts✳ ❚❤❡ s❡t ♦❢ ♦❜✲
❥❡❝ts ♦❢ t②♣❡ ◆♦❞❡ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ◆♦❞❡✳ ❛♥❛❧♦❣♦✉s❧② ❢♦r t❤❡ s❡t
♦❢ ♦❜❥❡❝ts ♦❢ t②♣❡ Elem ❛♥❞ ♦❢ t②♣❡ PQ✿

◆♦❞❡ = {n : n ✐♥st❛♥❝❡♦❢ Node},

❊❧❡♠ = {e : e ✐♥st❛♥❝❡♦❢ Elem},

P◗ = {q : q ✐♥st❛♥❝❡♦❢ PQ}.

❉❡✜♥✐❝❥❛ ✷✷✳✸✳ ❚❤❡ ❝❧❛ss PQS ❞❡t❡r♠✐♥❡s ❛♥ ❛❧❣❡❜r❛✐❝ str✉❝✲
t✉r❡

P◗❙ = 〈U, .up, .left, .right, .el, .lab.〉,

✇❤❡r❡ U ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ✉♥✐♦♥ ◆♦❞❡∪❊❧❡♠∪P◗ ✇❤✐❝❤ s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥

(∀n∈◆♦❞❡) (∀e∈❊❧❡♠) n.el = e⇔ e.lab = n.

✸✺✼
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❘②s✉♥❡❦ ✷✳ ❲st❛✇✐❛♥✐❡ ❡❧❡♠❡♥tó✇ ❡✶ ✲ ❡✺
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❚❤❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ str✉❝t✉r❡ P◗❙ ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

.up
df
= {〈n, n′〉 : n, n′ ∈◆♦❞❡, n′ = n.up},

.left
df
= {〈n, n′〉 : n, n′ ∈◆♦❞❡, n′ = n.left},

.right
df
= {〈n, n′〉 : n, n′ ∈◆♦❞❡, n′ = n.right},

.el
df
= {〈n, e〉 : n ∈◆♦❞❡, e ∈ ❊❧❡♠, e = n.el},

.lab
df
= {〈e, n〉 : e ∈ ❊❧❡♠, n ∈◆♦❞❡, n = e.lab}.

❖✉r ✜rst ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ✐❢ ✇❡ ❛❜str❛❝t ❢r♦♠ ✭✐✳❡✳ ✇❡
❢♦r❣❡t ❛❜♦✉t✮ t❤❡ ❛rr♦✇s .left ❛♥❞ .right t❤❡♥ ❢♦r ❡❛❝❤ st❛t❡ s ✐ts
❣r❛♣❤ s❤♦✇s ❛ tr❡❡✳

❉❡✜♥✐❝❥❛ ✷✷✳✹✳ ▲❡t s ❜❡ ❛♥ ♦❜s❡r✈❛❜❧❡ st❛t❡✱ ❝♦♥s✐❞❡r t❤❡
♦❜❥❡❝ts ♦❢ t②♣❡ Node ✐♥ t❤✐s st❛t❡✳ ▲❡t Ts ❜❡ t❤❡ s❡t ♦❢ t❤❡s❡
♦❜❥❡❝t ♦❢ t②♣❡ Node t❤❛t ❛❝❝❡ss t❤❡ ♦❜❥❡❝t .root ♦❜❥❡❝t ❜② ❛ ♣❛t❤
❝♦♠♣♦s❡❞ ❢r♦♠ .up ❛rr♦✇s ♦♥❧②✳
Ts = {o ∈◆♦❞❡ ∩ s : there is a path composed from

.up arrows only, leading from object o to object .root}

▲❡♠❛t ✷✷✳✼✳ ■♥ ❛♥② ♦❜s❡r✈❛❜❧❡ st❛t❡ s t❤❡ ♣❛✐r 〈Ts, .up〉 ✐s ❛
tr❡❡✳

❉❡✜♥✐❝❥❛ ✷✷✳✺✳ ✭♦❢ ❛ s♦♥✮ ❲❡ s❛② t❤❛t ❛ ♥♦❞❡ n ✐s ❛ s♦♥ ♦❢ ❛
♥♦❞❡ f ✐♥ t❤❡ tr❡❡ Ts ✐❢ ❛♥❞ ♦♥❧② ✐❢ n.up = f. ❆ ♥♦❞❡ n ✐s s❛✐❞ t♦
❜❡ ❛ ❧❡❛❢ ♦❢ t❤❡ tr❡❡ Ts ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ♥♦ s♦♥s✳

❖✉r ♥❡①t ♦❜s❡r✈❛t✐♦♥ ✐s

▲❡♠❛t ✷✷✳✽✳ ❋♦r ❡✈❡r② o ∈ Ts✱ o.ns ❂ ♥✉♠❜❡r ♦❢ s♦♥s ♦❢ o✳

❉❡✜♥✐❝❥❛ ✷✷✳✻✳ ❲❡ s❛② t❤❛t ❛♥ ❛rr♦✇ .left ❢r♦♠ t❤❡ ♥♦❞❡ n ✐s
s♦❧✐❞ ✐✛ n.ns > 0✳ ❲❡ s❛② ❛♥ ❛rr♦✇ .right ❢r♦♠ t❤❡ ♥♦❞❡ n ✐s s♦❧✐❞
✐✛ n.ns = 2✳ ❖t❤❡r✇✐s❡ t❤❡ ❛rr♦✇s ❛r❡ s❛✐❞ ✇❡❛❦✱ ♦r ❞♦tt❡❞✳

◆❡①t✱ ✇❡ ♦❜s❡r✈❡ t❤❛t s♦❧✐❞ ❛rr♦✇s ❧❡❛❞ ❛❣❛✐♥st .up ❛rr♦✇s✳

▲❡♠❛t ✷✷✳✾✳ ❋♦r ❡✈❡r② st❛t❡ s✱ t❤❡ tr❡❡ Ts ✇✐t❤ s♦❧✐❞ ❛rr♦✇s
♦♥❧②✱ ❢♦r♠s ❛ ❜✐♥❛r② tr❡❡✳

Pr♦♦❢✿ ❋♦r ❡✈❡r② t✇♦ ♥♦❞❡s n ❛♥❞ f ♦❢ t❤❡ tr❡❡ Ts t❤❡ ❢♦❧❧♦✲
✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✿

• ✐❢ ❛ s♦❧✐❞ ✳❧❡❢t ❛rr♦✇ ❧❡❛❞s ❢r♦♠ ♥♦❞❡ f t♦ ♥♦❞❡ n t❤❡♥
n.up = f
(f.left = n ∧ f.ns > 0 )⇒ n.up = f✱

• ✐❢ ❛ s♦❧✐❞ ✳r✐❣❤t ❛rr♦✇ ❧❡❛❞s ❢r♦♠ ♥♦❞❡ f t♦ ♥♦❞❡ n t❤❡♥
n.up = f
(f.right = n ∧ f.ns = 2 ∧)⇒ n.up = f✱

• n.up = f ⇔ (f.left = n ∨ f.right = n)✳
❍❡♥❝❡ Ts ✐s ❛ ❜✐♥❛r② tr❡❡✳ ❖✉r ♥❡①t ♦❜s❡r✈❛t✐♦♥ ❝❛♥ ❜❡ st❛t❡❞
❛s ❢♦❧❧♦✇s✿

✸✺✾



▲❡♠❛t ✷✷✳✶✵✳ ❚❤❡r❡ ❡①✐sts ❛t ♠♦st ♦♥❡ ♥♦❞❡ n ✐♥ Ts s✉❝❤ t❤❛t
n.ns = 1✳ ■❢ ✐t ✐s t❤❡ ❝❛s❡ t❤❡♥ last = n✳

◆♦✇✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❧❡❛✈❡s ♦❢ tr❡❡ Ts ❛r❡ ♦♥ t✇♦ ❧❡✈❡❧s
♦♥❧②✳

▲❡♠❛t ✷✷✳✶✶✳ ❋♦r ❡✈❡r② st❛t❡ s✱ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r
k(Ts) s✉❝❤ t❤❛t ❡✈❡r② ❧❡❛❢ ♦❢ t❤❡ tr❡❡ Ts ✐s ♦♥ t❤❡ ❧❡✈❡❧ k(Ts) ♦r
k(Ts)− 1✳

❚❤❡ ♥✉♠❜❡r k(Ts) ✐s ❡q✉❛❧ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛t❤ ❝♦♠♣♦s❡❞
❢r♦♠ .up ❛rr♦✇s ❧❡❛❞✐♥❣ ❢r♦♠ t❤❡ ♦❜❥❡❝t last.left t♦ t❤❡ root ♦❜❥❡❝t✳
■t ✐s ❡q✉❛❧ ✵ ✐❢ root = none✳

◆♦✇ ✇❡ tr② t♦ ❣✉❡ss t❤❡ rô❧❡ ♦❢ ♥♦♥✲s♦❧✐❞ ❛rr♦✇s .left ❛♥❞
.right✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s✿

▲❡♠❛t ✷✷✳✶✷✳ ❚❤❡ ♦❜❥❡❝t r❡❢❡r❡♥❝❡❞ ❜② t❤❡ ✈❛r✐❛❜❧❡ last ✐♥
t❤❡ tr❡❡ Ts ✐s t❤❡ ❧❡❢t♠♦st ♥♦❞❡ ♦♥ t❤❡ ❧❡✈❡❧ k(Ts) − 1 ✇❤✐❝❤ ❤❛s
❧❡ss t❤❛♥ t✇♦ s♦♥s✳

▲❡t ✉s r❡t✉r♥ t♦ t❤❡ ❋✐❣✉r❡ ✶ ❛♥❞ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts✿

❯✇❛❣❛ ✷✷✳✶✸✳ ❆✮ ■❢ ❛ ♥♦❞❡ n ❤❛s t✇♦ s♦♥s t❤❡♥ ✐ts ❧❡❢t
❜r♦t❤❡r ❤❛s ❛❧s♦ t✇♦ s♦♥s✳
❇✮ ■❢ ❛ ♥♦❞❡ n ❤❛s ♦♥❡ s♦♥ t❤❡♥ ✐t ✐s ✐ts ❧❡❢t s♦♥✳
❈✮ ■❢ ❛ ♥♦❞❡ n ❤❛s ♦♥❡ s♦♥ t❤❡♥ ✐ts ❜r♦t❤❡r ❢r♦♠ t❤❡ ❧❡❢t ❤❛s
t✇♦ s♦♥s ❛♥❞ ✐ts ❜r♦t❤❡r ❢r♦♠ t❤❡ r✐❣❤t ✐s ❛ ❧❡❛❢✳

▲❡♠❛t ✷✷✳✶✹✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ last ✐s ❛ ❤❡❛❞ ♦❢ ❛ ❧✐st
♦❢ ❧❡❛✈❡s ❧✐♥❦❡❞ t♦❣❡t❤❡r ✈✐❛ .right ✭✇❡❛❦✮ ❛rr♦✇s✳

▲❡♠❛t ✷✷✳✶✺✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ last ✐s ❛ ❤❡❛❞ ♦❢ ❛
❝②❝❧✐❝ ❧✐st ♦❢ ❧❡❛✈❡s ❧✐♥❦❡❞ ❜② ✭✇❡❛❦✮ .left ❛rr♦✇✳

❲❡ s❡❡ t❤❛t ❛❧❧ ❧❡❛✈❡s ♦♥ t❤❡ ❧❡✈❡❧ k(Ts) ❛r❡ ❣r♦✉♣❡❞ t♦ t❤❡
❧❡❢t✳

▲❡♠❛t ✷✷✳✶✻✳ ❚r❡❡ Ts ✐s ❛ ♣❡r❢❡❝t ❜✐♥❛r② tr❡❡ ✐✳❡✳ ❛❧❧ t❤❡
❧❡✈❡❧s ❛r❡ ❝♦♠♣❧❡t❡❧② ✜❧❧❡❞ ✇✐t❤ ❛♥ ❡✈❡♥t✉❛❧ ❡①❝❡♣t✐♦♥ ♦♥ t❤❡
❞❡❡♣❡st ❧❡✈❡❧✱ ✐♥ t❤✐s ❝❛s❡ ❛❧❧ t❤❡ ❧❡❛✈❡s ❛r❡ ❣r♦✉♣❡❞ t♦ t❤❡ ❧❡❢t✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r ❧❡♠♠❛s ❤❛✈❡ s✐♠✐❧❛r ❢♦r♠ (α⇒ Iβ)✱ ✇❤❡r❡
■ ✐s ❡✐t❤❡r ✐♥str✉❝t✐♦♥ insert(e) ♦r ✐♥str✉❝t✐♦♥ delete(e)✱ α ✐s ❛ ♣r❡✲
❝♦♥❞✐t✐♦♥ ❛♥❞ β ✐s ❛ ♣♦st❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ✐♥str✉❝t✐♦♥ I✳

▲❡♠❛t ✷✷✳✶✼✳ ▲❡t I : insert(e) ❛♥❞
α1 : {last = o ∧ o.left = n1 ∧ o.right = k ∧ o.ns = 0 ∧ e.lab = n ∧ n.el = e}✱
β1 : {last = o ∧ o.ns = 1 ∧ o.left = n ∧ o.right = k ∧ n.up = o ∧ n.left = n1}✳
❚❤❡ ✐♥str✉❝t✐♦♥ I ✐s ❝♦rr❡❝t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ α1

❛♥❞ ♣♦st❝♦♥❞✐t✐♦♥ β1 ✐♥ t❤❡ str✉❝t✉r❡ P◗❙
P◗❙ |= (α1 ⇒ Iβ1).

❉♦✇ó❞✳ ❍♦✇ t♦ r❡❛❞ t❤✐s ❧❡♠♠❛❄ ■t st❛t❡s t❤❛t ✐♥ ❛♥② st❛t❡
s✱ ✐❢ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ α1 ✐s s❛t✐s✜❡❞ ❜② s✱ t❤❡♥ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢

✸✻✵



✐♥str✉❝t✐♦♥ insert(e) ✇✐❧❧ s✉❝❝❡s❢✉❧❧② ❧❡❛❞ t♦ ❝❡rt❛✐♥ st❛t❡ s′ ❛♥❞
t❤❡ ♣♦st❝♦♥❞✐t✐♦♥ β1 ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ❜② s′✳ ❲❤❛t ✐s t❤❡ ♠❡❛♥✐♥❣
♦❢ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ α1 ♦❢ t❤❡ ✐♥str✉❝t✐♦♥ ✐♥s❡rt❄ ❲❡ ❝❛♥ ❞r❛✇
✐t✱ s❡❡ ❋✐❣✳ ✸✳
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❋✐❣✳ ✸ ❲❛r✉♥❡❦ ✇st➛♣♥② α1✳

❲❡ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ♦❜❥❡❝ts ❞r❛✇♥ ♦♥ ❋✐❣✳ ✸ s❛✲
t✐s✜❡s t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ α1✱ ❚❤❡ ❡q✉❛❧✐t② last = o ✐s s❛t✐s✜❡❞ s✐♥❝❡
❜♦t❤ ✈❛r✐❛❜❧❡s ♣♦✐♥t t♦ t❤❡ s❛♠❡ ♦❜❥❡❝t✳ ❚❤❡ ✈❛r✐❛❜❧❡ last.left
♣♦✐♥ts t♦ t❤❡ ♦❜❥❡❝t ♣♦✐♥t❡❞ ❜② n1✳ last.right ♣♦✐♥t t♦ t❤❡ ♦❜❥❡❝t
♣♦✐♥t❡❞ ❜② k✳ ❚❤❡ ♦❜❥❡❝ts e ❛♥❞ n ❛r❡ ❧✐♥❦❡❞ t♦❣❡t❤❡r✱ e.lab = n
❛♥❞ n.el = e✳
◆❡①t✱ ✇❡ ❝❛♥ ❢♦❧❧♦✇ st❡♣ ❜② st❡♣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❝♦♠✲
♠❛♥❞ q.insert(e) ✇✐t❤ t❤❡ t❡①t ♦❢ ♠❡t❤♦❞ insert ✐♥ ❤❛♥❞✳ ❲❡ st❛rt
♦❜s❡r✈✐♥❣ t❤❛t t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ α ✐♠♣❧✐❡s last.ns = 0 ❤❡♥❝❡ t❤❡
✐♥str✉❝t✐♦♥s ❡①❡❝✉t❡❞ ❜② insert ❛r❡✿
①✿❂❡✳❧❛❜❀ ❧❛st✳♥s ✿❂ ✶❀ ③ ✿❂ ❧❛st✳❧❡❢t❀ ❧❛st✳❧❡❢t ✿❂ ①❀ ①✳✉♣ ✿❂ ❧❛st❀
①✳❧❡❢t ✿❂ ③❀ ③✳r✐❣❤t ✿❂ ①❀❧❛st✿❂③❀
◆♦✇ ✇❡ ❝❛♥ ❞r❛✇ ♠♦❞✐✜❝❛t✐♦♥s t♦ t❤❡ ♣✐❝t✉r❡ ❢♦❧❧♦✇✐♥❣ t❤❡
✐♥str✉❝t✐♦♥s✳
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❋✐❣✳ ✹ ▼✐❣❛✇❦❛ ♣♦ ✇②❦♦♥❛♥✐✉ ✸ ✐♥str✉❦❝❥✐ ③ tr❡➧❝✐
✐♥str✉❦❝❥✐ ✐♥s❡rt
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❋✐❣✳ ✺ ▼✐❣❛✇❦❛ ♣♦ ✇②❦♦♥❛♥✐✉ ✺ ✐♥str✉❦❝❥✐ ③ tr❡➧❝✐
✐♥str✉❦❝❥✐ ✐♥s❡rt
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❋✐❣✳ ✻ ▼✐❣❛✇❦❛ ♣♦ ③❛❦♦➠❝③❡♥✐✉ ✐♥str✉❦❝❥✐ ✐♥s❡rt ✳

❚❤❡ st❛t❡ s❤♦✇♥ ♦♥ ❋✐❣✳ ✻ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✉❧❛ γ : {last = o ∧ o.ns = 1 ∧ o.left = n = n1.right = e.lab ∧ o.right =
k ∧ n.up = o ∧ n.left = n1 ∧ n.el = e}✳ ■t ✐s ❡❛s② t♦ ♦❜s❡r✈❡ t❤❛t t❤❡
❢♦r♠✉❧❛ γ ✐♠♣❧✐❡s t❤❡ ❢♦r♠✉❧❛ β1✳ ◆♦t❡ t❤❛t ✐❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ s
s❛t✐s✜❡s t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ α1 t❤❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢
t❤❡ ✐♥str✉❝t✐♦♥ insert(e) ✐♥ P◗❙ ✇❡ ♦❜t❛✐♥ t❤❡ st❛t❡ s′ s❛t✐s❢②✐♥❣
t❤❡ ♣♦st❝♦♥❞✐t✐♦♥ β1✳

▲❡♠❛t ✷✷✳✶✽✳ ▲❡t I : insert(e) ❛♥❞
α2✿④❧❛st❂♦∧♦✳❧❡❢t❂♥✶∧♦✳r✐❣❤t❂♥✷∧♦✳♥s❂✶∧❡✳❧❛❜❂♥⑥✱
β2✿ ④❧❛st❂♥✷∧♦✳♥s❂✷∧♦✳❧❡❢t❂♥✶∧♦✳r✐❣❤t❂♥∧♥✳✉♣❂♦∧♥✳❧❡❢t❂♥✶ ∧♥✶✳r✐❣❤t❂♥⑥✳
❚❤❡ ✐♥str✉❝t✐♦♥ I : insert(e) ✐s ❝♦rr❡❝t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡❝♦♥✲
❞✐t✐♦♥ α2 ❛♥❞ t❤❡ ♣♦st❝♦♥❞✐t✐♦♥ β2✳

P◗❙ |= (α2 ⇒ Iβ2).

❉♦✇ó❞✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t ✐❢ last.ns = 1 t❤❡♥ t❤❡ ❛❝✲
t✐♦♥s ❡①❡❝✉t❡❞ ❜② t❤❡ ♠❡t❤♦❞ insert ❛r❡ t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡
✷ ❜❡❧♦✇✳

✸✻✷



❚❛❜❧❡ ✷✳ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳
Pr❡❝♦♥❞✐t✐♦♥✿

α2✿✭❧❛st❂♦∧♦✳❧❡❢t❂♥✶∧♦✳r✐❣❤t❂♥✷∧♦✳♥s❂✶ ∧❡✳❧❛❜ ❂ ♥✮
■♥str✉❝t✐♦♥ ❊✛❡❝t
① ✿❂ ❡✳❧❛❜ ①❂♥✱ s✐♥❝❡ ♣r❡❝♦♥❞✐t✐♦♥ s❛②s ❡✳❧❛❜❂♥
❧❛st✳♥s✿❂✷ ♦✳♥s❂✷✱ s✐♥❝❡ ❧❛st❂♦
③ ✿❂ ❧❛st✳r✐❣❤t ③❂♥✷✱ ❜❡❝❛✉s❡ ❧❛st✳r✐❣❤t❂♥✷
❧❛st✳r✐❣❤t✿❂① ♦✳r✐❣❤t❂♥✱ ❜❡❝❛✉s❡ ❧❛st❂♦ ❛♥❞ ①❂♥
①✳r✐❣❤t ✿❂ ③ ♥✳r✐❣❤t❂♥✷✱ ❜❡❝❛✉s❡ ①❂♥
①✳✉♣✿❂ ❧❛st ♥✳✉♣❂♦✱ ❜❡❝❛✉s❡ ❧❛st❂♦ ❛♥❞ ①❂♥
③✳❧❡❢t✿❂① ♥✷✳❧❡❢t❂♥✱ ❜❡❝❛✉s❡ ③❂♥✷
❧❛st✳❧❡❢t✳r✐❣❤t✿❂① ♥✶✳r✐❣❤t❂♥✱ ❜❡❝❛✉s❡ ❧❛st✳❧❡❢t❂♥✶
①✳❧❡❢t✿❂❧❛st✳❧❡❢t ♥✳❧❡❢t ❂♥✶✱ ❜❡❝❛✉s❡ ❧❛st✳❧❡❢t❂♥✶ ❛♥❞ ①❂♥
❧❛st ✿❂③ ❧❛st❂♥✷✱ ❜❡❝❛✉s❡ ③❂♥✷
P♦st❝♦♥❞✐t✐♦♥✿

β′✿✭♦✳♥s❂✷∧♦✳r✐❣❤t❂♥∧♥✳r✐❣❤t❂♥✷∧♥✳✉♣❂♦∧ ♥✷✳❧❡❢t❂♥∧♥✶✳r✐❣❤t❂♥∧
♥✳❧❡❢t❂♥✶∧❧❛st❂♥✷∧♦✳❧❡❢t❂♥✶∧❡✳❧❛❜❂♥ ✮

❚❤❡ ♣♦st❝♦♥❞✐t✐♦♥ β′ ❝♦❧❧❡❝ts t❤❡ ❢❛❝ts ❡♥❧✐st❡❞ ✐♥ t❤❡ ❝♦❧✉♠♥
❊✛❡❝t ❡①t❡♥❞❡❞ ❜② t❤❡ ❢♦r♠✉❧❛s ❡✳❧❛❜❂♥ ❛♥❞ ♦✳❧❡❢t❂♥✶ ❢♦r t❤❡②
r❡♠❛✐♥ s❛t✐s✜❡❞ ❛❢t❡r ❡①❡❝✉t✐♦♥ ♦❢ insert✳ ■♥ t❤✐s ✇❛② ✇❡ ♦❜t❛✲
✐♥❡❞ ❛ ♣♦st❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✐s ❡✈❡♥ str♦♥❣❡r t❤❛♥ t❤❡ ❢♦r♠✉❧❛
β2✳

❚❤❡ ♣r♦♦❢s ♦❢ ❧❡♠♠❛s ✷✷✳✶✼ ❛♥❞ ✷✷✳✶✽ ❡①❡♠♣❧✐❢② t✇♦ ❞✐✛❡✲
r❡♥t ✇❛②s ♦❢ ❛r❣✉♠❡♥t✐♥❣ t❤❛t ❛ s❡♠❛♥t✐❝❛❧ ♣r♦♣❡rt② ✐s ✈❛❧✐❞✳
❚❤❡ ✜rst ♦♥❡✱ ✐♥❢♦r♠❛❧✱ ❝♦♥s✐sts ✐♥ ❞r❛✇✐♥❣ t❤❡ ♣✐❝t✉r❡s✳ ■t ♠❛②
❜❡ r❡❧❛t❡❞ t♦ ❞r❛✇✐♥❣ ❱❡♥♥✬s ❞✐❛❣r❛♠s ✐♥ t❤❡ ❛❧❣❡❜r❛ ♦❢ s❡ts✳
▲✐❦❡ ❞✐❛❣r❛♠s ♦❢ ❱❡♥♥ ✐t ❞♦❡s ♥♦t r❡♣❧❛❝❡ t❤❡ ♣r♦✈✐♥❣ ❜✉t ✐t ✐s
❤❡❧♣❢✉❧✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ♥❡❛r❡r t♦ t❤❡ ❣♦❛❧ ♦❢ ♠❡❝❤❛♥✐③❛t✐♦♥
♦❢ ♣r♦✈✐♥❣✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s ✇❡ ❛♥❛❧②③❡ ♣r♦♣❡rt✐❡s ♦❢ ❛❧❣♦r✐t❤♠
delete✳

▲❡♠❛t ✷✷✳✶✾✳ ▲❡t t❤❡ ❢♦r♠✉❧❛s α3, β3,❛♥❞ t❤❡ ✐♥str✉❝t✐♦♥ D
❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
α3 : {last = o ∧ o.left = n1 ∧ o.right = n2 ∧ o.ns = 0 ∧ e.lab = n ∧ n1.left = n3}✱
β3 : {last = n1.up ∧ last.right = o ∧ last.ns = 1 ∧ o.left = last ∧ o.right =
n2∧ n1.ns = 0∧n1.up = n1.left = n1.right = none∧n3.right = none∧n1.el = e}✱
D : delete(e)✳
❚❤❡ ✐♥str✉❝t✐♦♥ delete(e) ✐s ❝♦rr❡❝t ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♥❞✐t✐♦♥s α3

❛♥❞ β3✱ ✐✳❡✳

P◗❙ |= (α3 ⇒ Dβ3).

◆♦✇ ✇❡ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ❝❛s❡ ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ✐♥str✉❝t✐♦♥
delete✳

▲❡♠❛t ✷✷✳✷✵✳ ▲❡t t❤❡ ❢♦r♠✉❧❛s α4, β4 ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
α4 : {last = o ∧ o.left = n1 ∧ o.right = n2 ∧ o.ns = 1 ∧ e.lab = n ∧ n1.left = n3}✱
β4 : {last = o ∧ o.left = n3 ∧ o.ns = 0 ∧ o.right = n2 ∧ n1.el = e ∧ n1.up =
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n1.left = n1.right = none ∧ n3.right = none}✳
❚❤❡ ✐♥str✉❝t✐♦♥ delete(e) ✐s ❝♦rr❡❝t ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♥❞✐t✐♦♥s α4

❛♥❞ β4✱ ✐✳❡✳

P◗❙ |= (α4 ⇒ Dβ4).

❚❤❡ ✐♥str✉❝t✐♦♥s ❝❛❧❧ ❝♦rr❡❝t❯♣✭✮ ❛♥❞ ❝❛❧❧ ❝♦rr❡❝t❉♦✇♥✭✮✱
t❤❛t ❡♥❞ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ♣r♦❝❡❞✉r❡s ✐♥s❡rt ❛♥❞ ❞❡❧❡t❡✱ s❡r✈❡
t♦ ❣✉❛r❛♥t❡❡ t❤❛t ❢♦r ❡❛❝❤ ♣❛t❤ ✐♥ t❤❡ tr❡❡ ❚ ♦❢ ♥♦❞❡s t❤❡
❡❧❡♠❡♥ts ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♥♦❞❡s ♦❢ t❤❡ ♣❛t❤ ❢♦r♠ ❛ ❞❡❝r❡❛s✐♥❣
s❡q✉❡♥❝❡ ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ✐♥ t❤❡ r♦♦t✳

▲❡♠❛t ✷✷✳✷✶✳ ✭♦♥ ♣r♦❝❡❞✉r❡ ❝♦rr❡❝t❯♣ ✮
Pr♦❝❡❞✉r❡ ✐♥str✉❝t✐♦♥ ❝❛❧❧ ❝♦rr❡❝t❯♣✭r✮ ✐s ❝♦rr❡❝t ✇✳r✳t✳ t❤❡
♣r❡❝♦♥❞✐t✐♦♥ γ1 ❛♥❞ t❤❡ ♣♦st❝♦♥❞✐t✐♦♥ γ2 ❣✐✈❡♥ ❜❡❧♦✇
γ1 : r in elem ∧ r.less(r.lab.up.el) ∧ last.left.el = r
✭❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ r in elem ✐s ❝❤❡❝❦❡❞ ❜② ❝♦♠♣✐❧❡r✳✮ ❚❤❡ s❡✲
❝♦♥❞ ❝♦♥❞✐t✐♦♥ s❛②s t❤❡ ♥❡✇❧② ❛❞❞❡❞ ❡❧❡♠❡♥t ✐s ❧❡ss ♦r ❡q✉❛❧
t❤❛♥ t❤❡ ❡❧❡♠❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢❛t❤❡r ♦❢ r✳ ❚❤❡ t❤✐r❞ ❝♦♥✲
❞✐t✐♦♥ s❛②s✿ t❤❡ ❝♦♠♣❛♥✐♦♥ ♥♦❞❡ n ♦❢ t❤❡ ❡❧❡♠❡♥t r ✐s ♣♦✐♥t❡❞
❜② t❤❡ ♣♦✐♥t❡r last.left✳
γ2 :❢♦r ❡✈❡r② ♥♦❞❡ n ♦♥ t❤❡ ♣❛t❤ ❜❡❣✐♥♥✐♥❣ ❛t t❤❡ ❡❧❡♠❡♥t r✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s n.up.less(n) ∨ n.up = none✳

▲❡♠❛t ✷✷✳✷✷✳ ✭♦♥ ♣r♦❝❡❞✉r❡ ❝♦rr❡❝t❉♦✇♥✮
Pr♦❝❡❞✉r❡ ❝♦rr❡❝t❉♦✇♥ ✐s ❝♦rr❡❝t ✇✳r✳t✳ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ γ3
❛♥❞ t❤❡ ♣♦st❝♦♥❞✐t✐♦♥ γ4 ❣✐✈❡♥ ❜❡❧♦✇
γ3 : r in elem ∧ ¬r.less(r.lab.up.el
γ4 :❢♦r ❡✈❡r② ♥♦❞❡ n ♦♥ t❤❡ ♣❛t❤ ❜❡❣✐♥♥✐♥❣ ❛t t❤❡ ❡❧❡♠❡♥t r✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s n.up.less(n) ∨ n.up = none✳

▲❡♠❛t ✷✷✳✷✸✳ ❋♦r ❡✈❡r② t✇♦ ♥♦❞❡s x, y ✐♥ t❤❡ tr❡❡ Ts✱ x.up =
y ⇒ y.less(x)✳

❉♦✇ó❞✳ ❚❤✐s ♣r♦♣❡rt② ✐s ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦♣❡✲
r❛t✐♦♥s ✐♥s❡rt ❛♥❞ ❞❡❧❡t❡✳ ❆t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ t❤❡ tr❡❡ ❚ ✐s
❡♠♣t② ❛♥❞ t❤❡ ♣r♦♣❡rt② ❤♦❧❞s✳ ❆ss✉♠❡ t❤❛t t❤❡ ♣r♦♣❡rt② ❤♦❧❞s
❢♦r ❛ ❝❡rt❛✐♥ tr❡❡ T ✳ ❈♦♥s✐❞❡r ❛♥♦t❤❡r tr❡❡ T ′ ✇❤✐❝❤ ✐s t❤❡ r❡s✉❧t
♦❢ ♦♣❡r❛t✐♦♥ ✐♥s❡rt ♦r ❞❡❧❡t❡✳ ❆❢t❡r t❤❡ ✐♥s❡rt✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t
t❤❡ ♣r♦❝❡❞✉r❡ ❝♦rr❡❝t❯♣ ✐s ❝❛❧❧❡❞ ❛♥❞ t❤❡ tr❡❡ ✐s ❣♦✐♥❣ t♦ ❜❡
r❡♣❛✐r❡❞ t♦ ❦❡❡♣ t❤❡ ♣r♦♣❡rt②✳ ❚❤❡ s❛♠❡ r❡♠❛r❦ ♠❛② ❜❡ r❡♣❡✲
❛t❡❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ tr❡❡ T ′ ✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ ♦♣❡r❛t✐♦♥
❞❡❧❡t❡ ♦♥ tr❡❡ T ✳ �

❚❤✐s s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡♠❛t ✷✷✳✷✹✳ ■♥ ❡❛❝❤ ♦❜s❡r✈❛❜❧❡ st❛t❡ s t❤❡ tr❡❡ Ts ✐s ❛ ❤❡❛♣✳

❇❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ ❝♦r❡❝t♥❡ss ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❡ s❤♦✲
✉❧❞ ❡①t❡♥❞ t❤❡ ❝❧❛ss PQ ❛❞❞✐♥❣ t✇♦ ♠❡t❤♦❞s empty ❛♥❞ member✳
❇♦♦❧❡❛♥ ❡♠♣t②✭✮ ④ r❡t✉r♥ r♦♦t❂♥♦♥❡⑥
❇♦♦❧❡❛♥ ♠❡♠❜❡r✭❊❧❡♠ ❡✱ P◗ q✮ ④ t❤❡ ❜♦❞② ♦❢ t❤✐s ♠❡t❤♦❞ ✐s
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❣✐✈❡♥ ♦♥ t❤❡ r✐❣❤t❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❛✽ ♦❢ ❚❛❜❧❡ ✶⑥✳
◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ✈❡r✐❢② t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ PQS ♦❢ ♣r✐♦r✐t②
q✉❡✉❡s ❛❣❛✐♥st t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ATPQ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳
▲❡t ✉s st❛rt ✇✐t❤ t❤❡ str✉❝t✉r❡ ❝♦♥s✐st✐♥❣ ♦❢ ❡❧❡♠❡♥ts ❛♥❞ ❤❡✲
❛♣s {Ts : s ∈ S} ❛♥❞ ♦♣❡r❛t✐♦♥s ✐♥s❡rt ❛♥❞ ❞❡❧❡t❡✱ ♠✐♥✱ ❛♥❞ t❤❡
r❡❧❛t✐♦♥s ❡♠♣t② ❛♥❞ ♠❡♠❜❡r✳ ❈♦♥s✐❞❡r t❤❡ q✉♦t✐❡♥t str✉❝t✉r❡
PQS ✐♥ ✇❤✐❝❤ ✇❡ ✐❞❡♥t✐❢② t❤❡ ❤❡❛♣s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ s❡ts
♦❢ ❡❧❡♠❡♥ts✳ ❲❡ ❝❧❛✐♠ t❤❛t ✐t ✐s ❛ ♣r✐♦r✐t② q✉❡✉❡s str✉❝t✉r❡✱ ❛
st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ t❤❡ t❤❡♦r② ♦❢ ATPQ✳ ■t s✉✣❝❡s t♦ ✈❡r✐❢② t❤❛t
t❤❡ ❛①✐♦♠s ♦❢ ❚❛❜❧❡ ✶ ❛r❡ ❢♦r♠✉❧❛s ✈❛❧✐❞ ✐♥ t❤❡ str✉❝t✉r❡ PQS✳
❛✷✮ ❚❤❡ ♣r♦❣r❛♠ ✇❤✐❧❡ ♥♦t q✳❡♠♣t②✭✮ ❞♦ q✳❞❡❧❡t❡✭q✳♠✐♥✭✮✮ ❞♦♥❡
❛❧✇❛②s t❡r♠✐♥❛t❡s s✐♥❝❡ ❡❛❝❤ ♦♣❡r❛t✐♦♥ ❞❡❧❡t❡ r❡♠♦✈❡s ♦♥❡ ❡❧❡✲
♠❡♥t ❢r♦♠ ❛ ❤❡❛♣✳
❛✸✮ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧❡♠♠❛s ✷✷✳✶✼ ❛♥❞ ✷✷✳✶✽✳
❛✹✮ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧❡♠♠❛s ✷✷✳✶✾ ❛♥❞ ✷✷✳✷✵✳
❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❛①✐♦♠s ♦❢ ATPQ ✐s ❧❡❢t t♦ t❤❡
r❡❛❞❡r✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡✿

❚✇✐❡r❞③❡♥✐❡ ✷✷✳✷✺✳ ❚❤❡ str✉❝t✉r❡ PQS ♦❢ ❡❧❡♠❡♥ts ❛♥❞ PQ

♦❜❥❡❝ts ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ❝❧❛ss PQS ✐s ❛ ♣r✐♦r✐t② q✉❡✉❡✳
❘❡♠❛r❦s ♦♥ ❝♦st✿

❚❤❡ ♣❡ss✐♠✐st✐❝ ❝♦st ♦❢ ❛♥ ♦♣❡r❛t✐♦♥ ✐♥s❡rt ♦r ❞❡❧❡t❡ ✐s O(logn)✱
✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤❡ ♣r✐♦r✐t② q✉❡✉❡✳ ❚❤✐s
♣r♦♣❡rt② ✐s ✈❡r② ✐♠♣♦rt❛♥t ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♣r✐♦r✐t② q✉✲
❡✉❡ ❛s ♣❧❛♥ ♦❢ ❡①♣❡r✐♠❡♥t ✐♥ t❤❡ ❝❧❛ss ❙✐♠✉❧❛t✐♦♥ t❤❛t ✐♥❤❡r✐ts
✭❡①t❡♥❞s✮ t❤❡ ❝❧❛ss Pr✐♦r✐t②◗✉❡✉❡✳ ■♠❛❣✐♥❡✱ ✐♥ ❛♥ s✐♠✉❧❛t✐♦♥
❡①♣❡r✐♠❡♥t ♦❢ ❛ ♣❛♥❞❡♠✐❛ ♦❢ ✐♥✢✉❡♥③❛ ✇❤❡r❡ t❤❡ ♦❜❥❡❝ts ♦❢
❙✐♠Pr♦❝❡ss ❝❧❛ss ❝♦✉♥t ✐♥ ❤✉♥❞r❡❞s ♦❢ t❤♦✉s❛♥❞s ❛♥❞ t❤❡ ♥✉♠✲
❜❡r ♦❢ ❊✈❡♥t◆♦t✐❝❡ ♦❜❥❡❝ts ❣♦❡s ✐♥ ♠✐❧✐♦♥s✱ ❛♥② ✐♠♣❧❡♠❡♥t❛t✐♦♥
✇✐t❤ t❤❡ ❝♦st ✇♦rs❡ t❤❛♥ O(logn) ✇♦✉❧❞ ❜❡ ✐♠♣r❛❝t✐❝❛❧✳

✸✳✻✳ ❋✐♥❛❧ r❡♠❛r❦s✳ ❲❡ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❡ ✇♦r❦ ♦♥ ✈❡✲
r✐✜❝❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❝❧❛ss K ❛❣❛✐♥st ❛ s♣❡❝✐✜❝❛t✐♦♥ S✳ ❆s✇❡✲
r✐♥❣ t❤❡ q✉❡st✐♦♥ ✐s t❤❡ ❝❧❛ss K ❛ ❝♦rr❡❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
t❤❡ s♣❡❝✐✜❝❛t✐♦♥ S ✐s ❛ t❛s❦ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t t❤❛♥ ♣r♦✈✐♥❣
❝♦rr❡❝t♥❡ss ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣✐✈❡♥ ♣r❡✲ ❛♥❞
♣♦st✲❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ♣❛♣❡r s❤♦✇s t❤❛t t❤❡ ❢♦r♠❛❧ ❝♦✉♥t❡r♣❛rt
♦❢ t❤❡ t❛s❦ ✐s ❛s❦✐♥❣ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ❝❧❛ss ✐♠♣❧❡♠❡♥ts ❛ s❡t ♦❢
❛①✐♦♠s✳ ■♥ t❤✐s ❝♦♥t❡①t ✐t ✐s ♥❛t✉r❛❧ t♦ ❝♦♥❝❡✐✈❡ t❤❡ ❝❧❛ss K ❛s
❛♥ ❛❧❣♦r✐t❤♠✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ s♦♠❡ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ A ❛♥❞ t♦
st✉❞② t❤❡ q✉❡st✐♦♥ ✐s t❤❡ str✉❝t✉r❡ A ❛ ♠♦❞❡❧ ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥
S✳ ❲❡ ❛r❡ str❡ss✐♥❣ t❤❛t ❤✐❣❤ ✐♥t❡❣r✐t② ♣r♦❣r❛♠♠✐♥❣ r❡q✉✐r❡s
♠❛♥② s❦✐❧❧s ❛♥❞ ❛ ❧♦t ♦❢ ✐♥✈❡♥t✐♦♥✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤✐s ❝❛s❡
st✉❞② s❤♦✇s t❤❡ ✇✐❞❡ r❡♣❡rt♦✐r❡ ♦❢ q✉❡st✐♦♥s t❤❛t ♠❛② ❛♣♣❡❛r
❞✉r✐♥❣ t❤❡ ✇♦r❦ ♦♥ ❛ s♦❢t✇❛r❡ ♣r♦❥❡❝t✳ ❚❤❡ ✐♥❝♦♠♣❧❡t❡ ❧✐st
❝♦♥t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❦✐♥❞s ♦❢ s✉❜❣♦❛❧s✿

• s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛❧❣♦r✐t❤♠s✱
• s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❝❧❛ss❡s ✭t❤✐s ✇♦r❦ ✐s str♦♥❣❧② r❡❧❛t❡❞ t♦
t❤❡ ❣♦❛❧ ♦❢ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ ❞❛t❛ str✉❝t✉r❡✮✱

✸✻✺



• ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♠❡t❤♦❞ ✭✐✳❡✳ ♣r♦❝❡❞✉r❡ ♦r ❢✉♥❝t✐♦♥✮✱
• ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❝❧❛ss✱
• ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❛ ❝♦♥❥❡❝t✉r❡ ❣✐✈❡♥ ❝❧❛ss K ❝♦rr❡❝t❧② ✐♠✲
♣❧❡♠❡♥ts s♦♠❡ s♣❡❝✐✜❝❛t✐♦♥ S✳

■♥ ❛ ❢✉t✉r❡ ♣❛♣❡r ✇❡ s❤❛❧❧ ❞❡♠♦♥str❛t❡ t❤❛t✱ ✐♥ ❛ ❢❛✈♦r❛❜❧❡
❝✐r❝✉♠st❛♥❝❡s✱ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❝❧❛ss t♦❣❡t❤❡r ✇✐t❤ ❛ ♣r♦♦❢
♦❢ ✐ts ❝♦rr❡❝t♥❡ss✳

❋r♦♠ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❊❖P ✭❡①♣❡r✐♠❡♥t✱
♦❜s❡r✈❡✱ ♣r♦✈❡✮ ♠❡t❤♦❞ ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ s♦❢t✇❛r❡
❛♥❛❧②s✐s✳ ❲❡ ❞♦ ♥♦t ❝❧❛✐♠ ✐t ✐s ❛ tr✐✈✐❛❧ t❛s❦ ❜✉t ✐t ✐s ❛t ❧❡❛st
r❡❛❧✐③❛❜❧❡✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t ♠♦st ♣r♦❣r❛♠♠❡rs ✇♦✉❧❞ ❛❣r❡❡
t❤❛t ❢♦r♠❛❧ ♠❡t❤♦❞s ❛r❡ ❣❡♥❡r❛❧❧② ❜❡tt❡r t❤❛♥ s♦♣❤✐st✐❝❛t❡❞
t❡st✐♥❣ ❛♥❞ s✐♠✉❧t❛♥❡♦✉s❧② ♠♦st ♦❢ t❤❡♠ ❛r❡ ♥♦t ✉s✐♥❣ s✉❝❤
♠❡t❤♦❞s ❛t ❛❧❧✳ ■t s❡❡♠s t❤❛t ❡ss❡♥t✐❛❧ t♦ t❤❡ ♣r♦❜❧❡♠ ✐s ❧❛❝❦
♦❢ ♣r♦♣❡r t♦♦❧s ❛♥❞ ❡①♣❡r✐❡♥❝❡ ✐✳❡✳✱ t♦♦❧s ✇❤✐❝❤ ❝❛♥ ✐♥t❡❣r❛t❡
s♣❡❝✐✜❝❛t✐♦♥✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ t❛s❦s ✐♥t♦ s✐♥❣❧❡✱
❝♦♥s✐st❡♥t ♣r♦❝❡ss✳ ❊①♣❡r✐❡♥❝❡ ❝❛♥ ❜❡ ❣❛✐♥❡❞ ♦♥❧② t❤r♦✉❣❤ ❡✈❡✲
r②❞❛② ♣r❛❝t✐❝❡✳ ❖✉r ❣♦❛❧ ✐s t♦ ❞❡✈❡❧♦♣ ✐♥t❡❣r❛t❡❞ ♣r♦❣r❛♠♠✐♥❣
❡♥✈✐r♦♥♠❡♥t s✉♣♣♦rt✐♥❣ ❡✈❡r② ♣❤❛s❡ ♦❢ s♦❢t✇❛r❡ ❝♦♥str✉❝t✐♦♥
✉s✐♥❣ ❢♦r♠❛❧ ♠❡t❤♦❞s✳ ❊❖P ✐❞❡❛ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s
❛ ♣❛rt ♦❢ ❜✐❣❣❡r s❝❤❡♠❡ ❝❛❧❧❡❞ t❡♠♣♦r❛r✐❧② ❙♣❡❝❱❡r ♣r♦❣r❛♠✲
♠✐♥❣✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇❤♦❧❡ ♣r♦❝❡ss ♦❢ s♦❢t✇❛r❡ ♣r♦❞✉❝t✐♦♥
♥❡❡❞s ♣r❡♣❛r❛t✐♦♥ ♦❢✿

• s♣❡❝✐✜❝❛t✐♦♥ ❞♦❝✉♠❡♥ts✿ ❢♦r♠❛❧ t❡①ts ❛❧♦♥❣ ✇✐t❤ s♦♠❡
♠❛t❤ ❛♥❛❧②s✐s ✭✐s ✐t ❛st♦♥✐s❤✐♥❣ t❤❛t s♦♠❡ s♣❡❝✐✜❝❛✲
t✐♦♥s ❛r❡ ✐♥❝♦rr❡❝t✱ ♦r ♠♦r ♣r❡❝✐s❡❧② t❤❡② ♠❛② ❜❡ ✐♥✲
❝♦♥s✐st❡♥t ♦r ✐♥❝♦♠♣❧❡t❡❄✮✱

• ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦❞❡✱
• ✈❡r✐✜❝❛t✐♦♥ r❡♣♦rts✿ ❛❣❛✐♥ ❢♦r♠❛❧ t❡①ts ✇✐t❤ s♦♠❡ ♣r♦✲
♦❢s ❛❜♦✉t ✐♠♣❧❡♠❡♥t❛t✐♦♥✬s q✉❛❧✐t②✳

❆s ②♦✉ ❝❛♥ r❡♠❛r❦✱ ❊❖P ♠❡t❤♦❞ ❝♦✉❧❞ ❜❡ ✉s❡❞ ❜♦t❤ ❢♦r s♣❡❝✐✜✲
❝❛t✐♦♥ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ t❛s❦s ❛s s♦♦♥ ❛s ✇❡ ❝❛♥ ♣❡r❢♦r♠ ♦❜s❡r✈❛✲
t✐♦♥s ❛♥❛❧♦❣♦✉s t♦ t❤❡s❡ ♠❛❞❡ ❛❜♦✉t ❋✐❣✳ ✷✳ ❚❤✐s ❛❣❛✐♥ ❞✐r❡❝t
✉s t♦✇❛r❞s ♣r♦❣r❛♠♠✐♥❣ t♦♦❧s✳ ❲❡ ♥❡❡❞ s♦♠❡ ♦❜❥❡❝t ❞❡❜✉❣❣❡r
s❤♦✇✐♥❣ ♣r♦❣r❛♠ ♠❡♠♦r② ❢r♦♠ ♦❜❥❡❝t ♣❡rs♣❡❝t✐✈❡✱ s♦♠❡ ❢♦r♠❛❧
s✉♣♣♦rt t♦♦❧s ❤❡❧♣✐♥❣ ✐♥ ❧♦❣✐❝❛❧ t❤❡♦r❡♠s ❝♦♥str✉❝t✐♦♥ ❛♥❞ ♣❡r✲
❤❛♣s ❝❤❡❝❦✐♥❣ ✐❢ ❢♦r♠✉❧❛s ❛r❡ ♣r♦♣❡r❧② ✇r✐tt❡♥ ❛♥❞ ♠✉❝❤✱ ♠✉❝❤
♠♦r❡ ✳✳✳ ❙♦♠❡ ✇♦r❦ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ st❛rt❡❞✱ ❜✉t ❛ ❧♦t ♦❢ ✐t
st✐❧❧ s❤♦✉❧❞ ❜❡ ❞♦♥❡✳ ❋♦r ♥♦✇ ✇❡ ❝❛♥ ♣r❡s❡♥t ✐♥✐t✐❛❧ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ ♦❢ ❊❝❧✐♣s❡ ♣❧✉❣✐♥ ❬❄❪❜✐❜❙♣❡❝❱❡r❊❧ s✉♣♣♦rt✐♥❣ ❝r❡❛t✐♦♥ ♦❢
s♣❡❝✐✜❝❛t✐♦♥ ❞♦❝✉♠❡♥ts✳

❶✇✐❝③❡♥✐❛✳ ❉❧❛ s❢♦r♠✉➟♦✇❛♥✐❛ ❦✐❧❦✉ ♥❛st➛♣♥②❝❤ ③❛❞❛➠
♣r③②❥♠✉❥❡♠②✱ ➺❡ A ❥❡st t❛❜❧✐❝→ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ ♦ n ❡❧❡✲
♠❡♥t❛❝❤✳

❩❛st❛♥ó✇ s✐➛ ♥❛❞ ♥❛st➛♣✉❥→❝②♠✐ ③❛❞❛♥✐❛♠✐✳
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✷✷✳✶✳ ❙❢♦r♠✉➟✉❥ ✇❛r✉♥❦✐ ♥✐❡③❜➛❞♥❡ ♥❛ t♦ ❜②➧♠② ♠♦❣❧✐
❢r❛❣♠❡♥t t❛❜❧✐❝② A ③➟♦➺♦♥② ③ ❦♦❧❡❥♥②❝❤ ❡❧❡♠❡♥tó✇ A[l], . . . A[p], lower(A) ≤
l ≤ p ≤ upper(A) tr❛❦t♦✇❛➣ ❥❛❦♦ ❧❛s ❦♦♣❝ó✇✳

✷✷✳✷✳ ❩❛➟ó➺♠②✱ ➺❡ ❢r❛❣♠❡♥t A[l], . . . , A[u] t❛❜❧✐❝② A ❥❡st ❧❛✲
s❡♠ ❦♦♣❝ó✇✳ ❘♦③✇❛➺♠② ❢r❛❣♠❡♥t A[l − 1], A[l], . . . , A[u]✳ ❈♦
♠♦➺♥❛ ♦ ♥✐♠ ♣♦✇✐❡❞③✐❡➣❄ ❈♦ tr③❡❜❛ ♣♦♣r❛✇✐➣ ✇ t②♠ ❢r❛❣✲
♠❡♥❝✐❡ t❛❜❧✐❝②❄

✷✷✳✸✳ Pr③②❥♠✐❥♠② t♦ s❛♠♦ ③❛➟♦➺❡♥✐❡ ❝♦ ♣♦♣r③❡❞♥✐♦✳ ❘♦③✲
♣❛tr✉❥❡♠② t❡r❛③ ❢r❛❣♠❡♥t A[l], . . . , A[u], A[u + 1]✳ ❈③② ♠♦➺♥❛
♦ ♥✐♠ ♣♦✇✐❡❞③✐❡➣✱ ➺❡ ❥❡st ❦♦♣❝❡♠❄ ❈♦ tr③❡❜❛ ♣♦♣r❛✇✐➣❄

✷✷✳✹✳ ◆❛♣✐s③ ❦♦♠♣❧❡t♥② ♣r♦❣r❛♠✱ ❦tór② ✇❝③②t✉❥❡ ③❛✲
❞❛♥② ❝✐→❣ ❧✐❝③❜ ✐ s♦rt✉❥❡ ❣♦✳

✷✷✳✺✳ ◆❛♣✐s③ ♣r♦❣r❛♠ ③❛✇✐❡r❛❥→❝② ♣r♦❝❡❞✉r② ❤❡❛♣s♦rt❇
✐ ❤❡❛♣s♦rt❈✳ ❚✇♦r③② ✭❞♦➧➣ ❞✉➺→✮ t❛❜❧✐❝➛ ❧✐❝③❜✱ ♥♣✳ ✇②❜✐❡✲
r❛❥→❝ ❧✐❝③❜② ♣s❡✉❞♦❧♦s♦✇❡ ✐ ♣♦r③→❞❦✉❥❡ ❥→ ❞✇✉❦r♦t♥✐❡✱ r❛③
♣r③② ♣♦♠♦❝② ❤❡❛♣s♦rt❇ ✐ ❞r✉❣✐ r❛③ ♣r③② ♣♦♠♦❝② ❤❡❛♣✲
s♦rt❈✳ P♦ró✇♥❛❥ ❝③❛s② ❞③✐❛➟❛♥✐❛ t②❝❤ ❛❧❣♦r②t♠ó✇✳

✷✷✳✻✳ ◆✐❡❝❤ T ❜➛❞③✐❡ t②♣❡♠ ♦♣✐s❛♥②♠ ♣r③❡③ ❞❡❦❧❛r❛❝❥➛
♣❡✇♥❡❥ ❦❧❛s② T ✳ ❈③② ♣♦tr❛✜s③ ③♠✐❡♥✐➣ ♣r♦❝❡❞✉r➛ ❤❡❛♣s♦rt
t❛❦ ❜② ♣♦r③→❞❦♦✇❛➟❛ t❛❜❧✐❝❡ ❡❧❡♠❡♥tó✇ t②♣✉ T❄

✷✷✳✼✳ P♦ró✇♥❛❥ ❝③❛s② ✇②❦♦♥❛♥✐❛ ♣r♦❝❡❞✉r② ❤❡❛♣s♦rt
♦♣✐s❛♥❡❥ ♣♦✇②➺❡❥ ✭✇ ▲♦❣❧❛♥✐❡✮ ✐ ♣♦❞♦❜♥❡❥ ♣r♦❝❡❞✉r② ③❛♣✐✲
s❛♥❡❥ ✇ ❥➛③②❦✉ ❈✰✰ ❧✉❜ ❏❛✈❛✳Pr③❡♣r♦✇❛❞➵ ♦❞♣♦✇✐❡❞♥✐❡
❡❦s♣❡r②♠❡♥t② ✐ st✇ór③ ❢✉♥❦❝❥❡ ❦♦s③t✉ ❞❧❛ ♦❜✉ ✇❡rs❥✐ ❛❧✲
❣♦r②t♠✉✳ ❈③② s→ t♦ ❢✉♥❦❝❥❡ t❡❣♦ s❛♠❡❣♦ r③➛❞✉❄ ❖❜❥❛➧♥✐❥
❚✇♦❥→ ♦❞♣♦✇✐❡❞➵✳

✷✷✳✽✳ ❙♣ró❜✉❥ ③❛♣✐s❛➣ ❛❧❣♦r②t♠ ❤❡❛♣s♦rt ✇ ❥➛③②❦✉ ❈✰✰
❧✉❜ ❏❛✈❛✳ ❲ ❥➛③②❦❛❝❤ ❈✰✰ ✐ ❏❛✈❛✱ ❦♦♥str✉❦t♦r ❦❧❛s②
r♦③s③❡r③❛❥→❝❡❥ ✇②✇♦➟✉❥❡ ❦♦♥str✉❦t♦r ❦❧❛s② r♦③s③❡r③❛♥❡❥✳
❙♣r❛✇❞➵ ❝③② ❡❢❡❦t ♦s✐→❣♥✐➛t② ✇ t❡♥ s♣♦só❜ ❥❡st ♣♦❞♦❜♥②
❞♦ ✇❛r✐❛♥t✉ ❇ ❝③② ❈❄

✸✻✼
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❩❜✐♦r② ♥✐❡s❦♦➠❝③♦♥❡

❲ t②♠ ♠✐❡❥s❝✉ ✇❛rt♦ ③r♦❜✐➣ ♣❛r➛ ✉✇❛❣✳ ❉♦ t❡❥ ♣♦r② r♦③✇❛✲
➺❛❧✐➧♠② r♦③♠❛✐t❡ str✉❦t✉r② ❞❛♥②❝❤ ♣♦③✇❛❧❛❥→❝❡ ♣r③❡❝❤♦✇②✇❛➣
③❜✐♦r② s❦♦➠❝③♦♥❡✳

❲ ♣r♦❣r❛♠♦✇❛♥✐✉ ③ ❦❧❛s❛♠✐ ✐ ❞③✐❡❞③✐❝③❡♥✐❡♠ ♣♦❥❛✇✐❛ s✐➛
♠♦➺❧✐✇♦➧➣ ❞❡✜♥✐♦✇❛♥✐❛ ❦❧❛s ❥❛❦♦ ③❜✐♦ró✇ ♥✐❡s❦♦➠❝③♦♥②❝❤ ✐ ♦♣❡✲
r❛❝❥✐ ♥❛ ♦❜✐❡❦t❛❝❤✳

❲❛rt♦ ♣♦❞❥→➣ t➛ t❡♠❛t②❦➛✳
▼♦➺❡♠② ♦♣✐s❛➣ ❦❧❛s➛ ❞❡✜♥✐✉❥→❝→ ❝✐❛➟♦ ❧✐❝③❜ ✇②♠✐❡r♥②❝❤✳
❉❧❛ ♣♦❞❦r❡➧❧❡♥✐❛ ✳✳✳ ③r♦❜✐♠② t♦ ❦r♦❦ ♣♦ ❦r♦❦✉✳

❉❛♥② ❥❡st t②♣ ♣✐❡r✇♦t♥② ✐♥t❡❣❡r✳
Pr♦❞✉❦t ❦❛rt❡③❥❛➠s❦✐
✉♥✐t P❛r❛✿ ❝❧❛ss✭▲✱▼✿ ✐♥t❡❣❡r✮❀
❡♥❞ P❛r❛❀

P♦❞③❜✐ór ✇❝③❡➧♥✐❡❥ ③❞❡✜♥✐♦✇❛♥❡❣♦ ③❜✐♦r✉✳ ❲ t②♠ ♣r③②♣❛❞❦✉
✇②♠❛❣❛♥❡ ❥❡st s♣❡➟♥✐❡♥✐❡ ✇❛r✉♥❦✉ M 6= 0✳
✉♥✐t ❯❧❛♠❡❦✿ P❛r❛ ❝❧❛ss❀
❜❡❣✐♥
✐❢ ▼❂✵ t❤❡♥ r❛✐s❡ ❊rr♦r▼✐❛♥♦✇♥✐❦❛ ✜
❡♥❞ ❯❧❛♠❡❦❀
❲②❜✐❡r❛♠② r❡♣r❡③❡♥t❛♥t❛ ❦❧❛s② ró✇♥♦✇❛➺♥♦➧❝✐✳
✉♥✐t ❯❧❛♠❡❦❲❧❛s❝✐✇②✿ P♦♣r❛✇♥❛ ❝❧❛ss❀
✈❛r ❝✿ ✐♥t❡❣❡r❀

❜❡❣✐♥
❝✿❂ ●❈❉✭▲✱▼✮❀
▲ ✿❂ ▲ ❞✐✈ ❝❀ ▼ ✿✰ ▼ ❞✐✈ ❝

❡♥❞ ❯❧❛♠❡❦❲❧❛s❝✐✇②❀
❖❦r❡➧❧❛♠② ❞③✐❛➟❛♥✐❛ ♥❛ ❡❧❡♠❡♥t❛❝❤ ③❜✐♦r✉ ✕ t✉ ❞❡✜♥✐✉❥❡♠②
❝✐❛➟♦ ✉➟❛♠❦ó✇✳
✉♥✐t ❋r❛❝t✐♦♥✿ ❯❧❛♠❡❦❲❧❛s❝✐✇② ❝❧❛ss❀
✉♥✐t ❛❞❞✿ ❢✉♥❝t✐♦♥✭✮
✉♥✐t ♠✉❧t✿ ❢✉♥❝t✐♦♥✭✉✿ ❋r❛❝t✐♦♥✮✿ ❋r❛❝t✐♦♥❀

❡♥❞ ❋r❛❝t✐♦♥❀

✸✻✾
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L9 ❲s♣ó➟♣r♦❣r❛♠②

✶✳ ▼♦❞✉➟② ✐ ♦❜✐❡❦t② ✇s♣ó➟♣r♦❣r❛♠ó✇

❲ t②♠ r♦③❞③✐❛❧❡ ♦♠ó✇✐♠② ♠♦❞✉➟② ✇s♣ó➟♣r♦❣r❛♠ó✇ ✐ ✇s♣ó➟✲
♣r❛❝➛ ③ ♦❜✐❡❦t❛♠✐ ✇s♣ó➟♣r♦❣r❛♠ó✇✳
❲s♣ó➟♣r♦❣r❛♠ ✭❛♥❣✳ ❝♦r♦✉t✐♥❡✮ ❥❡st ♠♦❞✉➟❡♠ ♣r♦❣r❛♠✉ ♣♦✲
❞♦❜♥②♠ ❞♦ ❦❧❛s②✳ ❘ó➺♥✐❝❡ ♠♦➺♥❛ s♣r♦✇❛❞③✐➣ ❞♦ ❦rót❦✐❡❣♦
③❞❛♥✐❛✿ s➟♦✇♦ ❝❧❛ss ③❛st→♣ s➟♦✇❡♠ ❝♦r♦✉t✐♥❡ ✐ ③❡③✇ó❧ ♣r♦❣r❛♠✐✲
➧❝✐❡ st♦s♦✇❛➣ ♣♦❧❡❝❡♥✐❡ ❛tt❛❝❤✭❝✮✳ P♦❞❝③❛s ♦❜❧✐❝③❡♥✐❛ ♠♦❣→ ♣♦❥❛✲
✇✐❛➣ s✐➛ ♦❜✐❡❦t② ✇s♣ó➟♣r♦❣r❛♠ó✇✳ P♦ ✉t✇♦r③❡♥✐✉ ♦❜✐❡❦t t❛❦✐
❥❡st ♣❛s②✇♥② t❛❦ ❥❛❦ ♦❜✐❡❦t② ❦❧❛s✳ ▼♦➺❧✐✇❡ ❥❡st ❥❡❞♥❛❦ ✇③♥♦✲
✇✐❡♥✐❡ ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ✇s♣ó➟♣r♦❣r❛♠✉✳ ◆✐❡❝❤ ❝ ❜➛❞③✐❡
③♠✐❡♥♥→ ✇s❦❛③✉❥→❝❛ ♥❛ ♦❜✐❡❦t ❥❛❦✐❡❣♦➧ ✇s♣ó➟♣r♦❣r❛♠✉✳ ❲②✲
❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❛tt❛❝❤✭❝✮ ♣♦✇♦❞✉❥❡ ③❛✇✐❡s③❡♥✐❡ ✇②❦♦♥②✇❛♥✐❡
❜✐❡➺→❝②❝❤ ✐♥str✉❦❝❥✐ ✭✇ ❆❦t②✇♥②♠ ♦❜✐❡❦❝✐❡ ✇s♣ó➟♣r♦❣r❛♠✉✮ ✐
✇③♥♦✇✐❡♥✐❡ ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ✇ ♦❜✐❡❦❝✐❡ ❝✳ ❲❛➺♥❡ ❥❡st✱
❜② ♣❛♠✐➛t❛➣✱ ➺❡ ✐♥str✉❦❝❥❛ ❛tt❛❝❤✭❝✮ ♠♦➺❡ ♣♦❥❛✇✐❛➣ s✐➛ ♥✐❡ t②❧❦♦
✇ tr❡➧❝✐ ✇s♣ó➟♣r♦❣r❛♠✉✱ ❛❧❡ ✐ ✇ ♠♦❞✉➟❛❝❤ ❢✉♥❦❝❥✐ ✐ ♣r♦❝❡❞✉r
③❛❞❡❦❧❛r♦✇❛♥②❝❤ ✇❡ ✇s♣ó➟♣r♦❣r❛♠✐❡✳ ❲②♥✐❦❛ ③ t❡❣♦ ♥❛st➛♣✉✲
❥→❝❛ ③❛s❛❞❛✿ ✐♥str✉❦❝❥❡ ✇②st➛♣✉❥→❝❡ ✇ tr❡➧❝✐ ✇s♣ó➟♣r♦❣r❛♠✉
❞③✐❡❧→ s✐➛ ♥❛ ❞✇✐❡ ❝③➛➧❝✐ ✕ t❡ ✇②❦♦♥②✇❛♥❡ ❛➺ ❞♦ ♣♦❧❡❝❡♥✐❛ r❡t✉r♥
✇➟→❝③♥✐❡ ③ ♥✐♠✱ t♦ t③✇✳ ❦♦♥str✉❦t♦r✱ ♣♦③♦st❛➟❡ ✐♥str✉❦❝❥❡ ❞♦
✇②❦♦♥②✇❛♥✐❡ ❦tór②❝❤ ♠♦➺♥❛ ♣♦✇ró❝✐➣ ❣❞② ✐♥♥② ♦❜✐❡❦t ✇s♣ó➟✲
♣r♦❣r❛♠ ✇②❞❛ ♣♦❧❡❝❡♥✐❡ ❛tt❛❝❤✭❝✮ t♦ s→ ✐♥str✉❦❝❥❡ ✇→t❦✉ ✇s♣ó➟✲
♣r♦❣r❛♠✉✱ ♥✐❡❦tór③② ♠ó✇✐→ ✐♥str✉❦❝❥❡ ✇➟ó❦♥❛ ✇s♣ó➟♣r♦❣r❛♠✉✳

❙❦➟❛❞♥✐❛✳ ❘♦③s③❡r③❛♠② ❥➛③②❦ ✇♣r♦✇❛❞③❛❥→❝ ❞❡❦❧❛r❛❝❥❡ ✇s♣ó➟✲
♣r♦❣r❛♠ó✇✱ ✇②r❛➺❡♥✐❛ ♦❜✐❡❦t♦✇❡ t②♣✉ ✇s♣ó➟♣r♦❣r❛♠ ✐ ✐♥str✉❦✲
❝❥❡ ❛t♦♠♦✇❡ ✇➟❛➧❝✐✇❡ ❞❧❛ ♦❜✐❡❦tó✇ ✇s♣ó➟♣r♦❣r❛♠ó✇✳

▼♦❞✉➟② ✇s♣ó➟♣r♦❣r❛♠ó✇✳

❉❡✜♥✐❝❥❛ ✷✹✳✶✳ ❲s♣ó➟♣r♦❣r❛♠ ❥❡st t♦ ♠♦❞✉➟ ♦ ♥❛st➛♣✉❥→❝❡❥
str✉❦t✉r③❡

✉♥✐t ▼✿ ❝♦r♦✉t✐♥❡✭❛r❣s✮❀
D

❜❡❣✐♥
I1 ✭✯ ✐♥str✉❦❝❥❡ ❦♦♥str✉❦t♦r❛ ✯✮
r❡t✉r♥❀
I2 ✭✯ ✇➟ó❦♥♦ ❧✉❜ ✇→t❡❦ ✇s♣ó➟♣r♦❣r❛♠✉ ✯✮

❡♥❞ ▼

✸✼✸



❣❞③✐❡ ▼ ❥❡st ♥❛③✇→ ✇s♣ó➟♣r♦❣r❛♠✉✱
❛r❣s ✕ ❧✐st→ ♣❛r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤✱
D ✕ ❧✐st→ ❞❡❦❧❛r❛❝❥✐ ❧♦❦❛❧♥②❝❤✱
I1✱ I1 ✕ s→ ❝✐→❣❛♠✐ ✐♥str✉❦❝❥✐✳

�

▼♦❞✉➟ ✇s♣ó➟♣r♦❣r❛♠✉ ♠♦➺❡ ❞③✐❡❞③✐❝③②➣ ❦❧❛s➛✱ ✇ t❡♥ s❛♠
s♣♦só❜ ❥❛❦ t♦ ♦♣✐s❛❧✐➧♠② ✇ r♦③❞③✐❛❧❡ ♦ ❞③✐❡❞③✐❝③❡♥✐✉✳

❲②r❛➺❡♥✐❛ ♦❜✐❡❦t♦✇❡ t②♣✉ ✇s♣ó➟♣r♦❣r❛♠✳ ❲❛rt♦➧❝✐→ ✇②r❛✲
➺❡♥✐❛ ♠♦➺❡ ❜②➣ ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉✳

❉❡✜♥✐❝❥❛ ✷✹✳✷✳ ❲②r❛➺❡♥✐❛♠✐ ♦❜✐❡❦t♦✇②♠✐ t②♣✉ ✇s♣ó➟♣r♦✲
❣r❛♠ s→ ✿

• ♦❞♣♦✇✐❡❞♥✐♦ ③❛❞❡❦❧❛r♦✇❛♥❛ ③♠✐❡♥♥❛✱
• ✇②r❛➺❡♥✐❡ ♥❡✇✭✮✱ ❣❡♥❡r✉❥→❝❡ ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉✱

• ♥❛③❡✇♥✐❦ ❢✉♥❦❝②❥♥② ③✇r❛❝❛❥→❝② ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉✳

�

■♥str✉❦❝❥❡ ❛t♦♠♦✇❡✳

❉❡✜♥✐❝❥❛ ✷✹✳✸✳ ■♥str✉❦❝❥❛ ✇③♥❛✇✐❛♥✐❛ ✇s♣ó➟♣r♦❣r❛♠✉ ♠❛
♣♦st❛➣ ♥❛st➛♣✉❥→❝→

❛tt❛❝❤✭①✮ ✳

❩♠✐❡♥♥❡ t②♣✉ ✇s♣ó➟♣r♦❣r❛♠ ❞❡❦❧❛r✉❥❡♠② ✇ t❡♥ s❛♠ s♣♦só❜ ❝♦
③♠✐❡♥♥❡ t②♣✉ ❦❧❛s❛✳
◆♣✳ ✈❛r ①✱②✿ ▼②❈♦r♦✉t✐♥❡✱ ✉✱✈✿ ▼②❈❧❛ss❀
❏❡➧❧✐ ❝❤❝❡s③ t♦ ♠♦➺❡s③ t✇♦r③②➣ t❛❜❧✐❝❡ ✇s♣ó➟♣r♦❣r❛♠ó✇✱ ③♦❜✳
❄❄

�

❙❡♠❛♥t②❦❛✳ ❙❡♠❛♥t②❦❛ ♦❜✐❡❦tó✇ ✇s♣ó➟♣r♦❣r❛♠ó✇ ♠❛ ❞✇✐❡
str♦♥②✿
❜✐❡r♥→ ✕ ❣❞② ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ ❥❡st ♣r③❡❞♠✐♦t❡♠ ❞③✐❛➟❛➠
♦r❛③
❝③②♥♥→ ❣❞② ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ ✇②❦♦♥✉❥❡ s✇♦❥❡ ❦♦❧❡❥♥❡ ✐♥✲
str✉❦❝❥❡ ✭❣❞② st❡r♦✇❛♥✐❡ ③♦st❛➟♦ ♣r③❡❦❛③❛♥❡ ❞♦ t❛❦✐❡❣♦ ♦❜✐❡❦t✉✮✳
❩❡❝❤❝✐❡❥ ♣♦ró✇♥❛➣ ✕ st❡r♦✇❛♥✐❡ ♥✐❡ ♠♦➺❡ ③♦st❛➣ ♣r③❡❦❛③❛♥❡ ❞♦
♦❜✐❡❦t✉ ❦❧❛s②✳ ❩ ❞r✉❣✐❡❥ str♦♥② ✐♥str✉❦❝❥❛ ♣r♦❝❡❞✉r② ✇②t✇❛r③❛
❛♥♦♥✐♠♦✇② r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② ✐ ♣r③❡❦❛③✉❥❡ st❡r♦✇❛✲
♥✐❡ ❞♦ t❡❣♦ r❡❦♦r❞✉✳ ❖❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ ♠♦➺❡ ♣♦s✐❛❞❛➣ ♥❛✲
③✇➛✱ t❛❦ ❥❛❦ ♦❜✐❡❦t ❦❧❛s②✱ ♣♦♥❛❞t♦ ✐♥♥② ✇s♣ó➟♣r♦❣r❛♠ ♠♦➺❡
♠✉ ♣r③❡❦❛③❛➣ st❡r♦✇❛♥✐❡✳ ❉♦ t❡❣♦ s➟✉➺② ✐♥str✉❦❝❥❛ ❛tt❛❝❤✭❝✮✳
Pr♦❣r❛♠ ❣➟ó✇♥② ❥❡st ✇s♣ó➟♣r♦❣r❛♠❡♠✳ Pr♦❣r❛♠ ❣➟ó✇♥② ♠♦➺❡
✇②t✇♦r③②➣ ♦❜✐❡❦t② ✇s♣ó➟♣r♦❣r❛♠ó✇ ✐ ♠♦➺❡ ♣r③❡❦❛③❛➣ st❡r♦✲
✇❛♥✐❡ ❞♦ ❥❡❞♥❡❣♦ ③ ♥✐❝❤✳ ❩♦❜❛❝③ ♣♦❞r♦③❞③✐❛➟ ✷ Pr♦❞✉❝❡♥t ✐
❦♦♥s✉♠❡♥t✱ ♣♦♥✐➺❡❥✳

✸✼✹



❲❛rt♦➧❝✐→ ✇②r❛➺❡♥✐❛ ♦❜✐❡❦t♦✇❡❣♦✱ ♥♣✳ ♥❡✇ ▼✭✶✱✷✮✱ ❥❡st
♥♦✇② ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉✳ ❚✇♦r③② s✐➛ ❣♦ ✇ t❡♥ s❛♠ s♣♦✲
só❜ ❥❛❦ ♦❜✐❡❦t ❦❧❛s②✳ ❑❛➺❞❛ ♦♣❡r❛❝❥❛ ✇②❦♦♥②✇❛♥❛ ♥❛ ♦❜✐❡❦❝✐❡
❦❧❛s② ♠♦➺❡ t❡➺ ❜②➣ ✇②❦♦♥❛♥❛ ♥❛ ♦❜✐❡❦❝✐❡ ✇s♣ó➟♣r♦❣r❛♠✉✳

P♦♥❛❞t♦ P❛s②✇♥② ♦❜✐❡❦t ❝ ✇s♣ó➟♣r♦❣r❛♠✉ ♠♦➺❡ ♣r③❡❥➧➣ ❞♦
st❛♥✉ ❆❦t②✇♥② ✐ ✇③♥♦✇✐➣ ✇②❦♦♥②✇❛♥✐❡ s✇♦✐❝❤ ✐♥str✉❦❝❥✐✳
◆✐❡❝❤ ② ❜➛❞③✐❡ ❛❦t②✇♥②♠ ♦❜✐❡❦t❡♠✱ ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❛t✲
t❛❝❤✭❝✮ ♣♦❧❡❣❛ ♥❛ ③❛♣❛♠✐➛t❛♥✐✉ ❣❞③✐❡ ♥❛❧❡➺② ✇③♥♦✇✐➣ ❞③✐❛➟❛✲
♥✐❡ ❣❞② ✭✐♥♥②✮ ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ ✇②❦♦♥❛ ♣♦❧❡❝❡♥✐❡ ❛tt❛❝❤✭②✮
✭❦✐❡❞②➧✱ ✇ ♣r③②s③➟♦➧❝✐✮ ✐ ♥❛ ✇③♥♦✇✐❡♥✐✉ ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦✲
❝❥✐ ✇s♣ó➟♣r♦❣r❛♠✉ ❝✱ ✇ ♠✐❡❥s❝✉ ✇ ❦tór②♠ ③❛✇✐❡s✐➟ ♦♥ ✇②❦♦♥②✲
✇❛♥✐❡ ✐♥str✉❦❝❥✐✳ ❩❛ ♣✐❡r✇s③② r❛③❡♠ ♣♦❧❡❝❡♥✐❡ ❛tt❛❝❤✭❝✮ ✇③♥♦✇✐
✐♥str✉❦❝❥➛ ♥❛st➛♣✉❥→❝❛ ♣♦ ♣♦❧❡❝❡♥✐✉ r❡t✉r♥✳ ❑❛➺❞❡ ❦♦❧❡❥♥❡ ♣♦❧❡✲
❝❡♥✐❡ ❛tt❛❝❤✭❝✮ ✇③♥♦✇✐ ✇②❦♦♥②✇❛♥✐❡ ✐♥str✉❦❝❥✐ ♦❞ ✐♥str✉❦❝❥✐ ♥❛✲
st➛♣✉❥→❝❡❥ ♣♦ ♦st❛t♥✐♦ ✇②❦♦♥❛♥②♠ ♣♦❧❡❝❡♥✐✉ ❛tt❛❝❤✭①✮ ✇ tr❡➧❝✐
♦❜✐❡❦t✉ ❝✳ ❖❜r❛③♦✇♦✱ ✇③♥❛✇✐❛♠② ❞③✐❛➟❛♥✐❡ ✇ ♠✐❡❥s❝✉ ✇ ❦tó✲
r②♠ ♣r③❡r✇❛❧✐➧♠②✳

P♦♥✐➺❡❥ ♣r③❡❞st❛✇✐❛♠② ❞✐❛❣r❛♠ st❛♥ó✇ ♦❜✐❡❦t✉ ✇s♣ó➟♣r♦✲
❣r❛♠✉ ❩ r②s✉♥❦✉ ✶ ✇✐❞❛➣✱ ➺❡ ♣♦ ✇②❝③❡r♣❛♥✐✉ ✇s③②st❦✐❝❤ ✐♥✲
str✉❦❝❥✐ ❞♦ ✇②❦♦♥❛♥✐❛ ✇ ♦❜✐❡❦❝✐❡ ✇s♣ó➟♣r♦❣r❛♠✉✱ ♣r③❡❝❤♦❞③✐
♦♥ ✇ st❛♥ ❚❡r♠✐♥❛t❡❞✳ P♦❧❡❝❡♥✐❡ ❛tt❛❝❤✭❝✮ ❥❡st ✇ t❛❦✐❡❥ s②t✉✲
❛❝❥✐ ❜➟➛❞❡♠ ✐ ③♦st❛♥✐❡ t♦ ③❣➟♦s③♦♥❡ ✇ tr❛❦❝✐❡ ✇②❦♦♥②✇❛♥✐❛ ♣r♦✲
❣r❛♠✉ ✇r❛③ ③ ❞✐❛❣♥♦st②❦❛ ❜➟➛❞✉✳

❉♦ ✇②❥❛➧♥✐❡♥✐❛✿ ❣❞③✐❡ ③♦st❛♥→ ✇③♥♦✇✐♦♥❡ ❞③✐❛➟❛♥✐❛ ❣❞② ♦❜✐❡❦t
✇s♣ó➟♣r♦❣r❛♠✉ ③❛❦♦➠❝③②➟ ❞③✐❛➟❛♥✐❡❄

◆❛ r②s✉♥❦✉ ✷ ✇✐❞❛➣✱ st❛♥② s②st❡♠✉ ✇s♣ó➟♣r♦❣r❛♠ó✇ ♣r③❡❞
✐ ♣♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ ❛tt❛❝❤✭①✮✳ ❩❜✐♦r② st❛♥ó✇ P❛s②✇♥② ✐
❆❦t②✇♥② ③❛♠✐❡♥✐➟② s✐➛ ♦❜✐❡❦t❛♠✐✳ ❖❜✐❡❦t ❛❦t②✇♥② ② ♣r③❡s③❡❞➟
✇ st❛♥ P❛s②✇♥② ❛ ♦❜✐❡❦t ① ❥❡st t❡r❛③ ❆❦t②✇♥②✳ ■♥str✉❦❝❥❛ t❛
❥❡st ✇②❦♦♥②✇❛♥❛ ♣r③❡③ ♦❜✐❡❦t ❛❦t②✇♥②✳ ❩✇r❛❝❛♠② ✉✇❛❣➛ ♥❛
t♦✱ ➺❡ ✐♥str✉❦❝❥❛ ❛tt❛❝❤✭①✮ ♣♦✇♦❞✉❥→❝ ✉❛❦t②✇♥✐❡♥✐❡ ♦❜✐❡❦t✉ ①
ró✇♥♦❝③❡➧♥✐❡ ♣r③❡r②✇❛ ✇②❦♦♥②✇❛♥✐❡ ❝✐→❣✉ ✐♥str✉❦❝❥✐ ✇ ❛❦t②✇✲
♥②♠ ❞♦t→❞ ♦❜✐❡❦❝✐❡ ②✳ ❚♦ ❝③❡❣♦ ♥❛ r②s✉♥❦✉ ♥✐❡ ✇✐❞❛➣✱ t♦ ❢❛❦t✱
➺❡ ♦❜✐❡❦t ① ✇③♥❛✇✐❛ ♦❜❧✐❝③❡♥✐❛ ✇ t②♠ ♠✐❡❥s❝✉ ✇ ❦tór②♠ ③♦st❛➟②
♦♥❡ ♣r③❡r✇❛♥❡✳ ❩♦❜❛❝③ Pr③②❦➟❛❞ ✳✳✳

P♦ró✇♥❛❥ ③ ❞✐❛❣r❛♠❡♠ st❛♥ó✇ ♦❜✐❡❦t✉ ❦❧❛s②✳ ❾❛t✇♦ ③❛✉✇➺②➣✱
➺❡ ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ ♠♦➺❡ ③♥❛❧❡➵➣ s✐➛ ✇ ♥♦✇②♠ st❛♥✐❡ ❆❦✲
t②✇♥②✳

P♦❥➛❝✐❡ ✇s♣ó➟♣r♦❣r❛♠✉ ✭❛♥❣✳ ❝♦r♦✉t✐♥❡✮ ♣♦❥❛✇✐➟♦ s✐➛ ✇ ❧❛t❛❝❤
✻✵ ❳❳ ✇✐❡❦✉✳ ❲✐❡❧✉ ❞♦ ❞③✐➧ ♣r③②❥♠✉❥❡ ❥❛❦♦ ❞❡✜♥✐❝❥➛ ③❞❛♥✐❡
s❢♦r♠✉➟♦✇❛♥❡ ♣r③❡③ ❉✳ ❑♥✉t❤❛ ✇ ❬❑♥✉✼✼❪✱ s✉❜r♦✉t✐♥❡s ❛r❡ s♣❡✲
❝✐❛❧ ❝❛s❡ ♦❢ ❝♦r♦✉t✐♥❡s✳

✸✼✺



■♥✐t✐❛❧✐③❛t✐♦♥
r❡t✉r♥

① ∈ ④P❛ss✐✈❡⑥
r❡t✉r♥

❆❝t✐✈❡❂④①⑥
❡♥❞ ❨♦✉r❈♦r

❚❡r♠✐♥❛t❡❞

♥❡✇ ❨♦✉r❈♦r✭✮

①✿❂

❛tt❛❝❤✭①✮

❦✐❧❧✭①✮

❘②s✉♥❡❦ ✶✳ ❉✐❛❣r❛♠ st❛♥ó✇ ♦❜✐❡❦t✉ ✇s♣ó➟♣r♦❣r❛♠✉

Pr③❡❞ P♦

① ∈ ④P❛ss✐✈❡ ⑥
r❡t✉r♥

❆❝t✐✈❡❂④②⑥

❛tt❛❝❤✭①✮

② ∈④P❛ss✐✈❡ ⑥

❆❝t✐✈❡❂④①⑥

② ①

❘②s✉♥❡❦ ✷✳ ❩♠✐❛♥❛ st❛♥ó✇ s②st❡♠✉
✇s♣ó➟♣r♦❣r❛♠ó✇

✸✼✻



❚r③❡❜❛ ❥❡❞♥❛❦ ♣❛♠✐➛t❛➣ ♦ ❦♦♥t❡❦➧❝✐❡ ✇ ❥❛❦✐♠ ③❞❛♥✐❡ t♦ ③♦✲
st❛➟♦ ✉♠✐❡s③❝③♦♥❡✳ ❉❧❛ ❉♦♥❛❧❞❛ ❑♥✉t❤❛ ➧r♦❞♦✇✐s❦✐❡♠ ✇ ❦tó✲
r②♠ ♥❛❧❡➺② ♣✐s❛➣ ♣r♦❣r❛♠② ❥❡st ❛ss❡♠❜❧❡r ✭✇t❡❞② ▼■❳✱ ❞③✐➧
▼▼■❳✮✳ ❲ ❛ss❡♠❜❧❡r③❡ ♣♦❥➛❝✐❡ ♣♦❞♣r♦❣r❛♠✉ ♠❛ ✐♥♥② s❡♥s ♥✐➺
♣♦❥➛❝✐❡ ♣r♦❝❡❞✉r② ✇ ❥➛③②❦❛❝❤ ♣♦❝❤♦❞③→❝②❝❤ ♦❞ ❆❧❣♦❧✉✻✵✳ P♦❞✲
♣r♦❣r❛♠ ❥❡st ❢r❛❣♠❡♥t❡♠ ♣r♦❣r❛♠✉ ❞♦ ❦tór❡❣♦ ♠♦➺❡♠② ✇②✲
❦♦♥②✇❛➣ s❦♦❦✐ ③❡ ➧❧❛❞❡♠✳ P♦❞♣r♦❣r❛♠ ♠❛ ❥❡❞♥♦ ✇❡❥➧❝✐❡ t❥✳
♣♦❝③→t❡❦ ✐ ✇ ③❛s❛❞③✐❡ ❥❡❞♥♦ ✇②❥➧❝✐❡✳ P♦ ♣♦♥♦✇♥②♠ ✇❡❥➧❝✐✉ ❞♦
♣♦❞♣r♦❣r❛♠✉ ♥✐❡ ✇✐❡♠② ♥✐❝ ♦ ✇❛rt♦➧❝✐❛❝❤ ③♠✐❡♥♥②❝❤ ❧♦❦❛❧♥②❝❤✱
❥❛❦✐❡ ③♦st❛➟② ♦❜❧✐❝③♦♥❡ ♣♦♣r③❡❞♥✐♦✳ P♦❞♣r♦❣r❛♠ ♥✐❡ ♠❛ st❛♥✉
❥❛❦✐ ❜② ♠ó❣➟ ♣r③❡tr✇❛➣ ♦❞ ❥❡❞♥❡❣♦ ❞♦ ♣♦♥♦✇♥❡❣♦ ✉r✉❝❤♦♠✐❡✲
♥✐❛ t❡❣♦ ♣♦❞♣r♦❣r❛♠✉✳ ❑♦r✉t②♥❛ ✭❝♦r♦✉t✐♥❡✮ ♣♦③✇❛❧❛ ✇③♥♦✇✐➣
♦❜❧✐❝③❡♥✐❛ ✇ ♠✐❡❥s❝✉ ③ ❦tór❡❣♦ ❥→ ♦♣✉s③❝③♦♥♦✳ ❲ ❥➛③②❦✉ ♣r♦❣r❛✲
♠♦✇❛♥✐❛ ♦❜✐❡❦t♦✇❡❣♦ ✇s♣ó➟♣r♦❣r❛♠ ❥❡st s♣❡❝❥❛❧♥②♠ r♦❞③❛❥❡♠
❦❧❛s②✳ ❯♠♦➺❧✐✇✐❛ t♦ t✇♦r③❡♥✐❡ ✇✐❡❧✉ ♦❜✐❡❦tó✇ ❞❛♥❡❣♦ ✇s♣ó➟✲
♣r♦❣r❛♠✉ ❈ t❛❦ ❥❛❦ s✐➛ t✇♦r③② ♦❜✐❡❦t② ❦❧❛s✳ P♦ ✉t✇♦r③❡♥✐✉
♣r③❡③ ♣♦❧❡❝❡♥✐❡ ♥❡✇ ♦❜✐❡❦t t❛❦✐ ♣♦③♦st❛❥❡ ♣❛s②✇♥② ✐ ♠♦➺♥❛ ③
♥✐♠ ♣♦st➛♣♦✇❛➣ ❥❛❦ ③ ♦❜✐❡❦t❡♠ ❦❧❛s②✳
▼♦➺❡♠② t❛❦✐ ♦❜✐❡❦t ♣❛s②✇♥② ✉❛❦t②✇♥✐➣✳
✖✖✖✖✖✖✖✖✖✖✖✖✕
❲s♣ó➟♣r♦❣r❛♠② ✭❛♥❣✳ ❝♦r♦✉t✐♥❡s✮ ✲ P♦❥➛❝✐❡ ✇s♣ó➟♣r♦❣r❛♠✉ ♠❛
❞✇✐❡ ♦❞♠✐❡♥♥❡ ❞❡✜♥✐❝❥❡✭✦✮✳
❖❜✐❡ ❞❡✜♥✐❝❥❡ ③❣♦❞♥✐❡ st✇✐❡r❞③❛❥→✱ ➺❡ ✇s♣ó➟♣r♦❣r❛♠ ❝❡❝❤✉❥❡ s✐➛
♣♦s✐❛❞❛♥✐❡♠ ❝✐→❣✉ ✐♥str✉❦❝❥✐ ❞♦ ✇②❦♦♥❛♥✐❛ ✐ ♣♦♥❛❞t♦ ♠♦➺❧✐✇♦✲
➧❝✐→ ③❛✇✐❡s③❛♥✐❛ ✇②❦♦♥②✇❛♥✐❛ ❥❡❞♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉ A ✐ ♣r③❡✲
♥♦s③❡♥✐❛ ✇②❦♦♥②✇❛♥✐❛ ❞♦ ✐♥♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉ B✳ ❲ s③❝③❡✲
❣ó❧♥♦➧❝✐ ♠♦➺♥❛ ✇③♥♦✇✐➣ ♣r❛❝➛ ③❛✇✐❡s③♦♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉ A✱
❛ ✇②❦♦♥②✇❛♥✐❡ ❜➛❞③✐❡ ♣♦❞❥➛t❡ ✇ ♠✐❡❥s❝✉✱ ✇ ❦tór②♠ ③♦st❛➟♦ ③❛✲
✇✐❡s③♦♥❡✳ ❚②♠ ❝♦ ró➺♥✐ ♦❜✐❡ ❞❡✜♥✐❝❥❡ ❥❡st ③❞♦❧♥♦➧➣ ✇s♣ó➟♣r❛❝②
③ r❡❦✉r❡♥❝②❥♥②♠✐ ♣r♦❝❡❞✉r❛♠✐✳ ✭◆❜✳ ❲ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛✲
♥✐❛ ❢✉♥❦❝②❥♥❡❣♦ ❦♦♥❝❡♣❝❥❛ ✇s♣ó➟♣r♦❣r❛♠✉ ✐st♥✐❡❥❡ ♣♦❞ ♣♦st❛✲
❝✐→ ❦♦♥t②♥✉❛❝❥✐ ✲ ♣♦❥➛❝✐❛ ✇♣r♦✇❛❞③♦♥❡❣♦ ♥✐❡♠❛❧ ró✇♥♦❝③❡➧♥✐❡
③ ✇s♣ó➟♣r♦❣r❛♠❛♠✐✳ ✮

❖❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ ❥❡st q✉❛s✐✲✇→t❦✐❡♠✳ ❚❛❦ ❥❛❦ ✇→t❡❦✱
♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ ♠❛ ❝✐→❣ ✐♥str✉❦❝❥✐ ❞♦ ✇②❦♦♥❛♥✐❛✳ ❲
♦❞ró➺♥✐❡♥✐✉ ♦❞ ✇→t❦ó✇ ♦❜✐❡❦t② ✇s♣ó➟♣r♦❣r❛♠ó✇ ♥✐❡ ❞③✐❛➟❛❥→
ró✇♥♦❧❡❣❧❡✳ ❏❡st ♥✐❡③♠✐❡♥♥✐❦✐❡♠ s②st❡♠✉ ✇s♣ó➟♣r♦❣r❛♠ó✇ t♦✱
➺❡ ✇ ❦❛➺❞❡❥ ❝❤✇✐❧✐✱ ❞♦❦➟❛❞♥✐❡ ❥❡❞❡♥ ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ ✇②✲
❦♦♥✉❥❡ s✇♦❥❡ ✐♥str✉❦❝❥❡✿

card{coroutine : coroutine is Active } = 1.

❲ ❧✐t❡r❛t✉r③❡ ③♥❛❧❡➵➣ ♠♦➺♥❛ t❡r♠✐♥ ✇➟ó❦♥♦ ✭❛♥❣✳ ✜❜❡r✮ ❞❧❛
♦❞ró➺♥✐❡♥✐❛ ♦❞ ✇→t❦✉ ✭❛♥❣✳ t❤r❡❛❞✮✳
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❲s♣ó➟♣r♦❣r❛♠② ❥❛❦♦ s♣❡❝❥❛❧♥②
r♦❞③❛❥ ❦❧❛s

❲s♣ó➟♣r♦❣r❛♠② ❥❛❦♦
❜♦❣❛ts③② r♦❞③❛❥ ♣♦❞✲
♣r♦❣r❛♠ó✇

❲ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛✿ ❙✐✲
♠✉❧❛✻✼ ✱ ▲♦❣❧❛♥ ✽✷✱ ❇❊❚❆
♠♦➺♥❛ t✇♦r③②➣ ♠♦❞✉➟② ❝♦r♦✲
✉t✐♥❡ t❥✳ ✇s♣ó➟♣r♦❣r❛♠ó✇✳
❙❦➟❛❞♥✐❛ ✇s♣ó➟♣r♦❣r❛♠✉ ró➺♥✐
s✐➛ ♦❞ s❦➟❛❞♥✐ ❦❧❛s② t②♠✱ ➺❡ ③❛✲
♠✐❛st s➟♦✇❛ ❝❧❛ss ♣✐s③❡♠② ❝♦✲
r♦✉t✐♥❡✱ ✐ ❝♦ ✇❛➺♥✐❡❥s③❡✱ ✇❡✲
✇♥→tr③ t❛❦✐❡❣♦ ♠♦❞✉➟✉ ✇♦❧♥♦
✉➺②✇❛➣ ✐♥str✉❦❝❥✐ ❛t♦♠♦✇②❝❤
❛tt❛❝❤ ♦r❛③ ❞❡t❛❝❤✳ ■♥str✉❦✲
❝❥❡ t❛❦✐❡ ♠♦❣→ s✐➛ t❡➺ ♣♦❥❛✇✐❛➣
✇❡✇♥→tr③ ♠❡t♦❞ ③❛❞❡❦❧❛r♦✇❛✲
♥②❝❤ ✇ ✇s♣ó➟♣r♦❣r❛♠✐❡✳ ❙t✇❛✲
r③❛ t♦ ♥♦✇❡ ✐ ✐♥t❡r❡s✉❥→❝❡ ♠♦➺✲
❧✐✇♦➧❝✐ ✇s♣ó➟♣r❛❝② ✇s♣ó➟♣r♦❣r❛✲
♠ó✇ ✐ ♣r♦❝❡❞✉r✭❢✉♥❦❝❥✐✮ r❡❦✉✲
r❡♥❝②❥♥②❝❤✳

➅✉❜r♦✉t✐♥❡s ❛r❡
s♣❡❝✐❛❧ ❝❛s❡s ♦❢
❝♦r♦✉t✐♥❡s✳✧D.Knuth✳ ❲
❛ss❡♠❜❧❡r③❡ ♦❞ ❞❛✇♥❛
✇②st➛♣✉❥❡ ♣♦❥➛❝✐❡
♣♦❞♣r♦❣r❛♠✉ ✲ ♥✐❡
♥❛❧❡➺② ❣♦ ♠②❧✐➣ ③
♣♦❥➛❝✐❡♠ ♣r♦❝❡❞✉r②✳
P♦❞♣r♦❣r❛♠ ✐st♥✐❡❥❡
✇ ❦♦❞③✐❡ ♣r♦❣r❛♠✉
✐ ♠❛ ❝♦ ♥❛❥✇②➺❡❥
❥❡❞♥→ ✐♥st❛♥❝❥➛✳ ◆✐❡
❥❡st ♠♦➺❧✐✇❡ r❡❦✉r❡♥✲
❝②❥♥❡ ✇②❦♦♥②✇❛♥✐❡
♣♦❞♣r♦❣r❛♠ó✇✳

Pr③②❦➟❛❞✿ ❾→❝③❡♥✐❡ ❞r③❡✇ ❇❙❚
var T : arrayof Traverser;
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unit Traverser : coroutine(n : node);
var kolejny : integer;
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∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

unit traverse : procedure(m : node);
begin

if m 6= none

then

call traverse(m.left);
kolejny := m.val;
detach;

(∗ ✐♥str✉❦❝❥❛ ❞❡t❛❝❤ ✇③♥❛✇✐❛ ✇s♣ó➟♣r♦❣r❛♠,

❦tór② ♦st❛t♥✐♦ ✉❛❦t②✇♥✐❧ t❡♥ ✭ t❤✐s✮ ♦❜✐❡❦t
❚r❛✈❡rs❡r ✇②❦♦♥✉❥❛❝ ❛tt❛❝❤✭✳✮ ∗)

call traverse(m.right);
fi

end traverse;
begin

return;
call traverse(n)

end Traverser;
(Stworz drzewa BST, w liczbie np. k drzew.

Dla kazdego drzewa d

stworz

T [i] := new Traverser(d)
(Kolejne uaktywnienie tego wspolprogramu attach(T [i])
spowodujewykrycie kolejnego co do wielkosci elementu z drzewa d)

Pr③②❦➟❛❞
var q := new kolejka

coroutine produkuj

loop

while q nie jest pelna

stworz troche nowych przedmiotow

wstaw przedmioty do q

yield to konsumuj

coroutine konsumuj

loop

while q jest niepusta

pobierz troche przedmiotow z q

uyj te przedmioty

yield to produkuj

❯✇❛❣✐✳ ✶ ✡▼❛♠② t✉ ❞♦ ❝③②♥✐❡♥✐❛ ③
❞②♥❛♠✐❝③♥②♠ s②st❡♠❡♠ ✇s♣ó➟✲
♣r♦❣r❛♠ó✇✳ ❲②r❛➺❡♥✐❛ ❣❡♥❡✲
r✉❥→❝❡ ♣♦st❛❝✐ ✑ ✬♥❡✇✑ ✬ ❚r❛✈❡r✲
s❡r✭✳✳✳✮ ✉♠♦➺❧✐✇✐❛❥→ st✇♦r③❡♥✐❡
✇✐❡❧✉ ♦❜✐❡❦tó✇ t②♣✉ ✇s♣ó➟♣r♦✲
❣r❛♠ ❚r❛✈❡rs❡r✳ ✷✳ ❖❜✐❡❦t
✇s♣ó➟♣r♦❣r❛♠✉ ❚r❛✈❡rs❡r ✇②✲
✇♦➟✉❥❡ ♠❡t♦❞➛ tr❛✈❡rs❡✭✮✳ ❾❛➠✲
❝✉❝❤ ❞②♥❛♠✐❝③♥② t❡❣♦ ♦❜✐❡❦t✉
✇②❞➟✉➺❛ s✐➛ ♦ r❡❦♦r❞ ❛❦t②✇❛❝❥✐
♠❡t♦❞② tr❛✈❡rs❡✳ ❾→♥❝✉❝❤ t❛❦✐
♠♦➺❡ ❜②➣ t❛❦ ❞➟✉❣✐ ❥❛❦ ❣❛➟→➵ ♦❞✲
✇✐❡❞③❛♥❡❣♦ ❞r③❡✇❛ ❇❙❚✳ ✸✳ ■♥✲
str✉❦❝❥❡ ✑ ✬❛tt❛❝❤✑ ✬✭✮ ♦r❛③ ✑ ✬❞❡✲
t❛❝❤✑ ✬ ♠♦❣→ ✇②st→♣✐➣ ♥✐❡ t②❧❦♦ ✇
❝✐→❣✉ ✐♥str✉❦❝❥✐ ✇s♣ó➟♣r♦❣r❛♠✉✱
❧❡❝③ t❛❦➺❡ ✇ ♠❡t♦❞❛❝❤ ✇s♣ó➟✲
♣r♦❣r❛♠✉✳ ✹✳ Pr③❡➟→❝③❡♥✐❡ ✇②✲
❦♦♥②✇❛♥✐❛ ♦❞❜②✇❛ s✐➛ ♣♦♠✐➛✲
❞③② ➟❛➠❝✉❝❤❛♠✐ ❞②♥❛♠✐❝③♥②♠✐
✇s♣ó➟♣r♦❣r❛♠ó✇✳

❯✇❛❣✐✳ ✶✳ ❚❡♥ s②st❡♠
✇s♣ó➟♣r♦❣r❛♠ó✇ ❥❡st
st❛t②❝③♥②✿ ③❛✇✐❡r❛
❞✇❛ ✇s♣ó➟♣r♦❣r❛♠②✳
❉❡❦❧❛r❛❝❥❛ ❝♦r♦✉t✐♥❡
❛✉t♦♠❛t②❝③♥✐❡ t✇♦r③②
♦❜✐❡❦t② t②♣✉ ♣r♦✲
❞✉❦✉❥ ✐ ❦♦♥s✉♠✉❥✳
✷✳ ❲ t②♠ s②st❡✲
♠✐❡ s→ ❞✇❛ ♣✉♥❦t②
✇❡❥➧❝✐❛✳ ❖tr③②♠❛♥②
❣r❛❢ s❦➟❛❞❛ s✐➛ ③ ❞✇✉
✇s♣ó➟♣r♦❣r❛♠ó✇ ✐
❞✇✉ ♣r③❡➟→❝③❡➠ ②✐❡❧❞✳

❲ ❧❛✲

t❛❝❤ ✻✵ ❳❳ ✇✐❡❦✉ ✇s♣ó➟♣r♦❣r❛♠ ❜②➟ ❢r❛❣♠❡♥t❡♠ ❦♦❞✉ ♥❛♣✐s❛✲
♥❡❣♦ ✇ ❛ss❡♠❜❧❡r③❡✳ ♦ ♥❛st➛♣✉❥→❝②❝❤ ✇➟❛➧♥♦s❝✐❛❝❤✿

✸✼✽



• ❞♦❦➟❛❞♥✐❡ ✑❥❡❞❡♥✑ ✇s♣ó➟♣r♦❣r❛♠ ✇②❦♦♥✉❥❡ s✇♦❥❡ ✐♥✲
str✉❦❝❥❡✱ t③♥✳ ❥❡st ❛❦t②✇♥②✱

• ✇s♣ó➟♣r♦❣r❛♠ ❛❦t②✇♥② ♠♦➺❡ ♣r③❡❥➧➣ ✇ st❛♥ ♣❛s②✇♥②
✇s❦❛③✉❥→❝ ♣r③② t②♠ ♥❛ ✐♥♥② ✇→t❡❦✱ ❦tór② ♠❛ ❜②➣ ✉❛❦✲
t②✇♥✐♦♥②✱

• ✇s♣ó➟♣r♦❣r❛♠ x ✉❛❦t②✇♥✐♦♥② ✇ ❡❢❡❦❝✐❡ ✇②❦♦♥❛♥✐❛ ✐♥✲
str✉❦❝❥✐ attach(x) ✭✇ ❞♦t②❝❤❝③❛s ❛❦t②✇♥②♠ ✇s♣ó➟♣r♦✲
❣r❛♠✐❡ y✮ ❦♦♥t②♥✉✉❥❡ ✇②❦♦♥②✇❛♥✐❡ ✐♥str✉❦❝❥✐ ♦❞ ♦❞♣♦✲
✇✐❡❞♥✐❡❣♦ ♣✉♥❦t✉ ✇❡❥➧❝✐❛✱ ❞♦❦➟❛❞♥✐❡❥✿ ♣✐❡r✇s③❡ ✉r✉✲
❝❤♦♠✐❡♥✐❡ ✐♥str✉❦❝❥✐ ✇→t❦✉ ✇s♣ó➟♣r♦❣r❛♠✉ s♣♦✇♦❞✉❥❡
✇②❦♦♥❛♥✐❡ ♣✐❡r✇s③❡❥ ✐♥str✉❦❝❥✐ ✇→t❦✉✱ ❦❛➺❞❛ ♥❛st➛♣♥❛
✐♥str✉❦❝❥❛ attach(x) ✇③♥❛✇✐❛❥→❝❛ ✇②❦♦♥②✇❛♥✐❡ ✇→t❦✉
✇s♣ó➟♣r♦❣r❛♠✉ x r♦③♣♦❝③②♥❛ ✇②❦♦♥②✇❛♥✐❡ ✐♥str✉❦❝❥✐
♦❞ ♣✉♥❦t✉ ✇❡❥➧❝✐❛ ✇②③♥❛❝③♦♥❡❣♦ ♣r③❡③ ♦st❛t♥✐♦ ✇②❦♦✲
♥❛♥→ ✇ ♥✐♠ ✐♥str✉❦❝❥➛ attach(...)✳

❩❛s❛❞❛ ❞③✐❛➟❛♥✐❛ ✇s♣ó➟♣r♦❣r❛♠ó✇✳ ❙②st❡♠ ✇s♣ó➟♣r♦❣r❛♠ó✇
♠♦➺♥❛ ♥❛③✇❛➣ s②st❡♠❡♠ ✑q✉❛s✐✲✇s♣ó➟❜✐❡➺♥②♠✑✳ ◆❛③✇❛ t❛ ❥❡st
✉③❛s❛❞♥✐♦♥❛ ❞✇♦❥❛❦♦✿ ❧✐❝③♥❡ ♣r③②❦➟❛❞② ♣r♦❣r❛♠ó✇ ✇s♣ó➟❜✐❡➺✲
♥②❝❤ ♥♣✳ ♣r♦❞✉❝❡♥t✲❦♦♥s✉♠❡♥t✱ ❝③②t❡❧♥✐❝②✲♣✐s❛r③❡ ✐t❞✳ ③❛♣✐✲
s❛♥❡ ♣r③② ♣♦♠♦❝② ✇s♣ó➟♣r♦❣r❛♠ó✇ ♦❦❛③✉❥❛ s✐➛ ✇②st❛r❝③❛❥→❝♦
❛❞❡❦✇❛t♥❡ ❞♦ ③❛st♦s♦✇❛➠✳ ■♥♥② ❛r❣✉♠❡♥t ✇s♣✐❡r❛❥→❝② ✉➺②❝✐❡
t❡❥ ♥❛③✇② t♦ ❢❛❦t✱ ➺❡ ♦❞ ❜❛r❞③♦ ❞❛✇♥❛ st♦s✉❥❡ s✐➛ ✇s♣ó➟♣r♦✲
❣r❛♠② ❞♦ s②♠✉❧❛❝❥✐ s②st❡♠ó✇✱ ♥♣✳ ✇ ❙✐♠✉❧✐✻✼✱ ▲♦❣❧❛♥✐❡✬✽✷ ✐
✐♥✳ ❖❞♣♦✇✐❡❞♥✐❛ ❦❧❛s❛ ❙✐♠✉❧❛t✐♦♥ ❞♦st❛r❝③❛ ❦❧❛s➛ ✇❡✇♥➛tr③♥→
s✐♠♣r♦❝❡s ✲ ♦❜✐❡❦t② ❦❧❛s ♣♦❝❤♦❞♥②❝❤ ♦❞ ❦❧❛s② s✐♠♣r♦❝❡s s②♠✉✲
❧✉❥→ r③❡❝③②✇✐st❡ ♣r♦❝❡s② ♥♣✳ ♣❛❝❥❡♥tó✇ ✇ s②st❡♠✐❡ s②♠✉❧❛❝❥✐
❡♣✐❞❡♠✐✐ ❝❤♦r♦❜②✱ ♣♦❥❛③❞② ✇ s②st❡♠✐❡ s②♠✉❧❛❝❥✐ r✉❝❤✉ ✇ ♠✐❡✲
➧❝✐❡ ✐t♣✳

❲✐❡❧✉ ❛✉t♦ró✇ ✉✇❛➺❛✱ ✐➺ ✧✇s♣ó➟♣r♦❣r❛♠② t♦ ♣♦❞♣r♦❣r❛♠②
✇②❦♦♥②✇❛♥❡ ✇ t❛❦✐ s♣♦só❜✱ ➺❡ st❡r♦✇❛♥✐❡ ♠♦➺❡ ③♦st❛➣ ♣r③❡✲
❦❛③②✇❛♥❡ ♣♦♠✐➛❞③② ♥✐♠✐ ✇✐❡❧♦❦r♦t♥✐❡✱ ♣r③② ❝③②♠ ✇②✇♦➟❛♥✐❡
❞❛♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉ ♣♦✇♦❞✉❥❡ ✇②❦♦♥②✇❛♥✐❡ ✐♥str✉❦❝❥✐ ♦❞
♠✐❡❥s❝❛ ♦st❛t♥✐❡❣♦ ♣r③❡r✇❛♥✐❛ ✇②❦♦♥❛♥✐❛ ✭♦st❛t♥✐❡❣♦ ♣✉♥❦t✉
✇②❥➧❝✐❛✮✱ ❛ ♥✐❡ ♦❞ ♣♦❝③→t❦✉✧✳ ◆✐❡ ❥❡st t♦ ❝❛➟❦✐❡♠ ➧❝✐s➟❡✳ P♦❞✲
♣r♦❣r❛♠② ✭❢✉♥❦❝❥❛✱ ♠❡t♦❞❛✮ t✇♦r③→ r❡❦♦r❞② ❛❦t②✇❛❝❥✐✳ P♦ ♦♣✉s③✲
❝③❡♥✐✉ t❛❦✐❡❣♦ r❡❦♦r❞✉ ❥❡st ♦♥ ❛✉t♦♠❛t②❝③♥✐❡ ✉s✉✇❛♥② ✐ ♥✐❡
♠❛ ♠♦➺❧✐✇♦➧❝✐ ✇③♥♦✇✐❡♥✐❛ ❣♦✳ ❲s♣ó➟♣r♦❣r❛♠② ✇②♠❛❣❛❥→ ✇✐➛❝
✇→t❦ó✇ ✐ s→ r❡❛❧✐③♦✇❛♥❡ ❥❛❦♦ ♦❜✐❡❦t② ♦❞♣♦✇✐❡❞♥✐❝❤ ❦❧❛s✱ ❛ ♥✐❡
❥❛❦♦ ♣♦❞♣r♦❣r❛♠② ❝③② ♣r♦❝❡❞✉r②✳ ❈②t♦✇❛♥② ✇②➺❡❥ ♣♦❣❧→❞ ♠♦❝♥♦
③❛✇➛➺❛ ❦♦♥❝❡♣❝❥➛ ✇s♣ó➟♣r♦❣r❛♠ó✇✳ ❈♦ ✇✐➛❝❡❥✱ ♥✐❡ ♠♦➺♥❛ ③❛✲
♣♦♠✐♥❛➣✱ ➺❡ ✐♥str✉❦❝❥❛♠✐ ✇→t❦✉ ✇s♣ó➟♣r♦❣r❛♠✉ ♠♦❣→ ❜②➣ ✐♥✲
str✉❦❝❥❡ ✇②✇♦➟❛♥✐❛ ❥❡❣♦ ♣r②✇❛t♥②❝❤ ♠❡t♦❞✭♣r♦❝❡❞✉r✮✳ ▼❡t♦❞②
t❡ ♠♦❣→ ③❛✇✐❡r❛➣ ✐♥str✉❦❝❥❡ attach(...) ♣r③❡❦❛③✉❥→❝❡ st❡r♦✇❛♥✐❡ ③
❥❡❞♥❡❣♦ ❞♦ ✐♥♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉✳ ❉♦❦➟❛❞♥✐❡❥✱ ✐♥str✉❦❝❥❛ ❛t✲
t❛❝❤ ♣r③❡❦❛③✉❥→❝ ❬❬st❡r♦✇❛♥✐❡❪❪ ③ ❥❡❞♥❡❣♦ ❞♦ ❞r✉❣✐❡❣♦ ✇s♣ó➟♣r♦✲
❣r❛♠✉ ♣r③❡♥♦s✐ ❥❡ ③ ➟❛➠❝✉❝❤❛ ❞②♥❛♠✐❝③♥❡❣♦ ❥❡❞♥❡❣♦ ✇s♣ó➟♣r♦✲
❣r❛♠✉ ❞♦ ➟❛➠❝✉❝❤❛ ❞②♥❛♠✐❝③♥❡❣♦ ✐♥♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉✳

✸✼✾



❾❛➠❝✉❝❤ ❞②♥❛♠✐❝③♥② ✇s♣ó➟♣r♦❣r❛♠✉ ③❛✇✐❡r❛ ♦❜✐❡❦t ✐ ✇→✲
t❡❦ ✇s♣ó➟♣r♦❣r❛♠✉ ✐ ♣♦♥❛❞t♦✱ ❥❡➧❧✐ ✇②❦♦♥❛♥♦ ✐♥str✉❦❝❥➛ ♣r♦❝❡✲
❞✉r②✱ t♦ ❞♦ ➟❛➠❝✉❝❤❛ ❞②♥❛♠✐❝③♥❡❣♦ ❞♦➟→❝③♦♥② ❥❡st r❡❦♦r❞ ❛❦✲
t②✇❛❝❥✐ ♣r♦❝❡❞✉r②✳ ❩❛❦♦➠❝③❡♥✐❡ ✇②❦♦♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐ ♣r♦✲
❝❡❞✉r②✭♠❡t♦❞②✮ ♣♦✇♦❞✉❥❡ s❦ró❝❡♥✐❡ ➟❛➠❝✉❝❤❛ ❞②♥❛♠✐❝③♥❡❣♦✳
■♥str✉❦❝❥❛ attach(x) ✇②❦♦♥❛♥❛ ✇ r❡❦♦r❞③✐❡ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r②
♣♦✇♦❞✉❥❡ ♣r③❡❥➧❝✐❡ ❞♦ ♣✉♥❦t✉ ✇❡❥➧❝✐❛ ✇ ➟❛➠❝✉❝❤✉ ❞②♥❛♠✐❝③✲
♥②♠ ✇s♣ó➟♣r♦❣r❛♠✉ ①✳ P✉♥❦t❡♠ ✇❡❥➧❝✐❛ ✭♣♦✇r♦t✉✮ ❞❧❛ ❞♦✲
t②❝❤❝③❛s ❛❦t②✇♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉ ❥❡st ✐♥str✉❦❝❥❛ ✇ r❡❦♦r❞③✐❡
❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② ✇②st➛♣✉❥→❝❛ ❜❡③♣♦➧r❡❞♥✐♦ ③❛ ✐♥str✉❦❝❥→
attach(x)✳ ❲✐❞❛➣ st→❞✱ ➺❡ ❧✐❝③❜❛ ♣✉♥❦tó✇ ✇❡❥➧❝✐❛ ✭♣♦✇r♦t✉✮ ❞❛✲
♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉ ♠♦➺❡ ❜②➣ ③♠✐❡♥♥❛ ✇ ❝③❛s✐❡ ✐ ♠♦➺❡ ♥✐❡ ❜②➣
♥✐❝③②♠ ♦❣r❛♥✐❝③♦♥❛✦

P♦❞s✉♠♦✇✉❥→❝✱ ✇s♣ó➟♣r♦❣r❛♠② t♦ ✇✐➛❝❡❥ ♥✐➺ ♦❜✐❡❦t② ③✇②✲
❝③❛❥♥②❝❤ ❦❧❛s✱ ❛ ♠♥✐❡❥ ♥✐➺ ♦❜✐❡❦t② ❛❦t②✇♥❡ ✇→t❦ó✇ ✭❛♥❣✳ t❤r❡✲
❛❞s✮✳

❙❝❤❡♠❛t ③♠✐❛♥ st❛♥ó✇ ♦❜✐❡❦t✉ ✇s♣ó➟♣r♦❣r❛♠✉✳ P♦♥✐➺❡❥ ♣r③❡❞✲
st❛✇✐❛♠② ❞✐❛❣r❛♠ st❛♥ó✇ ♦❜✐❡❦t✉ ✇s♣ó➟♣r♦❣r❛♠✉ ❲ ♣♦♥✐➺✲
s③②♠ ③❡st❛✇✐❡♥✐✉ ✇✐❞❛➣ st❛♥② s②st❡♠✉ ✇s♣ó➟♣r♦❣r❛♠ó✇ ♣r③❡❞
✐ ♣♦ ✇②❦♦♥❛♥✐✉ ✐♥str✉❦❝❥✐ ❛tt❛❝❤✭①✮✳ ■♥str✉❦❝❥❛ t❛ ❥❡st ✇②✲
❦♦♥②✇❛♥❛ ♣r③❡③ ♦❜✐❡❦t ❛❦t②✇♥②✳ ❩✇r❛❝❛♠② ✉✇❛❣➛ ♥❛ t♦✱ ➺❡
✐♥str✉❦❝❥❛ ❛tt❛❝❤✭①✮ ♣♦✇♦❞✉❥→❝ ✉❛❦t②✇♥✐❡♥✐❡ ♦❜✐❡❦t✉ ① ró✇✲
♥♦❝③❡➧♥✐❡ ♣r③❡r②✇❛ ✇②❦♦♥②✇❛♥✐❡ ❝✐→❣✉ ✐♥str✉❦❝❥✐ ✇ ❛❦t②✇♥②♠
❞♦t→❞ ♦❜✐❡❦❝✐❡ ②✳ ❚♦ ❝③❡❣♦ ♥❛ r②s✉♥❦✉ ♥✐❡ ✇✐❞❛➣✱ t♦ ❢❛❦t✱ ➺❡
♦❜✐❡❦t ① ✇③♥❛✇✐❛ ♦❜❧✐❝③❡♥✐❛ ✇ t②♠ ♠✐❡❥s❝✉ ✇ ❦tór②♠ ③♦st❛➟②
♦♥❡ ♣r③❡r✇❛♥❡✳ ❩♦❜❛❝③ Pr③②❦➟❛❞ ✳✳✳

❲s♣ó➟♣r♦❣r❛♠② ✇ ❥➛③②❦✉ ▲♦❣❧❛♥ ✬✽✷✳
• ✐♥str✉❦❝❥→ ♣r③❡♥♦s③❡♥✐❛ st❡r♦✇❛♥✐❛ ③ ❛❦t②✇♥❡❣♦ ✇s♣ó➟✲
♣r♦❣r❛♠✉ ❞♦ ❞r✉❣✐❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉ x ❥❡st attach(x)✱
• ♠♦❞✉➟ ✇s♣ó➟♣r♦❣r❛♠✉ ❥❡st s♣❡❝②✜❝③♥→ ❦❧❛s→ ✭st♦s✉❥❡
s✐➛ s➟♦✇♦ ✬❝♦r♦✉t✐♥❡✬ ③❛♠✐❛st ✬❝❧❛ss✬✮✱

• ✐♥str✉❦❝❥❛ attach(x) ♠♦➺❡ ✇②st➛♣♦✇❛➣ ♥✐❡ t②❧❦♦ ✇ ✇→t❦✉
✇s♣ó➟♣r♦❣r❛♠✉✱ ❧❡❝③ t❛❦➺❡ ✇ ✭♣r②✇❛t♥②❝❤✮ ♠❡t♦❞❛❝❤
✇s♣ó➟♣r♦❣r❛♠✉✭✦✮✱

• ✑♣✉♥❦t❛♠✐ ✇❡❥➧❝✐❛✑ ❞♦ ✇s♣ó➟♣r♦❣r❛♠✉ s→✿ ♣✐❡r✇s③❛
✐♥str✉❦❝❥❛ ✇→t❦✉ ✇s♣ó➟♣r♦❣r❛♠✉ ♦r❛③ ❦❛➺❞❛ ✐♥str✉❦❝❥❛
♥❛st➛♣♥❛ ♣♦ ✐♥str✉❦❝❥✐ attach(x)✱

• ♠♦➺♥❛ t❡➺ ✉➺②✇❛➣ ❜❡③♣❛r❛♠❡tr♦✇❡❥ ✐♥str✉❦❝❥✐ detach✱
♦❞♣♦✇✐❛❞❛ ✐♥str✉❦❝❥✐ ✬❛tt❛❝❤✭t❡♥ ✇s♣ó➟♣r♦❣r❛♠✱ ❦tór②
♦st❛t♥✐♦ ♠♥✐❡ ✇❡③✇❛➟✮✬✳

■♥str✉❦❝❥❡ ♣r③❡♥♦s③❡♥✐❛ st❡r♦✇❛♥✐❛ ♠✐➛❞③② ✇s♣ó➟♣r♦❣r❛♠❛♠✐
✇ ró➺♥②❝❤ ❥➛③②❦❛❝❤ ♣r♦❣r❛♠♦✇❛♥✐❛✳ ■♥str✉❦❝❥❡ ♣r③❡♥♦s③→❝❡ st❡✲
r♦✇❛♥✐❡ ③ ❥❡❞♥❡❣♦ ❞♦ ❞r✉❣✐❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉ t♦

✸✽✵



■♥✐t✐❛❧✐③❛t✐♦♥
r❡t✉r♥

① ∈④P❛ss✐✈❡ ⑥
r❡t✉r♥

❛tt❛❝❤✭①✮

❆❝t✐✈❡❂④②⑥
❡♥❞ ❨♦✉r❈♦r

❚❡r♠✐♥❛t❡❞

♥❡✇ ❨♦✉r❈♦r✭✮

①✿❂

❛tt❛❝❤✭①✮

❦✐❧❧✭①✮

❘②s✉♥❡❦ ✸✳ ❉✐❛❣r❛♠ st❛♥ó✇ ♦❜✐❡❦t✉ ✇s♣ó➟♣r♦❣r❛♠✉

Pr③❡❞ P♦

① ∈④P❛ss✐✈❡ ⑥
r❡t✉r♥

❛tt❛❝❤✭①✮

❆❝t✐✈❡❂④②⑥
❡♥❞ ❨♦✉r❈♦r

❛tt❛❝❤✭①✮

② ∈④P❛ss✐✈❡ ⑥
r❡t✉r♥

❛tt❛❝❤✭①✮

❆❝t✐✈❡❂④①⑥
❡♥❞ ❨♦✉r❈♦r

② ①

❘②s✉♥❡❦ ✹✳ ❩♠✐❛♥❛ st❛♥ó✇ s②st❡♠✉
✇s♣ó➟♣r♦❣r❛♠ó✇

✸✽✶



• ❛tt❛❝❤✭①✮ ♦r❛③ ❞❡t❛❝❤ ✕ ✇ ❥➛③②❦❛❝❤ ❬❬❙✐♠✉❧❛ ✻✼❪❪ ✐ ❬❬▲♦✲
❣❧❛♥ ✽✷❪❪✱

• ②✐❡❧❞✭①✮ ✕ ✇ ♥♦✇s③②❝❤ ❥➛③②❦❛❝❤✱ ♥♣✳ ✇ ❬❬P②t❤♦♥❪❪✐❡✱
• ❝❡❞❡ ✲ ✇ ❬❬P❡r❧❪❪✉✱ ✇ ❜✐❜❧✐♦t❡❝❡ ❈♦r♦
• ✐♥str✉❦❝❥❛ s❦♦❦✉ ✲ ✇ ❬❬❛ss❡♠❜❧❡r❪❪③❡ ♦r❛③ ✇ ❬❬❋♦rtr❛♥❪❪✐❡✱
❣❞③✐❡ ♣♦❞♣r♦❣r❛♠ ♥✐❡ ❥❡st ♣r♦❝❡❞✉r→✱

• tr③❡❜❛ ♦❞♥♦t♦✇❛➣ t❡➺ ❬❬■♠♣❧❡♠❡♥t❛❝❥❛ ✭✐♥❢♦r♠❛t②❦❛✮⑤✐♠♣❧❡♠❡♥t❛❝❥➛❪❪
✇s♣ó➟♣r♦❣r❛♠ó✇ ✇ ❬❬❏❛✈❛⑤❏❛✈✐❡❪❪✱ ❥❛❦♦ ✇②s♣❡❝❥❛❧✐③♦✲
✇❛♥②❝❤ ✇→t❦ó✇ ❏❛✈②✳

❆r❣✉♠❡♥t ① ✇s❦❛③✉❥❡ ♥❛ ✇s♣ó➟♣r♦❣r❛♠ ♣❛s②✇♥② ✇ ❞❛♥❡❥ ❝❤✇✐❧✐✳

Pr③②❦➟❛❞♦✇❡ ③❛st♦s♦✇❛♥✐❛ ✇s♣ó➟♣r♦❣r❛♠ó✇✳

• ❤✐st♦r②❝③♥✐❡ ♣✐❡r✇s③❡ ✇s♣ó➟♣r♦❣r❛♠② t♦ s❦❛♥❡r ✐ ❛♥❛✲
❧✐③❛t♦r s❦➟❛❞♥✐♦✇② ❦♦♠♣✐❧❛t♦r❛ ❬❈♦♥✻✸❪✱

• ♣♦❞♦❜♥② s❝❤❡♠❛t ✇②st➛♣✉❥❡ ✇ ✇✐❡❧✉ s②t✉❛❝❥❛❝❤ ♥♣✳
❥❡❞❡♥ ✇s♣ó➟♣r♦❣r❛♠ ③❜✐❡r❛ ✇②♥✐❦✐ ♣♦♠✐❛ró✇ ✐ ③❛♣✐✲
s✉❥❡ ❥❡ ✇ ❜❛③✐❡ ❞❛♥②❝❤✱ ❛ ❞r✉❣✐ ✇s♣ó➟♣r♦❣r❛♠ ♦♣r❛✲
❝♦✇✉❥❡ ③❡❜r❛♥❡ ✇②♥✐❦✐✱ ♦❣ó❧♥② s❝❤❡♠❛t t♦ ♣r♦❞✉❝❡♥t✲
❦♦♥s✉♠❡♥t✱

• ❥❡➺❡❧✐ ❥❛❦❛➧ ♠❡t♦❞❛ ✭❢✉♥❦❝❥❛ ❧✉❜ ♣r♦❝❡❞✉r❛✮ ❥❡st ✇②✲
❦♦♥②✇❛♥❛ ✇✐❡❧♦❦r♦t♥✐❡ ③ t②♠✐ s❛♠②♠✐ ♣❛r❛♠❡tr❛♠✐
❛❦t✉❛❧♥②♠✐✱ t♦ ✇❛rt♦ ✉t✇♦r③②➣ ♦❞♣♦✇✐❡❞♥✐❡ ♦❜✐❡❦t②
✇s♣ó➟♣r♦❣r❛♠✉ ✭t❛❜❧✐❝➛ ✇s♣ó➟♣r♦❣r❛♠ó✇✮ ❞❧❛ ❦❛➺❞❡❣♦
③❡st❛✇✉ ♣❛r❛♠❡tró✇ ❛❦t✉❛❧♥②❝❤✳ ◆❛st➛♣♥✐❡ ❦❛➺❞→ ✐♥✲
str✉❦❝❥➛ ✇②✇♦➟❛♥✐❛ ♣r♦❝❡❞✉r② ③❛st➛♣✉❥❡♠② ♦❞♣♦✇✐❡❞✲
♥✐→ ✐♥str✉❦❝❥→ ❁♠❛t❤❃❛tt❛❝❤✭✳✳✮❁✴♠❛t❤❃✳ ❩②s❦ ♠♦➺❡
♦❦❛③❛➣ s✐➛ ③♥❛❝③♥②✱ ♣♦♥✐❡✇❛➺ ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❁♠❛t❤❃❛tt❛❝❤❁✴♠❛t❤❃
❥❡st ③♥❛❝③♥✐❡ ♣r♦sts③❡ ♦❞ t✇♦r③❡♥✐❛ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐
♣r♦❝❡❞✉r②✳

• ❏❡➧❧✐ ✇s♣ó➟♣r♦❣r❛♠② s→ ❦❧❛s❛♠✐ ✇②♣♦s❛➺♦♥②♠✐ ✇ ✐♥✲
str✉❦❝❥➛ attach(...) t♦ ♠♦➺♥❛ t✇♦r③②➣ ❤✐❡r❛r❝❤✐❡ ✇s♣ó➟✲
♣r♦❣r❛♠ó✇ ✇②❦♦r③②st✉❥→❝ ❞③✐❡❞③✐❝③❡♥✐❡✳

• ❣➟ó✇♥❡ ③❛st♦s♦✇❛♥✐❡ ✇s♣ó➟♣r♦❣r❛♠ó✇ t♦ ♥❛r③➛❞③✐❛ s②✲
♠✉❧❛❝❥✐✱ t❛❦✐❡ ❥❛❦ ❦❧❛s② ❙✐♠✉❧❛t✐♦♥ ✇ ❙✐♠✉❧✐ ✻✼ ✐ ✇
▲♦❣❧❛♥✐❡✬✽✷✳

• ✇s♣ó➟♣r♦❣r❛♠② ✉♠♦➺❧✐✇✐❛❥→ t✇♦r③❡♥✐❡ ♦❜✐❡❦tó✇✱ ❦tór❡
r❡❛❧✐③✉❥→ ♦❜❧✐❝③❡♥✐❛ ❢✉♥❦❝❥♦♥❛➟ó✇✱ ❘♦③✇❛➺✿ ③❛♠✐❛st ♣r♦✲
❝❡❞✉r② ❜✐s❡❦❝❥❛ t✇♦r③②♠② ✇s♣ó➟♣r♦❣r❛♠ ③ ♣❛r❛♠❡✲
tr❡♠ ❢✿ ❢✉♥❝t✐♦♥✭①❀ r❡❛❧✮✿r❡❛❧✳
P♦❧❡❝❡♥✐❡
❢✶✿❂ ♥❡✇ ❝♦r♦✉t✐♥❡✭❢✮❀
t✇♦r③② ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉✳ ❚❡r❛③ ♣♦❧❡❝❡♥✐❛✿
❛✿❂✼✼❀❜✿❂ ✾✽❀ ❛tt❛❝❤✭❢✶✮❀
❛✿❂✲✶✽❀❜✿❂✶✵✷❀ ❛tt❛❝❤✭❢✶✮❀
♣r♦✇❛❞③→ ❞♦ ♦❜❧✐❝③❡♥✐❛ ✲ s③✉❦❛♥✐❛ ♠✐❡❥s❝ ③❡r♦✇②❝❤ ✳
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✷✳ Pr♦❞✉❝❡♥t ✐ ❦♦♥s✉♠❡♥t

P♦♣❛tr③♠② ❥❛❦ ✇②❣❧→❞❛ ❥❡❞❡♥ ③ ♥❛❥❝③➛➧❝✐❡❥ ♦♠❛✇✐❛♥②❝❤ ♣r③②✲
❦➟❛❞ó✇✳ Pr♦❣r❛♠ ♣r♦❞✉❝❡♥t ❦♦♥s✉♠❡♥t ♠❛ ♥❛st➛♣✉❥→❝→ str✉❦✲
t✉r➛✳

♣r♦❣r❛♠ ♣r♦❞❝♦♥s❀
✈❛r ♣r♦❞✿♣r♦❞✉❝❡r✱❝♦♥s✿❝♦♥s✉♠❡r✱♥✿✐♥t❡❣❡r✱♠❛❣✿r❡❛❧✱❧❛st✿❜♦♦❧❀

✉♥✐t ♣r♦❞✉❝❡r✿ ❝♦r♦✉t✐♥❡❀ ✳✳✳
❡♥❞ ♣r♦❞✉❝❡r❀

✉♥✐t ❝♦♥s✉♠❡r✿ ❝♦r♦✉t✐♥❡✭♥✿✐♥t❡❣❡r✮❀ ✳✳✳
❡♥❞ ❝♦♥s✉♠❡r❀

❜❡❣✐♥ ✭✯ ▼❆■◆ ♣r♦❣r❛♠ ✯✮
♣r♦❞✿❂♥❡✇ ♣r♦❞✉❝❡r❀
r❡❛❞✭♥✮❀
❝♦♥s✿❂♥❡✇ ❝♦♥s✉♠❡r✭♥✮❀
❛tt❛❝❤✭♣r♦❞✮❀ ✭✯ ❘ ✯✮
✇r✐t❡❧♥❀

❡♥❞ ♣r♦❞❝♦♥s❀

❖❜❧✐❝③❡♥✐❡ ♣r♦❣r❛♠✉ r♦③♣♦❝③②♥❛ s✐➛ ♦❞ ✉t✇♦r③❡♥✐❛ ♦❜✐❡❦t✉
prod ✇s♣ó➟♣r♦❣r❛♠✉ ♣r♦❞✉❝❡r✳ ◆❛st➛♣♥✐❡ ③♦st❛♥✐❡ ♦❞❝③②t❛♥❛
✇❛rt♦➧➣ n ✕ ❜➛❞③✐❡ t♦ r♦③♠✐❛r ❜✉❢♦r❛✳ ❩ ❦♦❧❡✐ ♣r♦❣r❛♠ ❣➟ó✇♥②
t✇♦r③② ♦❜✐❡❦t cons ✇s♣ó➟♣r♦❣r❛♠✉ ❝♦♥s✉♠❡r✳ ■♥str✉❦❝❥❛ attach(prod)
♣r③❡♥♦s✐ ♣r♦❝❡s♦r ❞♦ ♦❜✐❡❦t✉ prod✳ P♦ ♣♦✇r♦❝✐❡ ♦❜❧✐❝③❡➠ ❞♦ ✇②✲
❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦ ✇②❦♦♥❛♠② ✐♥str✉❦❝❥➛ ✇r✐t❡❧♥✱
▼✐❡❥s❝❡ ♣♦✇r♦t✉ ❞❧❛ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦ ❥❡st ③❛③♥❛❝③♦♥❡ ❥❛❦♦
✭✯ ❘ ✯✮✳
❉❛❧s③❛ ❛♥❛❧✐③❛ ♣r♦❣r❛♠✉ ✇②♠❛❣❛ ♣r③❡❝③②t❛♥✐❛ tr❡➧❝✐ ✇s♣ó➟♣r♦✲
❣r❛♠✉ ♣r♦❞✉❝❡r✱
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✉♥✐t ♣r♦❞✉❝❡r✿ ❝♦r♦✉t✐♥❡❀
❜❡❣✐♥
r❡t✉r♥❀ ✭✯ ✶ ✯✮
❞♦

■P :







r❡❛❞✭♠❛❣✮❀ ✭✯ ♠❛r❦✉❥❡♠② ❛❧❣♦r②t♠ ♣r♦❞✉❦❝❥✐ ✕ ♦❜❧✐❝③❡♥✐❛ ♠❛❣ ✯✮
✭✯ ♠❛❣ ✐s ♥♦♥❧♦❝❛❧ ✈❛r✐❛❜❧❡✱ ❝♦♠♠♦♥ st♦r❡✯✮
✐❢ ♠❛❣❂✵
t❤❡♥ ✭✯ ❡♥❞ ♦❢ ❞❛t❛ ✯✮

❧❛st✿❂tr✉❡❀
❡①✐t

✜❀







❛tt❛❝❤✭❝♦♥s✮❀ ✭✯ ❆ ✯✮
♦❞❀
❛tt❛❝❤✭❝♦♥s✮ ✭✯ ❇ ✯✮

❡♥❞ ♣r♦❞✉❝❡r❀

❛ t❛❦➺❡ tr❡➧❝✐ ✇s♣ó➟♣r♦❣r❛♠✉ ❝♦♥s✉♠❡r✳
✉♥✐t ❝♦♥s✉♠❡r✿ ❝♦r♦✉t✐♥❡✭♥✿✐♥t❡❣❡r✮❀
✈❛r ❇✉❢✿❛rr❛②♦❢ r❡❛❧❀ ✈❛r ✐✱❥✿✐♥t❡❣❡r❀

❜❡❣✐♥
♥❡✇❛rr❛② ❇✉❢ ❞✐♠✭✶✿♥✮❀
r❡t✉r♥❀ ✭✯ ✷ ✯✮
❞♦

IC :







❢♦r ✐✿❂✶ t♦ ♥
❞♦
❇✉❢✭✐✮✿❂♠❛❣❀
❛tt❛❝❤✭♣r♦❞✮❀ ✭✯ ❈ ✯✮
✐❢ ❧❛st t❤❡♥ ❡①✐t ❡①✐t ✜❀

♦❞❀
❢♦r ✐✿❂✶ t♦ ♥
❞♦ ✭✯ ♣r✐♥t ❇✉❢ ✯✮
✇r✐t❡✭✬ ✬✱❇✉❢✭✐✮✿✶✵✿✷✮

♦❞❀
✇r✐t❡❧♥❀







♦❞❀
✭✯ ♣r✐♥t t❤❡ r❡st ♦❢ ❇✉❢ ✯✮
❢♦r ❥✿❂✶ t♦ ✐ ❞♦ ✇r✐t❡✭✬ ✬✱❇✉❢✭❥✮✿✶✵✿✷✮ ♦❞❀
✇r✐t❡❧♥❀
❛tt❛❝❤✭♠❛✐♥✮❀ ✭✯ ❉ ✯✮

❡♥❞ ❝♦♥s✉♠❡r❀

P♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ t❡❣♦ ♣r♦❣r❛♠✉ ♣♦✇st❛♥→ tr③② ♦❜✐❡❦t②
✇s♣ó➟♣r♦❣r❛♠ó✇✳ ◆❛ ♣♦♥✐➺s③②♠ r②s✉♥❦✉ ✺ s→ ♦♥❡ ♣r③❡❞st❛✲
✇✐♦♥❡ ✇ ❦♦❧♦r③❡ ③✐❡❧♦♥②♠✳ ❙tr③❛➟❦✐ ❦♦❧♦r✉ ❝③❛r♥❡❣♦ ✇s❦❛③✉❥→✱
➺❡ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ prod ❥❡st ♦❜✐❡❦t t②♣✉ ♣r♦❞✉❝❡r ❞♦ ❦tó✲
r❡❣♦ ♣r♦✇❛❞③✐ t❛ str③❛➟❦❛✱ ❛ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ cons ❥❡st ♦❜✐❡❦t
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t②♣✉ ❝♦♥s✉♠❡r ✇s❦❛③❛♥② ♣r③❡③ str③❛➟❦➛ ③❛❝③②♥❛❥→❝❛ s✐➛ ♦❞ ❝♦♥s✳
◆❛t♦♠✐❛st ❝③❡r✇♦♥❡ str③❛➟❦✐ ♣♦❦❛③✉❥→ ❡❢❡❦t ✇②❦♦♥❛♥✐❛ ♦♣❡r❛❝❥✐
❛tt❛❝❤✭ ✮✳ ❲②❦♦♥②✇❛♥✐❡ ♣r♦❣r❛♠✉ r♦③♣♦❝③②♥❛ s✐➛ ✇ r❡❦♦r❞③✐❡
❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉ ❣➟♦✇♥❡❣♦✳ P✐❡r✇s③❛ ✐♥str✉❦❝❥❛ s♣♦✇♦❞✉❥❡
✉t✇♦r③❡♥✐❡ ♦❜✐❡❦t✉ ✇s♣ó➟♣r♦❣r❛♠✉ ♣r♦❞✉❝❡r ✐ ♣r③②♣✐s❛♥✐❡ t❡❣♦
♦❜✐❡❦t✉ ❥❛❦♦ ✇❛rt♦➧❝✐ ③♠✐❡♥♥❡❥ prod✳ ❉r✉❣❛ ✐♥str✉❦❝❥❛ ♣♦✇♦❞✉❥❡
✇❝③②t❛♥✐❡ ✭③ ❦❧❛✇✐❛t✉r②✮ ❧✐❝③❜② ✐ ♣r③②♣✐s❛♥✐❡ ❥❡❥ ❞♦ ③♠✐❡♥♥❡❥
n✳ ❚r③❡❝✐❛ ✐♥str✉❦❝❥❛ s♣♦✇♦❞✉❥❡ ✉t✇♦r③❡♥✐❡ ♦❜✐❡❦t✉ ✇s♣ó➟♣r♦✲
❣r❛♠✉ ❝♦♥s✉♠❡r ✐ ♣r③②♣✐s❛♥✐❡ ❣♦ ❞♦ ③♠✐❡♥♥❡❥ cons✳ ❲ ❡❢❡❦❝✐❡
✐♥✐❝❥❛❧✐③❛❝❥✐ ✭❦♦♥str✉❦❝❥✐✮ ♦❜✐❡❦t✉ cons ♣♦✇st❛❥❡ t❛❜❧✐❝❛ Buf ♦
❡❧❡♠❡♥t❛❝❤ ♥✉♠❡r♦✇❛♥②❝❤ ♦❞ ✶ ❞♦ n✳
❈③✇❛rt❛ ✐♥str✉❦❝❥❛ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦ ♣r③❡♥♦s✐ ♣r♦❝❡s♦r ❞♦
♦❜✐❡❦t✉ prod✱ ✇ ♠✐❡❥s❝❡ ✇ ❦tór②♠ ✐♥str✉❦❝❥❛ r❡t✉r♥ ③❛❦♦➠❝③②➟❛
✐♥✐❝❥❛❧✐③❛❝❥➛ t❡❣♦ ♦❜✐❡❦t✉✳ Pr♦❝❡s ♣r♦❞✉❦❝❥✐ ♣r③❡❞♠✐♦t✉ ✐ ✇st❛✲
✇✐❡♥✐❛ ❞♦ ♠❛❣❛③②♥✉ ✐❧✉str✉❥❡♠② ♣r③② ♣♦♠♦❝② ✐♥str✉❦❝❥✐ r❡❛❞✭♠❛❣✮✳
❲ ♣r❛❦t②❝③♥②❝❤ ③❛st♦s♦✇❛♥✐❛❝❤ ♠♦➺❡ t♦ ❜②➣ ♥♣✳ ❝✐→❣ ✐♥str✉❦✲
❝❥✐ ❞♦❦♦♥✉❥→❝②❝❤ ♣♦♠✐❛ró✇✳ Pr③②❥➛❧✐➧♠② ✉♠♦✇➛✱ ➺❡ ✇❝③②t❛♥✐❡
✇❛rt♦➧❝✐ ♠❛❣❂✵ ❦♦➠❝③② ♣r❛❝➛ ♣r♦❣r❛♠✉✳ ❏❡➧❧✐ ✇❝③②t❛♥❛ ✇❛r✲
t♦➧➣ ♠❛❣ 6=✵ t♦ ✇②❦♦♥❛♠② ✐♥str✉❦❝❥➛ ❛tt❛❝❤✭❝♦♥s✮✳ ❩❛ ♣✐❡r✇✲
s③②♠ r❛③❡♠ ✇③♥♦✇✐♠② ❞③✐❛➟❛♥✐❡ ♦❜✐❡❦t✉ cons ③❛ ✐♥str✉❦❝❥❛ r❡✲
t✉r♥✳ Pr♦❝❡s ❦♦♥s✉♠♣❝❥✐❥❡st t✉ ③❛♠❛r❦♦✇❛♥② ♣r③❡③ ✇st❛✇✐❡✲
♥✐❡ ✇❝③②t❛♥❡❥ ✇❛rt♦➧❝✐ ❞♦ ❜✉❢♦r❛ Buf ✭✐ ✇②❞r✉❦♦✇❛♥✐❡ ❜✉❢♦r❛
❝♦ ❥❛❦✐➧ ❝③❛s✮✳ ♣♦❝③②♠ ❦♦♥s✉♠❡♥t cons ♣r③❡❦❛③✉❥❡ st❡r♦✇❛♥✐❡
❞♦ ♣r♦❞✉❝❡♥t❛ prod✱ ✇②❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❡ ❛tt❛❝❤✭♣r♦❞✮✳ Pr♦❞✉✲
❝❡♥t ♣♦✇t❛r❛ ❡t❛♣ ♣r♦❞✉❦❝❥✐ ✐ ♣♦♥♦✇♥✐❡ ♣r③❡❦❛③✉❥❡ st❡r♦✇❛♥✐❡
❦♦♥s✉♠❡♥t♦✇✐✳ ❩❛❦➟❛❞❛♠②✱ ➺❡ ✇ ♣❡✇♥②♠ ♠♦♠❡♥❝✐❡ ③♦st❛♥✐❡
✇❝③②t❛♥❛ ✇❛rt♦➧➣ ♠❛❣❂✵✳ ❲t❡❞② ♣r♦❞✉❝❡♥t ✉st❛✇✐❛ ✇❛rt♦➧❝
③♠✐❡♥♥❡❥ ❜♦♦❧♦✇s❦✐❡❥ last tr✉❡ ✐ ♣r③❡❦❛③✉❥❡ st❡r♦✇♥✐❡ ❞♦ ❦♦♥s✉✲
♠❡♥t❛✳ ❑♦♥s✉♠❡♥t ✇ ❦❛➺❞②♠ ❝②❦❧✉ s♣r❛✇❞③❛➟ ❝③② ✇❛rt♦➧➣ ❧❛st
❥❡st tr✉❡✳ ✭❩ ❞❡✜♥✐❝❥✐ ♣♦❝③→t❦♦✇❛ ✇❛rt♦➧❝ ❧❛st t♦ ❢❛❧s❡✮✳ ●❞②
❥❡❞♥❛❦ ❧❛st ❥❡st tr✉❡ ❦♦♥s✉♠❡♥t ❞r✉❦✉❥❡ ❝③➛➧❝✐♦✇♦ ✇②♣❡➟♥✐♦♥→
t❛❜❧✐❝➛ Buf ✐ ♣r③❡❦❛③✉❥❡ st❡r♦✇❛♥✐❡ ❞♦ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦ ✇②✲
❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❡ ❛tt❛❝❤✭♠❛✐♥✮✳ Pr③②♣♦♠✐♥❛♠② ✇ t②♠ ♠✐❡❥✲
s❝✉✱ ➺❡ ♣r♦❣r❛♠ ❣➟ó✇♥② ❥❡st ♦❜✐❡❦t❡♠ ✇s♣ó➟♣r♦❣r❛♠✉✳
❖❞ t❡❥ ♣♦r② ♦❜✐❡❦t② prod ✐ cons ❦♦♦♣❡r✉❥→ ③❡ s♦❜→✱ ♣r③❡❦❛③✉❥→❝
s♦❜✐❡ st❡r♦✇❛♥✐❡ ✭❧✉❜ ❥❡➧❧✐ ✇♦❧✐s③ ♣r③❡♥♦s③→❝ ♣r♦❝❡ss♦r✮ ③❛ ♣♦✲
♠♦❝→ ✐♥str✉❦❝❥✐ ❛tt❛❝❤✳ ❯✇❛❣❛✳ ❩❛❦♦➠❝③❡♥✐❡ ✇②❦♦♥②✇❛♥✐❛ ♣r♦✲
❣r❛♠✉ ♥❛st❛♣✐ ❣❞② ♦❜✐❡❦t prod ✉st❛✇✐ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ last tr✉❡
✐ ♣r③❡❦❛➺❡ st❡r♦✇❛♥✐❡ ♦❜✐❡❦t♦✇✐ cons✳ ❩ ❦♦❧❡✐ ♦❜✐❡❦t cons ✇②❞r✉✲
❦✉❥❡ t❡❧❡ ❧✐❝③❜✱ ✐❧❡ ③♥❛❥❞✉❥❡ s✐❡ ✇ ❜✉❢♦r③❡ ✐ ♦❞❞❛❥❡ st❡r♦✇❛♥✐❡
♣r♦❣r❛♠♦✇✐ ❣➟ó✇♥❡♠✉✱ ❞❧❛ ③❛❦♦➠❝③❡♥✐❛ ♦❜❧✐❝③❡➠✳✶ ❆♥❛❧✐③❛ t❡❣♦
♣r♦❣r❛♠✉ ♣r♦✇❛❞③✐ ❞♦ ♥❛st➛♣✉❥→❝②❝❤ ✇♥✐♦s❦ó✇✿

• P♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ ♣r♦❣r❛♠✉ ✐st♥✐❡❥❛ ❝③t❡r② ❥❡❞✲
♥♦st❦✐ ❞②♥❛♠✐❝③♥❡✿ ♠❛✐♥ ✕ r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❣r❛♠✉

✶❩✇r❛❝❛♠② ✉✇❛❣➛ ♥❛ ❢❛❦t✱ ➺❡ ❛♥✐ ♦❜✐❡❦t prod✱ ❛♥✐ ♦❜✐❡❦t cons
♥✐❡ ✇②❝③❡r♣✉❥❛ ❧✐st s✇♦✐❝❤ ✐♥str✉❦❝❥✐ ❞♦ ❦♦➠❝❛✳ ❚③♥✳ ♥✐❡ ❞♦❝❤♦✲
❞③✐ ❞♦ ③♠✐❛♥② st❛♥✉ ♦❜✐❡❦t✉ prod ♥❛ ❚❡r♠✐♥❛t❡❞✳

✸✽✺



❘②s✉♥❡❦ ✺✳ ❚r③② ♦❜✐❡❦t② ✇s♣ó➟♣r♦❣r❛✲
♠ó✇✿ ♣r♦❞✱ ❝♦♥s ✐ ♠❛✐♥

▼❛✐♥

♣r♦❞ ❝♦♥s

❜✉❢

❛tt❛❝❤✭♣r♦❞✮
■P

❛tt❛❝❤✭❝♦♥s✮

❛tt❛❝❤✭♣r♦❞✮

■C

❛tt❛❝❤✭♠❛✐♥✮

st
♦r
❡
♠
❛❣

❘②s✉♥❡❦ ✻✳ ❉✐❛❣r❛♠ ✇s♣ó➟♣r❛❝② ❛❣❡♥tó✇
♣r♦❞✱ ❝♦♥s ✐ ♠❛✐♥

❣➟ó✇♥❡❣♦✱ ♦❜✐❡❦t② ✇s♣ó➟♣r♦❣r❛♠ó✇ prod ∈ ♣r♦❞✉❝❡r✱
cons ∈ ❝♦♥s✉♠❡r ✐ t❛❜❧✐❝❛ buf✳

• ❲♣r♦✇❛❞③❡♥✐❡ ❝③❡r✇♦♥②❝❤ str③❛➟❡❦ st✇♦r③②➟♦ ✇r❛➺❡✲
♥✐❡ ❝❤❛♦s✉✱ ❛ t❛❦ ♥✐❡ ❥❡st✳ ▲❡♣s③② ♦❜r❛③ ✇s♣ó➟❞③✐❛➟❛✲
♥✐❛ t②❝❤ tr③❡❝❤ ♦❜✐❡❦tó✇ ✇s♣ó➟♣r♦❣r❛♠ó✇ ✉③②s❦❛♠②
♥❛ r②s✉♥❦✉ ✻ ♣♦♥✐➺❡❥ ✳

P❡✇♥②♠ ♣r③②❜❧✐➺❡♥✐❡♠✱ s❡❦✇❡♥❝②❥♥❡❣♦ ♣r③❡❝✐❡➺✱ ♣r♦❣r❛♠✉ ♣r♦❞✲
❝♦♥s ♠♦➺❡ ❜②➣ ✇②r❛➺❡♥✐❡ r❡❣✉❧❛r♥❡

Imain; (IP ; IC)
+;RC ;Rmain

✇ ❦tór②♠ IP ♦③♥❛❝③❛ ❝✐→❣ ✐♥str✉❦❝❥✐ ♦③♥❛❝③♦♥②✱ ap ✐♥str✉❦❝❥➛
❛tt❛❝❤✭♣r♦❞✮✱ ✳✳✳

❲♥✐♦s❡❦ ✷✹✳✶✳ ❩ ♣♦✇②➺s③②❝❤ ♦❜s❡r✇❛❝❥✐ ✇②♥✐❦❛✱ ➺❡ ♣r♦❣r❛♠
♣r♦❞❝♦♥s ♠♦➺♥❛ ③❛st→♣✐➣ ró✇♥♦✇❛➺♥②♠ ♣r♦❣r❛♠❡♠ ✐t❡r❛❝②❥✲
♥②♠✱ ✇♦❧♥②♠ ♦❞ ♠♦❞✉➟ó✇ ✇s♣ó➟♣r♦❣r❛♠ó✇ ♣r♦❞✉❝❡r ✐ ❝♦♥s✉✲
♠❡r✳

❏❛❦✐ ❜②➟❜② ❦♦s③t t❡❣♦ ♣r③❡❦s③t❛➟❝❡♥✐❛❄ ❩❛♣❡✇♥❡ s♣♦r②✳ ❲②✲
❞❛❥❡ s✐➛✱ ➺❡ t❛♥✐❡❥ ❥❡st ♥❛♣✐s❛➣ ♣r♦❣r❛♠ ③ ✇②❦♦r③②st❛♥✐❡♠ ✇s♣ó➟✲
♣r♦❣r❛♠ó✇✳ ❇✐❡r③❡♠② t✉ ró✇♥✐❡➺ ♣♦❞ ✉✇❛❣➛✱ ➺❡ ③❛st♦s♦✇❛♥✐❡
✇s♣ó➟♣r♦❣r❛♠ó✇ ③♠♥✐❡❥s③❛ r②③②❦♦ ♣♦♣❡➟♥✐❛ ❜➟➛❞✉ ✇ ♦r❣❛♥✐③❛✲
❝❥✐ ✇s♣ó➟♣r❛❝②✳

✸✽✻



✸✳ ■♥str✉❦❝❥❛ ❞❡t❛❝❤

❲ ♣♦♣r③❡❞♥✐♠ ♣r③②❦➟❛❞③✐❡ ✉➺②❧✐➧♠② ✐♥str✉❦❝❥✐ ❛tt❛❝❤ ❞♦
♣r③❡➟→❝③❛♥✐❛ ♦❜❧✐❝③❡➠ ♣♦♠✐➛❞③② ♦❜✐❡❦t❛♠✐ ✇s♣ó➟♣r♦❣r❛♠ó✇✳ ❲
t❡❥ s❡❦❝❥✐ ♣♦③♥❛♠② ✐♥str✉❦❝❥➛ ❞❡t❛❝❤✳

Pr③②❦➟❛❞✳
▼❛♠② ❞♦ ❞②s♣♦③②❝❥✐ ❞✇✐❡ ❞r✉❦❛r❦✐✱ ❥❡❞♥❛ ♦ s③❡r♦❦♦➧❝✐ ♠✶ ✐
❞r✉❣❛ ♦ s③❡r♦❦♦➧❝✐ ♠✷✳ Pr♦❣r❛♠ ✇❝③②t✉❥❡ ❝✐→❣ ❜❧♦❦ó✇ ❧✐❝③❜✳
❑❛➺❞② ❜❧♦❦ r♦③♣♦❝③②♥❛ s✐➛ ♦❞ ♥❛❣➟ó✇❦❛ ❜➛❞→❝❡❣♦ ❧✐❝③❜→ ♠✶
❧✉❜ ♠✷✳ ❑❛➺❞② ❜❧♦❦ ❦♦➠❝③② s✐➛ ❧✐❝③❜→ ✵✳ ❑♦♥✐❡❝ ♣❧✐❦✉ ✇❡❥✲
➧❝✐♦✇❡❣♦ ❥❡st ③❣➟❛s③❛♥② ❥❛❦♦ ❜❧♦❦ ♦ ♥❛❣➟ó✇❦✉ ✵✳ ◆❛s③ ♣r♦❣r❛♠
♠♦➺❡ ✇②❣❧→❞❛➣ t❛❦✿

♣r♦❣r❛♠ r❡❛❞❡r❴♣r✐♥t❡rs❀
❝♦♥st ♠✶❂✶✵✱♠✷❂✷✵❀
✈❛r r❡❛❞❡r✿r❡❛❞✐♥❣✱♣r✐♥t❡r❴✶✱♣r✐♥t❡r❴✷✿✇r✐t✐♥❣❀
✈❛r ♥✿✐♥t❡❣❡r✱♥❡✇❴s❡q✉❡♥❝❡✿❜♦♦❧❡❛♥✱♠❛❣✿r❡❛❧❀

✉♥✐t ✇r✐t✐♥❣✿❝♦r♦✉t✐♥❡✭♥✿✐♥t❡❣❡r✮❀ ✳✳✳
❡♥❞ ✇r✐t✐♥❣❀

✉♥✐t r❡❛❞✐♥❣✿❝♦r♦✉t✐♥❡ ❀ ✳✳✳
❡♥❞ r❡❛❞✐♥❣❀

❜❡❣✐♥
r❡❛❞❡r✿❂♥❡✇ r❡❛❞✐♥❣❀
♣r✐♥t❡r❴✶✿❂♥❡✇ ✇r✐t✐♥❣✭♠✶✮❀ ♣r✐♥t❡r❴✷✿❂♥❡✇ ✇r✐t✐♥❣✭♠✷✮❀
❞♦
r❡❛❞✭♥✮❀
❝❛s❡ ♥
✇❤❡♥ ✵✿ ❡①✐t
✇❤❡♥ ♠✶✿ ❛tt❛❝❤✭♣r✐♥t❡r❴✶✮
✇❤❡♥ ♠✷✿ ❛tt❛❝❤✭♣r✐♥t❡r❴✷✮
♦t❤❡r✇✐s❡ ✇r✐t❡✭✧✇r♦♥❣ ❞❛t❛✧✮❀ ❡①✐t
❡s❛❝

♦❞
❡♥❞❀

❲s♣ó➟♣r♦❣r❛♠ r❡❛❞✐♥❣ ♠❛ ♥❛st➛♣✉❥→❝❛ tr❡➧➣
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✉♥✐t r❡❛❞✐♥❣✿ ❝♦r♦✉t✐♥❡❀
❜❡❣✐♥
r❡t✉r♥❀
❞♦
r❡❛❞✭♠❛❣✮❀
✐❢ ♠❛❣❂✵ t❤❡♥ ♥❡✇❴s❡q✉❡♥❝❡✿❂tr✉❡❀ ✜❀
❞❡t❛❝❤❀
✭✯ ❞❡t❛❝❤ r❡t✉r♥s ❝♦♥tr♦❧ t♦ ♣r✐♥t❡r❴✶ ♦r ♣r✐♥t❡r❴✷
❞❡♣❡♥❞✐♥❣ ✇❤✐❝❤ ♦♥❡ r❡❛❝t✐✈❛t❡❞ r❡❛❞❡r ✯✮

♦❞
❡♥❞ r❡❛❞✐♥❣❀

❲ ❥❛❦✐ s♣♦só❜ ③❛♣❡✇♥✐➣✱ ➺❡ ✳✳✳❄
❈③② ✇❡ ✇s♣ó➟♣r♦❣r❛♠❛❝❤ ✳✳✳❄
❲s♣ó➟♣r♦❣r❛♠ ✇r✐t✐♥❣ ✇②❣❧→❞❛ t❛❦✿
✉♥✐t ✇r✐t✐♥❣✿ ❝♦r♦✉t✐♥❡✭♥✿✐♥t❡❣❡r✮❀
✈❛r ❇✉❢✿ ❛rr❛②♦❢ r❡❛❧✱ ✐✱❥✿✐♥t❡❣❡r❀

❜❡❣✐♥
❛rr❛② ❇✉❢ ❞✐♠ ✭✶✿♥✮❀ ✭✯ ❛rr❛② ❣❡♥❡r❛t✐♦♥ ✯✮
r❡t✉r♥❀
❞♦
❛tt❛❝❤✭r❡❛❞❡r✮❀ ✭✯ r❡❛❝t✐✈❛t❡s ❝♦r♦✉t✐♥❡ r❡❛❞❡r ✯✮
✐❢ ♥❡✇❴s❡q✉❡♥❝❡
t❤❡♥
✭✯ ❛ ♥❡✇ s❡q✉❡♥❝❡ ❝❛✉s❡s ❜✉✛❡r ❇✉❢ t♦ ❜❡ ♣r✐♥t❡❞ ♦✉t ✯✮
❢♦r ❥✿❂✶ t♦ ✐ ❞♦ ✇r✐t❡✭✬ ✬✱❇✉❢✭❥✮✿✶✵✿✷✮ ♦❞❀ ✇r✐t❡❧♥❀
✐✿❂✵❀ ♥❡✇❴s❡q✉❡♥❝❡✿❂❢❛❧s❡❀
❛tt❛❝❤✭♠❛✐♥✮

❡❧s❡
✐✿❂✐✰✶❀ ❇✉❢✭✐✮✿❂♠❛❣❀
✐❢ ✐❂♥
t❤❡♥
❢♦r ❥✿❂✶ t♦ ♥ ❞♦ ✇r✐t❡✭✬ ✬✱❇✉❢✭❥✮✿✶✵✿✷✮ ♦❞❀ ✇r✐t❡❧♥❀ ✐✿❂✵❀

✜
✜

♦❞
❡♥❞ ✇r✐t✐♥❣❀

❉❧❛❝③❡❣♦ ✇ ✇s♣ó➟♣r♦❣r❛♠✐❡ r❡❛❞✐♥❣ ✇②st➛♣✉❥❡ ♣♦❧❡❝❡♥✐❡ ❞❡✲
t❛❝❤❄ ❈♦ ❜② s✐➛ ❞③✐❛➟♦ ❣❞②❜②➧♠② ✉➺②❧✐ ♣♦❧❡❝❡♥✐❛ ❛tt❛❝❤❄
❲ t②♠ ♣r③②❦➟❞③✐❡ ③❛♠✐❛st ✐♥str✉❦❝❥✐ ❞❡t❛❝❤ ♠♦③♥❛ ✉③②➣
✐❢ s③❡r❂♠✶ t❤❡♥ ❛tt❛❝❤✭♣r✐♥t❡r❴✶✮ ❡❧s❡ ❛tt❛❝❤✭♣r✐♥t❡r❴✷✮ ✜
◆♦ ✐ tr③❡❜❛ ❥❡s③❝③❡ ③❛❞❜❛❝ ❜② ✇❛rt♦➧❝ s③❡r ❜②➟❛ ♦❞♣♦✇✐❡❞♥✐♦
❛❦t✉❛❧✐③♦✇❛♥❛✳ ◆❛♣✐s③ ♦❞♣♦✇✐❡❞♥✐❡ ♣♦❧❡❝❡♥✐❡✭❛✮✳
❆ ❝♦ ③r♦❜✐➣ ❣❞② ♦❜✐❡❦tó✇ ✉❛❦t②✇♥✐❛❥→❝②❝❤ ✇s♣ó➟♣r♦❣r❛♠ r❡✲
❛❞❡r ❥❡st ❞✉➺♦❄ ❣❞② ❧✐❝③❜❛ t❛ ♥✐❡ ❥❡st ③♥❛♥❛ ♣r③❡❞ ✇②❦♦♥❛♥✐❡♠
♣r♦❣r❛♠✉❄
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▼❛✐♥

♣r✐♥t❡r❴✶

♣r✐♥t❡r❴✷

r❡❛❞❡r

❛tt❛❝❤✭♣r✐♥t❡r❴✶✮

❛tt
❛❝❤

✭♣r
✐♥t

❡r❴
✷✮

❛tt❛
❝❤✭

r❡❛
❞❡r

✮

❛tt❛❝❤✭r❡❛❞❡r✮

❞❡t
❛❝❤

❞❡t❛❝❤❛tt❛❝❤✭▼❛✐♥✮

❛tt❛
❝❤✭▼

❛✐♥✮

❘②s✉♥❡❦ ✼✳ ❉✐❛❣r❛♠ ✇s♣ó➟♣r❛❝② ❛❣❡♥tó✇
♣r✐♥t❡r❴✶✱ ♣r✐♥t❡r❴✷✱ r❡❛❞❡r ✐ ▼❛✐♥

❲✐❞❛❝✱ ➺❡ ♣♦❧❡❝❡♥✐❡ ❞❡t❛❝❤ ❥❡st ♣r③②❞❛t♥❡✳

P♦♥✐➺s③② r②s✉♥❡❦ ✼ ✐❧✉str✉❥❡ ③✇✐→③❦✐ ♣♦♠✐➛❞③② ❝③t❡r❡♠❛ ✇s♣ó➟✲
♣r♦❣r❛♠❛♠✐✿ ▼❛✐♥✱ ♣r✐♥t❡r❴✶✱ ♣r✐♥t❡r❴✷ ✐ r❡❛❞❡r✳

❆ ♠♦➺❡ ♥❛r②s♦✇❛➣ ♣♦❞♦❜♥②✱ ✐♥♥② ❞✐❛❣r❛♠❄ ❚❛❦ ❜② ❜②➟♦ ✇②✲
r❛➺♥✐❡ ✇✐❞❛➣✱ ➺❡ ✉❛❦t②✇♥✐❡♥✐✉ ♦❜✐❡❦t✉ r❡❛❞❡r ✇s♣ó➟♣r♦❣r❛♠✉
❘❡❛❞✐♥❣ ③ ♦❜✐❡❦t✉ ♣r✐♥t❡r❴i ♦❞♣♦✇✐❛❞❛ ♣♦✇rót ❞♦ ❛❦t②✇♥♦➧❝✐
✇ t②♠ s❛♠②♠ ♦❜✐❡❦❝✐❡ ♣r✐♥t❡r❴i✳ ❲ t❡♥ s♣♦só❜ ❞♦❝❤♦❞③✐♠②
❞♦ ③r♦③✉♠✐❡♥✐❛ ✉✇❛❣✐ ❉♦♥❛❧❞❛ ❑♥✉t❤❛ s♣r③❡❞ ✹✵ ❧❛t✿ ✏♣♦❞♣r♦✲
❣r❛♠② t♦ s③❝③❡❣ó❧♥② ♣r③②♣❛❞❡❦ ✇s♣ó➟♣r♦❣r❛♠ó✇✑✳ ❘③❡❝③②✇✐✲
➧❝✐❡✱ ♦❜✐❡❦t r❡❛❞❡r ③❛❝❤♦✇✉❥❡ s✐➛ ❥❛❦ ♣♦❞♣r♦❣r❛♠✳
◆✐❡❦tór③② ✭❉❛❤❧✱ ❑r❡❝③♠❛r✮ ♠ó✇✐❛ ✇ t❛❦✐♠ ♣r③②♣❛❞❦✉ ♦ s❡♠✐✲
❝♦r♦✉t✐♥❛❝❤✳

✹✳ ▲✐❝③♥✐❦ ✲ ❞②♥❛♠✐❝③♥❛ t❛❜❧✐❝❛ ♦❜✐❡❦tó✇ ✇s♣ó➟♣r♦❣r❛♠✉✳

❲ t②♠ ♣❛r❛❣r❛✜❡ ③♦r❣❛♥✐③✉❥❡♠② ✇s♣ó➟♣r❛❝➛ s②st❡♠✉ ♦❜✲
r❛❝❛❥→❝②❝❤ s✐➛ ❦ó➟❡❦✱ ❦tór② ✇ ❡❢❡❦❝✐❡ ③❛❝❤♦✇✉❥❡ s✐➛ ❥❛❦ ✇✐❡❧❡
❧✐❝③♥✐❦ó✇✿♥♣✳ ❧✐❝③♥✐❦ ③✉③②t❡❥ ❡♥❡r❣✐✐ ❡❧❡❦tr②❝③♥❡❥✱ ❧✐❝③♥✐❦ ♣r③❡✲
❥❡❝❤❛♥②❝❤ ❦✐❧♦♠❡tró✇✱ ❡t❝✳ Pr♦❣r❛♠ ❧✐❝③♥✐❦ ♣♦❦❛③✉❥❡ ❥❛❦ ✇②❦♦✲
r③②st❛➣ ✇s♣ó➟♣r♦❣r❛♠② ✇ ✇✐➛❦s③②♠ ♣r♦❣r❛♠✐❡✿ ♠♦❞✉➟ ❆ ♠♦➺❡
③❛❥♠♦✇❛➣ s✐➛ ♦❜s❡r✇❛❝❥→ ✏✐♠♣✉❧só✇✑✱ ③❞❛r③❡➠ ♣♦✇♦❞✉❥→❝②❝❤✱ ➺❡
♠♦❞✉➟ ❇ ✇②t✇❛r③❛ ❦♦❧❡❥♥→ ❦♦♠❜✐♥❛❝❥➛ ✕ t✉ ♣r③❡❞♠✐♦tó✇ ✵✱✶✱✷✱
✳✳✳ ✱✾ ✐ ♣r③❡❦❛③✉❥❡ st❡r♦✇❛♥✐❡ ❞♦ ❦♦❧❡❥♥❡❣♦
♠♦❞✉➟✉ ❈✱ ❦tór② ✇ ❥❛❦✐➧ s♣♦só❜ ♣♦➺②t❦✉❥❡ t➛ ✐♥❢♦r♠❛❝❥➛ ✭♥♣✳
♦ st❛♥✐❡ ❧✐❝③♥✐❦❛✮✳

✸✽✾



❈③➛➧❝✐❡❥ ♣♦tr③❡❜♥❛ ♥❛♠ ❜➛❞③✐❡ ❦♦❧❡❥♥❛ ♣❡r♠✉t❛❝❥❛✳ ❖❞♣♦✇✐❡❞✲
♥✐♦ ③♠♦❞②✜❦♦✇❛♥② ♣r♦❣r❛♠ P❛✇❡❧● ③❛❥♠✐❡ s✐➛ ✇②t✇♦r③❡♥✐❡♠
✇s③②st❦✐❝❤ ♣❡r♠✉t❛❝❥✐✳ ③♠♦❞②✜❦✉❥ ♣r♦❣r❛♠ P❛✇❡❧●✱ ③❛st→♣
✐♥str✉❦❝❥➛ ❞r✉❦♦✇❛♥✐❛ ✐♥str✉❦❝❥→ ❞❡t❛❝❤ ✐ ✳✳✳

✺✳ ❙❝❛❧❛♥✐❡ ❞r③❡✇ ❇❙❚ ✕ ➟❛➠❝✉❝❤ ❞②♥❛♠✐❝③♥②

❚❡♥ ♣❛r❛❣r❛❢ ♣♦➧✇✐➛❝♦♥② ❥❡st ♣♦❥➛❝✐✉ ➟❛➠❝✉❝❤❛ ❞②♥❛♠✐❝③✲
♥❡❣♦✳
❩❛❝③♥✐❡♠② ♦❞ ♣r③②❦➟❛❞✉✳ Pr③②❦➟❛❞ ③❛❝③❡r♣♥✐➛t② ③ ♣r❛❝② ❜✐❜✲
♦❥❞✿❛✇❬❄❪✱ ♣♦r✳ ❬❙③❛✾✶❪✳ ❩❛❞❛♥✐❡✳
❉❛♥❡ s→ ❞r③❡✇❛ ❇❙❚ ✇ ❧✐❝③❜✐❡ ❦✳ ◆❛❧❡➺② ✉t✇♦r③②➣ ❝✐→❣ ♥✐❡♠❛✲
❧❡❥→❝② ❡❧❡♠❡♥tó✇ ③❛♣✐s❛♥②❝❤ ✇ ✇➛③➟❛❝❤ t②❝❤ ❞r③❡✇✳
❩❛❞❛♥✐❡ t♦ ♠♦➺♥❛ r♦③✇✐→③❛➣ ♥❛ ✇✐❡❧❡ s♣♦s♦❜ó✇✳ ❲②❦♦r③②st❛✲
♥✐❡ ✇s♣ó➟♣r♦❣r❛♠ó✇ ♦❦❛➺❡ s✐➛ ❜❛r❞③♦ ♥❛t✉r❛❧♥②♠ ♣♦❞❡❥➧❝✐❡♠
❞♦ t❡❣♦ ♣r♦❜❧❡♠✉✳
❉❛♥❡ t♦ ❦ ❡❧❡♠❡♥t♦✇❛ t❛❜❧✐❝❛ D ❞r③❡✇ ❇❙❚ ✭❛ ❞♦❦➟❛❞♥✐❡❥✱ t❛✲
❜❧✐❝❛ ✇➛③➟ó✇✲❦♦r③❡♥✐ t②❝❤ ❞r③❡✇✮✳ ❩ ❦❛➺❞②♠ ❞r③❡✇❡♠ D[i] ③✇✐→✲
➺❡♠② ❥❡❞❡♥ ✇s♣ó➟♣r♦❣r❛♠ T [i]✳

❆♥❛❧✐③❛ ③❛❞❛♥✐❛✳
❉r③❡✇♦ ❇❙❚ ♠♦➺❡ ❜②➣ ♦♣✐s❛♥❡ ♥♣✳ t❛❦

✉♥✐t ❚r❡❡✿ ❝❧❛ss❀
✈❛r r♦♦t✿ ♥♦❞❡❀
✉♥✐t ♥♦❞❡✿ ❝❧❛ss✭✈❛❧✿ ✐♥t❡❣❡r✮❀
❧❡❢t✱ r✐❣❤t✿ ♥♦❞❡❀

♥♦❞❡❀
tr❛✈❡rs❡✿ ♣r♦❝❡❞✉r❡✭✈✿♥♦❞❡✮❀
❜❡❣✐♥
✐❢ ✈❂♥♦♥❡ t❤❡♥ r❡t✉r♥
❡❧s❡ ❝❛❧❧ tr❛✈❡rs❡✭✈✳❧❡❢t✮❀ ✇r✐t❡✭✈✳✈❛❧✮❀ ❝❛❧❧ tr❛✈❡rs❡✭✈✳r✐❣❤t✮❀
✜

❡♥❞ tr❛✈❡rs❡❀
✉♥✐t ✐♥s❡rt✿ ♣r♦❝❡❞✉r❡✭❡✿✐♥t❡❣❡r✮❀ ✳✳✳ ❡♥❞ ✐♥s❡rt❀

❡♥❞ ❚r❡❡❀

❩❛♦❜s❡r✇✉❥♠②

▲❡♠❛t ✷✹✳✷✳ ◆✐❡❝❤ k ❜➛❞③✐❡ ♦❜✐❡❦t❡♠ ❦❧❛s② ❚r❡❡✳ ■♥str✉❦✲
❝❥❛ ❝❛❧❧ tr❛✈❡rs❡✭❦✮ s♣♦✇♦❞✉❥❡ ✇②❞r✉❦♦✇❛♥✐❡ ✇s③②st❦✐❝❤ ❧✐❝③❜
③❛♣✐s❛♥②❝❤ ✇ ❞r③❡✇✐❡ ♦ ❦♦r③❡♥✐✉ k✳

❆ t❡r❛③ ③♠✐❡♥✐♠② ♥❛s③ ♣r♦❣r❛♠✳ ❲ ♣r♦❝❡❞✉r③❡ tr❛✈❡rs❡ ✐♥✲
str✉❦❝❥➛ ✇r✐t❡ ③❛st→♣✐♠② ♣♦❧❡❝❡♥✐❡♠ ❞❡t❛❝❤✳ ❘♦③♣❛tr③♠② ♥❛✲
st➛♣✉❥→❝② ♣r♦❣r❛♠ t❡st✳

✸✾✵



♣r♦❣r❛♠ t❡st❀
✉♥✐t ♥♦❞❡✿ ❝❧❛ss✭✈❛❧✿✐♥t❡❣❡r✮❀
✈❛r ❧❡❢t✱r✐❣❤t✿ ♥♦❞❡❀

❡♥❞ ♥♦❞❡❀
✈❛r ❆✿ ❈❆✱ ❇✿ ❈❇✱ ❦♦❧❡❥♥②✱ ✐♥t❡❣❡r✱ ♥✿ ♥♦❞❡✱ ❝③②❲s③②st❦✐❡✿❜♦♦❧❡❛♥❀

✉♥✐t ❈❆✿ ❝♦r♦✉t✐♥❡✭♥✿
♥♦❞❡✮❀
✉♥✐t ❚✿ ♣r♦❝❡❞✉r❡✭②✿

♥♦❞❡✮❀
❜❡❣✐♥
✐❢ ②❁❃♥♦♥❡ t❤❡♥
❝❛❧❧ ❚✭②✳❧❡❢t✮❀
❦♦❧❡❥♥② ✿❂ ②✳✈❛❧❀

❞❡t❛❝❤❀
❝❛❧❧ ❚✭②✳r✐❣❤t✮
✜
❡♥❞ ❚❀

❜❡❣✐♥
❝③②❲s③②st✲

❦✐❡✿❂❢❛❧s❡❀
r❡t✉r♥❀
❝❛❧❧ ❚✭♥✮❀

❝③②❲s③②st✲
❦✐❡✿❂tr✉❡❀
❡♥❞ ❈❆❀

✉♥✐t ❈❇✿ ❝♦r♦✉t✐♥❡❀
❜❡❣✐♥

r❡t✉r♥❀
✇❤✐❧❡ ♥♦t ❝③②❲✲

s③②st❦✐❡ ❞♦
❛tt❛❝❤✭❆✮
✇r✐t❡✭❦♦❧❡❥♥②✮❀
♦❞

❡♥❞ ❈❇

❜❡❣✐♥
♥✿❂ ♥❡✇ ♥♦❞❡❀ ✭✯ t✉ ✐♥str✉❦❝❥❡ ✇②♣❡➟♥✐❛❥→❝❡ ❞r③❡✇♦ ♥ ✯✮ ❆✿❂ ♥❡✇ ❈❆✭♥✮❀
❇✿❂ ♥❡✇ ❈❇❀
❛tt❛❝❤✭❇✮

❡♥❞ t❡st

▲❡♠❛t ✷✹✳✸✳ ❲②❦♦♥❛♥✐❡ ♣♦✇②➺s③❡❣♦ ♣r♦❣r❛♠✉ s♣♦✇♦❞✉❥❡
✇②❞r✉❦♦✇❛♥✐❡ ✇s③②st❦✐❝❤ ❧✐❝③❜ ③❛♣✐s❛♥②❝❤ ✇ ❞r③❡✇✐❡ ✇ ♣♦✲
r③→❞❦✉ r♦s♥→❝②♠✳

❉♦✇ó❞✳ ❉♦✇ó❞ ✇②♥✐❦❛ ③ ♣♦♣r③❡❞♥✐❡❣♦ ❧❡♠❛t✉ ✐ ③ ✇➟❛s♥♦➧❝✐
♦♣❡r❛❝❥✐ ❞❡t❛❝❤ ♦r❛③ ❛tt❛❝❤✳ ❉♦✇ó❞ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇❣❧➛❞✉
♥❛ ✇②s♦❦♦➧➣ ❞r③❡✇❛ n. �

❏❛❦✐ s❡♥s ♠❛ ③❛st➛♣♦✇❛♥✐❡ ♣r♦sts③❡❣♦ ♣r♦❣r❛♠✉ ♣r③❡③ ♣r♦✲
❣r❛♠ ❜❛r❞③✐❡❥ s❦♦♠♣❧✐❦♦✇❛♥②❄
❲②♦❜r❛➵♠② s♦❜✐❡ t❡r❛③✱ ➺❡ ♠❛♠② t②❧❡ ✇s♣ó➟♣r♦❣r❛♠ó✇ ✐❧❡ ❥❡st
❞r③❡✇✳ Pr♦❣r❛♠ ❣➟ó✇♥② ♠♦➺❡ ✏♣♦♣r♦s✐➣✑ ❞♦✇♦❧♥② ③ ✇s♣ó➟♣r♦✲
❣r❛♠ó✇ ❜② ♣♦❞❛➟ ❦♦❧❡❥♥→ ❝♦ ❞♦ ✇✐❡❧❦♦➧➣✐ ✇❛rt♦➧❝ ♣r③❡❝❤♦✇②✲
✇❛♥❛ ✇ ❞r③❡✇✐❡ ✳ ❖t♦ s③❦✐❝ ❛❧❣♦r②t♠✉ s❝❛❧❛♥✐❛ ❞r③❡✇ ❇❙❚✳
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✶✳ ♥✐❡❝❤ ❦❛➺❞② ✇s♣ó➟♣r♦❣r❛♠ ♣♦❞❛ ♥❛❥♠♥✐❡❥s③② ❡❧❡♠❡♥t ✇ ❞r③❡✇✐❡ ❉❬✐❪✳
✷✳ ♣♦✇t❛r③❛❥ ✳✳✳
✸✳ ✇②❜✐❡r③ ♥❛❥♠♥✐❡❥s③② ❡❧❡♠❡♥t e✱ ③❛♣❛♠✐➛t❛❥ ♥r ❞r❡✇❛ ✇ j✱
✹✳ ❞♦♣ó❦✐ ❝❤♦➣✐❛➺ ❥❡❞♥♦ ❞r③❡✇♦ ♠❛ ❥❡s③❝③❡ ❡❧❡♠❡♥t ❞♦ ♣♦❦❛③❛♥✐❛
❉❡✜♥✐❝❥❛ t❡❣♦ ♣♦❥➛❝✐❛

❾❛➠❝✉❝❤❡♠ ❞②♥❛♠✐❝③♥②♠ ♦❜✐❡❦t✉ c ♣❡✇♥❡❣♦ ✇s♣ó➟♣r♦❣r❛♠✉
♥❛③②✇❛♠② ❝✐→❣ ❥❡❞♥♦st❡❦ ❞②♥❛♠✐❝③♥②❝❤ t❛❦✐✱ ➺❡ ✭❇❛③❛✮ ❞♦ ➟❛➠✲
❝✉❝❤❛ ♥❛❧❡➺② ♦❜✐❡❦t c✱ ✭❦r♦❦ ✐♥❞✉❦❝②❥♥②✮ ❛✮ ❥❡➧❧✐ ✇②❦♦♥②✇❛♥❡
❥❡st ♣♦❧❡❝❡♥✐❡ t✇♦r③→❝❡ ♥♦✇→ ❥❡❞♥♦st❦➛ ❞②♥❛♠✐❝③♥→ ❜❧♦❦✉✱ ♣r♦✲
❝❡❞✉r②✱ ❢✉♥❦❝❥✐ ❧✉❜ ♦❜✐❡❦t✉ t♦ ✇s❦❛➺♥✐❦ s②st❡♠♦✇② ❉▲ ♥♦✲
✇❡❥ ❥❡❞♥♦st❦✐ ✇s❦❛③✉❥❡ ♥❛ ♣♦♣r③❡❞♥✐♦ ❛❦t②✇♥→ ❥❡❞♥♦st❦❡ ❞②♥❛✲
♠✐❝③♥→✳ ❏❡❞♥♦st❦❛ t❛ ❥❡st ✇ t❡♥ s♣♦só❜ ❞♦➟→❝③❛♥❛ ❞♦ ➟❛➠❝✉❝❤❛
✇②❞➟✉➺❛❥→❝ ❣♦✱
❜✮ ❥❡➧❧✐ ✇ ♦st❛t♥✐♠ ❡❧❡♠❡♥❝✐❡ ➟❛➠❝✉❝❤❛ ③❛❦♦➠❝③♦♥♦ ✇②❦♦♥②✇❛✲
♥✐❡ ♦st❛t♥✐❡❥ ✐♥str✉❦❝❥✐ ✭❜❧♦❦✉✱ ♣r♦❝❡❞✉r②✱ ❢✉♥❦❝❥✐ ❧✉❜ ✐♥✐❝❥❛❧✐✲
③❛❝❥✐ ❦❧❛s②✮ t♦ ❥❡❞♥♦st❦❛ t❛❦❛ ❥❡st ♦❞➟→❝③❛♥❛ ♦❞ ➟❛➠❝✉❝❤❛ ❞②♥❛✲
♠✐❝③♥❡❣♦ s❦r❛❝❛❥→❝ ❣♦✳

✻✳ ❛tt❛❝❤ ③❛st➛♣✉❥❡ ❝❛❧❧

❲ t②♠ ♠✐❡❥s❝✉ ✭♣♦ r❛③ ❞r✉❣✐✮ ♥❛✇✐→③✉❥❡♠② ❞♦ ③❞❛♥✐❛ ✇②✲
♣♦✇✐❡❞③✐❛♥❡❣♦ ♣r③❡③ ❉♦♥❛❧❞❛ ❑♥✉t❤❛✳ ❲ str✉❦t✉r③❡ ❞r③❡✇ ❜✐✲
♥❛r♥②❝❤ ♣♦s③✉❦✐✇❛➠ ✐♠♣❧❡♠❡♥t✉❥❡♠② tr③② ♦♣❡r❛❝❥❡✿

♠✮ s♣r❛✇❞③❛♥✐❛ ❝③② ❡❧❡♠❡♥t e ♥❛❧❡③② ❞♦ ❞r③❡✇❛✱
✐✮ ✇st❛✇✐❛♥✐❡ ❡❧❡♠❡♥t✉ e ❞♦ ❞r③❡✇❛✱
❞✮ ✉s✉✇❛♥✐❡ ❡❧❡❡♥t✉ e ③ ❞r③❡✇❛✳
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❘♦③✇❛➺♠② ♣r♦❣r❛♠✱ ❦tór② ✇✐❡❧♦❦r♦t♥✐❡ ✇②❦♦♥✉❥❡ ❦❛➺❞→ ③ t②❝❤
♦♣❡r❛❝❥✐✳ P♦✇✐❡❞③♠②✱ ➺❡ ♦♣❡r❛❝❥❛ s♣r❛✇❞③❛♥✐❛ ❥❡st ✇②❦♦♥②✲
✇❛♥❛ k r❛③②✱ ♦♣❡r❛❝❥❛ ✇st❛✇✐❛♥✐❡ l r❛③②✱ ♦♣❡r❛❝❥❛ ✉s✉✇❛♥✐❛ ❥❡st
✇②❦♦♥②✇❛♥❛ m r❛③②✳ ❲ ③✇✐→③❦✉ ③ t②♠ ♣r♦❣r❛♠ ✉t✇♦r③② k+l+m
r❛③② r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♦❞♣♦✇✐❡❞♥✐❡❥ ♣r♦❝❡❞✉r②✳ ❚❛❦✐ r❡❦♦r❞ ✐st✲
♥✐❡❥❡ t②❧❦♦ ♣r③❡③ ❝❤✇✐❧➛✱ ♣♦t❡♠✱ ♣♦ ③❛❦♦➠❝③❡♥✐✉ ♣r♦❝❡❞✉r② ❥❡st
❛✉t♦♠❛t②❝③♥✐❡ ✉s✉✇❛♥②✳ ❑♦❧❡❥♥❡ ✇②✇♦➟❛♥✐❡ ✭✐♥str✉❦❝❥❛ ❝❛❧❧✮
♣♦✇♦❞✉❥❡ ♣♦✇st❛♥✐❡ ♥✐❡♠❛❧ ✐❞❡♥t②❝③♥❡❣♦ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ✐
✳✳✳ ❥❡❣♦ ✉s✉♥✐➛❝✐❡ ✐ t❛❦ ✇✐❡❧❡ r❛③②✳ ❈③② ♠♦➺♥❛ t❡❣♦ ✉♥✐❦♥→➣❄
❙♣ró❜✉❥❡♠② ③❛st→♣✐➣ ✐♥str✉❦❝❥❡ ❝❛❧❧ ♠❡♠❜❡r✭❡✮✱ ❝❛❧❧ ✐♥s❡rt✭❡✮ ✐
❝❛❧❧ ❞❡❧❡t❡✭❡✮ ♣r③❡③ ✐♥str✉❦❝❥❡ ❛tt❛❝❤ ❛❦t②✇✉❥→❝❡ ♦❞♣♦✇✐❡❞♥✐ ③
tr③❡❝❤ ♦❜✐❡❦tó✇ ✇s♣ó➟♣r♦❣r❛♠ó✇✳ ❉❡❦❧❛r❛❝❥➛ ❦❧❛s② ❇❙❚ ③❛✇✐❡✲
r❛❥→❝→ ❢✉♥❦❝❥➛ ♠❡♠❜❡r ✐ ♣r♦❝❡❞✉r② ✐♥s❡rt ♦r❛③ ❞❡❧❡t❡ ③❛st→♣✐♠②
❞❡❦❧❛r❛❝❥→ ♣♦❞♦❜♥❡❥ ❦❧❛s② ❇❙❚❈ ✇ ❦tór❡❥ ③❛♠✐❛st ♣r♦❝❡❞✉r ♣♦✲
❥❛✇✐→ s✐➛ ✇s♣ó➟♣r♦❣r❛♠②✳

✉♥✐t ❇❙❚❈✿ ❝❧❛ss ✭t②♣❡ t❀ ❢✉♥❝t✐♦♥ ❧❡ss✭①✱ ②✿t✮✿❜♦♦❧❡❛♥✮❀
✈❛r r♦♦t✿ ♥♦❞❡✱ ♠❡♠❜❡r✿ ❡✱ ✐♥s❡rt✿ ✐✱ ❞❡❧❡t❡✿ ❞❀
✉♥✐t ♥♦❞❡✿ ❝❧❛ss ✭✈❛❧✉❡✿ t✮❀
✈❛r ❧✱ r✿ ♥♦❞❡❀

❡♥❞ ♥♦❞❡❀

✉♥✐t ❡✿ ❝♦r♦✉t✐♥❡❀ ✳✳✳

✉♥✐t ❤❡❧♣✿ ❡ ❝♦r♦✉t✐♥❡❀ ✳✳✳

✉♥✐t ✐✿ ❤❡❧♣ ❝♦r♦✉t✐♥❡❀ ✳✳✳

✉♥✐t ❞✿ ❤❡❧♣ ❝♦r♦✉t✐♥❡❀ ✳✳✳

❜❡❣✐♥
♠❡♠❜❡r✿❂♥❡✇ ❡❀ ✐♥s❡rt✿❂♥❡✇ ✐❀ ❞❡❧❡t❡✿❂♥❡✇ ❞❀
✐♥♥❡r❀
❦✐❧❧✭♠❡♠❜❡r✮❀ ❦✐❧❧✭✐♥s❡rt✮❀ ❦✐❧❧✭❞❡❧❡t❡✮

❡♥❞ ❇❙❚❈❀

❩❛✉✇❛➺✱ ➺❡ ✇s♣ó➟♣r♦❣r❛♠② ③❛❞❡❦❧❛r♦✇❛♥❡ ✇ t❡❥ ❦❧❛s✐❡ t✇♦r③→
❤✐❡r❛r❝❤✐➛✳

❲ ♣r♦❣r❛♠✐❡ ❣➟ó✇♥②♠ ♠♦➺❡♠② ③❡❝❤❝✐❡➣ ③❛❞❡❦❧❛r♦✇❛➣ ❦❧❛s➛
▼❚ ✐ ❢✉♥❦❝❥➛ ❜♦♦❧♦✇s❦❛ mniejsze ♣♦ró✇♥✉❥→❝→ ♦❜✐❡❦t② ❦❧❛s② ▼❚✳
❲t❡❞② ♥❛st➛♣✉❥→❝❛ ✐♥str✉❦❝❥❛ ❜❧♦❦✉ ❞③✐❡❞③✐❝③→❝❛ ③ ❦❧❛s② BSTC
③❛st→♣✐ ✐♥str✉❦❝❥➛ ❜❧♦❦✉ ❞③✐❡❞③✐❝③→❝→ ③ ❦❧❛s② BST ✳

✸✾✸



♣r❡❢ ❇❙❚❈✭▼❚✱ ♠♥✐❡❥s③❡✮ ❜❧♦❝❦
✈❛r ②✿▼❚❀
✳✳✳
❜❡❣✐♥

✳✳✳ ✭✯ ❝❛❧❧ ✐♥s❡rt✭②✮ ✯✮
✐♥s❡rt✳①✿❂②❀
❛tt❛❝❤✭✐♥s❡rt✮❀

✳✳✳ ✭✯ ❡❧❡♠✿❂ ❝♦♥t❛✐♥s✭②✮ ✯✮
♠❡♠❜❡r✳①✿❂②❀
❛tt❛❝❤✭♠❡♠❜❡r✮❀
✐❢ ♠❡♠❜❡r✳❡❧❡♠ t❤❡♥ ✳✳✳ ✜❀

✳✳✳ ✭✯ ❝❛❧❧ ❞❡❧❡t❡✭②✮ ✯✮
❞❡❧❡t❡✳①✿❂②❀
❛tt❛❝❤✭❞❡❧❡t❡✮❀
✳✳✳
❡♥❞❀

❖❜❡❥r③②❥♠② ❞❡❦❧❛r❛❝❥❡ ✇s♣ó➟♣r♦❣r❛♠ó✇✳ ❲s♣ó➟♣r♦❣r❛♠ e ♠❛
♥❛st➛♣✉❥→❝→ tr❡➧➣

✉♥✐t ❡✿ ❝♦r♦✉t✐♥❡❀
✭✯❡❧❡♠✲ ♦✉t♣✉t ❛ttr✐❜✉t❡✯✮
✈❛r tr✐❝❦✱ ❡❧❡♠✿ ❜♦♦❧❡❛♥✱ q✱ ✈✿ ♥♦❞❡✱ ①✿t❀

❜❡❣✐♥
r❡t✉r♥❀
❞♦ tr✐❝❦✱ ❡❧❡♠✿❂❢❛❧s❡❀ ✭✯ ❧♦♦♣ ❢♦r ♠❡♠❜❡r ✯✮
q✿❂r♦♦t❀
✈✿❂♥♦♥❡❀
✇❤✐❧❡ q❂✴❂♥♦♥❡
❞♦
✐❢ ❧❡ss✭①✱ q✳✈❛❧✉❡✮
t❤❡♥ ✈✿❂q❀ q✿❂q✳❧
❡❧s❡
✐❢ ❧❡ss✭q✳✈❛❧✉❡✱ ①✮
t❤❡♥ ✈✿❂q❀ q✿❂q✳r
❡❧s❡ ❡❧❡♠✿❂tr✉❡❀ ❡①✐t
✜

✜
♦❞❀
✭✯ ❡❧❡♠❂tr✉❡ ✐✛ ① ❜❡❧♦♥❣s t♦ ❙ ✯✮
✐♥♥❡r❀
❞❡t❛❝❤❀

♦❞
❡♥❞ ❡❀

P♦♠♦❝♥✐❝③② ✇s♣ó➟♣r♦❣r❛♠ help ❞③✐❡❞③✐❝③② ③ e✳

✸✾✹



✉♥✐t ❤❡❧♣✿ ❡ ❝♦r♦✉t✐♥❡❀
❜❡❣✐♥
✐♥♥❡r❀ ✭✯ tr✐❝❦❂tr✉❡ ✐✛ ① ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❙ ✯✮
✐❢ ♥♦t tr✐❝❦ t❤❡♥ ❡①✐t ✜❀
✐❢ ✈❂♥♦♥❡
t❤❡♥ r♦♦t✿❂q
❡❧s❡
✐❢ ❧❡ss✭①✱ ✈✳✈❛❧✉❡✮
t❤❡♥ ✈✳❧✿❂q
❡❧s❡ ✈✳r✿❂q
✜ ✭✯ ❛❢t❡r ✐♥s❡rt ♦r ❞❡❧❡t❡ ✯✮

✜ ✭✯ ❛tt❛❝❤ ♥❡✇ ♥♦❞❡ q t♦ ✐ts ❢❛t❤❡r ✈ ✯✮
❡♥❞ ❤❡❧♣❀

❲s♣ó➟♣r♦❣r❛♠ help ❥❡st r♦③s③❡r③❛♥② ♣r③❡③ ✇s♣ó➟♣r♦❣r❛♠② insert
✐ delete✳

✉♥✐t ✐✿ ❤❡❧♣ ❝♦r♦✉t✐♥❡❀
❜❡❣✐♥
tr✐❝❦✿❂tr✉❡❀
✐❢ ❡❧❡♠ t❤❡♥ ❡①✐t ✜❀
q✿❂♥❡✇ ♥♦❞❡✭①✮ ✭✯ ✐♥s❡rt ✐s ❛ ❞✉♠♠② ✐❢ ① ❜❡❧♦♥❣s t♦ ❙ ✯✮

❡♥❞ ✐❀

❲s♣ó➟♣r♦❣r❛♠ d ❥❡st tr♦❝❤➛ ❞➟✉➺s③②✳
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✉♥✐t ❞✿ ❤❡❧♣ ❝♦r♦✉t✐♥❡❀
♣r✐✈❛t❡ ✇✱ ✉✱ s❀
✈❛r ✇✱ ✉✱ s✿ ♥♦❞❡❀

❜❡❣✐♥ ✭✯ ❞❡❧❡t❡ ✐s ❛ ❞✉♠♠② ✐❢ ① ❞♦❡s ❜❡❧♦♥❣ t♦ ❙ ✯✮
✐❢ ♥♦t ❡❧❡♠ t❤❡♥ ❡①✐t ✜❀
✇✿❂q❀
✐❢ q✳r❂♥♦♥❡
t❤❡♥ q✿❂q✳❧
❡❧s❡
✐❢ q✳❧❂♥♦♥❡
t❤❡♥ q✿❂q✳r
❡❧s❡ ✉✿❂q✳r❀
✐❢ ✉✳❧❂♥♦♥❡
t❤❡♥ ✉✳❧✿❂q✳❧❀ q✿❂✉
❡❧s❡
❞♦ s✿❂✉✳❧❀
✐❢ s✳❧❂♥♦♥❡ t❤❡♥ ❡①✐t ✜❀
✉✿❂s
♦❞❀
s✳❧✳✿❂✇✳❧❀ ✉✳❧✿❂s✳r❀
s✳r✿❂✇✳r❀ q✿❂s
✜
✜
✜❀
❦✐❧❧✭✇✮

❡♥❞ ❞❀
❩❛➟ó➺♠②✱ ➺❡ ▼❚ ❥❡st ❦❧❛s→ ✐ ➺❡ ❢✉♥❦❝❥❛ mniejsze s♣❡➟♥✐❛ ✇❛r✉♥❦✐
✇②❧✐❝③♦♥❡ ✇ ❞❡✜♥✐❝❥✐ r❡❧❛❝❥✐ ♣♦r③→❞❦✉❥→❝❡❥✱ t③♥✳ ❥❡st ③✇r♦t♥❛✱
♣r③❡❝❤♦❞♥✐❛ ✐ ❛♥t②s②♠❡tr②❝③♥❛✳ Pr♦❣r❛♠ ✭❜❧♦❦✮ P✷ ♣♦✇st❛❥❡
③ ♣r♦❣r❛♠✉ P✶ ♣r③❡③ ③❛st❛♣✐♥✐❡ ❦❛➺❞❡❥ ✐♥str✉❦❝❥✐ ❝❛❧❧ ♣r③❡③ ♦❞✲
♣♦✇✐❡❞♥✐→ ♣❛r➛ ✐♥str✉❦❝❥✐ ✇❣ ♥❛st➛♣✉❥→❝❡❥ t❛❜❡❧✐✳

❝❛❧❧ ✐♥s❡rt✭❛✮❀ ≡ ✐♥s❡rt✳①✿❂❛❀ ❛tt❛❝❤✭✐♥s❡rt✮❀
❜❧✿❂♠❡♠❜❡r✭❜✮❀ ≡ ♠❡♠❜❡r✳①✿❂❜❀ ❛tt❛❝❤✭♠❡♠❜❡r✮❀ ❜❧✿❂♠❡♠❜❡r✳❡❧❡♠❀
❝❛❧❧ ❞❡❧❡t❡✭❝✮❀ ≡ ❞❡❧❡t❡✳①✿❂❝❀ ❛tt❛❝❤✭❞❡❧❡t❡✮❀

❚✇✐❡r❞③❡♥✐❡ ✷✹✳✹✳ Pr③② s♣❡➟♥✐❡♥✐✉ ♣♦✇②➺s③②❝❤ ③❛➟♦➺❡➠ ♣r♦✲
❣r❛♠② P✶ ✐ P✷ s→ ró✇♥♦✇❛➺♥❡✳

❉♦✇ó❞✳ ❉♦✇ó❞ ♣r③❡❜✐❡❣❛ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉ ♥❛ ❧✐❝③❜➛
✐♥str✉❦❝❥✐ ❝❛❧❧ ✇ ♣r♦❣r❛♠✐❡ P✶✳ ❲ ❞♦✇♦❞③✐❡ ✇②❦♦r③②st❛♠② ♥❛✲
st➛♣✉❥→❝❡ ❧❡♠❛t②✳

�

✼✳ ❲✐❡➺❡ ❍❛♥♦✐

Pr③②❥r③②❥♠② s✐➛ ♣♦♥♦✇♥✐❡ ③❛❞❛♥✐✉ ♣r③❡♥♦s③❡♥✐❛ ❦r→➺❦ó✇ ✇
❜✉❞❞②❥s❦✐❡❥ ➧✇✐→t②♥✐ ✇ ❍❛♥♦✐✳ ❲ r♦③✇✐→③❛♥✐✉ r❡❦✉r❡♥❝②❥♥②♠
❞♦str③❡➺❡♠② s③❛♥s➛ ♥❛ s❦ró❝❡♥✐❡ ❝③❛s✉ ♦❜❧✐❝③❡➠✳ P♦❞st❛✇♦✇→
♦♣❡r❛❝❥→ ❥❡st ✇②✇♦➟❛♥✐❡ ♣r♦❝❡❞✉r② move ❝③②❧✐ ♣r③❡♥✐❡➧ n ❦r→➺❦ó✇
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③ ✇✐❡➺② ♦ ♥✉♠❡r③❡ f ♥❛ ✇✐❡➺➛ ♦ ♥✉♠❡r③❡ t✳ ❲✐❡♠②✱ ➺❡ t❛❦✐❡
♦♣❡r❛❝❥❡ tr③❡❜❛ ✇②❦♦♥❛➣ 2n r❛③②✳ ❚②♠❝③❛s❡♠ ❧✐❝③❜❛ ró➺♥②❝❤
③❡st❛✇ó✇ ❛r❣✉♠❡♥tó✇ ✇②♥♦s✐ n×3×3 ✐ ❥❡st ③♥❛❝③♥✐❡ ♠♥✐❡❥s③❛ ♦❞
2n✳ ❑❛➺❞❡ ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❝❛❧❧ ♠♦✈❡✭❛✱❜✱❝✮ ✇②♠❛❣❛ ✉t✇♦r③❡♥✐❛
r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ❞❧❛ ♣r♦❝❡❞✉r② ♠♦✈❡ ✐ ❥❡❣♦ ③❛♠❦♥✐➛❝✐❛✳
Pr♦♣♦♥✉❥❡♠② ❜②

✭✶✮ ③❛st→♣✐➣ ♣r♦❝❡❞✉r➛ move✱ ✇s♣ó➟♣r♦❣r❛♠❡♠ ♦ ♥❛③✇✐❡
wz✳ ❩♦❜❛❝③ t❛❜❡❧➛ ♣♦♥✐➺❡❥✳

✭✷✮ ✉t✇♦r③②➣ 9n ✭❛ ♥❛✇❡t t②❧❦♦ 6n✮ ♦❜✐❡❦tó✇ t❡❣♦ ✇s♣ó➟✲
♣r♦❣r❛♠✉ ③ ✇s③②st❦✐♠✐ ❞♦♣✉s③❝③❛❧♥②♠✐ ✇❛rt♦➧❝✐❛♠✐
❛r❣✉♠❡♥tó✇ ✐ ③❛♣✐s❛➣ ❥❡ ✇ tró❥✇②♠✐❛r♦✇❡❥ t❛❜❧✐❝② P✱

✈❛r P✿ ❛rr❛②♦❢ ❛rr❛②♦❢ ❛rr❛②♦❢ ✇③❀

✭✸✮ ③❛st→♣✐➣ ❦❛➺❞→ ✐♥str✉❦❝❥➛ ❝❛❧❧ ♠♦✈❡✭❛✱ ❜✱ ❝✮ ♣r③❡③ ✐♥str✉❦❝❥➛
❛tt❛❝❤✭P✭❛✱❜✱❝✮✮

❆❞ ✶✳ P♦ró✇♥❛❥♠② ♣r♦❝❡❞✉r➛ move ✐ ✇s♣ó➟♣r♦❣r❛♠ wz✳

✉♥✐t
♠♦✈❡✿♣r♦❝❡❞✉r❡✭♥✱❢✱t✿✐♥t❡❣❡r✮❀
✭✯ ♥ r✐♥❣s ❢r♦♠ st✐❝❦ ❢ t♦
st✐❝❦ t ✯✮

✈❛r ❦✿✐♥t❡❣❡r❀
❜❡❣✐♥

r❡t✉r♥❀
❞♦
❦✿❂✻✲✭❢✰t✮❀
✐❢ ♥❃✶ t❤❡♥ ❝❛❧❧ ♠♦✈❡✭♥✲

✶✱❢✱❦✮❀ ✜❀
❝❛❧❧ ♠♦❞②❢✭❢✱t✮❀
✭✯ ♠♦✈❡ ♦♥❧② ♦♥❡ r✐♥❣

✯✮
✐❢ ♥❃✶ t❤❡♥ ♠♦✈❡✭♥✲

✶✱❦✱t✮❀ ✜❀
r❡t✉r♥

❡♥❞ ♠♦✈❡❀

✉♥✐t
✇③✿❝♦r♦✉t✐♥❡✭♥✱❢✱t✿✐♥t❡❣❡r✮❀
✭✯ ♥ r✐♥❣s ❢r♦♠ st✐❝❦ ❢ t♦
st✐❝❦ t ✯✮

✈❛r ❦✿✐♥t❡❣❡r❀
❜❡❣✐♥
r❡t✉r♥❀
❞♦
❦✿❂✻✲✭❢✰t✮❀
✐❢ ♥❃✶ t❤❡♥ ❛tt❛❝❤

✭♣✭♥✲✶✱❢✱❦✮✮❀ ✜❀
❝❛❧❧ ♠♦❞②❢✭❢✱t✮❀
✭✯ ♠♦✈❡ ♦♥❧② ♦♥❡ r✐♥❣

✯✮
✐❢ ♥❃✶ t❤❡♥ ❛tt❛❝❤

✭♣✭♥✲✶✱❦✱t✮✮❀ ✜❀
❞❡t❛❝❤❀

♦❞❀
❡♥❞ ✇③❀

❆❞ ✸✳ P♦ró✇♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❝❛❧❧ ♠♦✈❡✭✹✱ ✶✱ ✷✮ ✐ ✐♥str✉❦❝❥✐ ❛tt❛❝❤✭P✭✹✱✶✱✷✮✮

✸✾✼



♣r♦✇❛❞③✐ ❞♦ ♥❛st➛♣✉❥→❝❡❣♦ ✇♥✐♦s❦✉✳
❦❛➺❞❡ ✇②✇♦➟❛♥✐❡
❝❛❧❧ ♠♦✈❡✭❛✱❜✱❝✮❀
s♣♦✇♦❞✉❥❡
✕ ✉t✇♦r③❡♥✐❡ r❡❦♦r❞✉ ❛❦t②✲
✇❛❝❥✐ ♠♦✈❡
✕ ♣r③❡s➟❛♥✐❡ ❛r❣✉♠❡♥tó✇ ❛✱
❜✱ ❝
✕ ✇②❦♦♥❛♥✐❡ tr❡➧❝✐ ♣r♦❝❡✲
❞✉r②
✕ ✉s✉♥✐➛❝✐❡ r❡❦♦r❞✉ ♣♦ ③❛✲
❦♦➠❝③❡♥✐✉

✈❛r ①✿ ✇③❀
✳✳✳
①✿❂♥❡✇ ✇③✭❛✱❜✱❝✮❀
✳✳✳
❦❛➺❞❡ ♣♦❧❡❝❡♥✐❡
❛tt❛❝❤✭①✮
❥❡st ró✇♥♦✇❛➺♥❡ ♣♦❧❡❝❡♥✐✉
❝❛❧❧ ♠♦✈❡✭❛✱❜✱❝✮✳

❲♥✐♦s❡❦ ✷✹✳✺✳ Pr③②❥♠✉❥❡♠②✱ ➺❡ ❞❧❛ ❦❛➺❞❡❣♦ 1 ≤ i ≤ n✱ ❞❧❛
❦❛➺❞❡❣♦ 1 ≤ j ≤ 3 ✐ ❞❧❛ ❦❛➺❞❡❣♦ 1 ≤ k ≤ 3 ③❛❝❤♦❞③✐ P [i, j, k] =
♥❡✇ wz(i, j, k)✳
❲t❡❞② ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❝❛❧❧ ♠♦✈❡✭✐✱❥✱❦✮ ❞❛❥❡ ❞♦❦➟❛❞♥✐❡ t❡♥ s❛♠
❡❢❡❦t✱ ❝♦ ✇②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❛tt❛❝❤✭P❬✐✱❥✱❦❪✮✳
◆❛t♦♠✐❛st ✐♥str✉❦❝❥❛ ❛tt❛❝❤ ♣♦③✇❛❧❛ ③❛♦s③❝③➛❞③✐➣ ❝③❛s ♣♦tr③❡❜♥②
♥❛ ✉t✇♦r③❡♥✐❡ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ✐ ♥❛ ♣r③❡❦❛③❛♥✐❡ ♣❛r❛♠❡tró✇✳

◆❛ ➺ó➟t♦ ♣♦♠❛❧♦✇❛♥② ❥❡st r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♣r♦❝❡❞✉r② move✳

❙▲❂▼❆■◆ ⑤ ❉▲❂
♥✿ ✐♥t❡❣❡r ❂
❢✿ ✐♥t❡❣❡r ❂
t✿ ✐♥t❡❣❡r ❂
❦✿ ✐♥t❡❣❡r
❜❡❣✐♥

❦✿❂✻✲✭❢✰t✮❀
✐❢ ♥❃✶ t❤❡♥ ❝❛❧❧ ♠♦✈❡✭♥✲✶✱❢✱❦✮❀ ✜❀
❝❛❧❧ ♠♦❞②❢✭❢✱t✮❀
✭✯ ♠♦✈❡ ♦♥❧② ♦♥❡ r✐♥❣ ✯✮

✐❢ ♥❃✶ t❤❡♥ ♠♦✈❡✭♥✲✶✱❦✱t✮❀ ✜❀
r❡t✉r♥
❡♥❞ ♠♦✈❡❀

❙▲❂▼❆■◆ ⑤ ❉▲❂
♥✿ ✐♥t❡❣❡r ❂
❢✿ ✐♥t❡❣❡r ❂
t✿ ✐♥t❡❣❡r ❂
❦✿ ✐♥t❡❣❡r
❜❡❣✐♥
r❡t✉r♥❀
❞♦
❦✿❂✻✲✭❢✰t✮❀
✐❢ ♥❃✶ t❤❡♥ ❝❛❧❧ ♠♦✈❡✭♥✲✶✱❢✱❦✮❀ ✜❀
❝❛❧❧ ♠♦❞②❢✭❢✱t✮❀
✭✯ ♠♦✈❡ ♦♥❧② ♦♥❡ r✐♥❣ ✯✮
✐❢ ♥❃✶ t❤❡♥ ♠♦✈❡✭♥✲✶✱❦✱t✮❀ ✜❀
❞❡t❛❝❤
♦❞

❡♥❞ ✇③❀

❘❡❦♦r❞ t❛❦✐ t✇♦r③♦♥② ❥❡st ③❛ ❦❛➺❞②♠ ✇②✇♦➟❛♥✐❡♠ ❝❛❧❧ ♠♦✈❡✭♥✱ ❢✱
t✮✳ Pr③❡♥♦s③♦♥❡ s❛ ❞♦ ♥✐❡❣♦ ✇❛rt♦➧❝✐ ♣❛r❛♠❡tró✇ n, f, t✳ ❲②❦♦✲
♥✉❥→ s✐➛ ✐♥str✉❦❝❥❡ ③ tr❡➧❝✐ ♣r♦❝❡❞✉r② move✳ P♦t❡♠ t❡♥ r❡❦♦r❞
❛❦t②✇❛❝❥✐ ❥❡st ✉s✉✇❛♥②✳
◆❛ ③✐❡❧♦♥♦ ♣♦♠❛❧♦✇❛♥② ❥❡st ♦❜✐❡❦t ✇s♣ó➟♣r♦❣r❛♠✉ wz✳ ❖❜✐❡❦t
t❛❦✐ ❥❡st t✇♦r③♦♥② ❥❡❞❡♥ r❛③ ❞❧❛ ❦❛➺❞❡❥ ❦♦♠❜✐♥❛❝❥✐ ❛r❣✉♠❡♥✲
tó✇ n, f, t ♣r③❡③ ♣♦❧❡❝❡♥✐❡ P❬♥✱❢✱t❪✿❂ ♥❡✇ ✇③✭♥✱❢✱t✮✳ ❑❛➺❞❡ ♣♦❧❡❝❡♥✐❡

✸✾✽



❝❛❧❧ ♠♦✈❡✭♥✱ ❢✱ t✮ ♠♦➺❡ ❜②➣ ③❛st→♣✐♦♥❡ ♣r③❡③ ♣♦❧❡❝❡♥✐❡ ❛tt❛❝❤✭P❬♥✱❢✱t❪✮
③ t②♠ s❛♠②♠ ❡❢❡❦t❡♠ ♥❛ ③♠✐❡♥♥②❝❤ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦✳ ◆✐❡
tr③❡❜❛ t✇♦r③②➣ r❡❦♦r❞✉ ❛❦t②✇❛❝❥✐ ✕ ♦❜✐❡❦t ❥❡st ❣♦t♦✇②✳ ◆✐❡
tr③❡❜❛ ♣r③❡s②➟❛❝ ♣❛r❛♠❡tró✇ ✕ t♦ ③♦st❛➟♦ ③r♦❜✐♦♥❡ ♣♦❞❝③❛s t✇♦✲
r③❡♥✐❛ ♦❜✐❡❦t✉ ✇s♣ó➟♣r♦❣r❛♠✉✳ ◆✐❡ tr③❡❜❛ ✉s✉✇❛➣ ♦❜✐❡❦t✉ ✕
♣♦③♦st❛❥❡ ♦♥ ✇ ❣♦t♦✇♦➧❝✐ ❞♦ ♥❛st➛♣♥❡❣♦ ✇②❦♦r③②st❛♥✐❛✳

❆ t✉t❛❥ ♠❛♠② ❝❛➟② ♣r♦❣r❛♠
♣r♦❣r❛♠ ❍❛♥♦✐❚♦✇❡rs❀
✭✯ t♦✇❡rs ♦❢ ❤❛♥♦✐ ✯✮
✭✯ t❤❡r❡ ❛r❡ t❤r❡❡ t♦✇❡rs ❜✉✐❧t ♦❢ ❞❡❝r❡❛s✐♥❣ r✐♥❣s str✐♥❣❡❞ ♦♥t♦ st✐❝❦s ✯✮
✭✯ ❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❛❧❧ r✐♥❣s ❛r❡ str✐♥❣❡❞ ♦♥t♦ st✐❝❦ ♥♦✳ ✶✳ ♦✉r ❥♦❜ ✐s ✯✮
✭✯ t♦ ♠♦✈❡ ❛❧❧ r✐♥❣s ❢r♦♠ t❤❡ st✐❝❦ ✶ t♦ t❤❡ st✐❝❦ ✸✳ t❤❡ ❞✐✣❝✉❧t② ✐s ✯✮
✭✯ t❤❛t ✇❡ ♠✉st♥✬t ✈✐♦❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✯✮
✭✯ ✶✳ ✇❡ ❝❛♥ ♠♦✈❡ ♦♥❧② ♦♥❡ r✐♥❣ ❛t ♦♥❡ st❡♣ ✯✮
✭✯ ✷✳ ❡❛❝❤ r✐♥❣ ♠❛② ❜❡ ♣❧❛❝❡❞ ♦♥❧② ♦♥t♦ ❛ ❣r❡❛t❡r ♦♥❡ ✯✮
✭✯ t♦ ♠❛♥❛❣❡ ✇✐t❤ t❤✐s ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ✇❡ ❤❛✈❡ ❛♥ ❛✉①✐❧❧✐❛r② st✐❝❦ ✷ ✯✮
✉♥✐t ✇③✿❝♦r♦✉t✐♥❡✭♥✱❢✱t✿✐♥t❡❣❡r✮❀
✭✯ ♠♦✈❡ ♥ r✐♥❣s ❢r♦♠ st✐❝❦ ❢ t♦ st✐❝❦ t ✯✮
✈❛r ❦✿✐♥t❡❣❡r❀
❜❡❣✐♥
r❡t✉r♥❀
❞♦
❦✿❂✻✲✭❢✰t✮❀
✐❢ ♥❃✶ t❤❡♥ ❛tt❛❝❤ ✭♣✭♥✲✶✱❢✱❦✮✮❀ ✜❀
❝❛❧❧ ♠♦❞②❢✭❢✱t✮❀ ✭✯ ♠♦✈❡ ♦♥❧② ♦♥❡ r✐♥❣ ✯✮
✐❢ ♥❃✶ t❤❡♥ ❛tt❛❝❤ ✭♣✭♥✲✶✱❦✱t✮✮❀ ✜❀
❞❡t❛❝❤❀
♦❞❀
❡♥❞ ✇③❀

✉♥✐t ♠♦❞②❢✿♣r♦❝❡❞✉r❡✭❢✱t✿✐♥t❡❣❡r✮❀
✭✯ ♠♦✈❡ t❤❡ t♦♣♠♦st r✐♥❣ ❢r♦♠ st✐❝❦ ❢ t♦ st✐❝❦ t ✯✮
❜❡❣✐♥
t♦♣✭t✮✿❂t♦♣✭t✮✰✶❀
✇✭t✱t♦♣✭t✮✮✿❂✇✭❢✱t♦♣✭❢✮✮❀
✇✭❢✱t♦♣✭❢✮✮✿❂✵❀
t♦♣✭❢✮✿❂t♦♣✭❢✮✲✶❀
❝❛❧❧ ❞✐s♣❧❀
❡♥❞ ♠♦❞②❢❀

✉♥✐t ❞✐s♣❧✿♣r♦❝❡❞✉r❡❀
✭✯ ♣r✐♥t✐♥❣ ✯✮
✈❛r t✱✐✱❥✱❦✱♠✱♥✿✐♥t❡❣❡r❀
❜❡❣✐♥
t✿❂✶❀
❢♦r ✐✿❂✷ t♦ ✸ ❞♦
✐❢ t♦♣✭✐✮❃t♦♣✭t✮ t❤❡♥ t✿❂✐ ✜ ♦❞❀

✸✾✾



t✿❂t♦♣✭t✮❀
❢♦r ✐✿❂t ❞♦✇♥t♦ ✶ ❞♦
♠✿❂✶✺❀
❢♦r ❥✿❂✶ t♦ ✸ ❞♦
❢♦r ❦✿❂✶ t♦ ♠ ❞♦ ✇r✐t❡✭✮❀ ♦❞❀
✐❢ ✇✭❥✱✐✮❂✴❂✵ t❤❡♥ ❢♦r ❦✿❂✶ t♦ ✇✭❥✱✐✮ ❞♦ ✇r✐t❡✭✧✯✧✮ ♦❞❀
✜❀
♠✿❂✶✺✲✇✭❥✱✐✮❀
♦❞❀
✇r✐t❡❧♥❀
♦❞❀
❢♦r ✐✿❂✶ t♦ ✶✺ ❞♦ ✇r✐t❡✭✮❀ ♦❞❀
❢♦r ✐✿❂✶ t♦ ✹✺ ❞♦ ✇r✐t❡✭✲✧✮❀ ♦❞❀
✇r✐t❡❧♥❀
❡♥❞ ❞✐s♣❧❀

✈❛r ✇✿❛rr❛②♦❢ ❛rr❛②♦❢ ✐♥t❡❣❡r✱ ✭✯ ❤♦✇ ♠❛♥② r✐♥❣s ❛r❡ str✐♥❣❡❞ ✯✮
✭✯ ♦♥ ❡❛❝❤ st✐❝❦ ✯✮
t♦♣✿❛rr❛②♦❢ ✐♥t❡❣❡r✱ ✭✯ t❤❡ t♦♣♠♦st r✐♥❣ s✐③❡ ♦♥ ❡❛❝❤ st✐❝❦ ✯✮
♥❜✱✐✱❥✱❦✱t✐♠❡❜✿✐♥t❡❣❡r✱
♣✿❛rr❛②♦❢ ❛rr❛②♦❢ ❛rr❛②♦❢ ✇③❀ ✭✯ ❝♦r♦✉t✐♥❡ ♣♦✐♥t❡rs ✯✮

❜❡❣✐♥
❛rr❛② ✇ ❞✐♠✭✶✿✸✮❀
❛rr❛② t♦♣ ❞✐♠✭✶✿✸✮❀
✇r✐t❡❧♥✭✧♣r♦❣r❛♠ t♦✇❡rs ♦❢ ❤❛♥♦✐✧✮❀
✇r✐t❡❧♥✭✧✈❡rs✐♦♥ ✇✐t❤ ❝♦r♦✉t✐♥❡s✧✮❀
❞♦ ✇r✐t❡❧♥✭✧❣✐✈❡ t❤❡ ♥✉♠❜❡r ♦❢ r✐♥❣s✧✮❀
r❡❛❞✭♥❜✮❀
✇r✐t❡❧♥✭♥❜✮❀
✐❢ ♥❜❃✵ t❤❡♥ ❡①✐t ❡❧s❡ ✇r✐t❡❧♥✭➠✉♠❜❡r ♦❢ r✐♥❣s ♠✉st ❜❡ ❣r❡❛t❡r t❤❛♥ ✵✧✮
✜ ♦❞❀
t✐♠❡❜✿❂t✐♠❡❀
t♦♣✭✶✮✿❂♥❜❀
❛rr❛② ✇✭✶✮ ❞✐♠✭✶✿♥❜✮❀
❛rr❛② ✇✭✷✮ ❞✐♠✭✶✿♥❜✮❀
❛rr❛② ✇✭✸✮ ❞✐♠✭✶✿♥❜✮❀
❦✿❂♥❜❀
❢♦r ✐✿❂✶ t♦ ♥❜ ❞♦ ✇✭✶✱✐✮✿❂❦❀
❦✿❂❦✲✶❀
♦❞❀
✭✯ st✐❝❦ ✶ ✐s ❢✉❧❧ ✯✮
✇r✐t❡❧♥✭✧t❤❡ ❛❧❣♦r✐t❤♠ ❛❝ts ❛s ❢♦❧❧♦✇s✧✮❀
❝❛❧❧ ❞✐s♣❧❀

❛rr❛② P ❞✐♠ ✭✶✿♥❜✮❀
❢♦r ✐✿❂✶ t♦ ♥❜
❞♦
❛rr❛② P✭✐✮ ❞✐♠✭✶✿✸✮❀

✹✵✵



❢♦r ❥✿❂✶ t♦ ✸
❞♦
❛rr❛② P✭✐✱❥✮ ❞✐♠✭✶✿✸✮❀
❢♦r ❦✿❂✶ t♦ ✸
❞♦ ✐❢ ❥❂✴❂❦ t❤❡♥ P✭✐✱❥✱❦✮✿❂♥❡✇ ✇③✭✐✱❥✱❦✮ ✜ ♦❞
♦❞

♦❞❀
✭✯ ∀1≤i≤n∀1≤j≤3∀1≤k≤3P [i, j, k] = ♥❡✇ wz(i, j, k) ✯✮
❛tt❛❝❤ ✭P✭♥❜✱✶✱✸✮✮❀
✇r✐t❡❧♥✭✏ ❡①❡❝✉t✐♦♥ t✐♠❡ ❢♦r✑✱♥❜✿✹✱✑ r✐♥❣s ❂✏✱t✐♠❡✲t✐♠❡❜✱✑ s❡❝✏✮❀

❡♥❞

✽✳ ❚r❡❡❣❡♥

❲ t②♠ ♣❛r❛❣r❛✜❡ ♣r③❡❞st❛✇✐❛♠② ❤✐❡r❛r❝❤✐➛ t②♣ó✇ ✇s♣ó➟✲
♣r♦❣r❛♠ó✇✳ ❲ ❞♦✇♦❞③✐❡ t✇✐❡r❞③❡♥✐❛ ♦ ♣♦♣r❛✇♥♦➧❝✐ ♣r♦❣r❛♠✉
❦♦r③②st❛❥→❝❡❣♦ ③ t❡❥ ❤✐❡r❛r❝❤✐✐ st♦s✉❥❡♠② ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉
♥❛ t➛ ❤✐❡r❛r❝❤✐➛✱ ❛ ✇➟❛s❝✐✇✐❡ ❥❡st t♦ ✐♥❞✉❦❝❥❛ ③❡ ✇③❣❧➛❞✉ ♥❛
❞➟✉❣♦➧➣ ✇②r❛➺❡♥✐❛✳

❉❡✜♥✐♦✇❛♥✐❡ s❦♦➠❝③♦♥②❝❤ ③❜✐♦ró✇✳ ❩❛❞❛♥✐❡♠ ♣r♦❣r❛♠✉ tr❡✲
❡❣❡♥✳❧♦❣ ❥❡st ✇②❞r✉❦♦✇❛♥✐❡ ✇s③②st❦✐❝❤ s➟ó✇ ③ ❥➛③②❦❛ ♦♣✐s❛♥❡❣♦
♣r③❡③ ✇②r❛➺❡♥✐❡ r❡❣✉❧❛r♥❡✱ ♥✐❡③❛✇✐❡r❛❥→❝❡ ❣✇✐❛③❞❡❦✳ ❩✇ró➣
✉✇❛❣➛✱ ♥❛ ♦❣ó➟ ③❜✐♦r② s❦♦➠❝③♦♥❡ ♣r③❡❝❤♦✇②✇❛♥❡ s❛ ✇ ❥❛❦✐❡❥➧
str✉❦t✉r③❡ ❞❛♥②❝❤✳ ❆❧❡ ♥✐❡ ♠✉s✐ t❛❦ ❜②➣ ③❛✇s③❡✳ ❏❡➧❧✐ ♣♦tr❛✜s③
③❛♣✐s❛➣ ③❜✐ór ♦❞♣♦✇✐❡❞♥✐→ ❢♦r♠✉➟→ t♦ ♠♦➺❡s③ ③②s❦❛➣ ✇ ✇✐❡❧✉
❛s♣❡❦t❛❝❤✳ Pr③②❦➟❛❞❡♠ ❥❡st ❢♦r♠✉➟❛ 23 ≤ i ≤ 2306✳ ❉③✐➛❦✐ ♥✐❡❥
♠♦➺❡♠② ♣r❡❝②③②❥♥✐❡ ✐ ❦rót❦♦ ♦♣✐s❛➣ ③❜✐ór A = {i ∈ mathbbN : 23 ≤
i ≤ 2306}✳

❙tr✉❦t✉r❛ ♣r♦❣r❛♠✉✳ Pr♦❣r❛♠ ❣➟ó✇♥② ❞③✐❡❧✐ s✐➛ s✇♦✐♠✐ ❞✇♦♠❛
③❛s♦❜❛♠✐ ③ ♦❜✐❡❦t❛♠✐ ✇s♣ó➟♣r♦❣r❛♠ó✇✱ ❥❛❦✐❡ s→ t✇♦r③♦♥❡ ✇
❞❛❧s③②♠ ❝✐→❣✉✳ ❙→ t♦ t❛❜❧✐❝❛ ③♥❛❦ó✇ ❲❖❘❉ ✐ ③♠✐❡♥♥❛ ❝❛➟❦♦✇✐t♦✲
❧✐❝③❜♦✇❛ ✐✳

✈❛r ❲❖❘❉✿ ❛rr❛②♦❢ ❝❤❛r✱ ✐✿ ✐♥t❡❣❡r✱ ✳✳✳
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❩❛❝③♥✐❥♠② ♦❞ ✇s♣ó➟♣r♦❣r❛♠✉ ❦♦♥s✉♠❡♥t❛
✭✯ ♦t♦❝③❡♥✐❡ ✇s♣ó❧♥❡ ❞❧❛ ✇s③②st❦✐❝❤ ✇s♣ó➟♣r♦❣r❛♠ó✇ ✯✮
✈❛r ❲❖❘❉✿ ❛rr❛②♦❢ ❝❤❛r✱

✐✿ ✐♥t❡❣❡r❀
✉♥✐t ❦♦♥s✉♠✉❥✿ ❝♦r♦✉t✐♥❡❀
❜❡❣✐♥

r❡t✉r♥❀
❞♦
❛tt❛❝❤✭♦✮❀
✭✯ ♣r✐♥t t❤❡ ❲❖❘❉ ✯✮
❢♦r ❏✿❂✶ t♦ ■
❞♦
✇r✐t❡✭❲❖❘❉✭❏✮✮

♦❞❀
✇r✐t❡❧♥❀
✐❢ ♦✳❇ t❤❡♥ ❡①✐t ✜

♦❞
❡♥❞ ❦♦♥s✉♠✉❥❀

Pr♦❣r❛♠ ✕ ❦♦♥s✉♠❡♥t ✕ ✐♥str✉❦❝❥❛ ❛tt❛❝❤✭♦✮ ♣r③❡❦❛③✉❥❡ st❡r♦✇❛✲
♥✐❡ ❞♦ ♦❜✐❡❦t✉

❍✐❡r❛r❝❤✐❛ ✇s♣ó➟♣r♦❣r❛♠ó✇✳ ❚✇♦r③②♠② ❦✐❧❦❛ ♠♦❞✉➟ó✇ ✇s♣ó➟✲
♣r♦❣r❛♠ó✇✳
❘❨s✉♥❡❦ ✕ ❞r③❡✇♦ ❤✐❡r❛r❝❤✐✐ ❘❊●❊❳P
✉♥✐t ❘❊●❊❳P✿❝♦r♦✉t✐♥❡❀
✈❛r ❇✿❇❖❖▲❀ ✭✯ ❇ ≡ ❛❧❧ t❤❡ ✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ✇❡r❡ s❤♦✇♥ ✯✮

❜❡❣✐♥

r❡t✉r♥
✐♥♥❡r❀
❇ ✿❂ tr✉❡

❡♥❞ ❘❊●❊❳P❀

✉♥✐t ❆❚❖▼✿ ❘❊●❊❳P ❝♦r♦✉t✐♥❡✭❝✿❈❍❆❘✮❀
❜❡❣✐♥

❞♦

✐✿❂✐✰✶❀ ✭✯ ✉♣❞❛t❡ t❤❡ ♣♦s✐t✐♦♥ ✯✮
❲❖❘❉✭✐✮✿❂❝❀
❇✿❂❚❘❯❊❀
❞❡t❛❝❤

♦❞

❡♥❞ ❆❚❖▼❀

✹✵✷



✉♥✐t ❯◆✐❖◆✿ ❘❊●❊❳P ❝♦r♦✉t✐♥❡✭❧✱r✿❘❊●❊❳P✮❀
✈❛r ♠✿ ■◆❚❊●❊❘❀

❜❡❣✐♥

❞♦
♠✿❂✐❀
❞♦
❛tt❛❝❤✭❧✮❀
✐❢ ❧✳❇ t❤❡♥ ❡①✐t ✜❀
❞❡t❛❝❤❀
✐✿❂♠

♦❞❀
❧✳❇✿❂❋❆▲❙❊❀
❞♦
❞❡t❛❝❤❀
✐✿❂♠❀
❛tt❛❝❤✭r✮❀
✐❢ r✳❇ t❤❡♥ ❡①✐t ✜❀

♦❞❀
r✳❇✿❂❋❆▲❙❊❀
❇✿❂❚❘❯❊❀
❞❡t❛❝❤❀

♦❞❀
❡♥❞ ❯◆■❖◆❀

✉♥✐t ❈❖◆❈❆❚❊◆❆❚■❖◆✿ ❘❊●❊❳P ❝❧❛ss✭❧✱r✿❘❊●❊❳P✮❀
✈❛r ◆✱♠✿■◆❚❊●❊❘❀

❜❡❣✐♥
❞♦
♠✿❂✐❀
❞♦
❛tt❛❝❤✭❧✮❀
◆✿❂✐❀
❞♦
❛tt❛❝❤✭r✮❀
✐❢ r✳❇ t❤❡♥ ✐❢ ❧✳❇ t❤❡♥ ❡①✐t ❡①✐t ❡❧s❡ ❡①✐t ✜ ✜❀
❞❡t❛❝❤❀ ✐✿❂◆

♦❞❀
r✳❇✿❂❋❆▲❙❊❀
❞❡t❛❝❤❀
✐✿❂♠

♦❞❀
r✳❇✱ ❧✳❇✿❂❋❆▲❙❊❀
❇✿❂❚❘❯❊❀
❞❡t❛❝❤

♦❞❀
❡♥❞ ❈❖◆❈❆❚❊◆❆❚■❖◆❀

❚✇✐❡r❞③❡♥✐❡ ✷✹✳✻✳ ◆✐❡❝❤ o ❜➛❞③✐❡ ♦❜✐❡❦t❡♠ ♣♦❞❦❧❛s② ❦❧❛s②
❘❡❣❡①♣✱ ♦ ✐♥ ❘❡❣❡①♣✳

✹✵✸



P♦♥✐➺s③② ♣r♦❣r❛♠ Pr ✇②❞r✉❦✉❥❡ ✇s③②st❦✐❡ s➟♦✇❛ ♥❛❧❡➺→❝❡ ❞♦
❥➛③②❦❛ r❡❣✉❧❛r♥❡❣♦ |o| ♦♣✐s❛♥❡❣♦ ♣r③❡③ ✇②r❛➺❡♥✐❡ r❡❣✉❧❛r♥❡ o ✐
③❛tr③②♠❛ s✐➛✳
Pr✿ ■✿❂✵❀
❞♦
❛tt❛❝❤✭♦✮❀
✐❢ ♦✳❇ t❤❡♥ ❡①✐t
❡❧s❡
✭✯ ♣r✐♥t t❤❡ ❲❖❘❉ ✯✮
❢♦r ❏✿❂✶ t♦ ■
❞♦
✇r✐t❡✭❲❖❘❉✭❏✮✮
♦❞❀
✇r✐t❡❧♥❀
✜
♦❞

❉♦✇ó❞✳ ❉♦✇ó❞ ❥❡st r♦③♣r♦s③♦♥② ♣♦♠✐➛❞③② ♣♦❞❦❧❛s② ❦❧❛s②
❘❡❣❡①♣✳ ❑t♦➧ ♠ó❣➟❜② ♣♦✇✐❡❞③✐❡➣✱ ➺❡ ♠❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ③
❞♦✇♦❞❡♠ ③❡ ✇③❣❧➛❞✉ ♥❛ ❤✐❡r❛r❝❤✐➛ ♣♦❞❦❧❛s ❦❧❛s② r❡❣❡①♣✳ ❲
r③❡❝③②✇✐st♦➧❝✐ ♥❛s③ ❞♦✇ó❞ ♣r③❡❜✐❡❣❛ ♣r③❡③ ✐♥❞✉❦❝❥➛ ③❡ ✇③❣❧➛❞✉
♥❛ ❞➟✉❣♦➧➣ ✇②r❛➺❡♥✐❛ r❡❣✉❧❛r♥❡❣♦ ω✱ ❥❛❦✐❡ ③♦st❛➟♦ ③❛❦♦❞♦✇❛♥❡
✇ ♦❜✐❡❦❝✐❡ o✳ ❇❛③❛✮ ❏❡➧❧✐ ♦❜✐❡❦t s♣❡➟♥✐❛ r❡❧❛❝❥➛ ♦ ✐s ❘❡❣❡①♣ t♦ ✇②✲
❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❛tt❛❝❤✭♦✮ ♣♦✇♦❞✉❥❡ ♥❛t②❝❤♠✐❛st♦✇② ♣♦✇rót ③
✇❛rt♦➧❝✐❛ ♦✳❇ tr✉❡✳ ❚❛❦✐❡ ✇②r❛➺❡♥✐❡ ♦♣✐s✉❥❡ ♣✉st② ❥➛③②❦✳ ❚❡③❛
t✇✐❡r❞③❡♥✐❛ ❥❡st ✇ t②♠ ♣r③②♣❛❞❦✉ s♣❡➟♥✐♦♥❛✳
❯❞♦✇♦❞♥✐♠② ♥✐❡❝♦ ♠♦❝♥✐❡❥s③② ❧❡♠❛t✿

▲❡♠❛t ✷✹✳✼✳ Pr③②♣✉➧➣♠②✱ ➺❡ ✇❝③❡➧♥✐❡❥s③❡ ❛❦t②✇❛❝❥❡ ♦❜✐❡❦t✉
♦ ✇s♣ó➟♣r♦❣r❛♠✉ ❘❡❣❡①♣ ✇②♣❡➟♥✐➟② t❛❜❧✐❝➛ ❲❖❘❉ ♥❛ ♠✐❡❥s❝❛❝❤
▲❡t ✐✵ ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ■✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s♦♠❡
✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮ ✇❡r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❛r❧✐❡r ❛❝t✐✲
✈❛t✐♦♥s ♦❢ t❤❡ ❝♦r♦✉t✐♥❡ ♦✳
❆♥ ❡①❡❝✉t✐♦♥ ♦❢ ❝♦♠♠❛♥❞ ❛tt❛❝❤✭♦✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✛❡❝t✿
t❤❡ s✉❜s❡q✉❡♥t ✇♦r❞ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮ ✐s ❝♦♥❝❛t❡♥❛t❡❞ t♦
t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❲❖❘❉✭✶✮✱ ✳✳✳ ✱ ❲❖❘❉✭■✮❀ ✐✳❡✳ t❤❡ ♥❡✇ ✇♦r❞
✐s ♣❧❛❝❡❞ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❲❖❘❉✭■✰✶✮✳ ❚❤❡ ✈❛❧✉❡ ♦❢
❇ ❛ttr✐❜✉t❡ ❜❡❝♦♠❡s tr✉❡ ✐✛ ❛❧❧ t❤❡ ✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮
✇❡r❡ s❤♦✇♥✳

❏❡➧❧✐ ♦❜✐❡❦t s♣❡➟♥✐❛ r❡❧❛❝❥➛ ♦ ✐s ❆t♦♠ s♣❡➟♥✐♦♥② ❥❡st ♥❛st➛♣✉❥→❝②
❧❡♠❛t

t♦ ✉③②s❦✉❥❡♠② ❥❡❞♥♦ s➟♦✇♦ ♦ ❞➟✉❣♦➧❝✐ ❥❡❞❡♥✳
❲ ♦❜✉ t②❝❤ ♣r③②♣❛❞❦❛❝❤ t❡③❛ ❥❡st �

♣r♦❣r❛♠ ❚r❡❡❣❡♥❀ ✭✯ ●❡♥❡r❛t❡s t❤❡ ❧❛♥❣✉❛❣❡ ❞❡✜♥❡❞ ❜② ❛
r❡❣✉❧❛r ❡①♣r❡ss✐♦♥✯✮
✭✯ Pr♦❣r❛♠ ✇r✐tt❡♥ ❜② ❆✳ ❑r❡❝③♠❛r ✶✾✽✷
♣r♦♦❢ ✇r✐tt❡♥ ❜② ❆✳ ❙❛❧✇✐❝❦✐ ✶✾✾✵ ✯✮
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✉♥✐t ❘❊●❊❳P✿❝♦r♦✉t✐♥❡❀
✭✯ ❛♥ ♦❜❥❡❝t ✐♥ t❤❡ ❤✐❡r❛r❝❤② ♦❢ s✉❜t②♣❡s ♦❢ t②♣❡ ❘❊●❊❳P r❡✲
♣r❡s❡♥ts ❛ r❡❣✉❧❛r ❡①♣r❡ss✐♦♥ ✯✮
✭✯
❚❤❡♦r❡♠
❋♦r ❡✈❡r② ♦❜❥❡❝t ♦ ✐♥ t❤❡ ❤✐❡r❛r❝❤② ♦❢ ❝❧❛ss❡s t❤❛t ✐♥❤❡r✐t ❢r♦♠
❘❡❣❡①♣ ❝❧❛ss t❤❡ ♣r♦❣r❛♠ Pr ✭s❡❡ ❜❡❧♦✇✮✱ ✇❤❡♥ ❡①❡❝✉t❡❞ ✇✐❧❧
♣r✐♥t ❛❧❧ t❤❡ ✇♦r❞s ♦❢ t❤❡ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡
♦❜❥❡❝t ♦ ❛♥❞ t❤❡♥ ✐t ✇✐❧❧ st♦♣✳
Pr✿ ■✿❂✵❀
❞♦
❛tt❛❝❤✭♦✮❀
✭✯ ♣r✐♥t t❤❡ ❲❖❘❉ ✯✮
❢♦r ❏✿❂✶ t♦ ■
❞♦
✇r✐t❡✭❲❖❘❉✭❏✮✮
♦❞❀
✇r✐t❡❧♥❀
✐❢ ❲✳❇ t❤❡♥ ❡①✐t ✜
♦❞

▲❡♠♠❛
▲❡t ✐✵ ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ■✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s♦♠❡
✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮ ✇❡r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❛r❧✐❡r ❛❝t✐✲
✈❛t✐♦♥s ♦❢ t❤❡ ❝♦r♦✉t✐♥❡ ♦✳
❆♥ ❡①❡❝✉t✐♦♥ ♦❢ ❝♦♠♠❛♥❞ ❛tt❛❝❤✭♦✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✛❡❝t✿
t❤❡ s✉❜s❡q✉❡♥t ✇♦r❞ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮ ✐s ❝♦♥❝❛t❡♥❛t❡❞ t♦
t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❲❖❘❉✭✶✮✱ ✳✳✳ ✱ ❲❖❘❉✭■✮❀ ✐✳❡✳ t❤❡ ♥❡✇ ✇♦r❞
✐s ♣❧❛❝❡❞ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❲❖❘❉✭■✰✶✮✳ ❚❤❡ ✈❛❧✉❡ ♦❢
❇ ❛ttr✐❜✉t❡ ❜❡❝♦♠❡s tr✉❡ ✐✛ ❛❧❧ t❤❡ ✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮
✇❡r❡ s❤♦✇♥✳

P❘❖❖❋ ♦❢ t❤❡ ❧❡♠♠❛ ✐s ❞✐str✐❜✉t❡❞ ✐♥ t❤❡ s✉❜❝❧❛ss❡s ♦❢ t❤❡
❝❧❛ss r❡❣❡①♣✱ ✐✳❡✳ t❤❡ ♣r♦♦❢ ❣♦❡s ❜② ✐♥❞✉❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❧❡♥❣t❤ ♦❢ ❛ r❡❣✉❧❛r ❡①♣r❡ss✐♦♥ ✯✮

✈❛r ❇✿❇❖❖▲❀ ✭✯ ❇ ➸ ❛❧❧ t❤❡ ✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ✇❡r❡ s❤♦✇♥
✯✮
❜❡❣✐♥
r❡t✉r♥
✐♥♥❡r❀
❇ ✿❂ tr✉❡
❡♥❞ ❘❊●❊❳P❀

✉♥✐t ❆❚❖▼✿ ❘❊●❊❳P ❝❧❛ss✭❈✿❈❍❆❘✮❀
✭✯ ❛♥ ❛t♦♠✐❝ r❡❣✉❧❛r ❡①♣r❡ss✐♦♥ ❝♦♥s✐sts ♦❢ ❛ ❧❡tt❡r
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Pr♦♣♦s✐t✐♦♥✳ ❆♥ ❡①❡❝✉t✐♦♥ ♦❢ ❛tt❛❝❤ st❛t❡♠❡♥t ❛♣♣❧✐❡❞ t♦ t❤✐s
♦❜❥❡❝t ✇✐❧❧ ♣❧❛❝❡ t❤❡ ❧❡tt❡r ❈ ♦♥ ■✰✶✲t❤ ♣❧❛❝❡
✐♥ t❤❡ t❛❜❧❡ ❲❖❘❉ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❇ ✇✐❧❧ ❜❡ ❛ss✐❣♥❡❞ t♦ tr✉❡✳
■♥ t❤✐s ✇❛② t❤❡ ✇❤♦❧❡ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡ ✐s ❞✐s♣❧❛②❡❞ ❛t ♦♥❝❡✳
✐♥ t❤✐s ✇❛② ✇❡ ♣r♦✈❡❞ t❤❡ ❜❛s❡ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ♣r♦♦❢ ♦❢ t❤❡
▲❡♠♠❛✳ ✯✮
❜❡❣✐♥
❞♦
■✿❂■✰✶❀ ✭✯ ✉♣❞❛t❡ t❤❡ ♣♦s✐t✐♦♥ ✯✮
❲❖❘❉✭■✮✿❂❈❀
❇✿❂❚❘❯❊❀
❞❡t❛❝❤
♦❞
❡♥❞ ❆❚❖▼❀

✉♥✐t ❯◆■❖◆✿ ❘❊●❊❳P ❝❧❛ss✭▲✱❘✿❘❊●❊❳P✮❀
✭✯ r❡♣r❡s❡♥ts t❤❡ ❡①♣r❡ss✐♦♥ ✭▲ ➮ ❘✮ ✐✳❡✳ t❤❡ ✉♥✐♦♥ ✯✮
✭✯ Pr♦♣♦s✐t✐♦♥✳ ❆ss✉♠❡ t❤❛t ♦❜❥❡❝ts ▲ ❛♥❞ ❘ ❡♥❥♦② t❤❡ ♣r♦✲
♣❡rt② ❡①♣r❡ss❡❞ ❜② t❤❡ ▲❡♠♠❛
t❤❡♥ ❛♥② t✐♠❡ t❤✐s ❝♦r♦✉t✐♥❡ ✇✐❧❧ ❜❡ ❛tt❛❝❤❡❞ ✇❡ ♦❜t❛✐♥ ❛ s✉❜✲
s❡q✉❡♥t ✇♦r❞ ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡s ▲ ❛♥❞ ❘✳

❈♦♥s✐❞❡r✱ ❛ r❡❣✉❧❛r ❡①♣r❡s✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ❦✳ ❇② ♦✉r ❞❡✜✲
♥✐t✐♦♥ ✐t ✐s ❡✐t❤❡r ❛ ✉♥✐♦♥ ♦❜❥❡❝t ♦r ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❜❥❡❝t✳
▲❡t ♦ ❜❡ ❛ ✉♥✐♦♥ ♦❜❥❡❝t ✐✳❡✳ ♦ ✐s ❯◆■❖◆✳ ❚❤❡ str✉❝t✉r❡ ♦❢ ✐ts
❝♦♠♠❛♥❞s ❛ss✉r❡s t❤❡ ❢♦❧❧♦✇✐♥❣
✇❤✐❧❡ ♥♦t ❡①❤❛✉st❡❞✭▲✮
❞♦
❛tt❛❝❤✭▲✮ ✕ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t❤✐s ❝♦♠♠❛♥❞ r❡t✉r♥s ❛
✇♦r❞ ♦❢ ▲ ❧❛♥❣✉❛❣❡
♦❞
✭✯ ▲✳❇ ❂ tr✉❡ ✯✮ ✕ t❤❡ ❡①❤❛✉st✐♦♥ ♠❛r❦ ❢♦r ▲
✇❤✐❧❡ ♥♦t ❡①❤❛✉st❡❞✭❘✮
❞♦
❛tt❛❝❤✭❘✮ ✕ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t❤✐s ❝♦♠♠❛♥❞ r❡t✉r♥s ❛
✇♦r❞ ♦❢ ❘ ❧❛♥❣✉❛❣❡
♦❞
✭✯ ❘✳❇ ❂ tr✉❡
❇ ❂ tr✉❡ ✯✮

■t ✐s ❡✈✐❞❡♥t t❤❛t ✐♥ t❤✐s ✇❛② ❜② r❡♣❡❛t❡❞ ❡①❡❝✉t✐♦♥ ♦❢ ❛t✲
t❛❝❤✭♦✮ ♦♥❡ ♦❜t❛✐♥s ❛ s❡q✉❡♥❝❡ ♦❢ ✇♦r❞s ❝♦♠♣♦s❡❞ ❢r♦♠ t❤❡ ❛❧❧
✇♦r❞s ♦❢ ▲ ❧❛♥❣✉❛❣❡ ❢♦❧❧♦✇❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛❧❧ ✇♦r❞s ❢r♦♠
t❤❡ ❘ ❧❛♥❣✉❛❣❡✳ ✯✮

✈❛r ♠✿ ■◆❚❊●❊❘❀
❜❡❣✐♥
❞♦ ✭✯ r❡♣❡❛t ✿ st♦r❡ ■❀ ❣❡♥❡r❛t❡ ♦♥❡ ✇♦r❞ ✭✜rst ❢r♦♠ ▲ ♥❡①t

✹✵✻



❢r♦♠ ❘❀ ❞❡t❛❝❤❀ r❡st♦r❡ ■ ✉♥t✐❧ ❡①❤❛✉st❡❞ ✯✮
♠✿❂■❀
✭✯ ■ ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧❛st❧② ❣❡♥❡r❛t❡❞ ❧❡tt❡r✳ ✯✮
✭✯ ▼✰✶ ✐s t❤❡ ♣♦s✐t✐♦♥ ✇❤❡r❡ t❤❡ ❝✉rr❡♥t ❯◆■❖◆ ♦❜❥❡❝t ✯✮
✭✯ ✇✐❧❧ ♣❧❛❝❡ t❤❡ ❧❡tt❡rs ♦❢ t❤❡ ❝✉rr❡♥t❧② ❣❡♥❡r❛t❡❞ ✇♦r❞✳ ✯✮
❞♦
❛tt❛❝❤✭▲✮❀ ✭✯ ❜② t❤❡ ✐♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥ t❤✐s st❛t❡♠❡♥t ❝❛✉s❡s
t❤❛t ♦♥❡ ✇♦r❞ ✇✐❧❧ ❜❡ ❣❡♥❡r❛t❡❞ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲ ❛♥❞ ✐t ✇✐❧❧
❜❡ ❝♦♥❝❛t❡♥❛t❡❞ t♦ t❤❡ ❝♦♥t❡♥t ♦❢ ❲❖❘❉✭✶✮ ✱ ✳✳✳ ✱ ❲❖❘❉✭■✮
✯✮
✐❢ ▲✳❇ t❤❡♥ ❡①✐t ✜❀
❞❡t❛❝❤❀
■✿❂♠ ✭✯ r❡❡st❛❜❧✐s❤ t❤❡ ♣♦s✐t✐♦♥ ✐♥ t❤❡ t❛❜❧❡ ❲❖❘❉ ❢♦r t❤❡
♥❡①t ✇♦r❞ ✯✮
♦❞❀
▲✳❇✿❂❋❆▲❙❊❀ ✭✯ r❡st❛rt ❧❛♥❣✉❛❣❡ ▲ ✯✮
❞♦
❞❡t❛❝❤❀
■✿❂♠❀ ✭✯ r❡❡st❛❜❧✐s❤ t❤❡ ♣♦s✐t✐♦♥ ✐♥ t❤❡ t❛❜❧❡ ❲❖❘❉ ❢♦r t❤❡
♥❡①t ✇♦r❞ ✯✮
❛tt❛❝❤✭❘✮❀ ✭✯ ❜② t❤❡ ✐♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥ t❤✐s st❛t❡♠❡♥t ❝❛✉✲
s❡s t❤❛t ♦♥❡ ✇♦r❞ ✇✐❧❧ ❜❡ ❣❡♥❡r❛t❡❞ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ❘ ❛♥❞ ✐t ✇✐❧❧
❜❡ ❝♦♥❝❛t❡♥❛t❡❞ t♦ t❤❡ ❝♦♥t❡♥t ♦❢ ❲❖❘❉✭✶✮ ✱ ✳✳✳ ✱ ❲❖❘❉✭■✮
✯✮
✐❢ ❘✳❇ t❤❡♥ ❡①✐t ✜❀
♦❞❀
❘✳❇✿❂❋❆▲❙❊❀ ✭✯ r❡st❛rt ❧❛♥❣✉❛❣❡ ❘ ✯✮
❇✿❂❚❘❯❊❀
❞❡t❛❝❤❀
♦❞❀
❡♥❞ ❯◆■❖◆❀

✉♥✐t ❈❖◆❈❆❚❊◆❆❚■❖◆✿ ❘❊●❊❳P ❝❧❛ss✭▲✱❘✿❘❊●❊❳P✮❀
✭✯ r❡♣r❡s❡♥ts t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ✭▲➲❘✮ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡s r❡♣r❡✲
s❡♥t❡❞ ❜② t❤❡ r❡❣✉❧❛r ❡①♣r❡ss✐♦♥s ▲ ❛♥❞ ❘ ✯✮
✭✯ ❙✉♣♣♦s❡ t❤❡ ♦❜❥❡❝t ♦ ✐s ♦❢ t❤❡ ❝❧❛ss ❈❖◆❈❆❚❊◆❆❚■❖◆✳

◆♦✇ t❤❡ ❧♦♦♣ ♦❢ ❝♦♠♠❛♥❞s ♦❢ ♦❜❥❡❝t ♦ ❛ss✉r❡s ❜❛s✐❝❛❧❧② t❤❡
❢♦❧❧♦✇✐♥❣
✇❤✐❧❡ ♥♦t ❡①❤❛✉st❡❞
❞♦
st♦r❡ ✭■✮❀
❛tt❛❝❤✭▲✮❀ ✕ ❛ ✇♦r❞ ❢r♦♠ ▲
❛tt❛❝❤✭❘✮❀ ✕ ❢♦❧❧♦✇❡❞ ❜② ❛ ✇♦r❞ ❢r♦♠ ❘
❞❡t❛❝❤❀ ✕ ❤❡♥❝❡ ❛ ✇♦r❞ ♦❢ ✭▲ ❘✮ ✐s ❣✐✈❡♥
r❡st♦r❡✭■✮
♦❞

✹✵✼



✇✐t❤ t❤❡ ♥❡❝❡ss❛r② r❡❛❝t✐♦♥s t♦ ❛ ❝❛s❡ ✇❤❡♥ ♦♥❡ ❧❛♥❣✉❛❣❡ ✭▲
♦r ❘✮ ❡♥❞s✳
■t ✐s ❝❧❡❛r t❤❛t ✐❢ t❤❡ ♦❜❥❡❝t ▲ ❛♥❞ ❘ ❡♥❥♦② t❤❡ ♣r♦♣❡rt② ♠❡♥✲
t✐♦♥❡❞ ✐♥ t❤❡ ▲❡♠♠❛ t❤❡♥ t❤❡ ♦❜❥❡❝t ♦ ❡♥❥♦②s ✐t t♦♦✯✮

✈❛r ◆✱♠✿■◆❚❊●❊❘❀
❜❡❣✐♥
❞♦
♠✿❂■❀ ✭✯▼ st♦r❡s t❤❡ ❜❡❣✐♥ ♣♦s✐t✐♦♥ ♦❢ ✜rst ❧❛♥❣✉❛❣❡ ✇♦r❞ ♣♦✲
s✐t✐♦♥ ✯✮
❞♦
❛tt❛❝❤✭▲✮❀
◆✿❂■❀ ✭✯ ◆ st♦r❡s t❤❡ ❜❡❣✐♥ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❧❛♥❣✉❛❣❡
✇♦r❞ ♣♦s✐t✐♦♥ ✯✮
❞♦
❛tt❛❝❤✭❘✮❀
✐❢ ❘✳❇ t❤❡♥ ✐❢ ▲✳❇ t❤❡♥ ❡①✐t ❡①✐t ❡❧s❡ ❡①✐t ✜ ✜❀
❞❡t❛❝❤❀ ■✿❂◆ ✭✯ r❡st❛rt ❧❛♥❣✉❛❣❡ ❘ ✇♦r❞ ❣❡♥❡r❛t✐♦♥ ♣♦s✐t✐♦♥ ✯✮
♦❞❀
❘✳❇✿❂❋❆▲❙❊❀ ✭✯ r❡st❛rt ❧❛♥❣✉❛❣❡ ❘ ✯✮
❞❡t❛❝❤❀ ■✿❂♠ ✭✯ r❡st❛rt ❧❛♥❣✉❛❣❡ ▲ ✇♦r❞ ❣❡♥❡r❛t✐♦♥ ♣♦s✐t✐♦♥ ✯✮
♦❞❀
❘✳❇✱▲✳❇✿❂❋❆▲❙❊❀ ❇✿❂❚❘❯❊❀ ❞❡t❛❝❤
♦❞❀
❡♥❞ ❈❖◆❈❆❚❊◆❆❚■❖◆❀

❝♦♥st ◆❂✺✵❀ ✭✯ ❉■▼❊◆❙■❖◆ ❋❖❘ ❆❘❘❆❨ ❲❖❘❉ ✯✮

✈❛r ❆✱❇✱❈✱❉✱❊✱❲✱❱✱▲✱❖✱●✱■■✱◆◆✿❘❊●❊❳P✱
■✱❏✱◆✱▼✿■◆❚❊●❊❘❀
✭✯ ■ ❂ ●▲❖❇❆▲ P❖❙■❚■❖◆ P❖■◆❚❊❘ ❋❖❘ ❆❘❘❆❨ ❲❖❘❉
✯✮
✈❛r ❲❖❘❉✿ ❛rr❛②♦❢ ❈❍❆❘❀ ✭✯ ❇❯❋❋❊❘ ❋❖❘ ❲❖❘❉❙ ●❊◆❊✲
❘❆❚■❖◆ ✯✮

❜❡❣✐♥
✇r✐t❡❧♥✭❾❆◆●❯❆●❊ ●❊◆❊❘❆❚❖❘ ❯❙■◆● ❈❖❘❖❯❚■◆❊❙✧✮❀
✇r✐t❡❧♥✭❾❆◆●❯❆●❊ ■❙ ❘❊P❘❊❙❊◆❚❊❉ ❆❙ ❆ ❚❘❊❊ ❲■❚❍
❖P❊❘❆❚■❖◆❙ ■◆ ◆❖❉❊❙✧✮❀
✇r✐t❡❧♥✭Ó❯❘ ❖P❊❘❆❚■❖◆❙ ❆❘❊ ❙❊❚ ❚❍❊❖❘❊❚■❈❆▲ ❏❖■◆
❆◆❉ ❈❖◆❈❆❚❊◆❆❚■❖◆ ❖❋✧✮❀
✇r✐t❡❧♥✭❾❆◆●❯❆●❊❙✧✮❀✇r✐t❡❧♥❀
❆✿❂♥❡✇ ❆❚❖▼✭✬❆✬✮❀ ❇✿❂♥❡✇ ❆❚❖▼✭✬❇✬✮❀ ❈✿❂♥❡✇ ❆❚❖▼✭✬❈✬✮❀
❉✿❂♥❡✇ ❆❚❖▼✭✬❉✬✮❀ ❊✿❂♥❡✇ ❆❚❖▼✭✬❊✬✮❀
▲✿❂♥❡✇ ❆❚❖▼✭✬▲✬✮❀ ●✿❂♥❡✇ ❆❚❖▼✭✬●✬✮❀
■■✿❂♥❡✇ ❆❚❖▼✭✬■✬✮❀ ◆◆✿❂♥❡✇ ❆❚❖▼✭✬◆✬✮❀
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❖✿❂♥❡✇ ❆❚❖▼✭✬❖✬✮❀
❲✿❂♥❡✇ ❯◆■❖◆✭❆✱▲✮❀
❲✿❂♥❡✇ ❈❖◆❈❆❚❊◆❆❚■❖◆✭❲✱♥❡✇ ❯◆■❖◆✭❉✱❖✮✮❀
❱✿❂♥❡✇ ❈❖◆❈❆❚❊◆❆❚■❖◆✭■■✱❈✮❀
❱✿❂♥❡✇ ❯◆■❖◆✭❱✱♥❡✇ ❈❖◆❈❆❚❊◆❆❚■❖◆✭▲✱♥❡✇ ❈❖◆❈❆✲
❚❊◆❆❚■❖◆✭❆✱◆◆✮✮✮❀
❱✿❂♥❡✇ ❈❖◆❈❆❚❊◆❆❚■❖◆✭●✱❱✮❀
❱✿❂♥❡✇ ❯◆■❖◆✭❆✱❱✮❀
❲✿❂♥❡✇ ❈❖◆❈❆❚❊◆❆❚■❖◆✭❲✱❱✮❀
✇r✐t❡❧♥✭✧❲❊ ❍❆❱❊ ▲❆◆●❯❆●❊ ❉❊❋■◆❊❉ ❇❨ ❚❍❊ ❋❖▲▲❖✲
❲■◆● ❊❳P❘❊❙❙■❖◆✧✮❀
✇r✐t❡❧♥❀
✇r✐t❡❧♥✭✧✭❆➮▲✮➲✭❉➮❖✮➲✭❆➮●➲✭■➲❈➮▲➲❆➲◆✮✮✧✮❀
✇r✐t❡❧♥❀ ✇r✐t❡❧♥❀
❛rr❛② ❲❖❘❉ ❞✐♠✭✶✿◆✮❀
❞♦
❛tt❛❝❤✭❲✮❀
✇r✐t❡✭✮❀
❢♦r ❏✿❂✶ t♦ ■
❞♦
✇r✐t❡✭❲❖❘❉✭❏✮✮
♦❞❀
✇r✐t❡❧♥❀
✐❢ ❲✳❇ t❤❡♥ ❡①✐t ✜
♦❞
❡♥❞

✭✯
❚❤❡♦r❡♠
❋♦r ❡✈❡r② ♦❜❥❡❝t ♦ ✐♥ t❤❡ ❤✐❡r❛r❝❤② ♦❢ ❝❧❛ss❡s t❤❛t ✐♥❤❡r✐t ❢r♦♠
❘❡❣❡①♣ ❝❧❛ss t❤❡ ♣r♦❣r❛♠ Pr ✭s❡❡ ❜❡❧♦✇✮✱ ✇❤❡♥ ❡①❡❝✉t❡❞ ✇✐❧❧
♣r✐♥t ❛❧❧ t❤❡ ✇♦r❞s ♦❢ t❤❡ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡
♦❜❥❡❝t ♦ ❛♥❞ t❤❡♥ ✐t ✇✐❧❧ st♦♣✳
Pr✿ ■✿❂✵❀
❞♦
❛tt❛❝❤✭♦✮❀
❢♦r ❏✿❂✶ t♦ ■
❞♦
✇r✐t❡✭❲❖❘❉✭❏✮✮
♦❞❀
✇r✐t❡❧♥❀
✐❢ ❲✳❇ t❤❡♥ ❡①✐t ✜
♦❞

▲❡♠♠❛
▲❡t ✐✵ ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ■✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s♦♠❡
✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮ ✇❡r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❛r❧✐❡r ❛❝t✐✲
✈❛t✐♦♥s ♦❢ t❤❡ ❝♦r♦✉t✐♥❡ ♦✳

✹✵✾



❆♥ ❡①❡❝✉t✐♦♥ ♦❢ ❝♦♠♠❛♥❞ ❛tt❛❝❤✭♦✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✛❡❝t✿
t❤❡ s✉❜s❡q✉❡♥t ✇♦r❞ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮ ✐s ❝♦♥❝❛t❡♥❛t❡❞ t♦
t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❲❖❘❉✭✶✮✱ ✳✳✳ ✱ ❲❖❘❉✭■✮❀ ✐✳❡✳ t❤❡ ♥❡✇ ✇♦r❞
✐s ♣❧❛❝❡❞ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❲❖❘❉✭■✰✶✮✳ ❚❤❡ ✈❛❧✉❡ ♦❢
❇ ❛ttr✐❜✉t❡ ❜❡❝♦♠❡s tr✉❡ ✐✛ ❛❧❧ t❤❡ ✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ▲✭♦✮
✇❡r❡ s❤♦✇♥✳

Pr♦♦❢✳
■♥❞✉❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ r❡♣r❡✲
s❡♥t❡❞ ❜② t❤❡ ♦❜❥❡❝t ♦✳

❇❛s❡✳ ❙✉♣♣♦s❡ t❤❡ ❛❝t✉❛❧ t②♣❡ ♦❢ ♦ ✐s ❆❚❖▼✳ ❚❤❡♥ t❤❡ t❤❡✲
s✐s ♦❢ t❤❡ ❧❡♠♠❛ ✐s s❛t✐s✜❡❞✳

■♥❞✉❝t✐♦♥ st❡♣✳ ❙✉♣♣♦s❡ t❤❡ ❧❡♠♠❛ ❤♦❧❞s ❢♦r ❡✈❡r② r❡❣✉✲
❧❛r ❡①♣r❡ss✐♦♥ s❤♦rt❡r t❤❛♥ ❛♥ ✐♥t❡❣❡r ❦✳ ❈♦♥s✐❞❡r✱ ❛ r❡❣✉❧❛r
❡①♣r❡s✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ❦✳ ❇② ♦✉r ❞❡✜♥✐t✐♦♥ ✐t ✐s ❡✐t❤❡r ❛ ✉♥✐♦♥
♦❜❥❡❝t ♦r ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❜❥❡❝t✳
❝❛s❡ ❆✳ ▲❡t ♦ ❜❡ ❛ ✉♥✐♦♥ ♦❜❥❡❝t ✐✳❡✳ ♦ ✐s ❯◆■❖◆✳ ❚❤❡ str✉❝t✉r❡
♦❢ ✐ts ❝♦♠♠❛♥❞s ❛ss✉r❡s t❤❡ ❢♦❧❧♦✇✐♥❣
✇❤✐❧❡ ♥♦t ❡①❤❛✉st❡❞✭▲✮
❞♦
❛tt❛❝❤✭▲✮ ✕ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t❤✐s ❝♦♠♠❛♥❞ r❡t✉r♥s ❛
✇♦r❞ ♦❢ ▲ ❧❛♥❣✉❛❣❡
♦❞
▲✳❇ ✿❂ tr✉❡ ✕ s❡t t❤❡ ❡①❤❛✉st✐♦♥ ♠❛r❦ ❢♦r ▲
✇❤✐❧❡ ♥♦t
❞♦
❛tt❛❝❤✭❘✮ ✕ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t❤✐s ❝♦♠♠❛♥❞ r❡t✉r♥s ❛
✇♦r❞ ♦❢ ❘ ❧❛♥❣✉❛❣❡
♦❞
▲✳❘ ✿❂ tr✉❡
❇ ✿❂ tr✉❡

■t ✐s ❡✈✐❞❡♥t t❤❛t ✐♥ t❤✐s ✇❛② ❜② r❡♣❡❛t❡❞ ❡①❡❝✉t✐♦♥ ♦❢ ❛t✲
t❛❝❤✭♦✮ ♦♥❡ ♦❜t❛✐♥s ❛ s❡q✉❡♥❝❡ ♦❢ ✇♦r❞s ❝♦♠♣♦s❡❞ ❢r♦♠ t❤❡ ❛❧❧
✇♦r❞s ♦❢ ▲ ❧❛♥❣✉❛❣❡ ❢♦❧❧♦✇❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛❧❧ ✇♦r❞s ❢r♦♠
t❤❡ ❘ ❧❛♥❣✉❛❣❡✳

❝❛s❡ ❇ ❙✉♣♣♦s❡ t❤❡ ♦❜❥❡❝t ♦ ✐s ♦❢ t❤❡ ❝❧❛ss ❈❖◆❈❆❚❊◆❆✲
❚■❖◆✳

◆♦✇ t❤❡ ❧♦♦♣ ♦❢ ❝♦♠♠❛♥❞s ♦❢ ♦❜❥❡❝t ♦ ❛ss✉r❡s ❜❛s✐❝❛❧❧② t❤❡
❢♦❧❧♦✇✐♥❣
✇❤✐❧❡ ♥♦t ❡①❤❛✉st❡❞
❞♦
st♦r❡ ✭■✮❀
❛tt❛❝❤✭▲✮❀ ✕ ❛ ✇♦r❞ ❢r♦♠ ▲
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❛tt❛❝❤✭❘✮❀ ✕ ♣r❡❝❡❞❡s ❛ ✇♦r❞ ❢r♦♠ ❘
❞❡t❛❝❤❀ ✕ ❤❡♥❝❡ ❛ ✇♦r❞ ♦❢ ✭▲ ❘✮ ✐s ❣✐✈❡♥
r❡st♦r❡✭■✮
♦❞

✇✐t❤ t❤❡ ♥❡❝❡ss❛r② r❡❛❝t✐♦♥s t♦ ❛ ❝❛s❡ ✇❤❡♥ ♦♥❡ ❧❛♥❣✉❛❣❡ ✭▲
♦r ❘✮ ❡♥❞s✳
■t ✐s ❝❧❡❛r t❤❛t ✐❢ t❤❡ ♦❜❥❡❝t ▲ ❛♥❞ ❘ ❡♥❥♦② t❤❡ ♣r♦♣❡rt② ♠❡♥✲
t✐♦♥❡❞ ✐♥ t❤❡ ▲❡♠♠❛ t❤❡♥ t❤❡ ♦❜❥❡❝t ♦ ❡♥❥♦②s ✐t t♦♦✳
❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛✳ ➝

✾✳ Pr③❡s③✉❦✐✇❛♥✐❡ ③ ♥❛✇r♦t❛♠✐

❉♦➧➣ ❝③➛st♦ st♦s✉❥❡ s✐➛ ③❛s❛❞➛ ♣♦s③✉❦✐✇❛♥✐❛ r♦③✇✐❛③❛➠✱ ❦tór❛
s♣r♦✇❛❞③❛ s✐❡ ❞♦ ♣r③❡❣❧→❞❛♥✐❛ ✇s③②st❦✐❝❤ ♠♦➺❧✐✇♦➧❝✐✳ ◆❛❥❝③➛✲
➧❝✐❡❥ s♣♦t②❦❛♠② s✐❡ ③ t❛❦✐♠ ♣♦❞❡❥➧❝✐❡♠ ✇ ③❛❞❛♥✐❛❝❤ s③t✉❝③♥❡❥
✐♥t❡❧✐❣❡♥❝❥✐ ♦r❛③ ✇ ❣r❛❝❤✳ ❲②st❛r❝③② ♣r③②♣♦♠♥✐❡➣ ③♥❛♥❡ ③❛✲
❞❛♥✐❡ ♦ ♣r③❡✇✐❡③✐❡♥✐✉ tr③❡❝❤ ❦❛♥✐❜❛❧✐ ✐ tr③❡❝❤ ♠✐s❥♦♥❛r③② ♣r③❡③
r③❡❦➛ ❣❞② ❞♦ ❞②s♣♦③②❝❥✐ ❥❡st ➟ó❞❦❛ ♣♦③✇❛❧❛❥→❝❛ ♣r③❡✇✐❡➵➣ ♥❛r❛③
t②❧❦♦ ❞✇✐❡ ♦s♦❜②✳

P♦♥✐➺❡❥ ♣♦❞❛❥❡♠② t❡❦st ♣r♦❣r❛♠✉ ③♥❛❥❞✉❥→❝❡❣♦ r♦③✇✐→③❛♥✐❡
♣r♦❜❧❡♠✉ ❦❛♥✐❜❛❧✐ ✐ ♠✐s❥♦♥❛r③②✳ ❩✇ró➣ ✉✇❛❣➛ ♥❛ ❦❧❛s➛ ❜❛❝❦✲
tr❛❝❦✳ ❖♣✐s✉❥❡ ♦♥❛ ♠❡❝❤❛♥✐③♠ t✇♦r③❡♥✐❛ ❞r③❡✇❛ ✳✳✳ ❑❧❛s❛ t❛
♥❛❞❛❥❡ s✐➛ ❞♦ ✇✐❡❧♦❦r♦t♥❡❣♦ ③❛st♦s♦✇❛♥✐❛✳

♣r♦❣r❛♠ ❜❛❝❦tr❛❝❦✐♥❣❀
✉♥✐t ❜❛❝❦tr❛❝❦✿ ❝❧❛ss❀
❤✐❞❞❡♥ s❡❀
✈❛r r♦♦t✿♥♦❞❡✱s❡❛r❝❤✿s❡✱❢♦✉♥❞✿♥♦❞❡✱
♥✉♠❜❡r❴♦❢❴❧❡❛✈❡s✱♥✉♠❜❡r❴♦❢❴❛♥s✇❡rs✿✐♥t❡❣❡r❀

✉♥✐t ♥♦❞❡✿ ❝❧❛ss✭❢❛t❤❡r✿♥♦❞❡✮❀
✈❛r ♥s♦♥s✱❧❡✈❡❧✿ ✐♥t❡❣❡r ✱ ❞❡❛❞❡♥❞✿❜♦♦❧❡❛♥❀
✉♥✐t ✈✐rt✉❛❧ ❧❡❛❢✿ ❢✉♥❝t✐♦♥ ✿❜♦♦❧❡❛♥❀
❡♥❞ ❧❡❛❢❀
✉♥✐t ✈✐rt✉❛❧ ❛♥s✇❡r ✿❢✉♥❝t✐♦♥ ✿❜♦♦❧❡❛♥❀
❡♥❞ ❛♥s✇❡r❀
✉♥✐t ✈✐rt✉❛❧ ❧❛sts♦♥✿ ❢✉♥❝t✐♦♥ ✿ ❜♦♦❧❡❛♥❀
❡♥❞ ❧❛sts♦♥❀
✉♥✐t ✈✐rt✉❛❧ ♥❡①ts♦♥✿ ❢✉♥❝t✐♦♥ ✿ ♥♦❞❡❀
❡♥❞ ♥❡①ts♦♥❀
✉♥✐t ✈✐rt✉❛❧ ❡q✉❛❧ ✿ ❢✉♥❝t✐♦♥ ✭✇✿♥♦❞❡✮✿❜♦♦❧❡❛♥❀
❡♥❞ ❡q✉❛❧❀
✉♥✐t ✈✐rt✉❛❧ ❝♦st✿ ❢✉♥❝t✐♦♥ ✿r❡❛❧❀
❡♥❞ ❝♦st❀
❜❡❣✐♥
✐❢ ❢❛t❤❡r ❂✴❂ ♥♦♥❡
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t❤❡♥
❧❡✈❡❧✿❂❢❛t❤❡r✳❧❡✈❡❧✰✶
❡❧s❡
❧❡✈❡❧✿❂✵
✜❀
❡♥❞ ♥♦❞❡❀

✉♥✐t ♦❦✿ ❢✉♥❝t✐♦♥ ✭✈✿♥♦❞❡✮✿❜♦♦❧❡❛♥❀
✈❛r ✇✿♥♦❞❡❀
❜❡❣✐♥
✐❢ ✈❂♥♦♥❡ t❤❡♥ r❡s✉❧t✿❂❢❛❧s❡❀ r❡t✉r♥ ✜❀
r❡s✉❧t✿❂tr✉❡❀ ✇✿❂✈✳❢❛t❤❡r❀
✇❤✐❧❡ ✇ ❂✴❂ ♥♦♥❡
❞♦
✐❢ ✈✳❡q✉❛❧✭✇✮ t❤❡♥ r❡s✉❧t✿❂❢❛❧s❡❀ r❡t✉r♥ ✜❀
✇✿❂✇✳❢❛t❤❡r
♦❞
❡♥❞ ♦❦❀

✉♥✐t ♣✉r❣❡✿ ♣r♦❝❡❞✉r❡ ✭✈✿♥♦❞❡✮❀
✈❛r ✇✿ ♥♦❞❡❀
❜❡❣✐♥
✐❢ ✈❂♥♦♥❡ t❤❡♥ r❡t✉r♥ ✜❀
❞♦
✇✿❂✈✳❢❛t❤❡r❀ ❦✐❧❧✭✈✮❀
✐❢ ✇❂♥♦♥❡ t❤❡♥ r❡t✉r♥ ✜❀
✇✳♥s♦♥s✿❂✇✳♥s♦♥s✲✶❀
✐❢ ✇✳♥s♦♥s ❂✴❂ ✵ t❤❡♥ r❡t✉r♥ ✜❀
✈✿❂✇
♦❞❀
❡♥❞ ♣✉r❣❡❀

✉♥✐t ✈✐rt✉❛❧ ✐♥s❡rt✿ ♣r♦❝❡❞✉r❡✭✈✿♥♦❞❡✮❀
❡♥❞ ✐♥s❡rt❀

✉♥✐t ✈✐rt✉❛❧ ❞❡❧❡t❡ ✿ ❢✉♥❝t✐♦♥ ✿♥♦❞❡❀
❡♥❞ ❞❡❧❡t❡❀

✉♥✐t s❡✿ ❝♦r♦✉t✐♥❡ ❀
✈❛r ✐✿✐♥t❡❣❡r✱✈✱✇✿♥♦❞❡❀
❜❡❣✐♥
r❡t✉r♥❀ ❝❛❧❧ ✐♥s❡rt✭r♦♦t✮❀
❞♦
✈✿❂❞❡❧❡t❡❀
✐❢ ✈❂♥♦♥❡ t❤❡♥ ❡①✐t ✜❀
✐❢ ✈✳❛♥s✇❡r
t❤❡♥
♥✉♠❜❡r❴♦❢❴❛♥s✇❡rs✿❂♥✉♠❜❡r❴♦❢❴❛♥s✇❡rs✰✶❀
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❢♦✉♥❞✿❂✈❀ ❞❡t❛❝❤❀ ❝❛❧❧ ♣✉r❣❡✭✈✮❀
❡❧s❡
✐❢ ✈✳❞❡❛❞❡♥❞
t❤❡♥
♥✉♠❜❡r❴♦❢❴❧❡❛✈❡s✿❂♥✉♠❜❡r❴♦❢❴❧❡❛✈❡s✰✶❀
❝❛❧❧ ♣✉r❣❡✭✈✮❀
❡❧s❡
❞♦
✇✿❂✈✳♥❡①ts♦♥❀ ✈✳♥s♦♥s✿❂✈✳♥s♦♥s✰✶❀
✐❢ ♦❦✭✇✮
t❤❡♥
✇✳❞❡❛❞❡♥❞✿❂✇✳❧❡❛❢❀ ❝❛❧❧ ✐♥s❡rt✭✇✮❀
✜❀
✐❢ ✈✳❧❛sts♦♥ t❤❡♥ ❡①✐t ✜❀
♦❞❀
✜❀
✜❀
♦❞❀
❢♦✉♥❞✿❂♥♦♥❡❀
❡♥❞ s❡❀

✉♥✐t ♦♣t✐♠✐③❡✿ ❢✉♥❝t✐♦♥✿ ♥♦❞❡❀
✈❛r ✈✱✇✿♥♦❞❡❀
❜❡❣✐♥
❝❛❧❧ ✐♥s❡rt✭r♦♦t✮❀
❞♦
✈✿❂❞❡❧❡t❡❀
✐❢ ✈❂♥♦♥❡ t❤❡♥ ❡①✐t ✜❀
✐❢ ✈✳❛♥s✇❡r
t❤❡♥
♥✉♠❜❡r❴♦❢❴❛♥s✇❡rs✿❂♥✉♠❜❡r❴♦❢❴❛♥s✇❡rs✰✶❀
✐❢ r❡s✉❧t❂♥♦♥❡ ♦r✐❢ r❡s✉❧t✳❝♦st ❃ ✈✳❝♦st
t❤❡♥
❝❛❧❧ ♣✉r❣❡✭r❡s✉❧t✮❀ r❡s✉❧t✿❂✈
✜❀
❡❧s❡
✐❢ ✈✳❞❡❛❞❡♥❞
t❤❡♥
♥✉♠❜❡r❴♦❢❴❧❡❛✈❡s✿❂♥✉♠❜❡r❴♦❢❴❧❡❛✈❡s✰✶❀
❝❛❧❧ ♣✉r❣❡✭✈✮
❡❧s❡
❞♦
✇✿❂✈✳♥❡①ts♦♥❀ ✈✳♥s♦♥s✿❂✈✳♥s♦♥s✰✶❀
✐❢ ♦❦✭✇✮
t❤❡♥
✇✳❞❡❛❞❡♥❞✿❂✇✳❧❡❛❢❀ ❝❛❧❧ ✐♥s❡rt✭✇✮❀
✜❀
✐❢ ✈✳❧❛sts♦♥ t❤❡♥ ❡①✐t ✜❀
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♦❞❀
✜
✜❀
♦❞❀
❡♥❞ ♦♣t✐♠✐③❡❀

✉♥✐t ❦✐❧❧❛❧❧ ✿♣r♦❝❡❞✉r❡❀
✈❛r ✈✿♥♦❞❡❀
❜❡❣✐♥
❞♦
✈✿❂❞❡❧❡t❡❀
✐❢ ✈❂♥♦♥❡ t❤❡♥ r❡t✉r♥ ✜❀
❝❛❧❧ ♣✉r❣❡✭✈✮❀
♦❞❀
❡♥❞ ❦✐❧❧❛❧❧❀

❜❡❣✐♥
s❡❛r❝❤✿❂♥❡✇ s❡❀
✐♥♥❡r❀
❦✐❧❧✭s❡❛r❝❤✮❀
❡♥❞ ❜❛❝❦tr❛❝❦❀

✉♥✐t ❞❢s ✿❜❛❝❦tr❛❝❦ ❝❧❛ss❀
✈❛r t♦♣✿❡❧❡♠❀

✉♥✐t ❡❧❡♠✿ ❝❧❛ss ✭♥❡①t✿❡❧❡♠✱ ✈✿♥♦❞❡✮❀
❡♥❞ ❡❧❡♠❀

✉♥✐t ✈✐rt✉❛❧ ✐♥s❡rt✿ ♣r♦❝❡❞✉r❡✭✈✿♥♦❞❡✮❀
❜❡❣✐♥
t♦♣✿❂♥❡✇ ❡❧❡♠✭t♦♣✱✈✮❀
❡♥❞ ✐♥s❡rt❀

✉♥✐t ✈✐rt✉❛❧ ❞❡❧❡t❡✿ ❢✉♥❝t✐♦♥ ✿♥♦❞❡❀
✈❛r ❡✿❡❧❡♠❀
❜❡❣✐♥
✐❢ t♦♣ ❂✴❂ ♥♦♥❡
t❤❡♥
r❡s✉❧t✿❂t♦♣✳✈❀
❡✿❂t♦♣❀ t♦♣✿❂t♦♣✳♥❡①t❀ ❦✐❧❧✭❡✮❀
✜❀
❡♥❞ ❞❡❧❡t❡❀
❡♥❞ ❞❢s❀
✭✯ t✉ s✐➛ ③❛❝③②♥❛ ♣r♦❣r❛♠ ♣r③②❦➟❛❞✉ ✯✮
✈❛r ♥✱❜❝✿✐♥t❡❣❡r✱❤✶✱❤✷✱❤✸✿❝❤❛r❀
❜❡❣✐♥
❞♦
✇r✐t❡❧♥✭✧t❡❧❧ ❤♦✇ ♠❛♥② ❝❛♥✐❜❛❧s✭❂♥♦ ♠✐ss✐♦♥❛r✐❡s✮✧✮❀
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✇r✐t❡✭➠❂ ✧✮❀
r❡❛❞❧♥✭♥✮❀
✐❢ ♥❂✵ t❤❡♥ ❡①✐t ✜❀
✇r✐t❡✭✧❜♦❛t ❝❛♣❛❝✐t②❂✧✮❀
r❡❛❞❧♥✭❜❝✮❀

♣r❡❢ ❞❢s ❜❧♦❝❦
✈❛r ♠✱❝✿✐♥t❡❣❡r❀ ✭✯ ❜❝ ✲ ❜♦❛t ❝❛♣❛❝✐t②✱ ♥✲ ♥✉♠❜❡r ♦❢ ❝❛♥♥✐❜❛❧s

♥✲ ♥✉♠❜❡r ♦❢ ♠✐ss✐♦♥❛rs ✯✮
✉♥✐t st❛t❡✿ ♥♦❞❡ ❝❧❛ss✭♠✶✱❝✶✿✐♥t❡❣❡r✮❀
✈❛r ♠✷✱❝✷✿✐♥t❡❣❡r✱ ❧❡❢t✿❜♦♦❧❡❛♥❀
✭✯ ♠✶✱♠✷ ♥✉♠❜❡r ♦❢ ♠✐ss✐♦♥❛rs ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ r✐✈❡r
❝✶✱❝✷ ♥✉♠❜❡r ♦❢ ❝❛♥♥✐❜❛❧s ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ r✐✈❡r ✯✮

✉♥✐t ✈✐rt✉❛❧ ❛♥s✇❡r✿ ❢✉♥❝t✐♦♥✿ ❜♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂♠✶❂✵ ❛♥❞ ❝✶❂✵
❡♥❞ ❛♥s✇❡r❀

✉♥✐t ✈✐rt✉❛❧ ❧❡❛❢✿ ❢✉♥❝t✐♦♥ ✿ ❜♦♦❧❡❛♥❀
❜❡❣✐♥
✐❢ ♠✶❁✵ ♦r✐❢ ♠✷❁✵ ♦r✐❢ ❝✶❁✵ ♦r✐❢ ❝✷❁✵ ♦r✐❢
♠✶❃♥ ♦r✐❢ ♠✷❃♥ ♦r✐❢ ❝✶❃♥ ♦r✐❢ ❝✷❃♥ ♦r✐❢
♠✶❁❝✶ ❛♥❞ ♠✶❃✵ ♦r✐❢ ♠✷❁❝✷ ❛♥❞ ♠✷❃✵
t❤❡♥
r❡s✉❧t✿❂tr✉❡
✜
❡♥❞ ❧❡❛❢❀

✉♥✐t ✈✐rt✉❛❧ ❧❛sts♦♥✿ ❢✉♥❝t✐♦♥ ✿❜♦♦❧❡❛♥❀
❜❡❣✐♥
✐❢ ❝❂✵ ❛♥❞ ♠❂❜❝
t❤❡♥
r❡s✉❧t✿❂tr✉❡❀ ♠✿❂✵❀ ❝✿❂✵❀
✜❀
❡♥❞❀

✉♥✐t ✈✐rt✉❛❧ ♥❡①ts♦♥ ✿ ❢✉♥❝t✐♦♥ ✿st❛t❡❀
❜❡❣✐♥
❝✿❂❝✰✶❀
✐❢ ♠❂✵
t❤❡♥
✐❢ ❝❃❜❝
t❤❡♥
❝✿❂✵❀ ♠✿❂✶
✜
❡❧s❡
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✐❢ ♠❁❝ ♦r✐❢ ♠✰❝❃❜❝
t❤❡♥
❝✿❂✵❀ ♠✿❂♠✰✶❀
✜
✜❀
✐❢ ❧❡❢t
t❤❡♥
✐❢ ❝✰♠❁❜❝
t❤❡♥
r❡s✉❧t✿❂♥♦♥❡
❡❧s❡
r❡s✉❧t✿❂♥❡✇ st❛t❡✭t❤✐s st❛t❡✱♠✶✲♠✱❝✶✲❝✮
✜
❡❧s❡
r❡s✉❧t✿❂♥❡✇ st❛t❡✭t❤✐s st❛t❡✱♠✶✰♠✱❝✶✰❝✮
✜❀
❡♥❞ ♥❡①ts♦♥❀

✉♥✐t ✈✐rt✉❛❧ ❡q✉❛❧✿ ❢✉♥❝t✐♦♥✭✇✿st❛t❡✮✿❜♦♦❧❡❛♥❀
❜❡❣✐♥
r❡s✉❧t✿❂❧❡❢t❂✇✳❧❡❢t ❛♥❞ ♠✶❂✇✳♠✶ ❛♥❞ ❝✶❂✇✳❝✶❀
❡♥❞ ❡q✉❛❧❀

✉♥✐t ✈✐rt✉❛❧ ❝♦st✿ ❢✉♥❝t✐♦♥ ✿r❡❛❧❀
❜❡❣✐♥
r❡s✉❧t✿❂❧❡✈❡❧
❡♥❞ ❝♦st❀

❜❡❣✐♥
❧❡❢t✿❂❧❡✈❡❧ ♠♦❞ ✷ ❂ ✵❀
♠✷✿❂♥✲♠✶❀ ❝✷✿❂♥✲❝✶❀
❡♥❞ st❛t❡❀

✉♥✐t ❞✐s♣❧❛②✿ ♣r♦❝❡❞✉r❡✭✈✿st❛t❡✮❀
✈❛r ❥✱✐✿✐♥t❡❣❡r✱ ✇✿st❛t❡✱❛t✿ ❛rr❛②♦❢ st❛t❡❀
❜❡❣✐♥
✐❢ ✈❂♥♦♥❡ t❤❡♥ ✇r✐t❡❧♥✭➠♦ ♠♦r❡ s♦❧✉t✐♦♥s✧✮❀ r❡t✉r♥ ✜❀
✐✿❂✈✳❧❡✈❡❧❀
❛rr❛② ❛t ❞✐♠ ✭✵✿✐✮❀
✇✿❂✈❀
❢♦r ❥✿❂✐ ❞♦✇♥t♦ ✵
❞♦
❛t✭❥✮✿❂✇❀ ✇✿❂✇✳❢❛t❤❡r
♦❞❀
✇r✐t❡❧♥✭✧♠♦✈❡ ♥✉♠❜❡r ❧❡❢t s✐❞❡ ❞✐r❡❝t✐♦♥ r✐❣❤t s✐❞❡✧✮❀
❢♦r ❥✿❂✵ t♦ ✐
❞♦
✇r✐t❡✭❥✮❀ ✇r✐t❡✭✮❀
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✇✿❂❛t✭❥✮❀
✇r✐t❡✭✇✳♠✶✱✇✳❝✶✱✮❀
✐❢ ✇✳❧❡❢t
t❤❡♥
✇r✐t❡✭✲❃✧✮❀
❡❧s❡
✇r✐t❡✭✓✲✧✮❀
✜❀
✇r✐t❡❧♥✭✱✇✳♠✷✱✇✳❝✷✮❀
♦❞❀
❦✐❧❧✭❛t✮❀
❡♥❞ ❞✐s♣❧❛②❀

❜❡❣✐♥
r♦♦t✿❂♥❡✇ st❛t❡✭♥♦♥❡✱♥✱♥✮❀
✇r✐t❡✭✧❞♦ ②♦✉ ✇❛♥t t♦ ♦♣t✐♠✐③❡ ✧✮❀
✇r✐t❡❧♥✭ór t♦ ♣r✐♥t ❛❧❧ t❤❡ s♦❧✉t✐♦♥s ❄✧✮❀
✇r✐t❡❧♥✭✧✭❛♥s✇❡r ♦♣t ♦r ❛❧❧✮✧✮❀
r❡❛❞❧♥✭❤✶✱❤✷✱❤✸✮❀
✐❢ ❤✶❂✬♦✬ ❛♥❞ ❤✷❂✬♣✬ ❛♥❞ ❤✸❂✬t✬
t❤❡♥
❢♦✉♥❞✿❂♦♣t✐♠✐③❡❀
✐❢ ❢♦✉♥❞ ❂✴❂ ♥♦♥❡
t❤❡♥
❝❛❧❧ ❞✐s♣❧❛②✭❢♦✉♥❞✮❀
✇r✐t❡❧♥✭➠✉♠❜❡r ♦❢ ❧❡❛✈❡s❂✧✱♥✉♠❜❡r❴♦❢❴❧❡❛✈❡s✮❀
✇r✐t❡❧♥✭➠✉♠❜❡r ♦❢ ❛♥s✇❡rs❂✧✱♥✉♠❜❡r❴♦❢❴❛♥s✇❡rs✮❀
❡❧s❡
✇r✐t❡❧♥✭➠♦ s♦❧✉t✐♦♥s✧✮❀
✇r✐t❡❧♥✭➠✉♠❜❡r ♦❢ ❧❡❛✈❡s❂✧✱♥✉♠❜❡r❴♦❢❴❧❡❛✈❡s✮❀
✜❀
❝❛❧❧ ❦✐❧❧❛❧❧❀
❡❧s❡
✐❢ ❤✶❂✬❛✬ ❛♥❞ ❤✷❂✬❧✬ ❛♥❞ ❤✸❂✬❧✬
t❤❡♥
❞♦
❛tt❛❝❤✭s❡❛r❝❤✮❀
❝❛❧❧ ❞✐s♣❧❛②✭❢♦✉♥❞✮❀
✇r✐t❡❧♥✭✧✐❧❡ ❧✐➧❝✐❂✧✱♥✉♠❜❡r❴♦❢❴❧❡❛✈❡s✮❀
✇r✐t❡❧♥✭✧✐❧❡ ♦❞♣♦✇✐❡❞③✐❂✧✱♥✉♠❜❡r❴♦❢❴❛♥s✇❡rs✮❀
✐❢ ❢♦✉♥❞❂♥♦♥❡ t❤❡♥ ❡①✐t ✜

♦❞❀
❝❛❧❧ ❦✐❧❧❛❧❧❀
✜
✜❀
❡♥❞❀
♦❞❀
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❡♥❞❀

❡♥❞

✶✵✳ ❙②♠✉❧❛❝❥❛✳

❲s♣ó❧♣r♦❣r❛♠② ♠♦❣→ ❜②➣ ③ s✉❦❝❡s❡♠ ✉➺②t❡ ❞♦ s②♠✉❧❛❝❥✐
♣r♦❝❡só✇ ❞②s❦r❡t♥②❝❤✳ ◆♣ ❞♦ s②♠✉❧❛❝❥✐ ❡♣✐❞❡♠✐✐ ❣r②♣② ✇ ♣❡✇✲
♥❡❥ ♣♦♣✉❧❛❝❥✐✱ ❞♦ s②♠✉❧❛❝❥✐ r✉❝❤✉ ♣♦❥❛③❞ó✇ ✇ ♠✐❡➧❝✐❡✱ ❡t❝✳
❈③②❧✐✱ t❛♠ ❣❞③✐❡ tr✉❞♥♦ ③❛st♦s♦✇❛➣ ✇③♦r② ❛♥❛❧✐t②❝③♥❡✱ ♥❛t♦✲
♠✐❛st ③♥❛♥❡ s→ ♣❡✇♥❡ st❛t②st②❝③♥❡ ♣r❛✇✐❞➟♦✇♦➧❝✐ ❞♦t②❝③→❝❡
♣r♦❝❡só✇✳ ❚❖❉❖
♦♣✐s③ ♣r③②❦➟❛❞✱
✇②t➟✉♠❛❝③ ♣♦❥➛❝✐❛✿ s✐♠♣r♦❝❡s✱ ♦➧ ③❞❛r③❡➠✱
♦♣❡r❛❝❥❡✿ ❤♦❧❞✱ s❝❤❡❞✉❧❡✱ ♣❛ss✐✈❛t❡✱ r✉♥
❙❝❤❡♠❛t ♣r♦❣r❛♠✉ st♦s✉❥→❝❡❣♦ ❦❧❛s➛ ❙✐♠✉❧❛t✐♦♥











































♣r♦❣r❛♠ ❇❛♥❦❀




✉♥✐t ❋■❋❖q✉❡✉❡s✿ ❝❧❛ss
✳✳✳

❡♥❞ ❋■❋❖q✉❡✉❡s❀




✉♥✐t Pr✐♦r✐t②◗✉❡✉❡s✿ ❋■❋❖q✉❡✉❡s✿ ❝❧❛ss
✳✳✳

❡♥❞ Pr✐♦r✐t②◗✉❡✉❡s❀










✉♥✐t ❙✐♠✉❧❛t✐♦♥✿ Pr✐♦r✐t②◗✉❡✉❡s ❝❧❛ss
✳✳✳
✉♥✐t s✐♠♣r♦❝✿❋■❋❖❡❧❡♠ ❝❧❛ss ✳✳✳ ❡♥❞ s✐♠♣r♦❝❀
✭✯ ♣r♦❝❡s② s②♠✉❧♦✇❛♥❡ ♠♦❣→ st❛✇❛➣ ✇ ❦♦❧❡❥❦❛❝❤ ✯✮
✳✳✳

❡♥❞ ❙✐♠✉❧❛t✐♦♥❀
❜❡❣✐♥

✳✳✳










♣r❡❢ ❙✐♠✉❧❛t✐♦♥ ❜❧♦❝❦
✭✯ ✇ t②♠ ❜❧♦❦✉ ♠♦➺♥❛ ✇②❦♦r③②st②✇❛➣ ♣♦❥➛❝✐❛ ✐ ♦♣❡r❛❝❥❡
♦♣✐s❛♥❡ ✇ ❦❧❛s✐❡ ❙✐♠✉❧❛t✐♦♥ ✯✮

❜❡❣✐♥

t✉ ✉♠✐❡➧➣ ❚✇ó❥ ♣r♦❣r❛♠ s②♠✉❧❛❝②❥♥②

❡♥❞ ✭✯ ❜❧♦❦✴♣r♦❣r❛♠ ❙②♠✉❧❛❝❥✐ ✯✮
❡♥❞

❚✉ ♥❛♣✐s③ ♦♠ó✇✐❡♥✐❡ ♣r③②❦➟❛❞✉ ③ ❜❛♥❦✐❡♠✳ ❑❧❛s② ❜❛♥❦t❡❧❧❡r ✐
❦❧✐❡♥t❜❛♥❦✉ ✐ ❥❛❦ t♦ ❞③✐❛➟❛✳✳✳
❙❦♦♠❡♥t✉❥ str✉❦t✉r❡ ♣♦❞❛♥❛ ♣♦✇②➺❡❥✳

✶✶✳ P♦♣r❛✇♥♦➧➣ ❦❧❛s② ❙✐♠✉❧❛t✐♦♥

❲ t②♠ r♦③❞③✐❛❧❡ ♣♦❦❛➺❡♠② ❥❛❦ ♠♦➺♥❛ ③r❡❛❧✐③♦✇❛➣ ❦❧❛s➛ ♥❛
♣♦❞st❛✇✐❡ ❥❡❥ s♣❡❝②✜❦❛❝❥✐✱ ❦♦♥str✉✉❥→❝ ♣r③② t②♠ ❞♦✇ó❞ ♣♦✲
♣r❛✇♥♦➧❝✐✳ ❘♦③✇❛➺❛➣ ❜➛❞③✐❡♠② ❞✇✐❡ s♣❡❝②✜❦❛❝❥❡✿ s♣❡❝②✜❦❛❝❥➛
❙②♠✉❧❛❝❥❛ ❞♦❝❡❧♦✇❡❥ ❦❧❛s② ❙✐♠✉❧❛t✐♦♥✱ ♦r❛③ s♣❡❝②✜❦❛❝❥➛ ❆❚P◗

✹✶✽



❦♦❧❡❥❡❦ ♣r✐♦r②t❡t♦✇②❝❤ ✕ t❥✳ ❜❛③➛ ♥❛ ❦tór❡❥ ③❜✉❞♦✇❛♥❛ ❜➛❞③✐❡
❦❧❛s❛ ❙✐♠✉❧❛t✐♦♥✳ ■♥ t❤❡s❡ ❛rt✐❝❧❡s s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ✈✐❡✇❡❞
❛s s♦♠❡✇❤❛t t❤❡♦r❡t✐❝❛❧✱ ❛❜str❛❝t ❜❡✐♥❣s✳ ■♥ ❢❛❝t✱ ✇❡ t❛❧❦ ♦❢
❢♦r♠❛❧✐③❡❞ ❛❧❣♦r✐t❤♠✐❝ ❛①✐♦♠❛t✐③❛t✐♦♥s✳ ❨❡t✱ t❤❡ ♣r❛❝t✐❝❡ ♦❢
♣r♦❣r❛♠♠✐♥❣ ❜r✐♥❣s t❤❡ ❝♦♥❝❡♣t s✐♠✐❧❛r t♦ s♣❡❝✐✜❝❛t✐♦♥s✱ ✐t ✐s
✐♥t❡r❢❛❝❡ ♠♦❞✉❧❡✳

◆♦✇✱ ✇❡ ✐❧❧✉str❛t❡ t❤❛t ✐♥ s♦♠❡ ❝✐r❝✉♠st❛♥❝❡s ♦♥❡ ♠❛② ❜✉✐❧❞
❛ ❝❧❛ss ✉s✐♥❣ ♦♥❧② ❦♥♦✇❧❡❞❣❡ ♦❢ t✇♦ s♣❡❝✐✜❝❛t✐♦♥s✿ s♣❡❝✐✜❝❛t✐♦♥
SA ♦❢ t❤❡ ❜❛s❡ ❝❧❛ss A ❛♥❞ ❛ s♣❡❝✐✜❝❛t✐♦♥ SB ♦❢ ❛ t❛r❣❡t ❝❧❛ss
B t❤❛t ✐♥❤❡r✐ts t❤❡ ❝❧❛ss A✳ ◆♦ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ❜♦❞② ♦❢ t❤❡
✐♥❤❡r✐t❡❞ ❝❧❛ss ✐s ♥❡❡❞❡❞✳

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤✐s r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ t❤❡ ❝r❡❛t❡❞ ❝❧❛ss
B ✇✐❧❧ ❜❡ ❝♦rr❡❝t ✇✐t❤ ❛♥② ❝❧❛ss A ♣r♦✈✐❞❡❞ ✐t ❝♦rr❡❝t❧② ✐♠♣❧❡✲
♠❡♥ts t❤❡ s♣❡❝✐✜❝❛t✐♦♥ SA✳ ❖♥❡ ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s
r❡s✉❧t ✐s ❛ q✉✐❝❦ ❝♦♥str✉❝t✐♦♥ ♦❢ s♦❢t✇❛r❡✳ ❆ ♣r♦t♦t②♣❡ ❝❧❛ss A
♠❛② ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ q✉✐❝❦❧② ❝♦♥str✉❝t t❤❡ s②st❡♠ ❝♦♥s✐st✐♥❣
♦❢ ❝❧❛ss❡s A ❛♥❞ B✳ ▲❛t❡r✱ ♦♥❡ ♠❛② r❡♣❧❛❝❡ t❤❡ ❝❧❛ss A ❜② ❛ ♠♦r❡
❡✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❆ ❝♦♠♠❡♥t ✐s ✐♥ ♣❧❛❝❡ ❤❡r❡✿ ♦✉r s♣❡❝✐✜❝❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♠✲
♣❛r❡❞ ✇✐t❤ t❤❡ ✐♥t❡r❢❛❝❡ ♠♦❞✉❧❡s ♦❢ ❏❛✈❛✳ ■t t✉r♥s ♦✉t t❤❛t✿

✶◦ ■♥t❡r❢❛❝❡s ❧✐♠✐t t❤❡♠s❡❧✈❡s t♦ t❤❡ s✐❣♥❛t✉r❡ ♣❛rt ♦❢ ❛♥
s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✜❧❡s ✳s♣❡❝ ♦❢ t❤❡ ❙♣❡✲
❝❱❡r s②st❡♠ ❝♦♥t❛✐♥ s✐❣♥❛t✉r❡s ❛s ✇❡❧❧ ❛s ♣r♦♣❡rt✐❡s
✭♦r ✐♥✈❛r✐❛♥ts✱ ♦r ❛①✐♦♠s✮ ♦❢ s♣❡❝✐✜❡❞ ❝❧❛ss❡s✳

✷◦ ■♥t❡r❢❛❝❡s ❝❛♥ ♥♦t ♣r❡✈❡♥t ♠✐s✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ s✐✲
❣♥❛t✉r❡✳ ■♠❛❣✐♥❡✱ ❛♥ ✐♥t❡r❢❛❝❡

✐♥t❡r❢❛❝❡ ❙t❛❝❦s ④
❙t❛❝❦s ♣✉s❤✭❊❧❡♠❡♥t ❡✱ ❙t❛❝❦s s✮ ④ ⑥
❙t❛❝❦s ♣♦♣✭❙t❛❝❦s s✮ ④ ⑥
❊❧❡♠❡♥t t♦♣✭❙t❛❝❦s s✮ ④ ⑥

⑥

❲❤❛t ✇✐❧❧ ❤❛♣♣❡♥ ✐❢ ❛ ❝❧❛ss ❙t❛❝❦s ✐♠♣❧❡♠♥ts t❤✐s s♣❡✲
❝✐✜❝❛t✐♦♥ ✐♥ t❤❡ ♠❛♥♥❡r ♦❢ ❋■❋❖ ✐♥st❡❛❞ ♦❢ ▲■❋❖❄ ❚❤✐s
❛♥❞ s✐♠✐❧❛r ❡①❛♠♣❧❡s ❞❡♠♦♥str❛t❡ t❤❛t s♣❡❝✐✜❝❛t✐♦♥s
♦❢ ❏❛✈❛ ❞♦ ♥♦t ❣❛r❛♥t❡❡ ❛♥②t❤✐♥❣ ❜✉t t❤❛t t❤❡ ❝❧❛ss
✐♠♣❧❡♠❡♥t✐♥❣ ❛♥ ✐♥t❡r❢❛❝❡ ❤❛s ❞❡❝❧❛r❡❞ s♦♠❡ ♠❡t❤♦❞s
♦❢ ❣✐✈❡♥ ♥❛♠❡s ❛♥❞ ♣❛r❛♠❡t❡rs✳

✸◦ ■♥t❡r❢❛❝❡s ❛r❡ ♥♦t ❝♦♠♣❧❡t❡✳ ❖❜✈✐♦✉s❧②✱ ♦♥❡ ✐♥t❡r❢❛❝❡
I ♠❛② ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♠❛♥② ✇❛②s✳ ❚❤❡r❡ ✐s ♥♦ ✇❛②
t♦ ❡①♣r❡ss t❤❛t ❛♥② ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ I ♠✉st ✳✳✳

■♥ s❡❝t✐♦♥ ✶✷ ✇❡ ❣✐✈❡ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❝❧❛ss ❙✐♠✉❧❛✲
t✐♦♥✳ ❙❡❝t✐♦♥ ✶✷✳✶ ♣r❡s❡♥ts st❡♣ ❜② st❡♣ ✇♦r❦ ♦♥ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥ ♦❢ t❤❡ ❝❧❛ss ❙✐♠✉❧❛t✐♦♥✳ ❆♣♣❡♥❞✐① ❆ ❝♦♥t❛✐♥s t❤❡ s♣❡❝✐✜✲
❝❛t✐♦♥ ♦❢ t❤❡ ❜❛s❡ ❝❧❛ss P◗❙✳ ❆♣♣❡♥❞✐① ❇ ❝♦♥t❛✐♥s ❛♥ ✐♥❢♦r♠❛❧✱
②❡t s✉✣❝✐❡♠t❧② ❝♦♠♣❧❡t❡✱ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❝♦r♦✉t✐♥❡s✳

✹✶✾



✶✷✳ ❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❙✐♠✉❧❛t✐♦♥ ❝❧❛ss

◆♦✇ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞❡s❝r✐❜❡ ❛♥❞ t♦ ❛①✐♦♠❛t✐③❡ ❛ s②st❡♠
♦❢ ❞✐s❝r❡t❡ ❡✈❡♥t s✐♠✉❧❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ ♥✉♠❡r♦✉s s✐t✉❛t✐♦♥s
✐♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ ♣r♦❝❡ss❡s t♦ ❜❡ s✐♠✉❧❛t❡❞✱ ❢♦r
❡①❛♠♣❧❡✿

• s②st❡♠ ♦❢ ♣❛t✐❡♥ts ❛♥❞ ♠❡❞❡❝✐♥❡ ❞♦❝t♦rs✱
• s②st❡♠ ♦❢ ✈❡❤✐❝❧❡s ❛♥❞ str❡❡t ❧❛♠♣s✱
• s②st❡♠ ♦❢ ✳✳✳❦✉♣♥♦✲s♣r③❡❞❛➺

❈❧❛ss ❙✐♠✉❧❛t✐♦♥ ✐s ♠❡❛♥t ❛s ❛ ❜❛s❡ ❢♦r ❢✉rt❤❡r ❡①t❡♥s✐♦♥s✳
■t ♦✛❡rs ❛ ♣r♦t♦t②♣❡ ♦❢ s✐♠✉❧❛t❡❞ ♣r♦❝❡ss❡s ❛♥❞ ❞❡✜♥❡s ❛ s❡t
♦❢ ❜❛s✐❝ ♦♣❡r❛t✐♦♥s ♦♥ ♣r♦❝❡ss❡s✳ ❚❤❡ ✉♥✐✈❡rs❡ ♦❢ t❤❡ s②st❡♠
Simulation ♦❢ s✐♠✉❧❛t❡❞ ♣r♦❝❡ss❡s ❛♥❞ ❞✐s❝r❡t❡ ❡✈❡♥ts ❝♦♥s✐sts ♦❢
❢♦✉r ❞✐s❥♦✐♥t s✉❜s❡ts✿ SimProcess, EventNotice, T ime ❛♥❞ SimulationP lans✳
❖❜❥❡❝ts ♦❢ t②♣❡ SimProcess ❛r❡ q✉❛s✐✲t❤r❡❛❞s✱ ♠♦r❡ ♣r❡❝✐s❡❧②
t❤❡② ❛r❡ ❝♦r♦✉t✐♥❡s✳ ❊❛❝❤ ♦❜❥❡❝t ♦❢ t②♣❡ SimProcess ❤❛s ❛ t❤r❡❛❞✱
❤♦✇❡✈❡r ♦♥❧② ♦♥❡ ❝♦r♦✉t✐♥❡ ✐s ❡①❡❝✉t❡❞ ✐♥ ❛ ♠♦♠❡♥t✳ ❚❤❡ ❝♦♥✲
tr♦❧ ♣❛ss❡s ❢r♦♠ ♦♥❡ ❝♦r♦✉t✐♥❡ t♦ ❛♥♦t❤❡r ❣r❛❝❡ t❤❡ ❞✐r❡❝t ❝♦♠✲
♠❛♥❞ ❛tt❛❝❤✭①✮✳

❚❤❡ t②♣❡ T ime ♠❛② ❜❡ ❛ ♣r❡❞❡✜♥❡❞ ❝❧❛ss✳
❚❤❡ t②♣❡ EventNotice ❤❛s t✇♦ ✜❡❧❞s✿ ♣r♦❝❡ss ❛♥❞ t✐♠❡✳
❚❤❡ t②♣❡ SimulationP lan ✐s t❤❡ ❞❛t❛ str✉❝t✉r❡ ♦❢ ♣r✐♦r✐t② q✉✲

❡✉❡s ♦❢ EventNocices
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✶✷✳✶✳ ❈♦♥str✉❝t✐♥❣ ❙✐♠✉❧❛t✐♦♥ ❝❧❛ss✳
✶✷✳✶✳✶✳ ❋r♦♠ s♣❡❝✐✜❝❛t✐♦♥✬s s✐❣♥❛t✉r❡ t♦ t❤❡ s❦❡❧❡t♦♥ ♦❢ t❤❡

❝❧❛ss ❙✐♠✉❧❛t✐♦♥✳ ❚❤❡ ✜rst st❡♣ ✐s ❛ s✐♠♣❧❡✱❛❧♠♦st ❛✉t♦♠❛t✐❝✱
tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✬s s✐❣♥❛t✉r❡ ♦♥t♦ t❤❡ s❦❡❧❡t♦♥ ♦❢
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t❤❡ ❝❧❛ss ❙✐♠✉❧❛t✐♦♥✳
❙♣❡❝✐✜❝❛t✐♦♥✬s s✐❣♥❛t✉r❡ ❈❧❛ss✬ s❦❡❧❡t♦♥

❚②♣❡s✿
simprocess

plan❴of❴simulation ⊂ PQ

time

eventnotice

❖♣❡r❛t✐♦♥s✿
❝✉rr❡♥t ✲ t❤✐s ♣r♦❝❡ss ✐s ❝✉rr❡♥t❧② ❛❝t✐✈❡✱

current : PQ → SP

t✐♠❡ ✲ t❤❡ ✈❛❧✉❡ ♦❢ ❝✉rr❡♥t❧② s✐♠✉❧❛t❡❞ t✐♠❡✱
time : PQ → T

s❝❤❡❞✉❧❡ ✲ ❡♥❛❜❧❡s ♣❧❛♥♥✐♥❣ ♦❢ ❡✈❡♥ts✱
schedule : (SP × T )× PQ → PQ

❤♦❧❞ ✲ s✉s♣❡♥❞ ❛ ❝✉rr❡♥t ♣r♦❝❡ss ❢♦r ❛ ✇❤✐❧❡✱
hold : T × PQ → PQ

r✉♥ ✲ ✐♠♠❡❞✐❛t❡❧② ❡①❡❝✉t❡ t❤❡ ♣r♦❝❡ss✱
run : SP × PQ → PQ

♣❛ss✐✈❛t❡ ✲ s✉s♣❡♥❞s t❤❡ ❝✉rr❡♥t ♣r♦❝❡ss✱
passivate : PQ → PQ

❝❛♥❝❡❧ ✲ r❡♠♦✈❡s ❛ ♣r♦❝❡ss ❢r♦♠ ♣❧❛♥✱
cancel : SP × PQ → PQ

✐❞❧❡❄
idle : SP → Boolean

t❡r♠✐♥❛t❡❞❄
terminated : SP → Boolean.

✉♥✐t ❙✐♠✉❧❛t✐♦♥✿ Pr✐♦r✐t②◗✉❡✉❡s ❝❧❛ss

✉♥✐t ❙✐♠♣r♦❝❡ss✿ ❡❧❡♠❋■❋❖ ❝♦r♦✉t✐♥❡❀
✉♥✐t ✐s■❞❧❡✿ ❢✉♥❝t✐♦♥✿ ❇♦♦❧❡❛♥❀
✉♥✐t ✐s❚❡r♠✐♥❛t❡❞✿ ❢✉♥❝t✐♦♥✿ ❇♦♦❧❡❛♥❀

❡♥❞ ❙✐♠♣r♦❝❡ss❀

✉♥✐t ❊✈❡♥t◆♦t✐❝❡✿ ❡❧❡♠P◗ ❝❧❛ss❀ ✳✳✳
❡♥❞ ❊✈❡♥t◆♦t✐❝❡❀

✉♥✐t P❧❛♥❙②♠✉❧❛❝❥✐✿ ◗✉❡✉❡❍❡❛❞ ❝❧❛ss❀
✉♥✐t s❝❤❡❞✉❧❡ ✿ ♣r♦❝✭♣✿ ❙✐♠Pr♦❝❡ss✱ t✿ t✐♠❡✮✿
✉♥✐t ❤♦❧❞✿ ♣r♦❝❡❞✉r❡✭❞t✿ t✐♠❡✮❀
✉♥✐t r✉♥✿ ♣r♦❝❡❞✉r❡✭♣✿ ❙✐♠Pr♦❝❡ss✮❀
✉♥✐t ♣❛ss✐✈❛t❡✿ ♣r♦❝❡❞✉r❡❀
✉♥✐t ❝❛♥❝❡❧✿ ♣r♦❝❡❞✉r❡❀
✉♥✐t ❝❤♦♦s❡Pr♦❝❡ss✿ ♣r♦❝❡❞✉r❡❀
✉♥✐t ❝✉rr❡♥tPr♦❝❡ss✿ ❢✉♥❝t✐♦♥✿ ❙✐♠Pr♦❝❡ss❀
✉♥✐t ❝✉rr❡♥t❚✐♠❡✿ ❢✉♥❝t✐♦♥✿ t✐♠❡❀
✈❛r ❝✉rrPr♦❝❡ss✿ ❙✐♠Pr♦❝❡ss✱ ❝✉rr❚✐♠❡✿ ❚✐♠❡❀

❡♥❞ P❧❛♥❙②♠✉❧❛❝❥✐❀

✉♥✐t ❚✐♠❡✿ ❝❧❛ss ✳✳✳ ❡♥❞ ❚✐♠❡❀

✈❛r ❙◗❙✿ P❧❛♥❙②♠✉❧❛❝❥✐❀
❡♥❞ ❙✐♠✉❧❛t✐♦♥❀

❇❡❧♦✇ ✇❡ ❣❛t❤❡r❡❞ t❤❡ ♣♦st✉❧❛t❡s ✭✐♥✈❛r✐❛♥ts✱ ❛①✐♦♠s✮ t❤❡
❝❧❛ss ❙✐♠✉❧❛t✐♦♥ s❤♦✉❧❞ ♦❜❡②✳

✹✷✶



SQS is a finite set.

✭❙✶✮

EventNotice = SimProcess× T ime
✭❙✷✮

SQS.currentProcess = (SQS.min qua EventNotice).p

✭❙✸✮

SQS.currentT ime = (SQS.min qua EventNotice).t

✭❙✹✮

¬ idle(p, pq)⇒ (∃t)member((p, t), pq)

✭❙✺✮

∀pq∈SimulationP lan∀p∈Simprocessmember((p, t1), pq) ∧member((p, t2), pq)⇒ t1 = t2

✭❙✻✮

✹✷✷



pq = c ∧ idle(p, pq) ∧ ¬terminated(p, pq)⇒

✭❙✼✮

[callschedule((p, t), pq)]¬idle(p, pq) ∧ pq = insert((p, t), c)

(pq = o ∧ ¬idle(p, pq) ∧ ¬terminated(p, pq))⇒
✭❙✽✮

[callschedule((p, t), pq)](idle(p, pq) ∧ pq = insert((p, t), delete((p, time), o)),

terminated(p, pq)⇒ [callschedule((p, t), pq)]{ERROR},
✭❙✾✮

[❝❛❧❧ hold(t, pq)] α ≡ [❝❛❧❧ schedule((current(pq), time+ t), pq)] α,

✭❙✶✵✮

(current(pq) = p′ ∧ ¬terminated(p, pq))⇒

✭❙✶✶✮

{[callrun(p, pq)]α ≡ [callschedule(p, time, pq)]α}

(p = current(pq) ∧ pq = o)⇒
✭❙✶✷✮

[❝❛❧❧ passivate(pq)](idle(p, pq) ∧ pq = delete((p, time), o))

pq = o⇒ [❝❛❧❧ cancel(p, pq)](idle(p, pq) ∧ pq = delete((p, t), o)).

✭❙✶✸✮

❲❡ ♠❛❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝✐s✐♦♥s✿
• ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝❧❛ss P❧❛♥❙②♠✉❧❛❝❥✐ ❞❡r✐✈❡❞ ✉♣♦♥
t❤❡ ❝❧❛ss ◗✉❡✉❡❤❡❛❞ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts ♣r✐♦r✐t② q✉❡✉❡

• ■♥st❡❛❞ ♦❢ ❢✉♥❝t✐♦♥s schedule, run, hold, passivate, etc. ♦❢ t②♣❡
P◗ ✇✐t❤ ♦♥❡ ❛r❣✉♠❡♥t ♦❢ t②♣❡ P◗ ✇❡ ❞❡❝❧❛r❡ ♠❡t❤♦❞s
schedule, run, hold, passivate, etc. ✇✐t❤✐♥ ❝❧❛ss P❧❛♥❙②♠✉❧❛❝❥✐✳
■♥ t❤✐s ✇❛② ✇❡ s♣❛r❡ tr❛♥s❢❡rr✐♥❣ ❛r❣✉♠❡♥t ❛♥❞ r❡✲
❝❡✐✈✐♥❣ t❤❡ r❡s✉❧t✳ ❚❤✐s s✐♠♣❧✐✜❡s t❤❡ ❜♦❞② ♦❢ ❝❧❛ss
❙✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ✉s❛❣❡ ♦❢ ✐t✳

❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ ✜rst ✈❡rs✐♦♥ ✐s ❤❡r❡✳
◆♦✇ ✇❡ ♦✉❣❤t t♦ ✜❧❧ t❤❡ ❜♦❞✐❡s ♦❢ ♠❡t❤♦❞s s❝❤❡❞✉❧❡✱ r✉♥✱ ❤♦❧❞✱
❡t❝ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ❙✶ ✕ ❙✶✸ ❛r❡ ✈❛❧✐❞✳

✶✷✳✶✳✷✳ ❲➟❛s♥♦➧➣ ❙✶✳

✭❙✶✮ SQS is a finite set.

❘❡♠❛r❦ t❤❛t t❤❡ ♣r♦♣❡rt② ❙✶ ✐s ❣❛r❛♥t❡❡❞✳ ❋♦r t❤❡ ✈❛r✐❛❜❧❡
❙◗❙ ♣♦✐♥ts t♦ ❛ ♣r✐♦r✐t② q✉❡✉❡ ♦❜❥❡❝t✳

✶✷✳✶✳✸✳ ❲➟❛s♥♦➧➣ ❙✷✿ ❊✈❡♥t◆♦t✐❝❡ ❂ ❙✐♠♣r♦❝❡ss × ❚✐♠❡✳

✭❙✷✮ EventNotice = SimProcess× T ime

❲➟❛s♥♦➧➣ ❙✷ s❛②s✿ ♦❜❥❡❝ts ♦❢ t②♣❡ EventNotice ❛r❡ ♣❛✐rs 〈s, t〉
✇❤❡r❡ s ∈ SimProcess ❛♥❞ t ∈ T ime✳ EventNotice ♦❜❥❡❝ts ❛r❡ ✐♥s❡rt❡❞
✐♥t♦ ♣r✐♦r✐t② q✉❡✉❡✳ ❍❡♥❝❡ t❤❡② ♥❡❡❞ ❛♥ ♦r❞❡r✐♥❣ r❡❧❛t✐♦♥✳ ❲❡
✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿
e1 ≤ e2

df
≡ e1.t ≤ e2.t

✹✷✸



❚❤❡ ❝❧❛ss EventNotice t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

✉♥✐t ❊✈❡♥t◆♦t✐❝❡✿ ❡❧❡♠P◗ ❝❧❛ss✭♣✿ ❙✐♠Pr♦❝❡ss✱ t✿ ❚✐♠❡✮❀
✉♥✐t ❧❡ss✿ ✈✐rt✉❛❧ ❢✉♥❝t✐♦♥✭❡✿ ❊✈❡♥t◆♦t✐❝❡✮✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥

r❡s✉❧t✿❂ t ≤ ❡✳t
❡♥❞ ❧❡ss❀

❡♥❞ ❊✈❡♥t◆♦t✐❝❡❀

❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ s❡❝♦♥❞ ✈❡rs✐♦♥ ✐s ❤❡r❡✳
✶✷✳✶✳✹✳ ❲➟❛s♥♦➧❝✐ ❙✸ ✐ ❙✹✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t ✐♥ ❡❛❝❤ st❛t❡

♦❢ ❙✐♠✉❧❛t✐♦♥P❧❛♥ ❙◗❙ ❛♥❞ ❤❡♥❝❡ ✐♥ ❡❛❝❤ ♠♦♠❡♥t ♦❢ ❛ s✐♠✉❧❛✲
t✐♦♥ ❡①♣❡r✐♠❡♥t t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s ❤♦❧❞✳

✭❙✸✮ SQS.currentProcess = (SQS.min qua EventNotice).p

❛♥❞

✭❙✹✮ SQS.currentT ime = (SQS.min qua EventNotice).t

❚♦ ❛ss✉r❡ t❤✐s✱ ✇❡ ♣✉t t❤❡ ✐♥str✉❝t✐♦♥
❝❛❧❧ chooseProcess❀
❛s t❤❡ ❧❛st ✐♥str✉❝t✐♦♥ ✐♥ t❤❡ ♦♣❡r❛t✐♦♥s✿ hold, run, passivate✳
❋♦r ❡①❛♠♣❧❡✱

✉♥✐t ❤♦❧❞✿ ♣r♦❝❡❞✉r❡✭❞t✿ t✐♠❡✮❀
❜❡❣✐♥

✳✳✳
❝❛❧❧ ❝❤♦♦s❡Pr♦❝❡ss❀

❡♥❞ ❤♦❧❞❀

❚❤❡ ✐♥str✉❝t✐♦♥ chooseProcess ❤❛s t♦ s❡❧❡❝t ❢r♦♠ t❤❡ ♣r✐♦r✐t② q✉✲
❡✉❡ SQS t❤❡ ❡✈❡♥t♥♦t✐❝❡ ♦❢ t❤❡ ♠✐♥✐♠❛❧ t✐♠❡ ❛♥❞ t♦ ❛❝t✐✈❛t❡
t❤❡ ♣r♦❝❡ss ♥❛♠❡❞ ✐♥ t❤✐s ❡✈❡♥t♥♦t✐❝❡✳ ▼♦r❡♦✈❡r ✐♥❢♦r♠❛t✐♦♥
♦♥ t❤❡ ❝❤♦s❡♥ ♣r♦❝❡ss ❛♥❞ ♦♥ t❤❡ t✐♠❡ ♦❢ ❝❤♦s❡♥ ❡✈❡♥t♥♦✲
t✐❝❡ ❛r❡ t♦ ❜❡ ❛❝❝❡ss✐❜❧❡ ❛s t❤❡ ✈❛❧✉❡s ♦❢ ❢✉♥❝t✐♦♥ ❞❡s✐❣♥❛t♦rs✿
cuurrentProcess ❛♥❞ currentT ime✳ ❲❡ ❛❝❤✐❡✈❡ t❤✐s ❜② ❞❡❝❧❛r✐♥❣ ♣r✐✲
✈❛t❡ ✈❛r✐❛❜❧❡s✿ currProcess ❛♥❞ currT ime ❛♥❞ ♠❛❦❦✐♥❣ t❤❡✐r ✈❛❧✉❡s
❛✈❛✐❧❛❜❧❡ t❤r♦✉❣❤ t❤❡ ♠❡t❤♦❞s currentProcess ❛♥❞ currentT ime✳

✉♥✐t ❝❤♦♦s❡Pr♦❝❡ss✿ ♣r♦❝❡❞✉r❡❀
✈❛r ❡✿ ❊✈❡♥t◆♦t✐❝❡❀

❜❡❣✐♥ ✭✯ ✈❛❧✉❡ ♦❢ ❙◗❙✳♠✐♥ ✐s t❤❡ ❧❡❛st ❡❧❡♠❡♥t ♦❢ ♣r✐♦r✐t② q✉❡✉❡ ✯✮
❡✿❂❙◗❙✳♠✐♥ q✉❛ ❊✈❡♥t◆♦t✐❝❡❀ ✭✯ ♣r♦❥❡❝t✐♦♥ q✉❛ ❊✈❡♥t◆♦t✐❝❡ ✐s ♥❡❡❞❡❞ ❤❡r❡ ✯✮
✭✯ ✈❛r✐❛❜❧❡s ❝✉rr❚✐♠❡ ✐ ❝✉rrPr♦❝❡ss ❛r❡ ♣r✐✈❛t❡ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♦❜❥❡❝t ❙◗❙ ✯✮
❝✉rrPr♦❝❡ss✿❂ ❡✳♣❀
❝✉rr❚✐♠❡ ✿❂ ❡✳t❀
❛tt❛❝❤✭❡✳♣✮❀

❡♥❞ ❝❤♦♦s❡Pr♦❝❡ss❀

✹✷✹



❲❡ ❝❛♥ ♥♦t ♥♦t ❢♦r❣❡t t♦ ❞❡❝❧❛r❡ ♠❡t❤♦❞ currentProcess✳

✉♥✐t ❝✉rr❡♥tPr♦❝❡ss✿ ❢✉♥❝t✐♦♥✿ ❙✐♠Pr♦❝❡ss❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ❝✉rrPr♦❝❡ss❀
❡♥❞ ❝✉rr❡♥tPr♦❝❡ss❀

■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❞❡❝❧❛r❡ ♠❡t❤♦❞ currentT ime✳ ❚❤❡ r❡❛❞❡r s❡❡s
t❤❛t ♣r♦♣❡rt✐❡s ❙✸ ❛♥❞ ❙✹ ❛r❡ ✈❛❧✐❞✳ ❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ t❤✐r❞
✈❡rs✐♦♥ ✐s ❤❡r❡✳

✶✷✳✶✳✺✳ ❲➟❛s♥♦➧➣ ❙✺✳
✭❙✺✮ ¬idle(p, pq)⇒ (∃t)member((p, t), pq)

■♥ ✇♦r❞s✱ ❡✈❡r② ♥♦t s✉s♣❡♥❞❡❞ ♣r♦❝❡ss ✐s ♣❧❛♥♥❡❞ ❢♦r ❝❡rt❛✐♥
t✐♠❡ t✳ ❚❤✐s ♣r♦♣❡rt② r❡q✉✐r❡s t❤❛t ✐♥❢♦r♠❛t✐♦♥ ✇❤❡t❤❡r ❛♥ ♦❜✲
❥❡❝t s ♦❢ t②♣❡ SimProcess ❤❛s ❛♥ ❡✈❡♥t♥♦t✐❝❡ ✐♥ t❤❡ SimulationP lan
♦r ♥♦t ✇❡r❡ ❦♥♦✇♥ t♦ t❤❡ ♦❜❥❡❝t ✐ts❡❧❢✳ ❚❤❡ s✐♠♣❧❡st ✇❛② t♦
❛❝❤✐❡✈❡ t❤✐s ✐s t♦ ♣✉t t❤❡ ❡✈❡♥t♥♦t✐❝❡ 〈s, t〉 ✐♥ t❤❡ ♦❜❥❡❝t s✳ ◆♦✇✱
t❤❡ ❢✉♥❝t✐♦♥ idle ❛♥s✇❡rs ❝♦rr❡❝t❧② ❜② ❝❤❡❝❦✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
✈❛r✐❛❜❧❡ event✳

✉♥✐t ❙✐♠Pr♦❝❡ss✿ ❡❧❡♠❋■❋❖ ❝♦r♦✉t✐♥❡❀
✈❛r ❡✈❡♥t✿ ❊✈❡♥t◆♦t✐❝❡❀ ✭✯ ♠❛❦❡ s✉r❡ t❤❛t✱ ❡✈❡♥t✳♣ ❂ t❤✐s ❙✐♠Pr♦❝❡ss ✯✮
✉♥✐t ✐s■❞❧❡✿ ❢✉♥❝t✐♦♥✿ ❇♦♦❧❡❛♥❀
❜❡❣✐♥

r❡s✉❧t ✿❂ ✭❡✈❡♥t❂♥♦♥❡✮❀ ✭✯ ♥♦t s❝❤❡❞✉❧❡❞ ✐✛ ❡✈❡♥t ❂ ♥♦♥❡✯✮
❡♥❞ ✐s■❞❧❡❀

❡♥❞ ❙✐♠Pr♦❝❡ss❀

❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ ❢♦✉rt❤ ✈❡rs✐♦♥ ✐s ❤❡r❡✳
✶✷✳✶✳✻✳ ❲➟❛s♥♦➧➣ ❙✻✳

✭❙✻✮
∀pq∈SimulationP lan∀p∈Simprocessmember((p, t1), pq) ∧member((p, t2), pq)⇒ t1 = t2

■♥ ✇♦r❞s✱ ✐♥ ❡✈❡r② s✐♠✉❧❛t✐♦♥ ♣❧❛♥ ❡✈❡r② ♣r♦❝❡ss ❝❛♥ ❜❡ ♣❧❛♥♥❡❞
❛t ♠♦st ♦♥❝❡✳ ❲➟❛s♥♦➧➣ ❙✻ ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❛♥❛❧②s✐s ♦❢
♠❡t❤♦❞s schedule, hold, run✱ ❢♦r t❤❡② ❛r❡ ✐♥s❡rt✐♥❣ ❛♥ ❡✈❡♥t♥♦t✐❝❡
t♦ t❤❡ ♣❧❛♥ ♦❢ s✐♠✉❧❛t✐♦♥✳

✶✷✳✶✳✼✳ ❲➟❛s♥♦➧➣ ❙✼✳ ❲➟❛s♥♦➧➣ ❙✼ r❡❛❞s✿
✭❙✼✮
pq = c∧idle(p, pq)∧¬terminated(p, pq)⇒ [callschedule((p, t), pq)]¬idle(p, pq) ∧ pq = insert((p, t), c)

■♥ ✇♦r❞s✱ ❛ s✉s♣❡♥❞❡❞ ♣r♦❝❡ss ❝❛♥ ❜❡ s❝❤❡❞✉❧❡❞ t♦ ❜❡ r❡❛❝✲
t✐✈❛t❡❞ ❛t t✐♠❡ t✳ ◆♦t❡ ✐t ✐s t❤❡ t✐♠❡ ♦❢ s✐♠✉❧❛t✐♦♥ s②st❡♠✳

terminated(p) ≡ objectpexecutedallitsinstructions

❲❡ s❤❛❧❧ ✇r✐t❡ ❛ ❝♦♥str✉❝t♦r ✭❡♠♣t②✮ ❛♥❞ ❛ t❤r❡❛❞ ♦❢ t❤❡ ❝♦r♦✲
✉t✐♥❡ SimProcess✳

✹✷✺



❜❡❣✐♥
r❡t✉r♥❀ ✭✯ ❡♥❞ ♦❢ ❝♦♥str✉❝t♦r✱ ❝♦♥str✉❝t♦r ✐s ❡♠♣t② ✯✮
✐♥♥❡r❀ ✭✯ ✐t ✐s ❛ ♣❧❛❝❡ ❢♦r t❤❡ t❤r❡❛❞ ♦❢ ❞❡r✐✈❡❞ ❝❧❛ss ✯✮
✜♥✐s❤❡❞ ✿❂tr✉❡❀ ✭✯ t❤r❡❛❞ ✐s t❡r♠✐♥❛t❡❞ ✯✮
❝❛❧❧ ♣❛ss✐✈❛t❡❀
r❛✐s❡ ❊rr♦r❀ ✭✯ ❛t t❤❡ ❛tt❡♠♣t t♦ ❛❝t✐✈❛t❡ ❛ t❡r♠✐♥❛t❡❞ s✐♠♣r♦❝❡ss ♦❜❥❡❝t ✯✮

❡♥❞ ❙✐♠Pr♦❝❡ss❀

❆ ♣r♦✈✐s♦r② ✈❛r✐❛♥t ♦❢ ♣r♦❝❡❞✉r❡ schedule ♠❛② ❧♦♦❦ ❛s ❢♦❧❧♦✇✿

✉♥✐t s❝❤❡❞✉❧❡✿ ♣r♦❝❡❞✉r❡✭♣✿❙✐♠Pr♦❝❡ss✱ t✿ t✐♠❡✮❀
✈❛r ❡✈✿ ❊✈❡♥t◆♦t✐❝❡❀

❜❡❣✐♥
❡✈ ✿❂ ♥❡✇ ❊✈❡♥t◆♦t✐❝❡✭♣✱ t✮❀
✐❢ ♣✳✐❞❧❡ ❛♥❞ ♥♦t ♣✳t❡r♠✐♥❛t❡❞ t❤❡♥ ❝❛❧❧ ❙◗❙✳✐♥s❡rt✭❡✈✮❀ ♣✳❡✈❡♥t✿❂❡✈❀ ❡♥❞✐❢❀

❡♥❞ s❝❤❡❞✉❧❡❀

❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ ✜❢t❤ ✈❡rs✐♦♥ ✐s ❤❡r❡✳
✶✷✳✶✳✽✳ ❲➟❛s♥♦➧❝✐ ❙✽ ✐ ❙✾✳

✭❙✽✮
(pq = o∧¬idle(p, pq)∧¬terminated(p, pq))⇒ [callschedule((p, t), pq)](idle(p, pq)∧pq = insert((p, t), delete((p, time

❆ s❝❤❡❞✉❧❡❞ ❛❧r❡❛❞② ♣r♦❝❡ss p ❝❛♥ ❜❡ s❝❤❡❞✉❧❡❞ ❛❣❛✐♥ ❢♦r ❛♥♦✲
t❤❡r t✐♠❡✱ t❤✐s ✇✐❧❧ ❞❡❧❡t❡ ❛♥ ❡❛r❧✐❡r ❡✈❡♥t♥♦t✐❝❡ ❢♦r p✳
✭❙✾✮ terminated(p, pq)⇒ [callschedule((p, t), pq)]{ERROR},

❆♥ ❛tt❡♠♣t t♦ s❝❤❡❞✉❧❡ ❛ t❡r♠✐♥❛t❡❞ ♣r♦❝❡ss r❡s✉❧ts ✐♥ ❛♥ ❡r✲
r♦r✳ Pr♦♣❡rt✐❡s ❙✽ ❛♥❞ ❙✾ r❡q✉✐r❡ t❤❡ ❝♦rr❡❝t✱ ❢✉❧❧ ✈❡rs✐♦♥ ♦❢
♦♣❡r❛t✐♦♥ schedule✳

✉♥✐t s❝❤❡❞✉❧❡✿ ♣r♦❝❡❞✉r❡✭♣✿❙✐♠Pr♦❝❡ss✱ t✿ t✐♠❡✮❀
✈❛r ❡✈✿ ❊✈❡♥t◆♦t✐❝❡❀

❜❡❣✐♥
✐❢ ♣✳ t❡r♠✐♥❛t❡❞
t❤❡♥

r❛✐s❡ ❊rr♦r❉♦❴♥♦t❴❙❝❤❡❞✉❧❡❚❡r♠✐♥❛t❡❞Pr♦❝❡ss❀
❡❧s❡

❡✈ ✿❂ ♥❡✇ ❊✈❡♥t◆♦t✐❝❡✭♣✱ t✮❀
✐❢ ♥♦t ♣✳✐❞❧❡
t❤❡♥

❝❛❧❧ ❙◗❙✳❞❡❧❡t❡✭♣✳❡✈❡♥t✮❀
❡♥❞✐❢❀
❝❛❧❧ ❙◗❙✳✐♥s❡rt✭❡✈✮❀
♣✳❡✈❡♥t✿❂❡✈❀

❡♥❞✐❢❀
❡♥❞ s❝❤❡❞✉❧❡❀

❆s ✐t ✐s ❡❛s② t♦ ♦❜s❡r✈❡ t❤❡ ♦♣❡r❛t✐♦♥ schedule ❞❡✜♥❡❞ ✐♥ t❤✐s
✇❛② s❛t✐s✜❡s ♣r♦♣❡rt✐❡s ❙✼ ❛♥❞ ❙✽✳ ❲❡ s❤♦✉❧❞ r❡❛❝t ✇❤❡♥ t❤❡
♣❛r❛♠❡t❡r t ❤❛s t❤❡ ✈❛❧✉❡ ❧❡ss t❤❛♥ currentT ime✳

✹✷✻



❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ s✐①t❤ ✈❡rs✐♦♥ ✐s ❤❡r❡✳
✶✷✳✶✳✾✳ ❲➟❛s♥♦➧➣ ❙✶✵✳

✭❙✶✵✮ [❝❛❧❧ hold(t, pq)] α ≡ [❝❛❧❧ schedule((current(pq), time+ t), pq)] α,

❢♦r ❛r❜✐✲
tr❛r② ❢♦r♠✉❧❛ α✳
❆ ❤♦❧❞ ♦♣❡r❛t✐♦♥ s✉s♣❡♥❞s t❤❡ ❝✉rr❡♥t ♣r♦❝❡ss ❛♥❞ s❝❤❡❞✉❧❡s
✐ts ❛❝t✐✈❛t✐♦♥ ❛❢t❡r t ✉♥✐ts ♦❢ t✐♠❡✳ ❚❤❡ ♣r♦♣❡rt② ❧❡❛❞s ❞✐r❡❝t❧②
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦❞② ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ❤♦❧❞✳

✉♥✐t ❤♦❧❞✿ ♣r♦❝❡❞✉r❡✭❞t✿ t✐♠❡✮❀
❜❡❣✐♥

❝❛❧❧ ❙◗❙✳s❝❤❡❞✉❧❡✭❝✉rr❡♥tPr♦❝❡ss✱ ❝✉rr❡♥t❚✐♠❡✰❞t✮❀
❝❛❧❧ ❙◗❙✳❝❤♦♦s❡Pr♦❝❡ss❀

❡♥❞ ❤♦❧❞❀

❚❤❡ ✜rst ✐♥str✉❝t✐♦♥ ❝❛✉s❡s s✉s♣❡♥s✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t s✐♠♣r♦✲
❝❡ss✬ t❤r❡❛❞ ❢♦r dt ✉♥✐ts ♦❢ t✐♠❡✳ ❚❤❡ s❡❝♦♥❞ ✐♥str✉❝t✐♦♥ ✇✐❧❧
❝❤♦♦s❡ ❛ ♥❡✇ ❛❝t✐✈❡ s✐♠♣r♦❝❡ss ♦❜❥❡❝t✳ ❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡
s❡✈❡♥t❤ ✈❡rs✐♦♥ ✐s ❤❡r❡✳

✶✷✳✶✳✶✵✳ Pr♦♣❡rt② ❙✶✶✳
✭❙✶✶✮
(current(pq) = p′∧¬terminated(p, pq))⇒ {[callrun(p, pq)]α ≡ [callschedule(p, time, pq)]α}

❢♦r ❛r❜✐✲
tr❛r② ❢♦r♠✉❧❛ α✳

Pr♦❝❡❞✉r❡ r✉♥ ✐♠♠❡❞✐❛t❡❧② ❛❝t✐✈❛t❡s t❤❡ ✐♥❞✐❝❛t❡❞ s✐♠♣r♦✲
❝❡ss p✳

✉♥✐t r✉♥✿ ♣r♦❝❡❞✉r❡✭♣✿ ❙✐♠Pr♦❝❡ss✮❀
❜❡❣✐♥

✐❢ ♣✳t❡r♠✐♥❛t❡❞
t❤❡♥

r❛✐s❡ ❊rr♦r❉♦❴♥♦t❴❙❝❤❡❞✉❧❡❚❡r♠✐♥❛t❡❞Pr♦❝❡ss❀
❡♥❞✐❢❀
❝❛❧❧ ❤♦❧❞✭✵✳✶✮❀ ✭✯ ✇str③②♠❛❥ ♥❛ ❝❤✇✐❧❡ ❜✐❡➺❛❝② ♣r♦❝❡s ✯✮
❝❛❧❧ s❝❤❡❞✉❧❡✭♣✱ ❝✉rr❡♥t❚✐♠❡✮❀

❡♥❞ r✉♥❀

❚❤❡ ✐♥str✉❝t✐♦♥ ❝❛❧❧ r✉♥ ✭①✮ r❡s✉❧ts ✐♥ ✐♠♠❡❞✐❛t❡ ❛❝t✐✈❛t✐♦♥ ♦❢
t❤❡ s✐♠♣r♦❝❡ss ♦❜❥❡❝t ①✳

❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ ❡✐❣t❤t ✈❡rs✐♦♥ ✐s ❤❡r❡✳
✶✷✳✶✳✶✶✳ ❲➟❛s♥♦➧➣ ❙✶✷✳

✭❙✶✷✮
(p = current(pq)∧pq = o)⇒ [❝❛❧❧ passivate(pq)](idle(p, pq)∧pq = delete((p, time), o))
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■♥str✉❝t✐♦♥ ♣❛ss✐✈❛t❡ r❡♠♦✈❡s t❤❡ ❝✉rr❡♥t s✐♠♣r♦❝❡ss ❢r♦♠ t❤❡
♣❧❛♥ ♦❢ s✐♠✉❧❛t✐♦♥✳

✉♥✐t ♣❛ss✐✈❛t❡✿ ♣r♦❝❡❞✉r❡❀
✈❛r s✿ ❙✐♠♣r♦❝❡ss❀

❜❡❣✐♥
s ✿❂ ❝✉rr❡♥tPr♦❝❡ss❀
❝❛❧❧ ❙◗❙✳❞❡❧❡t❡✭s✳❡✈❡♥t✮❀
s✳❡✈❡♥t ✿✲ ♥♦♥❡❀
❝❛❧❧ ❙◗❙✳❝❤♦♦s❡Pr♦❝❡ss❀

❡♥❞ ♣❛ss✐✈❛t❡❀

❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ ♥✐♥t❤ ✈❡rs✐♦♥ ✐s ❤❡r❡✳
✶✷✳✶✳✶✷✳ ❲➟❛s♥♦➧➣ ❙✶✸✳

✭❙✶✸✮ pq = o⇒ [❝❛❧❧ cancel(p, pq)](idle(p, pq) ∧ pq = delete((p, t), o)).

■♥str✉❝t✐♦♥ ❝❛♥❝❡❧ ❛♣♣❧✐❡s t♦ ❛ s❝❤❡❞✉❧❡❞✱ ♥♦♥✲❛❝t✐✈❡ s✐♠♣r♦✲
❝❡ss✳

✉♥✐t ❝❛♥❝❡❧✿ ♣r♦❝❡❞✉r❡✭♣✿ ❙✐♠Pr♦❝❡ss✮❀
❜❡❣✐♥

❝❛❧❧ ❙◗❙✳❞❡❧❡t❡✭♣✳❡✈❡♥t✮❀
♣✳❡✈❡♥t ✿✲ ♥♦♥❡❀
❝❛❧❧ ❙◗❙✳❝❤♦♦s❡Pr♦❝❡ss❀

❡♥❞ ❝❛♥❝❡❧❀

❚❤❡ ❢✉❧❧ t❡①t ♦❢ t❤❡ t❡♥t❤ ✈❡rs✐♦♥ ✐s ❤❡r❡✳
✶✷✳✶✳✶✸✳ ❲➟❛s♥♦➧➣ ❙✻ ♣♦♥♦✇♥✐❡✳

✭❙✻✮
∀pq∈SimulationP lan∀p∈Simprocessmember((p, t1), pq) ∧member((p, t2), pq)⇒ t1 = t2

❲➟❛s♥♦➧➣ t❛ ♣♦✇✐❛❞❛✿ ✇ ❦❛➺❞②♠ ♠♦♠❡♥❝✐❡ ♦❜❧✐❝③❡➠ ✐ ❞❧❛ ❦❛➺✲
❞❡❣♦ ♣r♦❝❡s✉ s✱ ✇ ♣❧❛♥✐❡ s②♠✉❧❛❝❥✐ ♥✐❡ ♠❛ ❞✇✉ ③❞❛r③❡➠ ❡✶ ✐
❡✷ ♣❧❛♥✉❥❛❝②❝❤ ✇③♥♦✇✐❡♥✐❡ ♣r♦❝❡s✉ s ✇ ❞✇✉ ró➺♥②❝❤ ❝❤✇✐❧❛❝❤✳
▼♦➺♥❛ s♣r❛✇❞③✐➣✱ ➺❡ ♣r♦❝❡❞✉r❛ s❝❤❡❞✉❧❡ ③❛♣❡✇♥✐❛ t❡ ✇➟❛s♥♦➧➣✱
❛ ✇ ❦♦♥s❡❦✇❡♥❝❥✐ t❛❦➺❡ ♣♦③♦st❛➟❡ ♣r♦❝❡❞✉r② ♣❧❛♥♦✇❛♥✐❛✱ ❦tór❡
s✐❡ ♥❛ t❡❥ ♣r♦❝❡❞✉r③❡ ♦♣✐❡r❛❥❛✱ ③❛♣❡✇♥✐❛❥❛ t❡ ✇➟❛s♥♦➧➣

✶✷✳✶✳✶✹✳ ❯✇❛❣✐✳ s❦❛❞ s✐❡ ✇③✐❛➟ ♣r✐♦r❄
❯♥✐t ▼❛✐♥♣r✿ ❙✐♠Pr♦❝❡ss ❝❧❛ss

✶✷✳✷✳ ❲♥✐♦s❦✐✳ ❏❛❦♦ ❥❡❞❡♥ ③ ♥❛t②❝❤♠✐❛st♦✇②❝❤ ✇♥✐♦s❦ó✇ ♦tr③②✲
♠✉❥❡♠②✿

❚✇✐❡r❞③❡♥✐❡ ✷✹✳✽ ✭♦ r❡❧❛t②✇♥❡❥ ♣♦♣r❛✇♥♦➧❝✐✮✳ ❏❡➧❧✐ ❦❧❛s❛ ❜❛✲
③♦✇❛ ❥❡st ♠♦❞❡❧❡♠ s♣❡❝②✜❦❛❝❥✐ ❑♦❧❡❥❡❦ Pr✐♦r②t❡tt♦✇②❝❤ t♦ ❦❧❛s❛
❙✐♠✉❧❛t✐♦♥ ❥❡st ♠♦❞❡❧❡♠ ✭t❥✳ ♣♦♣r❛✇♥✐❡ ✐♠♣❧❡♠❡♥t✉❥❡✮ s♣❡❝②✲
✜❦❛❝❥➛ ❙②♠✉❧❛❝❥❛✳

❉♦✇ó❞✳ ❲②♥✐❦❛ ③ ❦♦♥str✉❦❝❥✐ ❦❧❛s② ❙✐♠✉❧❛t✐♦♥✳ �

✹✷✽



❑♦❧❡❥♥❡ ♣②t❛♥✐❡ ❥❛❦✐❡ s✐➛ ♥❛s✉✇❛ ❜r③♠✐✿ ❝③② ✐st♥✐❡❥❡ ✇✐➛❝❡❥
✐♠♣❧❡♠❡♥t❛❝❥✐ ❜➛❞→❝②❝❤ ♠♦❞❡❧❡♠ s♣❡❝②✜❦❛❝❥✐ ❙②♠✉❧❛❝❥❛❄ ❛
♠♦➺❡ ✇s③②st❦✐❡ ♦♥❡ s→ ✐③♦♠♦r✜❝③♥❡❄

❚✇✐❡r❞③❡♥✐❡ ✷✹✳✾✳ ◆✐❡❝❤ ❦❧❛s❛ CPQ ❜➛❞③✐❡ ♠♦❞❡❧❡♠ s♣❡❝②✲
✜❦❛❝❥✐ ❆❚P◗ ❦♦❧❡❥❡❦ ♣r✐♦r②t❡tt♦✇②❝❤✳ ❑❛➺❞❡ ❞✇✐❡ ♣♦♣r❛✇♥❡
✐♠♣❧❡♠❡♥t❛❝❥❡ s♣❡❝②✜❦❛❝❥✐ ❙②♠✉❧❛❝❥❛ ✭t❥✳ ♠♦❞❡❧❡✮ ❦tór❡ ❜❛③✉❥→
♥❛ ❦❧❛s✐❡ CPQ s→ ✐③♦♠♦r✜❝③♥❡✳

❉❧❛ ✉➺②t❦♦✇♥✐❦❛ ❞✉➺❡ ③♥❛❝③❡♥✐❡ ♠❛ ♥❛st➛♣✉❥→❝❡

❚✇✐❡r❞③❡♥✐❡ ✷✹✳✶✵✳ ❲ ❦❛➺❞②♠ ❦r♦❦✉ ♦❜❧✐❝③❡♥✐❛ ✳✳✳ ✇s♣ó➟✲
♣r♦❣r❛♠❡♠ ❛❦t②✇♥②♠ ❥❡st ❝✉rr❡♥t ♣r♦❝❡ss✳

❉♦✇ó❞✳ ❲②♥✐❦❛ ③ ✇➟❛s♥♦➧❝✐ ❙✶ ✕ ❙✶✸✳ �

❆ ✇✐➛❝ ✳✳✳

✶✷✳✸✳ ❆♣♣❡♥❞✐① ❆✿ ❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ Pr✐♦r✐t② ◗✉❡✉❡s✳ ❚❤❡
s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s ❝❧❛ss ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ❬▼❙✽✼❪✱
✇❡ r❡❝❛❧❧ ✐t ❤❡r❡ ❢♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r✳

✹✷✾



❚❛❜❧❡ ✶✳ ❙♣❡❝✐✜❝❛t✐♦♥ ATPQ ♦❢ ♣r✐♦r✐t② q✉❡✉❡s✳
Signature ❈♦♠♠❡♥ts
❙♦rts Universe = E ∪ PQ
E s❡t ♦❢ ❡❧❡♠❡♥ts
PQ s❡t ♦❢ ♣r✐♦r✐t② q✉❡✉❡s

❖♣❡r❛t✐♦♥s ❧❡t e ∈ E ❛♥❞ q ∈ PQ
insert : E × PQ −→ PQ ♣✉t e ✐♥t♦ q
delete : E × PQ −→ PQ ❞❡❧❡t❡ e ❢r♦♠ q
min : PQ −→ E ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ ❡❧❡♠❡♥t
empty : PQ −→ {true, false} ✐s ❛ ♣r✐♦r✐t② q✉❡✉❡ q

❡♠♣t②❄
member : E × PQ −→ {true, false} ❞♦❡s e ∈ q❄
≤: E × E −→ {true, false} t❤❡ ♦r❞❡r✐♥❣ r❡❧❛t✐♦♥

Axioms

✭❛✶✮ The set E ofelements is linearly ordered by the relation ≤ .
✭❛✷✮ [✇❤✐❧❡ not empty(q) ❞♦ q := delete(min(q), q) ❞♦♥❡] true

❚❤✐s ❛①✐♦♠ s❛②s ❢♦r ❛❧❧ q ♣r♦❣r❛♠ ❤❛❧ts✱ ✐✳❡✳ t❤❡ ♣r✐♦r✐t② q✉❡✉❡ q ✐s ✜♥✐t❡
✭❛✸✮ [q1 := insert(e, q)]{member(e, q1) ∧ (∀e1 6=e member(e1, q1)⇔ member(e1, q))}
✭❛✹✮ [q1 := delete(e, q)]{¬member(e, q1) ∧ (∀e1 6=e member(e1, q1)⇔ member(e1, q))}
✭❛✺✮ empty(q)⇒ (∀e∈E ¬member(e, q))
✭❛✻✮ ¬empty(q)⇒ (∀e∈E member(e, q)⇒ min(q) ≤ e))

❚❤❡ ♦♣❡r❛t✐♦♥ min ✜♥❞s t❤❡ ❧❡❛st ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t q✳
✭❛✼✮ [e := min(q)]true⇔ ¬empty(q)

❆①✐♦♠ ✭❛✼✮ s❛②s t❤❡ r❡s✉❧t ♦❢ ❡①♣r❡ss✐♦♥ min(q) ✐s ❞❡✜♥❡❞ ✐✛ ¬empty(q)
✭❛✽✮ member(e, q)⇔ ❜❡❣✐♥

s✶ ✿❂ q❀ r❡s✉❧t ✿❂ ❢❛❧s❡❀
✇❤✐❧❡ ♥♦t ❡♠♣t②✭s✶✮ ❛♥❞ ♥♦t r❡s✉❧t ❞♦
✐❢ ❡ ❂♠✐♥✭s✶✮ t❤❡♥ r❡s✉❧t✿❂tr✉❡ ✜❀
s✶ ✿❂ ❞❡❧❡t❡✭♠✐♥✭s✶✮✱s✶✮

❞♦♥❡
❡♥❞ r❡s✉❧t
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L10 Pr♦❝❡s②

✶✳ Pr♦❣r❛♠♦✇❛♥✐❡ ✇s♣ó➟❜✐❡➺♥❡ ✐ r♦③♣r♦s③♦♥❡

❲ ♣r♦❣r❛♠♦✇❛♥✐✉ ♥✐❡s❡❦✇❡♥❝②❥♥②♠ ✇②st➛♣✉❥→ ❞✇❛ ♣♦❞st❛✲
✇♦✇❡ ♣♦❥➛❝✐❛✿ ♣r♦❝❡s ✐ ♣r♦❝❡s♦r✳ ◆❛❧❡➺② ♣r③② t②♠ ♦❞ró➺♥✐❛➣
♠♦❞✉➟ ♣r♦❝❡s✉ ♦❞ ♦❜✐❡❦t✉ ♣r♦❝❡s✉✳ ❇② s♣r❛✇➛ s❦♦♠♣❧✐❦♦✇❛➣
❥❡s③❝③❡ ❜❛r❞③✐❡❥ ♥✐❡❦tór③② ♠ó✇✐→ ♦ ✇→t❦✉ ♣r♦❝❡s✉✳
Pr♦❣r❛♠ s❡❦✇❡♥❝②❥♥② ❥❡st ♠♦❞✉➟❡♠ ♣r♦❝❡s✉✳ Pr♦❣r❛♠ ♥✐❡s❡✲
❦✇❡♥❝②❥♥② ③❛✇✐❡r❛ ♠♦❞✉➟② t②♣✉ ♣r♦❝❡ss ✐ ♠♦➺❡ ✉t✇♦r③②➣ ✐ ✉r✉✲
❝❤♦♠✐➣ ✇✐➛❝❡❥ ♦❜✐❡❦tó✇ ♣r♦❝❡só✇✳ ❑❛➺❞② ♠♦❞✉➟ ♣r♦❝❡s✉ ❥❡st
s❡❦✇❡♥❝②❥♥② ✇ t②♠ s❡♥s✐❡✱ ➺❡ ❥❡❣♦ ✐♥str✉❦❝❥❡ ✇②❦♦♥②✇❛♥❡ s→
♣♦ ❦♦❧❡✐✱ ♣r③❡③ ♦❞♣♦✇✐❡❞♥✐ ♣r♦❝❡s♦r✳ ✭❘ó✇♥✐❡③ ✐♥str✉❦❝❥❡ ✉r✉✲
❝❤❛♠✐❛♥✐❛ ♥♦✇❡❣♦ ♣r♦❝❡s✉✳✮ Pr♦❝❡s♦r ✕ ✜③②❝③♥② ❧✉❜ ✇✐rt✉❛❧♥②
③❛♣❡✇♥✐❛ ♣♦st➛♣ ✇ ♦❜❧✐❝③❡♥✐❛❝❤ ✇②❦♦♥✉❥→❝ ❦♦❧❡❥♥❡ ✐♥str✉❦❝❥❡
♣r♦❝❡s✉ ✐ ❞♦❦♦♥✉❥→❝ ③♠✐❛♥ ✇ ♣❛♠✐➛❝✐✳
❩ t②♠✐✱ ♥✐❡ ❝❛➟❦✐❡♠ ♣r❡❝②③②❥♥②♠✐ ♣♦❥➛❝✐❛♠✐✱ ♠♦➺❡♠② ♣♦❞❥→➣
♣ró❜➛ ❦❧❛s②✜❦❛❝❥✐ ♦❜❧✐❝③❡➠ ♥✐❡s❡❦✇❡♥❝②❥♥②❝❤✿

✇s♣ó➟❜✐❡➺♥❡ ✿ ❩ ♦❜❧✐❝③❡♥✐❛♠✐ ✇s♣ó➟❜✐❡➺♥②♠✐ ✇✐❡❧✉ ♣r♦✲
❝❡só✇ ♠❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ✇t❡❞②✱ ❣❞② ✇②❦♦♥②✇❛♥❡ s→
♥❛ ❥❡❞♥②♠ ✇s♣ó❧♥②♠ ♣r♦❝❡s♦r③❡✱

r♦③♣r♦s③♦♥❡ ✿ ❖❜❧✐❝③❡♥✐❛ r♦③♣r♦s③♦♥❡ ✇②❦♦♥②✇❛♥❡ s→ ♥❛
♣r♦❝❡s♦r❛❝❤ ♣♦➟→❝③♦♥②❝❤ s✐❡❝✐→✳ ❩ ❦♦♥✐❡❝③♥♦➧❝✐ ❦❛➺❞②
♣r♦❝❡s♦r ❞③✐❛➟❛ ✇ ♦s♦❜♥❡❥ ♣❛♠✐➛❝✐✳

ró✇♥♦❧❡❣➟❡ ✿ ❖❜❧✐❝③❡♥✐❛ ró✇♥♦❧❡❣➟❡ ✇②❦♦♥②✇❛♥❡ s→ ♥❛
❦♦♠♣✉t❡r③❡ ✇②♣♦s❛➺♦♥②♠ ✇ ✇✐❡❧❡ ♣r♦❝❡s♦ró✇✭❧✉❜ r❞③❡♥✐✮
✐ ✇s♣ó❧♥→ ♣❛♠✐➛➣✳ ❉③✐s✐❛❥✱ ❦❛➺❞② ♣r♦❝❡s♦r ✇②♣♦s❛➺♦♥②
❥❡st ✇ s✇♦❥→ ♣♦❞r➛❝③♥→ ♣❛♠✐➛➣ ♦ ❝❛➟❦✐❡♠ s♣♦r②♠ r♦③✲
♠✐❛r③❡✳

❉❡✜♥✐❝❥❡ ♣r③②❥➛t❡ ✇ ▲♦❣❧❛♥✐❡✳ ❲ ❞❛❧s③②❝❤ r♦③✇❛➺❛♥✐❛❝❤ ♣r③②❥✲
♠✉❥❡♠② ♥❛st➛♣✉❥→❝❡ ❞❡✜♥✐❝❥❡✳

❉❡✜♥✐❝❥❛ ✷✺✳✶✳ ▼♦❞✉➟ ♣r♦❣r❛♠✉ ♣♦❞♦❜♥② ❞♦ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s②✱
♦❞ró➺♥✐❛❥→❝② s✐➛ ♦❞ t❡❥ ♦st❛t♥✐❡❥ t②♠✱ ➺❡ ✇ ♠✐❡❥s❝❡ s➟♦✇❛ ❦❧✉✲
❝③♦✇❡❣♦ ❝❧❛ss ✇②st➛♣✉❥❡ s➟♦✇♦ ♣r♦❝❡ss ♥❛③②✇❛♠② ♠♦❞✉➟❡♠
♣r♦❝❡s✉✳

❉❡✜♥✐❝❥❛ ✷✺✳✷✳ ❖❜✐❡❦t ✉t✇♦r③♦♥② ♥❛ ♣♦❞st❛✇✐❡ ♠♦❞✉➟✉ ♣r♦✲
❝❡s✉ ♥❛③②✇❛♠② ♦❜✐❡❦t❡♠ ♣r♦❝❡s✉ ❧✉❜ ❦rót❦♦ ♣r♦❝❡s❡♠✳

❉❡✜♥✐❝❥❛ ✷✺✳✸✳ Pr♦❝❡s♦r❡♠ ❥❡st s②st❡♠ ✇②❦♦♥❛✇❝③② ▲♦❣❧❛♥✉✱
t❥✳ ❱✐rt✉❛❧ ▲♦❣❧❛♥ Pr♦❝❡ss♦r✱✇ s❦ró❝✐❡ ❱▲P✳ ❲ ♦❜❧✐❝③❡♥✐❛❝❤

✹✸✶



✇s♣ó➟❜✐❡➺♥②❝❤ ♦❜✐❡❦t ♣r♦❝❡s✉ ✭❥❡➧❧✐ ❥❡st ✐❝❤ ✇✐➛❝❡❥ ♥✐➺ ❥❡❞❡♥✮
❞③✐❡❧✐ s✐➛ ♣r♦❝❡s♦r❡♠ ❱▲P ③ ♣♦③♦st❛➟②♠✐ ✭✇②❦♦r③②st✉❥❡ ♣❡✇✐❡♥
✉➟❛♠❡❦ ❥❡❣♦ ❝③❛s✉✮✳
❏❡➧❧✐ tr③② ♦❜✐❡❦t② ♣r♦❝❡s✉✭✲ó✇✮ ✇②❦♦♥②✇❛♥❡ s→ ♣r③❡③ ❥❡❞❡♥ ♣r♦✲
❝❡s♦r ❱▲P✱ t♦ ❦❛➺❞❡♠✉ ③ ♥✐❝❤✱ ♥❛ ③♠✐❛♥➛✱ ♣r③②❞③✐❡❧❛ s✐➛ ♣❛r➛
♠✐❧✐s❡❦✉♥❞ ❝③❛s✉ ♣r♦❝❡s♦r❛ ✜③②❝③♥❡❣♦✳ ❑❛③❞② ③ ♥✐❝❤ ♦tr③②♠❛
✇ ♣r③②❜❧✐➺❡♥✐✉ ✶✴✸ ❝③❛s✉ ♣r♦❝❡s♦r❛✳

▲♦❣❧❛♥ ♦❢❡r✉❥❡ ❥❡❞♥♦❧✐t② ♠♦❞❡❧ ♣r♦❣r❛♠♦✇❛♥✐❛ ♦❜❧✐❝③❡➠ ✇s♣ó➟✲
❜✐❡③♥②❝❤ ✐ r♦③♣r♦s③♦♥②❝❤✳ ▼♦❞❡❧ t❡♥ ♦❜❡❥♠✉❥❡ t❡➺ r♦③♠❛✐t❡
❦♦♥✜❣✉r❛❝❥❡ ♠✐❡s③❛♥❡✳ Pr③❡③ ♣r♦❝❡s♦r ❜➛❞③✐❡♠② r♦③✉♠✐❡➣ ❧♦✲
❣❧❛♥♦✇s❦→ ♠❛s③②♥➛ ✇✐rt✉❛❧♥❛ ❱▲P✳ ◆❛ ❦❛➺❞❡❥ t❛❦✐❡❥ ♠❛s③②♥✐❡
♠♦➺♥❛ ✇②❦♦♥②✇❛❝ ✇✐❡❧❡ ♣r♦❣r❛♠ó✇ ♥❛r❛③✱ ❛ t❛❦➺❡ ♠♦➺♥❛ ✇②✲
❦♦♥②✇❛➣ ③❛❞❛♥✐❛ ✇✐❡❧✉ ♣r♦❝❡só✇ ❥❡❞♥❡❣♦ ♣r♦❣r❛♠✉✳ Pr♦❝❡s♦r②
❱▲P ♠♦❣→ ❜②➣ ✇ ➟❛t✇② s♣♦só❜ ➟→❝③♦♥❡ s✐❡❝✐→✳ ❩♦❜❛❝③✳✳✳ ❚❯
❖❇❘❆❩❑■✦ ❚✇♦r③② s✐➛ ✇ t❡♥ s♣♦só❜ ❦❧❛st❡r ✭❛♥❣✳❝❧✉st❡r✱ ❝③②❧✐
❣r♦♥♦✮ ♠❛s③②♥ ✇✐rt✉❛❧♥②❝❤✳ Pr♦❣r❛♠ P ♠♦➺❡ t✇♦r③②➣ ♦❜✐❡❦t②
♣r♦❝❡só✇ ✐ ❛❧♦❦♦✇❛➣ ❥❡ ♥❛ ró➺♥②❝❤ ♣r♦❝❡s♦r❛❝❤✳ ▼♦➺❡ t❡➺ ❥❡
✇③♥❛✇✐❛➣✳

Pr③②❦➟❛❞✳ ❩❛❝③♥✐❥♠② ♦❞ ❦rót❦✐❡❣♦ ♣r③②❦➟❛❞✉

✹✸✷



♣r♦❣r❛♠ ✜rst❀
★✐♥❝❧✉❞❡ ✏❝❧❛ss❡s✴❣✉✐✳✐♥❝✑❀




















✭✯ ❞❡❦❧❛r❛❝❥❛ ♣r♦❝❡s✉ ✯✮
✉♥✐t ✇r✐t❡r✿ ♣r♦❝❡ss✭♥♦❞❡✿ ✐♥t❡❣❡r✱ s✿ str✐♥❣✮❀
✈❛r ✐✿ ✐♥t❡❣❡r✱ ❆✿ ❛rr❛②♦❢ ❝❤❛r❀

❜❡❣✐♥
❆ ✿❂ ✉♥♣❛❝❦✭s✮❀
r❡t✉r♥❀
❢♦r ✐ ✿❂ ❧♦✇❡r✭❆✮ t♦ ✉♣♣❡r✭❆✮
❞♦
✇r✐t❡✭❆✭✐✮✮❀

♦❞
❡♥❞ ✇r✐t❡r❀

✈❛r ✇✶✱ ✇✷✱ ✇✸✿ ✇r✐t❡r❀
❜❡❣✐♥






✭✯ t✇♦r③❡♥✐❡ ♦❜✐❡❦tó✇ ♣r♦❝❡s✉ ✇r✐t❡r ✯✮
✇✶ ✿❂ ♥❡✇ ✇r✐t❡r✭✵✱ ✏❇♦♥❥♦✉r tr✐st❡ss❡ ❇♦♥❥♦✉r tr✐st❡ss❡✑✮❀
✇✷ ✿❂ ♥❡✇ ✇r✐t❡r✭✵✱ ✏❲❡❧❝♦♠❡ t♦ ▲♦♥❞♦♥✑✮❀
✇✸ ✿❂ ♥❡✇ ✇r✐t❡r✭✵✱ ✏❲✐❧❧❦♦♠❡♥ ✐♥ ❇❡r❧✐♥✑✮❀







✭✯ ✉r✉❝❤❛♠✐❛♥✐❡ ♦❜✐❡❦tó✇ ✇✶✱ ✇✷✱ ✇✸ ✯✮
r❡s✉♠❡✭✇✶✮❀
r❡s✉♠❡✭✇✷✮❀
r❡s✉♠❡✭✇✸✮❀











✭✯ ♦❝③❡❦✐✇❛♥✐❡ ♥❛ ❦❧❛✇✐s③ ✬❢✬ ✯✮
♣r❡❢ ●❯■ ❜❧♦❝❦
❜❡❣✐♥
✇❤✐❧❡ ●❯■❴❑❡②Pr❡ss❡❞❂✴❂♦r❞✭✬❢✬✮ ❞♦
♦❞

❡♥❞ ✭✯ ❜❧♦❝❦ ✯✮❀
❡♥❞

❈♦ s✐➛ s❦➟❛❞❛ ♥❛ t❡♥ ♣r♦❣r❛♠❄ ❊❧❡♠❡♥t② ♣r♦❣r❛♠✉ ✐st♦t♥❡ ❞❧❛
♦❜❧✐❝③❡➠ ✇s♣ó➟❜✐❡➺♥②❝❤ ③❛③♥❛❝③♦♥♦ ❦♦❧♦r❡♠ ❝③❡r✇♦♥②♠✳
❉❡❦❧❛r❛❝❥❡ ✇ t②♠ ♣r♦❣r❛♠✐❡ s♣r♦✇❛❞③❛❥→ s✐➛ ❞♦✿

✶➦ ❞❡❦❧❛r❛❝❥✐ ♣r♦❝❡s✉ ✇r✐t❡r✱ ✐

✷➦ ❞❡❦❧❛r❛❝❥✐ tr③❡❝❤ ③♠✐❡♥♥②❝❤ ✇✶✱ ✇✷✱ ✇✸ t②♣✉ ✇r✐t❡r✳

❉③✐❛➟❛♥✐❡ ♣r♦❣r❛♠✉ ✜rst ♣♦❧❡❣❛ ♥❛✿

✶➦ st✇♦r③❡♥✐✉ tr③❡❝❤ ♦❜✐❡❦tó✇ ♣r♦❝❡s✉ ✇r✐t❡r ✐ ♣r③②♣✐s❛♥✐✉
✐❝❤ ❞♦ ③♠✐❡♥♥②❝❤ ✇✶✱ ✇✷✱ ✇✸✳ ❑❛➺❞② ③ t②❝❤ ♦❜✐❡❦tó✇
❥❡st ❛❧♦❦♦✇❛♥② ♥❛ t②♠ s❛♠②♠ ♣r♦❝❡s♦r③❡ ❝♦ ♣r♦❣r❛♠✳
✭❉❡❝②❞✉❥❡ ♦ t②♠ ✇❛rt♦➧➣ ♣✐❡r✇s③❡❣♦ ♣❛r❛♠❡tr✉ ró✇♥❛
✵✳✮ ❯t✇♦r③♦♥❡ ♦❜✐❡❦t② ♣♦③♦st❛❥→ ✇ st❛♥✐❡ P❛s②✇♥②✳

✷➦ ◆❛st➛♣♥✐❡ ♣r♦❣r❛♠ ✉r✉❝❤❛♠✐❛ ❦❛➺❞② ♦❜✐❡❦t t②♣✉ ✇r✐✲
t❡r ✇②❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❛ r❡s✉♠❡✳ ❑❛➺❞② ③ ♦❜✐❡❦tó✇ ✇✶✱
✇✷✱ ✇✸ ③❛❝③②♥❛ ✇②❦♦♥②✇❛➣ s✇♦❥❡ ③❛❞❛♥✐❛ ♥✐❡③❛❧❡➺♥✐❡

✹✸✸





♠♦➺❡♠② t❡➺ ③❛st❛♥❛✇✐❛➣ s✐➛ ❝③② ✐st♥✐❡❥❡ ❝❤♦❝✐❛➺ ❥❡❞♥♦ ♦❜❧✐❝③❡✲
♥✐❡ s❦♦➠❝③♦♥❡ t❡❣♦ ♣r♦❣r❛♠✉❄ ❩❛♠✐❛st ③❛❞❛✇❛➣ s♦❜✐❡ ♣②t❛♥✐❡
❝③② ♣♦ ③❛❦♦➠❝③❡♥✐✉ ✭❞❡t❡r♠✐♥✐st②❝③♥❡❣♦✮ ♣r♦❣r❛♠✉ P ③❛❝❤♦❞③✐
✇❛r✉♥❡❦ β✱ tr③❡❜❛ t❡r❛③ ♣②t❛♥✐❛ ❢♦r♠✉➟♦✇❛➣ ✐♥❛❝③❡❥✿ ❝③② ❦♦✲
♥✐❡❝③♥✐❡ ♣♦ ③❛❦♦➠❝③❡♥✐✉ ♣r♦❣r❛♠✉ ▼ ③❛❝❤♦❞③✐ ✇❛r✉♥❡❦ β ✐✴❧✉❜
❝③② ♠♦➺❧✐✇❡ ❥❡st ➺❡ ♣♦ ③❛❦♦➠❝③❡♥✐✉ ♣r♦❣r❛♠✉ ▼ ③❛❝❤♦❞③✐ ✇❛✲
r✉♥❡❦ β✳ ❏➛③②❦ ♦♣✐s✉ ③❥❛✇✐s❦ s❡♠❛♥t②❝③♥②❝❤ ✇②st➛♣✉❥→❝②❝❤ ✇
♣r♦❣r❛♠♦✇❛♥✐✉ ✇s♣ó➟❜✐❡➺♥②♠ ✇②♠❛❣❛ ♠♦❞❛❧♥♦➧❝✐✿ ❦♦♥✐❡❝③♥❡
✐ ♠♦➺❧✐✇❡✳ ❯❥♠✐❥♠② t♦ ❥❡s③❝③❡ ✐♥❛❝③❡❥✿ ✇ ♦❜❧✐❝③❡♥✐❛❝❤ ❞❡t❡r✲
♠✐♥st②❝③♥②❝❤ ❥❡➧❧✐ ❥❡st ♠♦➺❧✐✇❡✱ ➺❡ ♣♦ ✇②❦♦♥❛♥✐✉ ♣r♦❣r❛♠✉ P
③❛❝❤♦❞③✐ ✇❛r✉♥❡❦ α✱ t♦ ❥❡st ❦♦♥✐❡❝③♥❡✱ ③❡ ♣♦ ✇②❦♦♥❛♥✐✉ t❡❣♦
♣r♦❣r❛♠✉ ③❛❝❤♦❞③✐ ✇❛r✉♥❡❦ α✳
❉♦ ③❥❛✇✐s❦❛ ♥✐❡❞❡t❡r♠✐♥✐③♠✉ ❜➛❞③✐❡♠② ❥❡s③❝③❡ ♣♦✇r❛❝❛➣✳ ❲
s❡❦❝❥✐ ✼ ♦♠❛✇✐❛♠② ♠❛t❡♠❛t②❝③♥❡ ♠♦❞❡❧❡ ♦❜❧✐❝③❡➠ ✇s♣ó➟❜✐❡➺✲
♥②❝❤ ✐ ró✇♥♦❧❡❣➟②❝❤✳
◆✐❡❞❡t❡r♠✐♥✐③♠ ♦❜❧✐❝③❡➠ ✇s♣ó❧❜✐❡➺♥②❝❤ ✭ró✇♥♦❧❡❣➟②❝❤ ✐ r♦③✲
♣r♦s③♦♥②❝❤✮ ❥❡st ❖●❘❆◆■❈❩❖◆❨✱ t③♥✳ ♥✐❡ ✉❞❛ s✐➛ ♦tr③②♠❛➣
❡❢❡❦t✉ ♣♦❞♦❜♥❡❣♦ ❞♦ ✐♥str✉❦❝❥✐ ♥✐❡❞❡t❡r♠✐♥✐st②❝③♥❡❣♦ ✇②❜♦r✉
♣♦♠②➧❧❛♥❡❥ ❥❛❦♦ r❡❛❧✐③❛❝❥❛ ❦✇❛♥t②✜❦❛t♦r❛ ❡❣③②st❡♥❝❥♦♥❛❧♥❡❣♦
✭♣♦r✳ ❬❍❑❚✵✷❪✮✳ ❉❧❛❝③❡❣♦ t❛❦ ❥❡st❄
✶➦ ❩❛s❛❞❛ ▼❆❳ ♠❛❦s②♠❛❧♥❡❣♦ ♥✐❡❦♦♥✢✐❦t♦✇❡❣♦ ✇②❜♦r✉ ❡❧✐♠✐✲
♥✉❥❡ ✉♥❢❛✐r♥❡ss
✷➦ ❲②❦♦♥②✇❛♥✐❡ ✐♥str✉❦❝❥✐ ❛t♦♠♦✇❡❥ ♥✐❡ ♠♦➺❡ tr✇❛➣ ❞➟✉➺❡❥ ♥✐③
t♦ ❥❡st ❞❧❛ ♥✐❡❥ ♣r③❡✇✐❞③✐❛♥❡✦ ✭♠♦✇❛ ♦ ❞r✉❣✐♠ ♥✐❡❞❡t❡r♠✐♥✐✲
st②❝③♥②♠ ✇②❜♦r③❡ ✐♥str✉❦❝❥✐ ❞♦ ③❛❦♦➠❝③❡♥✐❛✮ ✇ ♠♦❞❡❧✉ ▼❆❳✳

❩❛➟ó➺♠②✱ ➺❡ ✉t✇♦r③♦♥♦ s✐❡➣ ♦❜❡❥♠✉❥→❝→ ❝♦♥❛❥♠♥✐❡❥ tr③② ❦♦♠✲
♣✉t❡r② ✭♠♦❣→ s✐➛ ♦♥❡ ③♥❛❥❞♦✇❛➣ ✇ P❛r②➺✉✱ ▲♦♥❞②♥✐❡ ✐ ❇❡r❧✐✲
♥✐❡✮✳ ❲➛③➟♦♠ s✐❡❝✐ ♥❛❞❛♥♦ ♥✉♠❡r② ✷✱ ✶✷ ✐ ✶✸✳ ❏❡➧❧✐ ✇ ♣r♦❣r❛♠✐❡
✜rst✳❧♦❣ ③❛♠✐❡♥✐♠② ✐♥str✉❦❝❥❡ t✇♦r③❡♥✐❛ ♦❜✐❡❦tó✇ ♣r♦❝❡s✉ ✇r✐✲
t❡r ✇ t❡♥ s♣♦só❜





✭✯ t✇♦r③❡♥✐❡ ♦❜✐❡❦tó✇ ♣r♦❝❡s✉ ✇r✐t❡r ✯✮
✇✶ ✿❂ ♥❡✇ ✇r✐t❡r✭✶✷✱ ✏❇♦♥❥♦✉r tr✐st❡ss❡ ❇♦♥❥♦✉r tr✐st❡ss❡✑✮❀
✇✷ ✿❂ ♥❡✇ ✇r✐t❡r✭✷✱ ✏❲❡❧❝♦♠❡ t♦ ▲♦♥❞♦♥✑✮❀
✇✸ ✿❂ ♥❡✇ ✇r✐t❡r✭✶✸✱ ✏❲✐❧❧❦♦♠❡♥ ✐♥ ❇❡r❧✐♥✑✮❀

t♦ ❦❛➺❞② ♣✐s❛r③ ✇②❞r✉❦✉❥❡ s✇ó❥ t❡❦st ♥❛ s✇♦✐♠ ❡❦r❛♥✐❡✳ ◆✐❡
❜➛❞③✐❡ ❡❢❡❦t✉ ♣r③❡♠✐❡s③❛♥✐❛ ✐ tr✉❞♥♦ ♠ó✇✐❝ ♦ ♥✐❡❞❡t❡r♠✐♥✐③♠✐❡
t❛❦ ♣r♦st②❝❤ ♦❜❧✐❝③❡➠✳ ❚③♥✳ ♥✐❡ ✇❛rt♦ ❣♦ r♦③♣❛tr②✇❛➣✳
❆❧❡ ♥❛❞❛❧ ♠♦➺❡♠② ③❛♦❜s❡r✇♦✇❛➣ ♥✐❡❞❡t❡r♠✐♥✐③♠ ♦❜❧✐❝③❡➠ r♦③✲
♣r♦s③♦♥②❝❤✳ ❚r③❡❜❛ ❥❡❞♥❛❦ ♥❛♣✐s❛➣ ♥✐❡❝♦ ❞➟✉➺s③② ♣r♦❣r❛♠✳
❉r✉❦♦✇❛♥✐❡ ♠♦➺❡♠② ③❧❡❝✐➣ ❥❡❞♥❡♠✉ ♦❜✐❡❦t♦✇✐ ♣r♦❝❡s✉ ❡❦r❛♥✳
✭❩❡❝❤❝✐❡❥ ♥❛♣✐s❛➣ t❛❦✐ ♣r♦❝❡s✳✮ ▼♦➺❡♠② ✉t✇♦r③②➣ ♦❜✐❡❦t e t②♣✉
❡❦r❛♥ ✐ ♣r③❡❦❛③❛➣ ❣♦ ❥❛❦♦ ♣❛r❛♠❡tr ♦❜✐❡❦t♦♠ ✇✶✱ ✇✷✱ ✇✸✳ ❖❜✐❡❦t②
♣r♦❝❡s✉ ✇r✐t❡r ♣r③❡❦❛③②✇❛➣ ❜➛❞→ ③❧❡❝❡♥✐❡ ❞r✉❦♦✇❛♥✐❛ ♦❜✐❡❦✲
t♦✇✐ ❡ t②♣✉ ❡❦r❛♥✳ ❩♥♦✇✉ ♠♦➺❡ ❞♦❥➧➣ ❞♦ ♣r③❡♠✐❡s③❛♥✐❛ ❧✐t❡r✳
▼♦➺♥❛ t❡➺ ❞r✉❦♦✇❛♥✐❡ ✉♣♦r③→❞❦♦✇❛➣ st♦s✉❥→❝ ♥❛r③➛❞③✐❡ ③♥❛❡
❥❛❦♦ s❡♠❛❢♦r✳
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■♥✐t✐❛❧✐③❛t✐♦♥
r❡t✉r♥

① ∈P❛ss✐✈❡
r❡t✉r♥

①∈❆❝t✐✈❡
❡♥❞ ▼②Pr♦❝❡s

♥❡✇ ▼②Pr♦❝❡s✭✮

①✿❂

r❡s✉♠❡✭①✮

❘②s✉♥❡❦ ✶✳ ❉✐❛❣r❛♠ ✭s❝❡♥❛r✐✉s③✮ st❛♥ó✇
♦❜✐❡❦t✉ ♣r♦❝❡s✉

✷✳ ❙❦➟❛❞♥✐❛ ✐ s❡♠❛♥t②❦❛

P♦♥✐➺❡❥ ♣r③❡❞st❛✇✐❛♠② s❦➟❛❞♥✐➛ ✐ s❡♠❛♥t②❦❡ ♣♦❧❡❝❡➠ ❞♦t②✲
❝③→❝②❝❤ ♣r♦❝❡só✇✳ ❩❡❝❤❝✐❡❥ ③❛✉✇❛➺②❝ ❥❛❦ ♥✐❡✇✐❡❧❡ ♣♦tr③❡❜❛✱
❜② r♦③s③❡r③②➣ ❥➛③②❦ ♦❜❧✐❝③❡➠ s❡❦✇❡♥❝②❥♥②❝❤ t❛❦ ❜② ♠♦➺♥❛ ❜②➟♦
♣r♦❣r❛♠♦✇❛➣ ♦❜❧✐❝③❡♥✐❛ ✇s♣ó➟❜✐❡➺♥❡ ✐ r♦③♣r♦s③♦♥❡✳ ◆❛r③➛❞③✐❛
s➟✉➺→❝❡ ♣r♦❣r❛♠♦✇❛♥✐✉ ♦❜❧✐❝③❡➠ ✇s♣ó➟❜✐❡➺♥②❝❤ ✐ r♦③♣r♦s③♦♥②❝❤
s→ ♥❛t✉r❛❧♥❡✱ ✇ t②♠ s❡♥s✐❡✱ ➺❡ s→ ③❣♦❞♥❡ ③ ❦♦♥❝❡♣❝❥→ ♣r♦❣r❛✲
♠♦✇❛♥✐❛ ♦❜✐❡❦t♦✇❡❣♦✳
❏➛③②❦ L10 ❥❡st r♦③s③❡r③❡♥✐❡♠ ♣♦♣r③❡❞♥✐❡❣♦ ❥➛③②❦❛ L9✳

L9  L10

❉❡❦❧❛r❛❝❥❡✳ ❲ t②♠ r♦③s③❡r③❡♥✐✉ ❥➛③②❦❛ ③♥❛❥❞✉❥❡♠② ❞❡❦❧❛✲
r❛❝❥❡ ♣r♦❝❡só✇ ✕ ♠♦❞✉➟ó✇ ✐ ❞❡❦❧❛r❛❝❥❡ ③♠✐❡♥♥②❝❤ t②♣✉ ♣r♦❝❡s✳
❉❡❦❧❛r❛❝❥❛ ♠♦❞✉➟✉ ♣r♦❝❡ss ❥❡st ♣♦❞♦❜♥❛ ❞♦ ❞❡❦❧❛r❛❝❥✐ ❦❧❛s②
❝③② ✇s♣ó➟♣r♦❣r❛♠✉✱ ③ t②♠✱ ➺❡ s➟♦✇♦ ❝❧❛ss ♥❛❧❡➺② ③❛st→♣✐➣ ♣r③❡③
♣r♦❝❡ss✳ ❲ tr❡➧❝✐ t❛❦✐❡❣♦ ♠♦❞✉➟✉ ♠♦❣→ ✇②st→♣✐➣ ✐♥str✉❦❝❥❡
③❛r③→❞③❛❥→❝❡ ♦❜✐❡❦t❛♠✐ ♣r♦❝❡só✇ ✭s→ ♦♥❡ ✇②❧✐❝③♦♥❡ ♣♦♥✐➺❡❥✮✳

❉❡✜♥✐❝❥❛ ✷✺✳✹✳ ◆✐❡❝❤ P ❜➛❞③✐❡ ✐❞❡♥t②✜❦❛t♦r❡♠✱ ♣❛r❛♠s ✕
❧✐st→ ♣❛r❛♠❡tró✇ ❢♦r♠❛❧♥②❝❤✳ ❉❡❦❧❛r❛❝❥❛ ♠♦❞✉➟✉ ♣r♦❝❡s✉ ♠❛
♥❛st➛♣✉❥→❝→ ♣♦st❛➣

✉♥✐t P✿ ♣r♦❝❡ss✭♣❛r❛♠s✮❀ D ❜❡❣✐♥ I ❡♥❞
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▼♦❞✉➟ ♣r♦❝❡s✉ ♠♦➺❡ r♦③s③❡r③❛➣ ✭t❥✳ ❞③✐❡❞③✐❝③②➣ ③✮ ♠♦❞✉➟✉
❦❧❛s② ❧✉❜ ✇s♣ó➟♣r♦❣r❛♠✉✳ ◆✐❡❝❤ ❑ ❜➛❞③✐❡ ♥❛③✇→ ③❛❞❡❦❧❛r♦✲
✇❛♥❡❥ ❦❧❛s②✳

✉♥✐t ❑✿ ❝❧❛ss✭♣❛r❛♠sK✮❀ DK ❜❡❣✐♥ IK ❡♥❞ ❑❀
✉♥✐t P✿ ❑ ♣r♦❝❡ss✭♣❛r❛♠sP ✮❀ DP ❜❡❣✐♥ IP ❡♥❞ P

▼♦➺❧✐✇❛ ❥❡st t❛❦➺❡ s❡❦✇❡♥❝❥❛ ♦❞✇r♦t♥❛ ✇ ❦tór❡❥ ♠♦❞✉➟ ❦❧❛s②
❞③✐❡❞③✐❝③② ③ ♠♦❞✉➟✉ ♣r♦❝❡s✉

✉♥✐t P✿ ♣r♦❝❡ss✭♣❛r❛♠sP ✮❀ DP ❜❡❣✐♥ IP ❡♥❞ P❀
✉♥✐t ❑✿ P ❝❧❛ss✭♣❛r❛♠sK✮❀ DK ❜❡❣✐♥ IK ❡♥❞ ❑

✇②♥✐❦ ♦♣❡r❛❝❥✐ r♦③s③❡r③❛♥✐❛ ❥❡st ♠♦❞✉➟❡♠ ♣r♦❝❡s✉✳

❲ ▲♦❣❧❛♥✐❡✬✽✷ ♣r③②❥➛t♦ ♥❛st➛♣✉❥→❝❡ ❞♦❞❛t❦♦✇❡ ♦❣r❛♥✐❝③❡♥✐❛
♥❛ ♣♦st❛➣ ❞❡❦❧❛r❛❝❥✐ ♠♦❞✉➟✉ ♣r♦❝❡s✉✿

• ❉❡❦❧❛r❛❝❥❛ ♣r♦❝❡s✉ ♠✉s✐ ❜②➣ ③❛✇❛rt❛ ❜❡③♣♦➧r❡❞♥✐♦ ✇➧ró❞
❞❡❦❧❛r❛❝❥✐ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦ ✭t❥✳ ♠✉s✐ ❜②➣ ❞❡❦❧❛r❛❝❥→
t♦♣✲❧❡✈❡❧✮✳

• P✐❡r✇s③② ♣❛r❛♠❡tr ❢♦r♠❛❧♥② ♥❛ ❧✐➧❝✐❡ ♣❛r❛♠s ♣❛r❛♠❡✲
tró✇ ❢♦r♠❛❧♥②❝❤ ♠♦❞✉➟✉ ♣r♦❝❡s✉ ♠✉s✐ ❜②➣ t②♣✉ ✐♥t❡✲
❣❡r✳ ❲❛rt♦➧➣ ♣✐❡r✇s③❡❣♦ ♣❛r❛♠❡tr✉ ❛❦t✉❛❧♥❡❣♦ ✇ ✇②✲
r❛➺❡♥✐✉ ♥❡✇ ❣❡♥❡r✉❥→❝②♠ ♣r♦❝❡s✱ ❞❡❝②❞✉❥❡ ♥❛ ❦tór②♠
♣r♦❝❡s♦r③❡ ❜➛❞③✐❡ ❛❧♦❦♦✇❛♥② ♦❜✐❡❦t ♣r♦❝❡s✉✶✳

• P❛r❛♠❡tr② ❢♦r♠❛❧♥❡ ♣r♦❝❡s✉ ♠♦❣→ ❜②➣ t②♣✉ ♣✐❡r✇♦t✲
♥❡❣♦ ❧✉❜ t②♣✉ ♣r♦❝❡s✳ ◆✐❡❞♦♣✉s③❝③❛❧♥❡ ❥❡st ❜② ♣❛r❛✲
♠❡tr ❛❦t✉❛❧♥② ❜②➟ t②♣✉ t❛❜❧✐❝♦✇❡❣♦ ❧✉❜ ♦❜✐❡❦t♦✇❡❣♦
✭③❛ ✇②❥→t❦✐❡♠ ♦❜✐❡❦tó✇ ♣r♦❝❡só✇✮✳✷

• ❲ ♠♦❞✉❧❡ ♣r♦❝❡s✉ ♥✐❡ ✇②st➛♣✉❥→ ③♠✐❡♥♥❡ ♥✐❡❧♦❦❛❧♥❡✳
❚♦ ♦❣r❛♥✐❝③❡♥✐❡ ✇②♥✐❦❛ ✇ ♥❛t✉r❛❧♥② s♣♦só❜✱ ❣❞② ③r♦✲
③✉♠✐❡♠②✱ ➺❡ ♦❜✐❡❦t② ♣r♦❝❡s✉ ♠♦❣→ ❜②➣ ❛❧♦❦♦✇❛♥❡ ♥❛
♦❞❞③✐❡❧♥②❝❤ ❦♦♠♣✉t❡r❛❝❤ ✭♣♦➟→❝③♦♥②❝❤ s✐❡❝✐→✮✳

❉❡✜♥✐❝❥❛ ✷✺✳✺✳ ◆✐❡❝❤ P ❜➛❞③✐❡ ♥❛③✇→ ♠♦❞✉➟✉ ♣r♦❝❡s✉✳ ◆❛♣✐s
♣♦st❛❝✐

✈❛r ❛✿ P❀

❥❡st ❞❡❦❧❛r❛❝❥→ ③♠✐❡♥♥❡❥ ❛ t②♣✉ ♣r♦❝❡s P✳

❉❡❦❧❛r❛❝❥❡ ③♠✐❡♥♥②❝❤ t❡❣♦ s❛♠❡❣♦ t②♣✉ P ♠♦➺♥❛ ➟→❝③②➣✱ ♥♣✳
✈❛r ❛✱❜✿ P❀
❥❡st ❞❡❦❧❛r❛❝❥→ ❞✇✉ ③♠✐❡♥♥②❝❤ ❛ ✐ ❜ t②♣✉ ♣r♦❝❡s P✳

✶❏❡➧❧✐ ♠♦❞✉➟ ♣r♦❝❡s✉ ❞③✐❡❞③✐❝③② ③ ❦❧❛s② K✱ t♦ t❡♥ ♣❛r❛✲
♠❡tr ❜➛❞③✐❡ ♣♦♣r③❡❞③♦♥② ♣❛r❛♠❡tr❛♠✐ ❛❦t✉❛❧♥②♠✐ ❦♦♥str✉❦✲
t♦r❛ ❦❧❛s② K✳

✷❚♦ ✇②♠❛❣❛♥✐❡ ♠♦➺♥❛ ➟❛t✇♦ ✉s✉♥→➣ ✇ ♥♦✇❡❥ ✇❡rs❥✐ ❦♦♠♣✐✲
❧❛t♦r❛ ✐ ③❛st→♣✐➣ ♣r③❡③ ✇②♠ó❣ ♣r③❡s②➟❛♥✐❛ ❦♦♣✐✐ ♦❜✐❡❦t✉✳
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■♥str✉❦❝❥❡✳ ❲ ❥➛③②❦✉ L10 ♣♦❥❛✇✐❛ s✐❡ ❦✐❧❦❛ ♥♦✇②❝❤ ✐♥str✉❦❝❥✐
❛t♦♠♦✇②❝❤✳ ◆❛t♦♠✐❛st ③❛❝❤♦✇❛♥❡ ③♦st❛❥→ ❦♦♥str✉❦❝❥❡ ♣r♦❣r❛✲
♠♦t✇ór❝③❡✿ ✐❢✱ ❢♦r✱ ✇❤✐❧❡ ♦r❛③ ➧r❡❞♥✐❦✳

❉❡✜♥✐❝❥❛ ✷✺✳✻✳ ◆❛st➛♣✉❥→❝❡ ♥❛♣✐s② s→ ✐♥str✉❦❝❥❛♠✐ ❛t♦♠♦✲
✇②♠✐ ✇ ❥➛③②❦✉ L10

• ✐♥str✉❦❝❥❡ ❛t♦♠♦✇❡ ❥➛③②❦❛ L9 ♦r❛③
• ✐♥str✉❦❝❥❛ ✉t✇♦r③❡♥✐❛ ♦❜✐❡❦t✉ ♣r♦❝❡s✉ ✐ ♣r③②♣✐s❛♥✐❛ ❣♦
❞♦ ③♠✐❡♥♥❡❥✱ ♥♣✳

① ✿❂ ♥❡✇ ▼②♣r♦❝❡s✭✭✯♥♦❞❡❂✯✮ ✽✱ ✳✳✳✮ ❀
• ♣♦❧❡❝❡♥✐❡ r❡s✉♠❡✱ ♥♣✳

r❡s✉♠❡✭①✮
• ♣♦❧❡❝❡♥✐❡ ♦❜❝❡❣♦ ✇②✇♦➟❛♥✐❛ ♠❡t♦❞② ✇ ♦❜✐❡❦❝✐❡ ♣r♦✲
❝❡s✉ ♥♣✳

❝❛❧❧ ①✳♠❡t❤✭✳✳✳✮ ✸

• ♣♦❧❡❝❡♥✐❡ ❛❝❝❡♣t✱ ♥♣✳
❛❝❝❡♣t ♠❡t❤✶✱ ♠❡t❤✸

• ♣♦❧❡❝❡♥✐❡ ❡♥❛❜❧❡✱ ♥♣✳
❡♥❛❜❧❡ ♠❡t❤✶✱ ♠❡t❤✷ ❀

• ♣♦❧❡❝❡♥✐❡ ❞✐s❛❜❧❡✱ ♥♣✳
❞✐s❛❜❧❡ ♠❡t❤✸ ❀

• ♣♦❧❡❝❡♥✐❡ st♦♣
st♦♣❀

• ♣♦❧❡❝❡♥✐❡ r❡t✉r♥
✇ ♠❡t♦❞❛❝❤ ③❛❞❡❦❧❛r♦✇❛♥②❝❤ ✇❡✇♥→tr③ ♠♦❞✉➟✉ ♣r♦✲
❝❡ss ♣♦❧❡❝❡♥✐❡ r❡t✉r♥ ♠♦➺❡ ♣r③②❥→➣ ♣♦st❛➣ ❥❛❦ ✇ ♣♦✲
♥✐➺s③②♠ ♣r③②❦➟❛❞③✐❡

r❡t✉r♥ ❞✐s❛❜❧❡ ♠❡t❤✷✱ ♠❡t❤✹ ❡♥❛❜❧❡ ♠❡t❤✶✱ ♠❡t❤✺ ❀

❑❧❛st❡r ♣r♦❝❡s♦ró✇ ❱▲P✳ Pr♦❝❡s♦r ❱▲P ❥❡st ✇✐rt✉❛❧♥→ ♠❛✲
s③②♥→ ❧♦❣❧❛♥♦✇s❦→✳ ▼♦➺❡s③ ♠✉ ③❧❡❝✐➣ ró③♥❡ ③❛❞❛♥✐❛✳ ③r③✉t ❡❦r✳
Pr♦❝❡s♦r ❱▲P ♠♦➺❡ ➟→❝③②➣ s✐➛ ③ ✐♥♥②♠✐ ♣r♦❝❡s♦r❛♠✐✳ ❲ t❡♥
s♣♦só❜ ♠♦➺❡s③ ✉t✇♦r③②➣ ❦❧❛st❡r ✭❛♥❣✳ ❝❧✉st❡r✮✳

❉❡❦❧❛r❛❝❥❡ ♣r♦❝❡só✇✳ ❉❡❦❧❛r❛❝❥❡ s→ ♥✐❡③❜➛❞♥❡ ❜② ♠♦➺♥❛ ❜②➟♦
✉t✇♦r③②➣ ♦❜✐❡❦t② ♣r♦❝❡só✇✳
❉❡❦❧❛r❛❝❥❛ ♠♦❞✉➟✉ ♣r♦❝❡s✉ t②❧❦♦ ♥✐❡③♥❛❝③♥✐❡ ró➺♥✐ s✐➛ ♦❞ ❞❡✲
❦❧❛r❛❝❥✐ ❦❧❛s②✿

✐✮ ③❛♠✐❛st s➟♦✇❛ ❝❧❛ss ♥❛❧❡➺② ♥❛♣✐s❛➣ ♣r♦❝❡ss✱
✐✐✮ tr③❡❜❛ ♣❛♠✐➛t❛➣✱ ➺❡ ✇s③②st❦✐❡ ❧♦❦❛❧♥❡ ③♠✐❡♥♥❡ ♣r♦❝❡s✉

s→ ♣r②✇❛t♥❡✱
✐✐✐✮ ♣✐❡r✇s③② ♣❛r❛♠❡tr ❢♦r♠❛❧♥② ✭t❥✳ ♣✐❡r✇s③② ❛r❣✉♠❡♥t✮

❞❡❦❧❛r❛❝❥✐ ❥❡st ♣r③❡③♥❛❝③♦♥② ♥❛ ♣r③❡❦❛③❛♥✐❡ ♥✉♠❡r✉
✇✐rt✉❛❧♥❡❣♦ ❧♦❣❧❛♥♦✇s❦✐❡❣♦ ♣r♦❝❡s♦r❛ ✇ ✇✐rt✉❛❧♥②♠
❦❧❛str③❡ ❧♦❣❧❛♥♦✇s❦✐❝❤ ♣r♦❝❡s♦ró✇ ✭③♦❜✳ ♣♦♥✐➺❡❥✮✱

✸❣❞② ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ ① ❥❡st ♦❜✐❡❦t ♣r♦❝❡s✉ t♦ ♣♦❧❡❝❡♥✐❡
❝❛❧❧ ✇②❦♦♥②✇❛♥❡ ❥❡st ✇❡❞➟✉❣ ♣r♦t♦❦♦➟✉ ♦❜❝❡❣♦ ✇♦➟❛♥✐❛ ♠❡t♦❞②
✕ ❛❧✐❡♥ ❝❛❧❧✳

✹✸✽



❉❡❦❧❛r❛❝❥❡ ③♠✐❡♥♥②❝❤ t②♣✉ ♣r♦❝❡ss ♥✐❝③②♠ ♥✐❡ ró➺♥✐→ s✐➛ ♦❞
❞❡❦❧❛r❛❝❥✐ ③♠✐❡♥♥②❝❤ ♦❜✐❡❦t♦✇②❝❤✳ ❲❛rt♦➧❝✐❛♠✐ t❛❦✐❝❤ ③♠✐❡♥✲
♥②❝❤ s→ ♦❜✐❡❦t② ♣r♦❝❡só✇✳

P♦❧❡❝❡♥✐❛ s♣❡❝②✜❝③♥❡ ♣r♦❝❡só✇✳ P❛r➛ s➟ó✇ ♦ ♣♦❧❡❝❡♥✐❛❝❤✳
❖❜✐❡❦t ♣r♦❝❡s✉ t✇♦r③②♠② ✇②❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❡ ① ✿❂♥❡✇ ▼②♣r♦❝❡s✭♣✱
✳✳✳✮✳ ❩✇r❛❝❛♠② ✉✇❛❣➛ ♥❛ t♦✱ ➺❡ ♣✐❡r✇s③② ❛r❣✉♠❡♥t ♣ ✇②③♥❛❝③❛
♣r♦❝❡s♦r ♥❛ ❥❛❦✐♠ ❜➛❞③✐❡ ❛❧♦❦♦✇❛♥② ♦❜✐❡❦t ♣r♦❝❡s✉✳ ❚②♣ t❡❣♦
❛r❣✉♠❡♥t✉ ♠✉s✐ ❜②➣ ❧✐❝③❜→ ❝❛➟❦♦✇✐t→✱ ♥✐❡✉❥❡♠♥→✳
❏❡➧❧✐ ✇❛rt♦➧➣ ♣ ❥❡st ró✇♥❛ ③❡r♦ t♦ ♥♦✇♦t✇♦r③♦♥② ♦❜✐❡❦t ♣r♦✲
❝❡s✉ ❥❡st ❛❧♦❦♦✇❛♥② ♥❛ t②♠ ♣r♦❝❡s♦r③❡✱ ❦tór② ✇②❦♦♥✉❥❡ ✐♥str✉❦✲
❝❥➛✳ ❚❡♥ s❛♠ ♣r♦❝❡s♦r ❜➛❞③✐❡ ✇②❦♦♥②✇❛➣ ✐♥str✉❦❝❥❡ ♣r♦❝❡s✉ ♣
♣♦ ✇③♥♦✇✐❡♥✐✉ ♣r③❡③ ♣♦❧❡❝❡♥✐❡ r❡s✉♠❡✭♣✮✳ ❲❛rt♦➧➣ ❛r❣✉♠❡♥t✉ ♣
ró➺♥❛ ♦❞ ③❡r❛ ✇s❦❛③✉❥❡ ♥❛ ♥✉♠❡r ♣r♦❝❡s♦r❛ ❱▲P ✇ ❦❧❛str③❡
✇✐rt✉❛❧♥②❝❤ ♣r♦❝❡s♦ró✇ ❧♦❣❧❛♥♦✇s❦✐❝❤✳ ◆♦✇♦✉t✇♦r③♦♥② ♦❜✐❡❦t
♣r♦❝❡s✉ ❥❡st P❛s②✇♥②✳ ❚③♥✳ ❥❡st ❣♦tó✇ ❞♦ r♦③♣♦❝③➛❝✐❛ ♦❜❧✐❝③❡➠
✇❡❞➟✉❣ s✇♦❥❡❣♦ ♣r♦❣r❛♠✉✳

❩♠✐❛♥❛ st❛♥✉ ♦❜✐❡❦t✉ ♣r♦❝❡s✉ ♥❛ ❆❦t②✇♥② t❥✳ ✉❛❦t②✇♥✐❡✲
♥✐❡ ❧✉❜ ✇③♥♦✇✐❡♥✐❡ ♦❜✐❡❦t✉ ♣r♦❝❡s✉ ①✱ ♠❛ ♠✐❡❥s❝❡ ❣❞② ✇②❦♦✲
♥❛♥♦ ♣♦❧❡❝❡♥✐❡ r❡s✉♠❡✭①✮✳ ❩✇ró➣ ✉✇❛❣➛ ♥❛ t♦✱ ➺❡ ✇ ♦❞ró➺♥✐❡♥✐✉
♦❞ ♦❜✐❡❦tó✇ ✇s♣ó➟♣r♦❣r❛♠ó✇ ✕ ✇✐❡❧❡ ♦❜✐❡❦tó✇ ♣r♦❝❡só✇ ♠♦➺❡
❜②➣ ♥❛r❛③ ✇ st❛♥✐❡ ❆❦t②✇♥②✳
❏❡➧❧✐ ♣♦❧❡❝❡♥✐❡ ✇②❦♦♥②✇❛♥❡ ❥❡st ♥❛ ♣r♦❝❡s♦r③❡ ♦ ♥✉♠❡r③❡ ✼✱
❛ ♦❜✐❡❦t ❥❡st ❛❧♦❦♦✇❛♥② ♥❛ ♣r♦❝❡s♦r③❡ ✷ t♦ ♣♦❧❡❝❡♥✐❡ ❛❦t②✇❛✲
❝❥✐ ❥❡st ♣r③❡❦❛③②✇❛♥❡ t❡♠✉ ❞r✉❣✐❡♠✉ ♣r♦❝❡s♦r♦✇✐ ✕ ✇ ❡❢❡❦❝✐❡
♦❜✐❡❦t ❥❡st ✇②❦♦♥②✇❛♥② ♥❛ t②♠ ♣r♦❝❡s♦r③❡ ♥❛ ❦tór②♠ ❜②➟ ❛❧♦✲
❦♦✇❛♥②✳

❖❜✐❡❦t ❛❦t②✇♥② ♠♦➺❡ ✇②❦♦♥②✇❛➣ ✇✐❡❧❡ ♣♦❧❡❝❡➠✱ ❦tór❡ ♣♦✲
③♥❛❧✐➧♠② ✇❝③❡➧♥✐❡❥✿ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛✱ ✇❛r✉♥❦♦✇❡✱ ✐t❡r❛✲
❝❥✐ ❡t❝✳ ■♥str✉❦❝❥❡ t❡ ♣♦✇♦❞✉❥→ ③♠✐❛♥➛ st❛♥✉ ♦❜✐❡❦t✉ ♣r♦❝❡s✉✳
❲❛➺♥②♠ ❡❧❡♠❡♥t❡♠ st❛♥✉ ♦❜✐❡❦t✉ ♣r♦❝❡s✉ ❥❡st ❞♦st➛♣♥♦➧➣ ✭♣✉✲
❜❧✐❝✮ ❧✉❜ ♥✐❡❞♦st➛♣♥♦➧➣ ✭♣r✐✈❛t❡✮ ♠❡t♦❞ ♦❜✐❡❦t✉✳ ◆❛ ♣♦❝③→t❦✉
✇s③②st❦✐❡ ♠❡t♦❞② ♦❜✐❡❦t✉ ♣r♦❝❡s✉ s→ ✉❦r②t❡ ✭♣r✐✈❛t❡✮✳ P♦❧❡❝❡✲
♥✐❡ ❡♥❛❜❧❡ ♠❡t✶✱ ♠❡t✹ ✉❞♦st➛♣♥✐❛ ✇②❧✐❝③♦♥❡ ♠❡t♦❞② ✐♥♥②♠ ♦❜✐❡❦✲
t♦♠✳ ❆ ❞♦❦➟❛❞♥✐❡❥ ❞♦❞❛❥❡ t❡ ♠❡t♦❞② ❞♦ ③❜✐♦r✉ ❥✉➺ ✇❝③❡➧♥✐❡❥
✉❞♦st➛♣♥✐♦♥②❝❤ ✭❡♥❛❜❧❡❞✮ ♠❡t♦❞✳ ▼♦➺♥❛ s♦❜✐❡ ✇②♦❜r❛③✐❝✱ ➺❡
❡❧❡♠❡♥t❡♠ st❛♥✉ ♦❜✐❡❦t✉ ♣r♦❝❡s✉ ❥❡st ③❜✐ór ♠❡t♦❞ ✉❞♦st❡♣✲
♥✐♦♥②❝❤✱ ♦③♥❛❝③❛♠② ❣♦ ▼❆❙❑✳ P♦❧❡❝❡♥✐❡ ❞✐s❛❜❧❡ ♠❡t✷✱ ♠❡t✸ ✉s✉✇❛
♥❛③✇② t②❝❤ ♠❡t♦❞ ③❡ ③❜✐♦r✉ ▼❆❙❑✳ ▼♦➺❡♠② ✉✇❛➺❛➣✱ ➺❡ ♦❞t→❞
♠❡t♦❞② t❡ s→ ♣r②✇❛t♥❡ ✐ ♥✐❡❞♦st➛♣♥❡ ③ ③❡✇♥→tr③✳

❖❜❝❡ ✇♦➟❛♥✐❡ ♠❡t♦❞②✳ ❖❜✐❡❦t② ♣r♦❝❡só✇ ♠♦❣→ ✇s♣ó➟❞③✐❛✲
➟❛➣✳ P♦❞st❛✇→ ✇s♣ó➟❞③✐❛➟❛♥✐❛ ❥❡st ♦r②❣✐♥❛❧♥② ♣r♦t♦❦ó➟ ♦❜❝❡❣♦
✇♦➟❛♥✐❛ ♠❡t♦❞ ✭❛♥❣✳ ❛❧✐❡♥ ❝❛❧❧✮ ✇②♠②➧❧♦♥② ♣r③❡③ ❇♦❧❦❛ ❈✐❡✲
s✐❡❧s❦✐❡❣♦ ✇ r✳ ✶✾✽✽ ❬❈✐❡✽✾✱ ❙❲✾✶❪✳ ◆✐❡ s♣♦t❦❛❧✐➧♠② ♣♦❞♦❜♥❡❥
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❦♦♥❝❡♣❝❥✐ ✇ ➺❛❞♥②♠ ✐♥♥②♠ ❥➛③②❦✉ ♣r♦❣r❛♠♦✇❛♥✐❛✳ P♦❞❝③❛s ♦❜✲
❝❡❣♦ ✇♦➟❛♥✐❛ ♠❡t♦❞② ✇s♣ó➟♣r❛❝✉❥→ ③❡ s♦❜→ ❞✇❛ ♦❜✐❡❦t② ♣r♦❝❡✲
só✇✳ ❏❡❞❡♥ ♣r♦❝❡s ③❛✇✐❡r❛ ♣♦❧❡❝❡♥✐❡ ✇②✇♦➟❛♥✐❛ ♠❡t♦❞②✱ s❛♠❛
♠❡t♦❞❛ ❥❡st ③❛❞❡❦❧❛r♦✇❛♥❛ ✇ ❞r✉❣✐♠ ♣r♦❝❡s✐❡✳
❙❦➟❛❞♥✐❛ ♦❜❝❡❣♦ ✇♦➟❛♥✐❛ ♠❡t♦❞② ♠❛ ❞✇❛ s❦➟❛❞♥✐❦✐✱ ❥❡❞❡♥ ✇
♦❜✐❡❦❝✐❡ ② ♣r♦❝❡s✉ ✇②✇♦➟✉❥→❝②♠ ♠❡t♦❞➛ ♠❡t❤❞ ③❛❞❡❦❧❛r♦✇❛♥→
✇ ✐♥♥②♠ ♦❜✐❡❦❝✐❡ ① ♣r♦❝❡s✉✿ ❝❛❧❧ ①✳♠❡t❤✳ ❉r✉❣✐ s❦➟❛❞♥✐❦ ✇②st➛✲
♣✉❥❡ ✇ ✇②✇♦➟②✇❛♥②♠ ♦❜✐❡❦❝✐❡ ① ✐ ❥❡st t♦ ❛❧❜♦ ♣♦❧❡❝❡♥✐❡ ❛❝❝❡♣t
✳✳✳✱ ♠❡t❤❞✱ ✳✳✳❀ ❛❧❜♦ ♣♦❧❡❝❡♥✐❡ ❡♥❛❜❧❡ ♠❡t❤❞❀✳ ❲ ♣✐❡r✇s③②♠ ♣r③②♣❛❞❦✉
♠ó✇✐♠② ♦ s②♥❝❤r♦♥✐❝③♥②♠ ✇②❦♦♥❛♥✐✉ ♣♦❧❡❝❡➠

②✿✿ ❝❛❧❧ ①✳♠❡t❤❞✭❛r❣s✮ ‖ ①✿✿ ❛❝❝❡♣t ♠❡t❤❞

❲ ❞r✉❣✐♠ ♣r③②♣❛❞❦✉ ♠❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ③ ❛s②♥❝❤r♦♥✐❝③♥②♠✱
t❛❦➺❡ ✇s♣ó❧♥②♠✱ ✇②❦♦♥❛♥✐❡♠ ♣♦❧❡❝❡♥✐❛ ❝❛❧❧ ①✳ ♠❡t❤❞✭✳✮ ♣r③❡③ ♦❜❛
♦❜✐❡❦t② ♣r♦❝❡só✇✳

②✿✿ ❝❛❧❧ ①✳♠❡t❤❞✭❛r❣s✮ ‖ ①✿✿







❡♥❛❜❧❡ ♠❡t❤❞❀
✳✳✳❀
✳✳✳❀
✳✳✳❀







❏❛❦ ✇②t➟✉♠❛❝③②➣ ♥❛③✇② s②♥❝❤r♦♥✐❝③♥❛ ❧✉❜ ❛s②♥❝❤r♦♥✐❝③♥❛ ♦❞✲
♠✐❛♥❛ ♣r♦t♦❦♦➟✉ ❛❧✐❡♥ ❝❛❧❧❄

s✮ ③s②♥❝❤r♦♥✐③♦✇❛♥❡ ✇②✇♦➟❛♥✐❡ ♠❡t♦❞② ♠❡t❤ ③❛❞❡❦❧❛r♦✲
✇❛♥❡❥ ✇ ♦❜✐❡❦❝✐❡ ① ♣❡✇♥❡❣♦ ♣r♦❝❡s✉✱ ♠❛ ♠✐❡❥s❝❡ ❣❞②
♥❛st→♣✐ s♣♦t❦❛♥✐❡ ✐♥str✉❦❝❥✐ ✇②✇♦➟❛♥✐❛ ♠❡t♦❞② ③ ♦❜✲
❝❡❣♦ ♦❜✐❡❦t✉ ♣r♦❝❡s✉ ③ ✐♥str✉❦❝❥→ ❛❝❝❡♣t ✇ t②♠ ♦❜❝②♠
♦❜✐❡❦❝✐❡✳

❛✮ ❛s②♥❝❤r♦♥✐❝③♥❡ ✇②✇♦➟❛♥✐❡ ♠❡t♦❞② ♠❡t❤ ③❛❞❡❦❧❛r♦✇❡✲
♥❡❥ ✇ ♦❜✐❡❦❝✐❡ ① ♣❡✇♥❡❣♦ ♣r♦❝❡s✉✱ ♠❛ ♠✐❡❥s❝❡ ❣❞②
♦❜✐❡❦t t❡♥ ✉♠♦➺❧✐✇✐➟ ♣r③❡r✇❛♥✐❡ ✇②❦♦♥②✇❛♥✐❛ s✇❡❣♦
❝✐→❣✉ ✐♥str✉❦❝❥✐ ✇②❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❡ ❡♥❛❜❧❡ ♠❡t❤❞✳ Pr③❡✲
r✇❛♥✐❡ t❛❦✐❡ ♠♦➺❡ ♥❛st❛♣✐➣ ✇ ❜❧✐➺❡❥ ♥✐❡❦r❡➧❧♦♥②♠ ♠♦✲
♠❡♥❝✐❡✱ ③❛✇s③❡ ❥❡❞♥❛❦ ♣♦ ③❛❦♦➠❝③❡♥✐✉ ✇②❦♦♥②✇❛♥✐❛
❝❛➟❡❥ ✐♥str✉❦❝❥✐ ❛t♦♠♦✇❡❥ ✭t③♥✳ ♣r③② ➧r❡❞♥✐❦✉✮✳

❘❡❛❧✐③❛❝❥❛ ♣r♦t♦❦♦➟✉ ❛❧✐❡♥ ❝❛❧❧✳ ❖❜✐❡❦t ② ♣❡✇♥❡❣♦ ♣r♦❝❡s✉
✇②❦♦♥✉❥❡ ♣♦❧❡❝❡♥✐❡ ❝❛❧❧ ①✳♠❡t❤❞✭❛r❣s✮✿

✭✶✮ ❙♣r❛✇❞③❛♥❡ s→ ♥❛st➛♣✉❥→❝❡ ✇❛r✉♥❦✐✿ ❝③② ♦❜✐❡❦t ① ✐st✲
♥✐❡❥❡❄ ❝③② ❥❡st ❆❦t②✇♥②❄ ❝③② ♠❡t♦❞❛ ♠❡t❤❞ ❥❡st ✉❞♦✲
st➛♣♥✐♦♥❛ ✭❡♥❛❜❧❡❞✮❄ ●❞② t❡ ✇❛r✉♥❦✐ s→ s♣❡➟♥✐♦♥❡
♣r③❡❝❤♦❞③✐ s✐➛ ❞♦ ❦♦❧❡❥♥❡❣♦ ♣✉♥❦t✉✳ ❏❡➧❧✐ ♥✐❡ t♦ ♦❜✐❡❦t
② ♦❝③❡❦✉❥❡ ♥❛ ✐❝❤ s♣❡➟♥✐❡♥✐❡✳

✭✷✮ ❖❜✐❡❦t ② ♣r③❡❦❛③✉❥❡ ❛r❣✉♠❡♥t② ♦❜✐❡❦t♦✇✐ ① ✐ ♦❝③❡❦✉❥❡
♥❛ s②❣♥❛➟ ③❛❦♦➠❝③❡♥✐❛ ♣r♦t♦❦♦➟✉ ✐ ♥❛ ✇②♥✐❦✐ ♦❞ ♦❜✐❡❦t✉
①✳

✭✸✮ ❖❜✐❡❦t ①
• ③❛♣❛♠✐➛t✉❥❡ ③❜✐ór ✉❞♦st➛♣♥✐♦♥②❝❤ ♠❡t♦❞ ✭③❛♣❛✲
♠✐➛t✉❥❡ ③♠✐❡♥♥→ s②st❡♠♦✇❛ ▼❆❙❑✮✱

✹✹✵



• ③❛♠②❦❛ ❞♦st➛♣ ❞♦ ✇s③②st❦✐❝❤ ♠❡t♦❞ ♦❜✐❡❦t✉ ✭▼❆❙❑
✿❂∅ t❥✳ ✇s③②st❦✐❡ ♠❡t♦❞② ♦❜✐❡❦t✉ s→ ③❛❜❧♦❦♦✲
✇❛♥❡✮✱
• t✇♦r③♦♥② ❥❡st r❡❦♦r❞ ❛❦t②✇❛❝❥✐ ♠❡t♦❞② ♠❡t❤❞✱
• ✇②❦♦♥②✇❛♥❛ ❥❡st tr❡➧➣ t❡❥ ♠❡t♦❞②✱
• ♣♦ ③❛❦♦➠❝③❡♥✐✉ ♦❜✐❡❦t ① ♦❞s②➟❛ ✇②♥✐❦✐ ✕ ❛r❣✉✲
♠❡♥t② ♦✉t✱
• ♦❞t✇❛r③❛ ③❜✐ór ♠❡t♦❞ ❞♦st❡♣♥②❝❤ ♣r③❡❞ r♦③♣♦✲
❝③❡❝✐❡♠ ♣r♦t♦❦♦➟✉ ❛❧✐❡♥ ✭♦❞t✇❛r③❛♥❛ ❥❡st ✇❛rt♦➧➣
③♠✐❡♥♥❡❥ ▼❆❙❑✮✱
• ✇②❦♦♥②✇❛♥❡ ❥❡st ♣♦❧❡❝❡♥✐❡ r❡t✉r♥ ✳✳✳ ❡♥❛❜❧❡ ✳✳✳
❞✐s❛❜❧❡ ✳✳✳❀
• ♦❜✐❡❦t ① ✇②❦♦♥✉❥❡ s✇♦❥→ ❦♦❧❡❥♥→ ✐♥str✉❦❝❥➛

✭✹✮ ♦❜✐❡❦t ② ❦♦♥t②♥✉✉❥❡ s✇♦❥❡ ♦❜❧✐❝③❡♥✐❡
❑♦♠❡♥t❛r③❛ ✇②♠❛❣❛ ♣♦❧❡❝❡♥✐❡ r❡t✉r♥ ❡♥❛❜❧❡ ✳✳✳ ❞✐s❛❜❧❡ ✳✳✳❀ P♦✲
❧❡❝❡♥✐❛ t❡❣♦ ♥✐❡ ♠♦➺♥❛ ♣♦❞③✐❡❧✐➣✱ ❣❞②➺ ✇ t❛❦✐♠ ♣r③②♣❛❞❦✉ ❝③➛➧➣
❡♥❛❜❧❡ ✳✳✳ ❞✐s❛❜❧❡ ✳✳✳ ♥✐❡ ③♦st❛♥✐❡ ✇②❦♦♥❛♥❛ ❧✉❜ ❥❡❥ ❡❢❡❦t ③♦st❛✲
♥✐❡ ③♠❛r♥♦✇❛♥②✳ ❩❛st❛♥ó✇ s✐❡ ❞❧❛❝③❡❣♦ t❛❦ ❜② ❜②➟♦❄
◆❛ ❝③②♠ ♣♦❧❡❣❛ ✇②❦♦♥❛♥✐❡ ♣♦❧❡❝❡♥✐❛ ❛❝❝❡♣t ♠❡t✸✱ ♠❡t✸❄

✭✶✮ ❞♦ ③❜✐♦r✉ ✉❞♦st➛♣♥✐♦♥②❝❤ ♠❡t♦❞ ❞♦➟→❝③❛♥❡ s❛ ♥❛③✇②
♠❡t♦❞ ♠❡t✷ ✐ ♠❡t✸✱

✭✷✮ ❥❡s❧✐ ❥❛❦✐➧ ✐♥♥② ♣r♦❝❡s ✇②✇♦➟❛➟ ♠❡t♦❞➛ ③♥❛❥❞✉❥→❝❛ s✐❡
✇ ③❜✐♦r③❡ ♠❡t♦❞ ✉❞♦st➛♣♥✐♦♥②❝❤ ✭❡♥❛❜❧❡❞✮ t♦ r♦③♣♦✲
❝③②♥❛ s✐➛ ✇②❦♦♥②✇❛♥✐❡ t❡❥ ♠❡t♦❞②✱ ♣❛tr③ ✇②➺❡❥✳ ✭❩❛✲
✉✇❛➺✱ ♣r♦❝❡s ① ❥❡st ❛❦t②✇♥② ✐ s♣❡➟♥✐♦♥❡ s→ ✇❛r✉♥❦✐
✳✳✮

✭✸✮ ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉ ♣r♦❝❡s ♦❝③❡❦✉❥❡ ♥❛ ✇②✇♦➟❛✲
♥✐❡ ❦tór❡❥➧ ③ ♠❡t♦❞ ✉❞♦st➛♣♥✐♦♥②❝❤✳

▼♦➺♥❛ t♦ ✇②s➟♦✇✐➣ ✐♥❛❝③❡❥ ♣r♦❝❡s ① ♥✐❡ r♦③♣♦❝③♥✐❡ ✇②❦♦♥②✇❛✲
♥✐❛ ✐♥str✉❦❝❥✐ ♣♦ ✐♥str✉❦❝❥✐ ❛❝❝❡♣t ❞♦♣ó❦✐ ♥✐❡ ③♦st❛♥✐❡ ③r❡❛❧✐③♦✲
✇❛♥❡ ❥❡❞♥♦ ③ ♣♦❧❡❝❡➠ ❝❛❧❧ ✳✳✳

✸✳ Pr♦❣r❛♠ ❘♦③♠♦✇❛

Pr③❡❞st❛✇✐❛♠② ♣♦♥✐➺❡❥ ♣r♦❣r❛♠ ✉♠♦➺❧✐✇✐❛❥→❝② r♦③♠♦✇➛ ❞✇✉
♦só❜ ♣♦♣r③❡③ s✐❡➣✳ ❉❧❛ ❞③✐❛➟❛♥✐❛ ♣r♦❣r❛♠✉ ♥✐❡③❜➛❞♥❡ ❥❡st ❜②
✇ ❦❧❛str③❡ ♣♦➟→❝③♦♥②❝❤ ✇✐rt✉❛❧♥②❝❤ ♣r♦❝❡s♦ró✇ ❧♦❣❧❛♥♦✇s❦✐❝❤
③♥❛❥❞♦✇❛➟② s✐❡ ❝♦♥❛❥♠♥✐❡❥ ❞✇❛ ♣r♦❝❡s♦r② ❱▲P✳ ❉❧❛ ♣♦tr③❡❜
t❡❣♦ ♣r♦❣r❛♠✉ ♣r③②❥♠✐❥♠②✱ ➺❡ ♣r♦❝❡s♦r② ❱▲P ❞③✐→➟❛❥→ ♥❛ ✇➛✲
③➟❛❝❤ ♦ ♥✉♠❡r❛❝❤ ✷ ✐ ✶✷✳ Pr♦❣r❛♠ ❣➟ó✇♥② ✇②❦♦♥②✇❛♥② ❥❡st ♥❛
✇➛➵❧❡ ♥r ✷✳
❙tr✉❦t✉r❛ t❡❣♦ ♣r♦❣r❛♠✉ ❥❡st ❜❛r❞③♦ ♣r♦st❛✿

• ♣r♦❣r❛♠ ❣➟ó✇♥② t✇♦r③② ❞✇❛ ♦❜✐❡❦t② r♦③♠ó✇❝❛✱ ♥❛ ✇➛✲
③➟❛❝❤ ✵ ✐ ✶✷✳ ❖❜✐❡❦t ♣r♦❝❡s✉ ❛❧♦❦♦✇❛♥② ♥❛ ✇➛➵❧❡ ✵
❥❡st ❢❛❦t②❝③♥✐❡ ❛❧♦❦♦✇❛♥② ✐ ✇②❦♦♥②✇❛♥② ♥❛ ✇➛➵❧❡ ♥r
✷✳ ❚✇♦r③♦♥❡ s→ t❡➺ ❞✇❛ ♦❜✐❡❦t② ♣r♦❝❡s✉ ❡❦r❛♥ ♥❛ t②❝❤
s❛♠②❝❤ ✇➛③➟❛❝❤✳

✹✹✶



• ♦❜✐❡❦t ♣r♦❝❡s✉ r♦③♠ó✇❝❛ ♦❞❜✐❡r❛ ③♥❛❦✐ ♥❛❝✐➧♥✐➛t❡ ♥❛
❦❧❛✇✐❛t✉r③❡ ✐ ✇②s②➟❛ ❥❡ ❞♦ ♦❜✉ ❡❦r❛♥ó✇✿ ❧♦❦❛❧♥❡❣♦ ✐
③❞❛❧♥❡❣♦✱

• ♦❜✐❡❦t t②♣✉ ❡❦r❛♥ ❥❡st s❡r✇❡r❡♠ ♠❛st➛♣✉❥→❝②❝❤ ✉s➟✉❣✿
✕ ✇②❞r✉❦✉❥ ♣r③②s➟❛♥② ③♥❛❦ ✇ ❝③➛➧❝✐ ❧♦❦❛❧♥❡❥ ❡❦r❛♥✉✱
✕ ✇②❞r✉❦✉❥ ♣r③②s➟❛♥② ③♥❛❦ ✇ ❝③➛➧❝✐ ③❛r③→❞③❛♥❡❥
♣r③❡③ ❞r✉❣✐❡❣♦ r♦③♠ó✇❝➛✳

✕ s❦❛s✉❥ ♦st❛t♥✐♦ ✇②❞r✉❦♦✇❛♥② ③♥❛❦ ✭❇❛❝❦s♣❛❝❡✮
✭❧♦❦❛❧♥✐❡ ✐ ③❞❛❧♥✐❡✮✱

✕ ③❛❦♦➠❝③ ♣r❛❝➛ ❣❞② ♥❛❝✐➧♥✐➛t♦ ❦❧❛✇✐s③ ❊s❝ ✭❡s❝❛♣❡✮
✐ ♣r③❡➧❧✐❥ ♦❞♣♦✇✐❡❞♥✐ s②❣♥❛➟ ❞♦ ♣♦③♦st❛➟②❝❤ ♣r♦✲
❝❡só✇✳
❚♦ ❥❡st s♣♦só❜ ♥❛ r❡❛❧✐③❛❝❥➛ r♦③♣r♦s③♦♥❡❣♦ ③❛❦♦➠✲
❝③❡♥✐❛ ❝❛➟❡❣♦ ♣r♦❣r❛♠✉ ✕ ✇s③②st❦✐❝❤ ❥❡❣♦ ♣r♦❝❡✲
só✇✳

Pr♦❣r❛♠ ✇②❦♦r③②st✉❥❡ ❦❧❛s➛ ❆◆❙■✱ ✇ ❦tór❡❥ ③♥❛❥❞✉❥→ s✐➛ ♠✳✐♥✳
♥❛st➛♣✉❥→❝❡ ♣r♦❝❡❞✉r②✿

✉♥✐t ❆◆❙■✿ ❝❧❛ss❀

✉♥✐t ●♦t♦❳❨✿ ♣r♦❝❡❞✉r❡✭✇✐❡rs③✱❦♦❧✉♠♥❛✿✐♥t❡❣❡r✮❀✳✳✳

✉♥✐t ❙❡t❈♦❧♦r✿ ♣r♦❝❡❞✉r❡✭❝♦❧♦r✿✐♥t❡❣❡r✮❀ ✳✳✳

✉♥✐t ❙❡t❇❛❝❦❣r♦✉♥❞✿ ♣r♦❝❡❞✉r❡✭❝♦❧♦r ✿✐♥t❡❣❡r✮❀ ✳✳✳

✉♥✐t ❇♦❧❞✿ ♣r♦❝❡❞✉r❡❀ ✳✳✳

✉♥✐t ◆♦r♠❛❧✿ ♣r♦❝❡❞✉r❡❀ ✳✳✳

❡♥❞ ❆◆❙■❀

❲②❦♦♥❛♥✐❡ ✐♥str✉❦❝❥✐ ❝❛❧❧ ●♦t♦❳❨✭✸✱✶✵✮ s♣♦✇♦❞✉❥❡✱ ➺❡ ❞r✉❦♦✇❛♥✐❡
❜➛❞③✐❡ ❦♦♥t②♥✉♦✇❛♥❡ ♣♦❝③②♥❛❥→❝ ♦❞ ✶✵✲t❡❥ ❦♦❧✉♠♥② ✇ tr③❡❝✐♠✱
♦❞ ❣ór②✱ ✇✐❡rs③✉ ❡❦r❛♥✉✳ ❩♥❛❝③❡♥✐❡ ♣♦③♦st❛➟②❝❤ ♦♣❡r❛❝❥✐ ✇②❦♦✲
♥②✇❛♥②❝❤ ♣r③❡③ t❡ ♣r♦❝❡❞✉r② ❥❡st ➟❛t✇❡ ❞♦ ♦❞❣❛❞♥✐➛❝✐❛✳

Pr♦❝❡s ❡❦r❛♥✳ ◆❛❥♣✐❡r✇ t✇♦r③♦♥❡ s→ ❞✇❛ ♦❜✐❡❦t② ♣r♦❝❡s✉
❡❦r❛♥✳ ❆r❣✉♠❡♥t❡♠ ❡❦r❛♥✉ ❥❡st r♦③♠ó✇❝❛✱ ❦tór② ♥✐♠ ③❛r③→❞③❛✳
❆❧❡ ✇ tr❛❦❝✐❡ t✇♦r③❡♥✐❛ ♦❜✐❡❦t✉ ❡❦r❛♥ ♥✐❡ ③♥❛♥② ❥❡st ♦❜✐❡❦t
r♦③♠♦✇❝❛✳ ✭◆✐❡ ✐st♥✐❡❥❡ ❥❡s③❝③❡ ➺❛❞❡♥ t❛❦✐ ♦❜✐❡❦t✳✮ ❆❜② t❡♠✉
③❛r❛❞③✐➣ ③❛r③→❞③✐❧✐➧♠② ❝♦ ♥❛st➛♣✉❥❡✿

• ♦❜✐❡❦t ❡❦r❛♥ ♣♦s✐❛❞❛ ♠❡t♦❞➛ ③❛r❡❥❡str✉❥✱ ❦tór❛ ♣r③②❥♠✉❥❡
❛r❣✉♠❡♥t t②♣✉ r♦③♠♦✇❝❛ ✐ ♣r③②♣✐s✉❥❡ ❣♦ ❞♦ ❧♦❦❛❧♥❡❥
③♠✐❡♥♥❡❥ r♦③♠ ♦❜✐❡❦t✉✳ P✐❡r✇s③→ ✐♥str✉❦❝❥→ ♦❜✐❡❦t✉
❡❦r❛♥ ❥❡st ❛❝❝❡♣t ③❛r❡❥❡str✉❥✳ ❲ t❡♥ s♣♦só❜ ♦❜✐❡❦t ♦❝③❡✲
❦✉❥❡ ♥❛ ♣r③②s➟❛♥✐❡ ♠✉ ♥❛③✇② ✇➟❛➧❝✐❝✐❡❧❛✳

• Pr♦❣r❛♠ ❣➟ó✇♥② ❞♦♣✐❧♥✉❥❡ ❜② ♣♦ ✉t✇♦r③❡♥✐✉ ♦❜✐❡❦tó✇
♣r♦❝❡s✉ r♦③♠ó✇❝❛ ♣r③❡❦❛③❛➣ ✐❝❤ ♥❛③✇② ❞♦ ♦❜✐❡❦tó✇ ♣r♦✲
❝❡s✉ ❡❦r❛♥✳ ❩♦❜✳ ♣♦♥✐➺❡❥✳

✹✹✷



❑❛➺❞② ♦❜✐❡❦t ♣r♦❝❡s✉ ❡❦r❛♥✱ ♦♣ró❝③ ♠❡t♦❞② r❡❥❡str✉❥✱ ✇②♣♦s❛✲
➺♦♥② ❥❡st ✇ ♥❛st➛♣✉❥→❝❡ ♠❡t♦❞②✿

• ♦❞❜✐ór❴❧♦❦❛❧♥② ✕ ✇②❞r✉❦✉❥ ③♥❛❦ ♣r③②s➟❛♥② ♣r③❡③ ♦❜✐❡❦t
r♦③♠ó✇❝❛ ✇ ♣♦❧✉ tr❡➧❝✐ t✇♦r③♦♥②❝❤ ❧♦❦❛❧♥✐❡✱

• ♦❞❜✐ór❴③❞❛❧♥② ✕ ✇②❞r✉❦✉❥ ③♥❛❦ ♣r③②s➟❛♥② ♣r③❡③ ♦❜✐❡❦t
❞r✉❣✐❡❣♦ r♦③♠ó✇❝② ✇ ♣♦❧✉ tr❡➧❝✐ t✇♦r③♦♥②❝❤ ③❞❛❧♥✐❡✱

• ❦❛s✉❥❴❧♦❦❛❧♥② ✕ s❦❛s✉❥ ♦st❛♥✐♦ ✇②❞r✉❦♦✇❛♥② ③♥❛❦ ✇
♣♦❧✉ tr❡➧❝✐ ❧♦❦❛❧♥②❝❤✱

• ❦❛s✉❥❴③❞❛❧♥② ✕ s❦❛s✉❥ ♦st❛♥✐♦ ✇②❞r✉❦♦✇❛♥② ③♥❛❦ ✇
♣♦❧✉ tr❡➧❝✐ ♣r③②s➟❛♥②❝❤✱

• ❦♦♥✐❡❝ ✕ ③❛❦♦➠❝③ ❞③✐❛➟❛♥✐❡ t❡❣♦ ♦❜✐❡❦t✉ ♣r♦❝❡s✉ ✕ t❥✳
♣r③②♣✐s③ ③♠✐❡♥♥❡❥ ❦♥❝ ✇❛rt♦➧➣ tr✉❡✳

❉③✐❛➟❛♥✐❡ ♦❜✐❡❦t✉ ❡❦r❛♥ s♣r♦✇❛❞③❛ s✐➛ ❞♦ ♦❢❡r♦✇❛♥✐❛ t②❝❤ ♠❡✲
t♦❞ ✕ t❥✳ ♦❜✐❡❦t ♣r♦❝❡s✉ ❡❦r❛♥ ❥❡st s❡r✇❡r❡♠ ✉s➟✉❣✳ ❉♦♣ó❦✐ ♥♦t
❦♥❝ ♣♦✇t❛r③❛❥ ✐♥str✉❦❝❥➛ ❛❝❝❡♣t ❥❛❦❛❦♦❧✇✐❡❦ ③ ♣✐➛❝✐✉ ✇②♠✐❡♥✐♦✲
♥②❝❤ ♠❡t♦❞✳

❉③✐❛➟❛♥✐❡ ♦❜✐❡❦t✉ ♣r♦❝❡s✉ r♦③♠♦✇❝❛ ❥❡st ❜❛r❞③♦ ♣r♦st❡✿

• ♣♦❞❝③❛s ✐♥✐❝❥❛❧✐③❛❝❥✐ ✭❦♦♥str✉❦t♦r✮ ✜③②❝③♥② ❡❦r❛♥ ❞③✐❡✲
❧♦♥② ❥❡st ♥❛ ❝③➛➧➣ ❞♦ ❞r✉❦♦✇❛♥✐❛ ③♥❛❦ó✇ ♥❛❞s②➟❛♥②❝❤
✭❣ór♥❛ ❝③➛➧➣ ❡❦r❛♥✉✮ ✐ ❝③➛➧➣ ❞♦ ❞r✉❦♦✇❛♥✐❛ ③♥❛❦ó✇
✇♣✐s②✇❛♥②❝❤ ♥❛ ❧♦❦❛❧♥❡❥ ❦❧❛✇✐❛t✉r③❡✱

• ❥❡➧❧✐ ♣r③❡❝③②t❛♥② ③♥❛❦ t♦ ❜❛❝❦s♣❛❝❡ ✭③♥❛❦ ♥r ✽✮ t♦ ❝♦❢✲
♥✐❥ s✐➛ ♦ ❥❡❞❡♥ ③♥❛❦ ✇ t❡❥ s❛♠❡❥ ❧✐♥✐✐✱

• ❥❡➧❧✐ ♣r③❡❝③②t❛♥② ③♥❛❦ t♦ ❊s❝ ✭③♥❛❦ ♥r ✷✼✮ t♦ ③❛❦♦➠❝③
❞③✐❛➟❛♥✐❡ ✐ ✇②➧❧✐❥ ♣♦❧❡❝❡♥✐❡ ❦♦♥✐❡❝ ❞♦ ♦❜✉ ❡❦r❛♥ó✇ ❧♦✲
❦❛❧♥❡❣♦ ✐ ③❞❛❧♥❡❣♦✱

• ✇ ♣♦③♦st❛➟②❝❤ ♣r③②♣❛❞❦❛❝❤ ✇②➧❧✐❥ ♣♦❧❡❝❡♥✐❡ ❞r✉❦♦✇❛✲
♥✐❛ ♣r③❡❝③②t❛♥❡❣♦ ③♥❛❦✉ ❞♦ ❡❦r❛♥✉ ❧♦❦❛❧♥❡❣♦ ✐ ❡❦r❛♥✉
③❞❛❧♥❡❣♦✳

✹✹✸



❉❡❦❧❛r❛❝❥❛ ♣r♦❝❡s✉ ❡❦r❛♥✿
✉♥✐t ❡❦r❛♥ ✿ ❆◆❙■ ♣r♦❝❡ss✭♥♦❞❡✿✐♥t❡❣❡r❀r♦③♠✿r♦③♠♦✇❝❛✮❀







✉♥✐t r❡❥❡str✉❥ ✿ ♣r♦❝❡❞✉r❡✭r✿r♦③♠♦✇❝❛✮❀
❜❡❣✐♥

r♦③♠ ✿❂ r❀
❡♥❞ r❡❥❡str✉❥❀























✉♥✐t ♦❞❜✐♦r❴③❞❛❧♥② ✿ ♣r♦❝❡❞✉r❡✭s✿❝❤❛r✮❀
❜❡❣✐♥

❝❛❧❧ ●♦t♦❳②✭❤②✱ ❤✐s❧✐♥❡✮❀
❝❛❧❧ ❇♦❧❞❀
✇r✐t❡❧♥✭s✮❀
❤② ✿❂ ❤②✰✶❀
✐❢ s❂❝❤r✭✶✸✮ t❤❡♥ ❤✐s❧✐♥❡ ✿❂ ❤✐s❧✐♥❡ ✰ ✶❀❤②✿❂✶❀ ✜❀
✐❢ ❤② ❂ ✽✵ t❤❡♥ ❤② ✿❂ ✶❀ ❤✐s❧✐♥❡✿❂❤✐s❧✐♥❡✰✶ ✜❀
❝❛❧❧ ◆♦r♠❛❧❀
✐❢ ❤✐s❧✐♥❡ ❂ ✶✷ t❤❡♥ ❤✐s❧✐♥❡ ✿❂ ✶❀
✜❀

❡♥❞ ♦❞❜✐♦r❴③❞❛❧♥②❀


















✉♥✐t ♦❞❜✐♦r❴❧♦❦❛❧♥② ✿ ♣r♦❝❡❞✉r❡✭s✿❝❤❛r✮❀
❜❡❣✐♥
❝❛❧❧ ●♦t♦❳❨✭♠②✱ ♠②❧✐♥❡✮❀
✇r✐t❡✭s✮❀
♠② ✿❂ ♠②✰✶❀
✐❢ s❂❝❤r✭✶✸✮ t❤❡♥ ♠②❧✐♥❡ ✿❂ ♠②❧✐♥❡ ✰ ✶❀♠②✿❂✶❀ ✜❀
✐❢ ♠② ❂ ✽✵ t❤❡♥ ♠② ✿❂ ✶❀ ♠②❧✐♥❡ ✿❂ ♠②❧✐♥❡✰✶ ✜❀
✐❢ ♠②❧✐♥❡ ❂ ✷✺ t❤❡♥ ♠②❧✐♥❡ ✿❂ ✶✸❀
✜❀

❡♥❞ ♦❞❜✐♦r❴❧♦❦❛❧♥②❀












✉♥✐t ❦❛s✉❥❴❧♦❦❛❧♥② ✿ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
♠② ✿❂ ♠② ✲ ✶❀
✐❢ ♠②❁✵ t❤❡♥ ♠② ✿❂ ✵ ✜❀
❝❛❧❧ ●♦t♦❳❨✭♠②✱ ♠②❧✐♥❡✮❀
✇r✐t❡✭✮❀

❡♥❞ ❦❛s✉❥❴❧♦❦❛❧♥②❀












✉♥✐t ❦❛s✉❥❴③❞❛❧♥② ✿ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
❤② ✿❂ ❤② ✲ ✶❀
✐❢ ❤②❁✵ t❤❡♥ ❤② ✿❂ ✵ ✜❀
❝❛❧❧ ●♦t♦❳❨✭❤②✱ ❤✐s❧✐♥❡✮❀
✇r✐t❡✭✮❀

❡♥❞ ❦❛s✉❥❴③❞❛❧♥②❀






✉♥✐t ❦♦♥✐❡❝ ✿ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
❦♥❝ ✿❂ tr✉❡❀

❡♥❞ ❦♦♥✐❡❝❀

✈❛r ❦♥❝✿❜♦♦❧❡❛♥✱ ♠②❧✐♥❡✱❤✐s❧✐♥❡✱♠②✱❤②✿✐♥t❡❣❡r✱ s✿❝❤❛r✱ ♥❛♠❡✿str✐♥❣❀

❜❡❣✐♥

❦♥❝ ✿❂ ❢❛❧s❡❀
♠②❧✐♥❡ ✿❂ ✶✸❀
❤✐s❧✐♥❡ ✿❂ ✶❀
♠② ✿❂ ✶❀
❤② ✿❂ ✶❀
❝❛❧❧ ❈❧❡❛r❀
❝❛❧❧ ●♦t♦❳❨✭✶✱ ✶✷✮❀
❝❛❧❧ ❇♦❧❞❀
✇r✐t❡✭✏✖✖✖✖✖✖✖✖✲❊❙❈ ✲ ❦♦♥✐❡❝ ✖✖✖✖✖✖✖✖✖✑✮❀
❝❛❧❧ ◆♦r♠❛❧❀
r❡t✉r♥❀

❛❝❝❡♣t r❡❥❡str✉❥❀
✇❤✐❧❡ ♥♦t ❦♥❝ ❞♦
❛❝❝❡♣t ♦❞❜✐♦r❴❧♦❦❛❧♥②✱ ♦❞❜✐♦r❴③❞❛❧♥②✱

❦❛s✉❥❴❧♦❦❛❧♥②✱ ❦❛s✉❥❴③❞❛❧♥②✱ ❦♦♥✐❡❝❀
♦❞ ❀
❝❛❧❧ r♦③♠✳❦♦♥✐❡❝❀

❡♥❞ ❡❦r❛♥❀

✹✹✹



P♦♥✐➺❡❥ ❝②t✉❥❡♠② tr❡➧➣ ♣r♦❝❡s✉ r♦③♠♦✇❝❛✳

✉♥✐t r♦③♠♦✇❝❛ ✿ ■■❯❲❣r❛♣❤ ♣r♦❝❡ss✭♥♦❞❡✿ ✐♥t❡❣❡r❀❡❧✱❡③✿ ❡❦r❛♥✮❀
✭✯ ③ ❦❧❛s② ■■❯❲❣r❛♣❤ ✇②❦♦r③②st❛♠② ❢✉♥❦❝❥➛ ✐♥❦❡② ✯✮
✈❛r ❦♥❝✿❜♦♦❧❡❛♥✱ s✿❝❤❛r✱ ✐✿✐♥t❡❣❡r❀






✉♥✐t ❦♦♥✐❡❝ ✿ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
❦♥❝ ✿❂ tr✉❡❀

❡♥❞ ❦♦♥✐❡❝❀
❜❡❣✐♥

❦♥❝ ✿❂ ❢❛❧s❡❀
r❡t✉r♥❀




































❡♥❛❜❧❡ ❦♦♥✐❡❝❀
✇❤✐❧❡ ♥♦t ❦♥❝
❞♦
✐ ✿❂ ✐♥❦❡②❀
✐❢ ✐❁❃✵ t❤❡♥
s ✿❂ ❝❤r✭✐✮❀
✐❢ ✐❂✽ t❤❡♥
❝❛❧❧ ❡❧✳❦❛s✉❥❴❧♦❦❛❧♥②❀
❝❛❧❧ ❡③✳❦❛s✉❥❴③❞❛❧♥②❀

❡❧s❡
❝❛❧❧ ❡❧✳♦❞❜✐♦r❴❧♦❦❛❧♥②✭s✮❀
❝❛❧❧ ❡③✳♦❞❜✐♦r❴③❞❛❧♥②✭s✮❀

✜❀
✐❢ ✐ ❂ ✷✼ t❤❡♥
❝❛❧❧ ❡③✳❦♦♥✐❡❝❀
❝❛❧❧ ❡❧✳❦♦♥✐❡❝❀

✜❀
✜❀

♦❞❀
❡♥❞ r♦③♠♦✇❝❛❀

❆ t✉ ❥❡st ♣r♦❣r❛♠ ❣➟ó✇♥②✳
❲ ♦❞♣♦✇✐❡❞♥✐❡ ♠✐❡❥s❝❛ ♥❛❧❡➺② ✇st❛✇✐➣ ❞❡❦❧❛r❛❝❥❡ ♠♦❞✉➟ó✇
❡❦r❛♥ ✐ r♦③♠ó✇❝❛✳ ❏❡➧❧✐ ❝❤❝❡s③ t♦ ✇②❦♦r③②st❛❥ ♣♦❧❡❝❡♥✐❡ ❦♦♠✲
♣✐❧❛t♦r❛ ★✐♥❝❧✉❞❡✳

✹✹✺



♣r♦❣r❛♠ t❛❧❦❀

★✐♥❝❧✉❞❡ ✏❝❧❛ss❡s✴❛♥s✐✳✐♥❝✑ ✭✯ ❞♦➟→❝③ t❡❦st ❦❧❛s② ❆◆❙■ ✯✮

✉♥✐t ❡❦r❛♥✿ ♣r♦❝❡ss ✳✳✳

✉♥✐t r♦③♠♦✇❝❛✿ ♣r♦❝❡ss ✳✳✳

✈❛r ♣✶✱♣✷✿r♦③♠♦✇❝❛✱ ❡✶✱❡✷✿❡❦r❛♥❀
❜❡❣✐♥

❡✶ ✿❂ ♥❡✇ ❡❦r❛♥✭✵✱♥♦♥❡✮❀
r❡s✉♠❡✭❡✶✮❀
❡✷ ✿❂ ♥❡✇ ❡❦r❛♥✭✶✷✱♥♦♥❡✮❀
r❡s✉♠❡✭❡✷✮❀
♣✶ ✿❂ ♥❡✇ r♦③♠♦✇❝❛✭✵✱❡✶✱❡✷✮❀
♣✷ ✿❂ ♥❡✇ r♦③♠♦✇❝❛✭✶✷✱❡✷✱❡✶✮❀
❝❛❧❧ ❡✶✳r❡❥❡str✉❥✭♣✶✮❀
❝❛❧❧ ❡✷✳r❡❥❡str✉❥✭♣✷✮❀
r❡s✉♠❡✭♣✶✮❀
r❡s✉♠❡✭♣✷✮❀

❡♥❞

✹✳ Pr♦❞✉❝❡♥❝✐ ✐ ❦♦♥s✉♠❡♥❝✐

Pr③❡❞st❛✇✐❛♠② ❛♥❛❧✐③➛ ❦✐❧❦✉ ♦❞♠✐❛♥ ③❛❞❛♥✐❛ ♣r♦❞✉❝❡♥t ✕
❦♦♥s✉♠❡♥t✳ ❘♦③✇✐→③❛♥✐❛ ✇②❦♦r③②st✉❥→ ♠❡❝❤❛♥✐③♠ ♦❜❝❡❣♦ ✇♦✲
➟❛♥✐❛ ♣r♦❝❡❞✉r② ✭❛♥❣✳ ❛❧✐❡♥ ❝❛❧❧✮✳ ❆♥❛❧✐③❛ ♣♦♣r❛✇♥♦➧❝✐ r♦③✇✐❛✲
③❛➠ st❛❥❡ s✐➛ ➟❛t✇✐❡❥s③❛ ❞③✐➛❦✐ ❛❧✐❡♥ ❝❛❧❧✳

✹✳✶✳ ❩❛❞❛♥✐❡ ✲ ✇✐❡❧✉ ♣r♦❞✉❝❡♥tó✇✱ ❥❡❞❡♥ ❦♦♥s✉♠❡♥t✳ ❏❡st
t♦ ❥❡❞❡♥ ③ ♥❛❥❝③➛➧❝✐❡❥ ♦♠❛✇✐❛♥②❝❤ ♣r♦❜❧❡♠ó✇ ♣r♦❣r❛♠♦✇❛♥✐❛
✇s♣ó➟❜✐❡➺♥❡❣♦ ✐ r♦③♣r♦s③♦♥❡❣♦✳ ❩❛❦➟❛❞❛♠②✱ ➺❡ ♣❡✇♥❛ ❧✐❝③❜❛
❛❦t②✇♥②❝❤ ♦❜✐❡❦tó✇ ♣r♦❝❡s✉ Pr♦❞✉❝❡♥t ✇②t✇❛r③❛ ❞❛♥❡ ✕ ♦❜✐❡❦t②
✐ s❦➟❛❞❛ ❥❡ ✇ ❦♦♥t❡♥❡r③❡ k✳ ❖❜✐❡❦t ❛❦t②✇♥② ♣r♦❝❡s✉ ❑♦♥s✉♠❡♥t
♣♦❜✐❡r❛ ♣♦ ❦♦❧❡✐ ❞❛♥❡ ③ ❦♦♥t❡♥❡r❛ ✐ ❥❡ ♣r③❡t✇❛r③❛✳
❑♦♥t❡♥❡r ✕ ❦♦❧❡❥❦❛ ✕ ❥❡st ✇➟❛s♥♦➧❝✐→ ❦♦♥s✉♠❡♥t❛
◆❛❧❡➺② ③❛♣❡✇♥✐➣ ❜② ➺❛❞❡♥ ♦❜✐❡❦t ♥✐❡ ❜②➟ ♣r③❡t✇❛r③❛♥② ❞✇✉✲
❦r♦t♥✐❡✱ ❜② ➺❛❞❡♥ ♦❜✐❡❦t ♥✐❡ ♣r③❡♣❛❞➟ ✐ ❜② ✐♥❢♦r♠❛❝❥❛ s❦➟❛❞❛♥❛
✇ ❦♦♥t❡♥❡r③❡ ♥✐❡ ✉❧❡❣➟❛ ❞❡❢♦r♠❛❝❥✐ ♥♣✳ ♣♦❞❝③❛s ró✇♥♦❝③❡s♥❡❣♦
♦❞❝③②t②✇❛♥✐❛ ✐ ③❛♣✐s✉ ❞❛♥②❝❤✳

✹✳✷✳ ❘♦③✇✐→③❛♥✐❡ ③ ✇②❦♦r③②st❛♥✐❡♠ ❛❧✐❡♥ ❝❛❧❧✳ Pr♦❝❡s Pr♦❞✉❝❡♥t✿
✇❤✐❧❡ ♥❡❡❞❡❞ ❞♦
♣r♦❞✉❦✉❥ ❀
✇②➧❧✐❥ ❞♦ ❑♦♥s✉♠❡♥t❛
♦❞

♣r♦❝❡s ❑♦♥s✉♠❡♥t
♠❛ ❦♦♥t❡♥❡r ❦ ✲ ❦♦❧❡❥❦❛✱ ♠❡t♦❞➛ ♦❞❜✐❡r③ ✐ ❞③✐❛➟❛ ✇ ♣➛t❧✐

✹✹✻



✉♥✐t q✉❡✉❡✿❝❧❛ss✭t②♣❡ ❡❧❡♠❡♥t❀ s✐③❡✿✐♥t❡❣❡r✮❀
✭✯ ❚❛ ♣♦♠♦❝♥✐❝③❛ ❦❧❛s ✐♠♣❧❡♠❡♥t✉❥❡ ❦♦❧❡❥❦➛ ❋■❋❖✳
❊❧❡♠❡♥t ❥❡st ♥❛③✇→ t②♣✉ ❡❧❡♠❡♥tó✇ ❦♦❧❡❥❦✐ ✯✮
✉♥✐t ✐♥s❡rt✿♣r♦❝❡❞✉r❡✭❡✿❡❧❡♠❡♥t✮❀ ✳✳✳
✭✯ ✇st❛✇ ❡❧❡♠❡♥t ❞♦ ❦♦❧❡❥❦✐ ✯✮
✉♥✐t ❞❡❧❡t❡✿❢✉♥❝t✐♦♥✿❡❧❡♠❡♥t❀ ✳✳✳
✭✯ ♣♦❞❛❥ ♣✐❡r✇s③② ❡❧❡♠♥t ✐ ✉s✉➠ ❣♦ ③ ❦♦❧❡❥❦✐ ✯✮
✉♥✐t ✐s❡♠♣t②✿❢✉♥❝t✐♦♥✿❜♦♦❧❡❛♥❀ ✳✳✳
✭✯ s♣r❛✇❞➵ ❝③② ❦♦❧❡❥❦❛ ❥❡st ♣✉st❛ ✯✮
✉♥✐t ✐s❢✉❧❧✿❢✉♥❝t✐♦♥✿❜♦♦❧❡❛♥❀ ✳✳✳
✭✯ s♣r❛✇❞➵ ❝③② ❦♦❧❡❥❦❛ ❥❡st ♣❡➟♥❛ ✯✮

❡♥❞ q✉❡✉❡❀

P♦♥✐➺❡❥ ♣r③❡❞st❛✇✐❛♠② ♠♦❞✉➟ ♣r♦❝❡s✉ ❑♦♥s✉♠❡♥t✳

✉♥✐t ❑♦♥s✉♠❡♥t✿♣r♦❝❡ss✭♥♦❞❡✿✐♥t❡❣❡r✮❀
✈❛r ◗✿ q✉❡✉❡✱ ❢✿ ♣r♦❞✉❝t❀














✉♥✐t ❞❡♣♦s✐t✿ ♣r♦❝❡❞✉r❡✭❢✿♣r♦❞✉❝t✮❀
❜❡❣✐♥
❝❛❧❧ ◗✳✐♥s❡rt✭❢✮❀
✐❢ ◗✳✐s❢✉❧❧
t❤❡♥
r❡t✉r♥ ❞✐s❛❜❧❡ ❞❡♣♦s✐t

✜❀
❡♥❞ ❞❡♣♦s✐t❀

❜❡❣✐♥
◗ ✿❂ ♥❡✇ q✉❡✉❡✭♣r♦❞✉❝t✱ ✺✵✮❀
r❡t✉r♥❀























❞♦
✭✯ ✇✐t❤❞r❛✇ ❛♥ ❡❧❡♠❡♥t ✐❢ ❛♥② ✯✮
✭✯ ❛✇❛✐t ❢♦r ❛♥ ❡❧❡♠❡♥t ✐❢ ❡♠♣t② ✯✮
❞✐s❛❜❧❡ ❞❡♣♦s✐t❀
✐❢ ◗✳✐s❡♠♣t②
t❤❡♥
❛❝❝❡♣t ❞❡♣♦s✐t

✜❀
❢ ✿❂ ◗✳❞❡❧❡t❡❀
❡♥❛❜❧❡ ❞❡♣♦s✐t❀
✭✯ ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t ❢ ✯✮
✳✳✳

♦❞
❡♥❞ ❑♦♥s✉♠❡♥t❀

❉❡❦❧❛r❛❝❥❛ ♠♦❞✉➟✉ ♣r♦❝❡s✉ Pr♦❞✉❝❡♥t ✇②❣❧→❞❛ t❛❦✿

✹✹✼



✉♥✐t Pr♦❞✉❝❡♥t✿ ♣r♦❝❡ss✭♥♦❞❡✿ ✐♥t❡❣❡r✱ ❦✿ ❑♦♥s✉♠❡♥t✮❀
✈❛r ♣✿ ♣r♦❞✉❝t❀

❜❡❣✐♥
r❡t✉r♥❀











❞♦
✭✯ ♣r♦❞✉❝❡ ♣r♦❞✉❝t ❢ ✯✮
✳✳✳
❝❛❧❧ ❦✳❞❡♣♦s✐t✭♣✮
✭✯ ♣r♦❞✉❝❡r ❛✇❛✐ts ❢♦r t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❝❛❧❧ ❦✳❞❡♣♦s✐t✭✳✮ ✯✮

♦❞
❡♥❞ Pr♦❞✉❝❡♥t❀

❆ ♦t♦ ♣r♦❣r❛♠ ❣➟ó✇♥②✱ ③❛✇✐❡r❛ ♦♥ ♠♦❞✉➟② ♣r♦❝❡só✇ ❑♦♥s✉✲
♠❡♥t ✐ Pr♦❞✉❝❡♥t✳ ❩❛❦➟❛❞❛♠②✱ ➺❡ t②♣ ♣r♦❞✉❝t ♥❛❧❡➺② ③❛st→✲
♣✐➣ ♣r③❡③ ❥❡❞♥♦ ③❡ s➟ó✇ ❦❧✉❝③♦✇②❝❤✿ ✐♥t❡❣❡r✱ r❡❛❧✱ str✐♥❣ ❧✉❜
❝❤❛r ❧✉❜ ❇♦♦❧❡❛♥✳ ❈③②❧✐ ❥❡❞❡♥ ③ t②♣ó✇ ♣✐❡r✇♦t♥②❝❤ ❥➛③②❦❛✳
❯t✇ór③ ♦❜✐❡❦t k ♣r♦❝❡s✉ ❑♦♥s✉♠❡♥t ✐ ♣❡✇♥→ ❧✐❝③❜➛ ♦❜✐❡❦tó✇
♣r♦❝❡s✉ Pr♦❞✉❝❡♥t✳ ❲②❦♦♥❛❥ ♦♣❡r❛❝❥➛ r❡s✉♠❡✭✮ ♥❛ ❦❛➺❞②♠
③ t②❝❤ ♦❜✐❡❦tó✇✳ ❑❛➺❞② ③ ♥✐❝❤ st❛❥❡ s✐❡ ❆❦t②✇♥② ❲s③②st❦✐❡
♦❜✐❡❦t② ♣r♦❝❡só✇ ❞③✐❛➟❛❥→ ♥✐❡③❛❧❡③♥✐❡✳

♣r♦❣r❛♠ Pr♦❞✉❝❡♥❝✐❴✐❴❑♦♥s✉♠❡♥t❀

✉♥✐t ❑♦♥s✉♠❡♥t✿ ♣r♦❝❡ss ✳✳✳

✉♥✐t Pr♦❞✉❝❡♥t✿ ♣r♦❝❡ss ✳✳✳

✉♥✐t ◗✉❡✉❡✿ ❝❧❛ss ✳✳✳

✈❛r ❦✿ ❑♦♥s✉♠❡♥t✱ ♣✿Pr♦❞✉❝❡r❀
❜❡❣✐♥
❦ ✿❂ ♥❡✇ ❈♦♥s✉♠❡♥t✭✵✮❀ r❡s✉♠❡✭❦✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥♦Pr♦❞✉❝❡rs ❞♦
♣ ✿❂ ♥❡✇ Pr♦❞✉❝❡r✭♥r✱ ❦✮❀
r❡s✉♠❡✭♣✮

♦❞❀
✭✯ ③❛❦♦♥❝③ ✯✮

❡♥❞ ♣r♦❣r❛♠

✹✳✸✳ ❆♥❛❧✐③❛✳ ◆❛st➛♣✉❥→❝❡ ♣②t❛♥✐❛ ♥❛s✉✇❛❥→ s✐➛ ♣♦❞❝③❛s ❝③②✲
t❛♥✐❛ t❡❣♦ ♣r♦❣r❛♠✉✿

✭✶✮ Pr③②♣✉➧➣♠②✱ ➺❡ ❦✐❧❦❛ ♦❜✐❡❦tó✇ ♣r♦❝❡s✉ Pr♦❞✉❝❡♥t ró✇✲
♥♦❝③❡s♥✐❡ ♣r③❡s②➟❛ s✇❡ ♣r♦❞✉❦t② ❞♦ ♦❜✐❡❦t✉ ❦ ♣r♦❝❡s✉
❑♦♥s✉♠❡♥t ✇②❦♦♥✉❥→❝ ♣♦❧❡❝❡♥✐❛ ❞✇✉ ♣r♦❞✉❝❡♥tó✇ ♣
✐ q✱ ♥♣✳

♣✿✿ ❝❛❧❧ ❦✳❞❡♣♦s✐t✭❣✮ ⑤⑤ q✿✿ ❝❛❧❧ ❦✳❞❡♣♦s✐t✭❢✮

❈③② ♠♦➺❡♠② ③❛♣❡✇♥✐➣✱ ➺❡ ➺❛❞♥❡ ③ t②❝❤ ➺→❞❛➠ ♥✐❡ ❜➛✲
❞③✐❡ ③❣✉❜✐♦♥❡ ❧✉❜✱ ➺❡ ❞♦❥❞③✐❡ ❞♦ ró✇♥♦❝③❡s♥❡❣♦ ✇②❦♦✲
♥②✇❛♥✐❛ ♦♣❡r❛❝❥✐ ✐♥s❡rt ♥❛ ❦♦❧❡❥❝❡ ✐ ✱ ➺❡ ✇ t❡♥ s♣♦só❜

✹✹✽



✇ ❦♦❧❡❥❝❡ ♣♦③♦st❛♥✐❡ t②❧❦♦ ❥❡❞❡♥ ③ ❞✇✉ ✇st❛✇✐❛♥②❝❤
♣r♦❞✉❦tó✇❄

✭✷✮ Pr③②♣✉➧➣♠②✱ ➺❡ ♦❜✐❡❦t ❦ ♣r♦❝❡s✉ ❑♦♥s✉♠❡♥t ♣♦❜✐❡r❛
♣r♦❞✉❦t ③ ❦♦❧❡❥❦✐ ✐ ➺❡ ró✇♥♦❝③❡➧♥✐❡ ❥❡❞❡♥ ✭❧✉❜ ✇✐➛❝❡❥✮
♣r♦❞✉❝❡♥t ♣ ✇st❛✇✐❛ ♣r♦❞✉❦t ❞♦ ❦♦❧❡❥❦✐✳

❦✿✿ ❢ ✿❂ ◗✳❞❡❧❡t❡ ⑤⑤ ♣✿✿ ❝❛❧❧ ❦✳❞❡♣♦s✐t✭❣✮

▼♦❣➟♦❜② t♦ s♣♦✇♦❞♦✇❛➣ ❜➟→❞ ✭❜➟➛❞②✮✳
❖❞♣♦✇✐❡❞③✐ ♥❛ t❡ ♣②t❛♥✐❛ ♣r③②♥♦s✐ ♥❛st➛♣✉❥→❝②

▲❡♠❛t ✷✺✳✶✳ ➏❛❞♥❡ ➺→❞❛♥✐❡ ♥✐❡ ③♦st❛♥✐❡ ♣♦♠✐♥✐➛t❡✳ ◆✐❡ ❞♦❥✲
❞③✐❡ ❞♦ ró✇♥♦❝③❡s♥❡❣♦ ✇②❦♦♥❛♥✐❛ ❞✇✉ ✐♥st❛♥❝❥✐ ♣r♦❝❡❞✉r② ❞❡✲
♣♦s✐t ✭♥❛ r③❡❝③ ❞✇✉ ró➺♥②❝❤ ♣r♦❞✉❝❡♥tó✇✮✳ ◆✐❡ ❞♦❥❞③✐❡ ❞♦ ró✇✲
♥♦❝③❡s♥❡❣♦ ♣♦❜✐❡r❛♥✐❛ ❡❧❡♠❡♥t✉ ③ ❦♦❧❡❥❦✐ ♣r③❡③ ❦♦♥s✉♠❡♥t❛ ✐
✇st❛✇✐❛♥✐❛ ✐♥♥❡❣♦ ❡❧❡♠❡♥t✉ ❞♦ ❦♦❧❡❥❦✐ ♣r③❡③ ♣r♦❞✉❝❡♥t❛✳

❉♦✇ó❞✳ ◆❛❧❡➺② r♦③♣❛tr③②➣ ♣✐➛➣ ♣r③②♣❛❞❦ó✇✿

❆✮ ◆✐❡ ❞♦❥❞③✐❡ ❞♦ ró✇♥♦❝③❡s♥❡❣♦ ✇②❦♦♥②✇❛♥✐❛ ❞✇✉ ✐♥✲
st❛♥❝❥✐ ♣r♦❝❡❞✉r② ❞❡♣♦s✐t ♣♦♥✐❡✇❛➺ ♣r♦t♦❦ó➟ ♦❜❝❡❣♦ ✇♦✲
➟❛♥✐❛ ♠❡t♦❞② ③❛❝③②♥❛ s✐➛ ♦❞ ③❛♣❛♠✐➛t❛♥✐❛ st❛♥✉ ♠❡✲
t♦❞ ✉❞♦st➛♣♥✐♦♥②❝❤ ✭❡♥❛❜❧❡❞✮ ✐ ♦❞ ✉❦r②❝✐❛ ✭❞✐s❛❜❧❡✮
✇s③②st❦✐❝❤ ❥❡❣♦ ♠❡t♦❞✳ ❚③♥✳ ❥❡➧❧✐ ❦♦♥s✉♠❡♥t ✇②❦♦✲
♥✉❥❡ ♦♣❡r❛❝❥➛ ❞❡♣♦s✐t ♥❛ ③❧❡❝❡♥✐❡ ❥❡❞♥❡❣♦ ③ ♣r♦❞✉❝❡♥✲
tó✇✱ t♦ ✇②❦♦♥②✇❛♥✐❡ t❡❥ ♣r♦❝❡❞✉r② ♥✐❡ ❜➛❞③✐❡ ♣r③❡✲
r✇❛♥❡ ♣r③❡③ ✇②❦♦♥②✇❛♥✐❡ t❛❦✐❡❥ ♣r♦❝❡❞✉r② ♥❛ r③❡❝③
✐♥♥❡❣♦ ♣r♦❞✉❝❡♥t❛✳

❇✮ ◆✐❡ ❞♦❥❞③✐❡ ❞♦ ró✇♥♦❝③❡s♥❡❣♦ ♣♦❜✐❡r❛♥✐❛ ❡❧❡♠❡♥t✉ ③
❦♦❧❡❥❦✐ ♣r③❡③ ❦♦♥s✉♠❡♥t❛ ✐ ✇st❛✇✐❛♥✐❛ ♥♦✇❡❣♦ ❡❧❡♠❡♥t✉
❞♦ ❦♦❧❡❥❦✐ ♣r③❡③ ❥❛❦✐❡❣♦➧ ♣r♦❞✉❝❡♥t❛✱ ♣♦♥✐❡✇❛➺ ✐♥str✉❦✲
❝❥❡ ♣♦❜✐❡r❛♥✐❛ s❛ ♣♦♣r③❡❞③♦♥❡ ✐♥str✉❦❝❥→ ❞✐s❛❜❧❡ ❞❡♣♦s✐t✳

❈✮ ❲ s②t✉❛❝❥✐ ♣r③❡♣❡➟♥✐❡♥✐❛ ❦♦❧❡❥❦✐ ♠❡t♦❞❛ ❞❡♣♦s✐t ❦♦➠❝③→❝
✇②❦♦♥✉❥❡ ♣♦❧❡❝❡♥✐❡ r❡t✉r♥ ❞✐s❛❜❧❡ ❞❡♣♦s✐t✳ ❖③♥❛❝③❛ t♦✱ ➺❡
❦♦❧❡❥♥❡ ➺→❞❛♥✐❛ ❝❛❧❧ ❦✳❞❡♣♦s✐t✭♣✮ ✇st❛✇✐❡♥✐❛ ❡❧❡♠❡♥t✉ ❞♦
❦♦❧❡❥❦✐ ③♦st❛♥→ ✇str③②♠❛♥❡ ❞♦ ❝③❛s✉ ❣❞② ✇ ❦♦❧❡❥❝❡
③✇♦❧♥✐ s✐➛ ♠✐❡❥s❝❡✳

❉✮ ❲ s②t✉❛❝❥✐ ♣✉st❡❥ ❦♦❧❡❥❦✐ ♦❜✐❡❦t ❦ ♣r♦❝❡s✉ ❑♦♥s✉♠❡♥t
r♦③♣♦❝③♥✐❡ ✇②❦♦♥②✇❛♥✐❡ ✐♥str✉❦❝❥✐ ❛❝❝❡♣t ❞❡♣♦s✐t✱ ❦tór❛
③❛❦♦➠❝③② s✐➛✱ ❣❞② ❦♦❧❡❥❦❛ ❜➛❞③✐❡ ♥✐❡ ♣✉st❛✳

❊✮ ◆✐❡ ❞♦❥❞③✐❡ ❞♦ ③❛❣➟♦❞③❡♥✐❛ ❥❛❦✐❡❣♦➧ ♣r♦❞✉❝❡♥t❛ ✲ ③❛✲
♣❡✇♥✐❛ t♦ ♠❛s③②♥❛ ✇✐rt✉❛❧♥❛ ❱▲P✳ ❲st❛✇✐❛♥❡ ❡❧❡✲
♠❡♥tó✇ ❞♦ ❦♦❧❡❥❦✐ ✇②❦♦♥②✇❛♥❡ ❥❡st ✇❡❞➟✉❣ ❦♦❧❡❥♥♦➧❝✐
③❣➟♦s③❡➠✳

�

✹✳✹✳ Pr③❡❦❛③②✇❛♥✐❡ ♦❜✐❡❦t✉ ③ ❥❡❞♥❡❣♦ ❞♦ ❞r✉❣✐❡❣♦ ♣r♦❝❡s✉✳
❲ ♣♦✇②➺s③②♠ ♣r③②❦➟❛❞③✐❡ ❡❧❡♠❡♥t❛♠✐ ♣r③❡❦❛③②✇❛♥②♠✐ ③ ♣r♦✲
❝❡s✉ ❞♦ ♣r♦❝❡s✉ ♠♦❣→ ❜②❝ t②❧❦♦ ✇❛rt♦➧➣✐ t②♣ó✇ ♣r♦st②❝❤✳ ❲
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♦❜❡❝♥❡❥ ✇❡rs❥✐ ▲♦❣❧❛♥✉ ♥✐❡ ♠♦➺♥❛ ♣r③❡❦❛③❛➣ ❦♦♣✐✐ ♦❜✐❡❦t✉ ③ ❥❡❞✲
♥❡❣♦ ♦❜✐❡❦t✉ ❛❦t②✇♥❡❣♦ ❞♦ ❞r✉❣✐❡❣♦✹✱ t♦ ♠♦➺❡♠② ♣♦s➟✉➺②➣ s✐➛
♥❛st➛♣✉❥→❝→ ♣r♦t❡③→✿
♣r♦❝❡s Pr♦❞✉❝❡♥t ✇②✇♦➟✉❥❡ ✉ ❑♦♥s✉♠❡♥t❛ ♠❡t♦❞➛ ✏♣r③❡❦❛③✉❥➛✑
③ ✇s③②st❦✐♠✐ ♣❛r❛♠❡tr❛♠✐ ♣♦tr③❡❜♥②♠✐ ❞♦ st✇♦r③❡♥✐❛ ❦♦♣✐✐
♦❜✐❡❦t✉ ♦ ♣r③❡③ ❑♦♥s✉♠❡♥t❛✱ ♥♣✳ t❛❦✿

❝❛❧❧ ❦✳♣r③❡❦❛③✉❥➛✭❁♣❛r❛♠s❃✮
❛ ♠❡t♦❞❛ t❛ ✇②❦♦♥✉❥❡ ♣♦❧❡❝❡♥✐❡
❛✉① ✿❂ ♥❡✇ ❖❜✐❡❦t✭❁♣❛r❛♠s❃✮ ✐ s❦➟❛❞✉❥❡ ❛✉① ✇ ❦♦♥t❡♥❡r③❡✳
❏❡st t♦ ♣r♦t❡③❛✱ ❚❆❑✭✦✮✳ ❩❡❝❤❝✐❡❥ ♣♦ró✇♥❛➣ t❡♥ s❝❡♥❛r✐✉s③ ③
❦♦♥❝❡♣❝❥→ s❡r✐❛❧✐③❛❝❥✐ ✐ ✑♠❛rs❤❛❧❧✐♥❣✏ ✇ ❏❛✈✐❡ ❘▼■✳

✹✳✺✳ ❏❡❞❡♥ ♣r♦❞✉❝❡♥t✱ ✇✐❡❧✉ ❦♦♥s✉♠❡♥tó✇✳ ❲ t②♠ ♣r③②✲
♣❛❞❦✉ ❦♦♥t❡♥❡r ✕ t♦ ❥❡st ③♥♦✇✉ ❦♦❧❡❥❦❛ ✕ ❥❡st ✇➟❛s♥♦➧❝✐❛ ♣r♦❞✉✲
❝❡♥t❛✳ ❚♦ ❦♦♥s✉♠❡♥❝✐ ❛❞r❡s✉❥→ s✇♦❥❡ ♣♦tr③❡❜② ❞♦ ♣r♦❞✉❝❡♥t❛✳
❘♦③✇✐→③❛♥✐❡ ❥❡st s②♠❡tr②❝③♥❡ ✇ st♦s✉♥❦✉ ❞♦ ♣♦♣r③❡❞♥✐❡❣♦✳

✹✳✻✳ ❲✐❡❧✉ ♣r♦❞✉❝❡♥tó✇✱ ✇✐❡❧✉ ❦♦♥s✉♠❡♥tó✇✳ ❲ ♣r③②♣❛❞❦✉
❣❞② ❥❡st ✇✐❡❧✉ ♣r♦❞✉❝❡♥tó✇ ✐ ✇✐❡❧✉ ❦♦♥s✉♠❡♥tó✇✱ ✇❛rt♦ ✉t✇♦✲
r③②➣ ❛❦t②✇♥② ♦❜✐❡❦t ♣r♦❝❡s✉ ❇✉❢♦r✱ ③❛r③→❞③❛❥→❝② ❦♦❧❡❥❦→✱ ③ ♠❡✲
t♦❞❛♠✐ ❞❡♣♦s✐t ✕ ❞❧❛ ♣r♦❞✉❝❡♥tó✇ ✐ ✇✐t❤❞r❛✇ ✕ ❞❧❛ ❦♦♥s✉♠❡♥✲
tó✇✳ P♦♥✐➺❡❥ ♣r③②t❛❝③❛♠② ❞❡❦❧❛r❛❝❥➛ ♣r♦❝❡s✉ ❇✉❢♦r✿

✉♥✐t ❇✉✛❡r✿ ♣r♦❝❡ss✭♥♦❞❡✿✐♥t❡❣❡r✮❀
✈❛r q✿❦♦❧❡❥❦❛❀
✉♥✐t ❞❡♣♦s✐t✿ ♣r♦❝❡❞✉r❡✭✮❀
✳ ✳ ✳
❡♥❞ ❞❡♣♦s✐t❀

✉♥✐t ✇✐t❤❞r❛✇✿ ❢✉♥❝t✐♦♥✭✮✿♣r♦❞✉❝t❀
✳ ✳ ✳
❡♥❞ ✇✐t❤❞r❛✇

❜❡❣✐♥
q ✿❂ ♥❡✇ ❦♦❧❡❥❦❛✭✮❀
r❡t✉r♥❀
❞♦
✐❢ q✳✐s❡♠♣t②✭✮ t❤❡♥ ❛❝❝❡♣t ❞❡♣♦s✐t
❡❧s❡
✐❢ q✳✐s❢✉❧❧✭✮ t❤❡♥ ❛❝❝❡♣t ✇✐t❤❞r❛✇
❡❧s❡
❛❝❝❡♣t ❞❡♣♦s✐t✱ ✇✐t❤❞r❛✇

✜
✜

♦❞❀
❡♥❞ ❇✉✛❡r❀

✹✇ ❦♦❧❡❥♥❡❥ ✇❡rs❥✐ ❥➛③②❦❛ ♥❛❧❡➺② ✇♣r♦✇❛❞③✐❝ ✇②r❛➺❡♥✐❡
❝♦♣②✭♦✮ ✕ ❦♦♣✐✉❥ ♦❜✐❡❦t
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Pr♦❣r❛♠ ❣➟ó✇♥② ✇②❣❧→❞❛ t❡r❛③ t❛❦

♣r♦❣r❛♠ ❑♦♥s✉♠❡♥❝✐❴✐❴Pr♦❞✉❝❡♥❝✐❀

✉♥✐t ❑♦♥s✉♠❡♥t✿ ♣r♦❝❡ss ✳✳✳

✉♥✐t Pr♦❞✉❝❡♥t✿ ♣r♦❝❡ss ✳✳✳

✉♥✐t ❇✉✛❡r✿ ♣r♦❝❡ss ✳✳✳

✈❛r ❦✿ ❑♦♥s✉♠❡♥t✱ ♣✿ Pr♦❞✉❝❡♥t✱ ❜✿ ❇✉✛❡r✱ ✐✿ ✐♥t❡❣❡r❀
❝♦♥st ♥♦Pr♦❞✉❝❡rs❂✷✾✱ ♥♦❈♦♥s✉♠❡rs❂✶✺❀

❜❡❣✐♥
✭✯ ❝r❡❛t❡ ♦♥❡ ❇✉✛❡r ❛♥❞ s♦♠❡ ♥✉♠❜❡r ♦❢ Pr♦❞✉❝❡rs ❛♥❞ ❈♦♥s✉♠❡rs ✯✮
✭✯ ♣✉t t❤❡♠ ✐♥t♦ ❛❝t✐♦♥ ✯✮
❜ ✿❂ ♥❡✇ ❇✉✛❡r✭✵✮❀ r❡s✉♠❡✭❜✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥♦Pr♦❞✉❝❡rs ❞♦
♣ ✿❂ ♥❡✇ Pr♦❞✉❝❡♥t✭♥r✱ ❜✮❀
r❡s✉♠❡✭♣✮

♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥♦❈♦♥s✉♠❡rs ❞♦
❦ ✿❂ ♥❡✇ ❑♦♥s✉♠❡♥t✭♥r✱ ❜✮❀
r❡s✉♠❡✭❦✮

♦❞❀
✳ ✳ ✳
✭✯ ③❛❦♦➠❝③ ✯✮

❡♥❞ ♣r♦❣r❛♠

❆♥❛❧✐③❛✳ ❲ t②♠ ♣r♦❣r❛♠✐❡ ♦❜✐❡❦t ❜ ③❛❝❤♦✇✉❥❡ s✐➛ ❥❛❦ ♠♦✲
♥✐t♦r✳ P❡➟♥✐ r♦❧➛ ❞♦st❛✇❝② ✉s➟✉❣ ❞❡♣♦s✐t ✐ ✇✐t❤❞r❛✇✳ P♦♥❛❞t♦ ❞♦✲
♣✐❧♥✉❥❡ ❜② ✇ s②t✉❛❝❥✐ ♣✉st❡❣♦ ❜✉❢♦r❛ ❦♦♥s✉♠❡♥❝✐ ♣♦❝③❡❦❛❧✐✱ ❛➺
❦tór②➧ ♣r♦❞✉❝❡♥t ✇st❛✇✐ ♣r♦❞✉❦t ❞♦ ❜✉❢♦r❛✳ ■ ✇ ❛♥❛❧♦❣✐❝③♥❡❥
s②t✉❛❝❥✐ ❣❞② ❜✉❢♦r ❥❡st ♣❡➟♥②✱ ♥❛s③ ♠♦♥✐t♦r ❞♦♣✐❧♥✉❥❡ ❜② ♣r♦❞✉✲
❝❡♥❝✐ ♣♦❝③❡❦❛❧✐ ♥❛ t♦ ❜② ❦tór②➧ ③ ❦♦♥s✉♠❡♥tó✇ ♣♦❜r❛➟ ♣r♦❞✉❦t
③ ❦♦❧❡❥❦✐ t✇♦r③→❝ ♠✐❡❥s❝❡ ♥❛ ♥❛st➛♣♥② ♣r♦❞✉❦t✳
❩ ✇➟❛s♥♦➧❝✐ ♦❜❝❡❣♦ ✇♦➟❛♥✐❛ ♠❡t♦❞ ✇②♥✐❦❛✱ ➺❡ ♥✐❡ ❞♦❥❞③✐❡ ❞♦
ró✇♥♦❝③❡s♥❡❣♦ ✇②❦♦♥②✇❛♥✐❛ ♠❡t♦❞ ❞❡♣♦s✐t ✐ ✇✐t❤❞r❛✇✳ P♦❞s✉♠♦✲
✇✉❥→❝ st✇✐❡r❞③❛♠②

▲❡♠❛t ✷✺✳✷✳ ❲ s②st❡♠✐❡ ♣r♦❞✉❝❡♥tó✇ ✐ ❦♦♥s✉♠❡♥tó✇
✭✐✮ ❦❛➺❞❡ ➺→❞❛♥✐❡ ③♦st❛♥✐❡ ♦❜s➟✉➺♦♥❡ ✇ ♦❞♣♦✇✐❡❞♥✐♠ ❝③❛✲

s✐❡✱
✭✐✐✮ ♥✐❡ ❞♦❥❞③✐❡ ❞♦ ♣♦♠✐❡s③❛♥✐❛ ❦♦♠✉♥✐❦❛tó✇✳

●❞② ♣r♦❞✉❝❡♥❝✐ t✇♦r③→ ❞✉➺❡ ♦❜✐❡❦t②✳ ♥♣✳ ③ ❞✉➺②♠✐ t❛❜❧✐✲
❝❛♠✐✳
Pr♦♣♦♥✉❥➛ ❜② ✇t❡❞② ♥✐❡ ♣r③❡❦❛③②✇❛➣ ❦♦♣✐✐ t❛❦✐❝❤ ♦❜✐❡❦tó✇✱
❧❡❝③ ❜② ❜②➟② t♦ ♦❜✐❡❦t② ❛❦t②✇♥❡ ✭❞♦❦➟❛❞♥✐❡❥ ✕ ♦❜✐❡❦t② ♣r♦❝❡✲
só✇✱ ♥✐❡❦♦♥✐❡❝③♥✐❡ ③ ✇➟❛s♥②♠ ✇→t❦✐❡♠✮✳ ▼♦❣→ t♦ ❜②➣ s❡r✇❡r②
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Pr♦❞❑♦♥

P♦❞❛❥❡

❖❞❜✐❡r❛

❞❛♥❡

✇②♥✐❦✐

❘②s✉♥❡❦ ✷✳ Pr♦❝❡s Pr♦❞❑♦♥ ✐ ❞✇❛❥ ♣❛rt♥❡r③②

✉s➟✉❣ ✐ ❞❛♥②❝❤✳ ❲t❡❞② ♣r③❡❦❛③②✇❛♥✐❡ ♦❞ ♣r♦❞✉❝❡♥t❛ ❞♦ ❦♦♥✲
s✉♠❡♥t❛ ✕ ♣♦♣r③❡③ ❜✉❢♦r ✕ ❥❡st ➟❛t✇❡✿ ♣r③❡❦❛③✉❥❡♠② ✇s❦❛➵♥✐❦
❞♦ t❛❦✐❡❣♦ ♦❜✐❡❦t✉ ❛❦t②✇♥❡❣♦✳ ❇✉❢♦r ♠♦➺❡ st✇♦r③②➣ str✉❦t✉r❡
❞❛♥②❝❤ ❥❛❦→ ♣r♦❣r❛♠✐st❛ ♠✉ ✇②❜✐❡r③❡ ✕ t❛❜❧✐❝❡ ❧✉❜ ❞r③❡✇♦✳ ❚♦
✇ ♥✐❝③②♠ s♣❡❝❥❛❧♥✐❡ ♥✐❡ ♣r③❡s③❦❛❞③❛✳ ▼♦➺♥❛ ♠✐❡➣
✈❛r ❆✿ ❛rr❛②♦❢ Pr♦❞✉❦t❀
❣❞③✐❡ ♣r♦❞✉❦t ❥❡st ♣r♦❝❡ss❡♠ ♥♣✳
✉♥✐t Pr♦❞✉❦t✿ ♣r♦❝❡ss✭ ✳✳✳ ✮❀ ✳✳✳ ❡♥❞ Pr♦❞✉❦t❀

❆ ❝♦ ③ ♦❜❧✐❝③❡♥✐❛♠✐ ró✇♥♦❧❡❣➟②♠✐❄ ◆✐❡ ♠❛♠② ✐♠♣❧❡♠❡♥t❛❝❥✐
❞❧❛ ♦❜❧✐❝③❡➠ ró✇♥♦❧❡❣➟②❝❤ ❣❞② ♦❜✐❡❦t② ♣r♦❝❡só✇ s→ ❛❧♦❦♦✇❛♥❡
♥❛ ♣r♦❝❡s♦r❛❝❤✴r❞③❡♥✐❛❝❤ ✐ ✇②❦♦♥✉❥→ s✐➛ ✇❡ ✇s♣ó❧♥❡❥ ♣❛♠✐➛❝✐✳

P♦❞❡❥r③❡✇❛♠✱ ➺❡ st♦s✉❥❡ s✐➛ ✇t❡❞② r♦③✇✐→③❛♥✐❛ ✇➟❛➧❝✐✇❡ ❞❧❛
♦❜❧✐❝③❡➠ ✇s♣ó➟❜✐❡➺♥②❝❤✳ ▼♦➺❡ t♦ ✐ ❞♦❜r❡ ♣♦❞❡❥➧❝✐❡✳

❈③② r♦③♣r♦s③❡♥✐❡ ♠♦➺❡ ✐♠✐t♦✇❛➣ ró✇♥♦❧❡❣➟♦➧➣❄

●❞② ♣r♦❝❡s ❥❡st ✐ ❦♦♥s✉♠❡♥t❡♠ ✐ ♣r♦❞✉❝❡♥t❡♠✳ ❘♦③✇❛➺♠②
s②t✉❛❝❥➛✱ ✇ ❦tór❡❥ ❥❡❞❡♥ ♣r♦❝❡s P❆❙❙ ✇②❦♦♥✉❥❡ s✐➛ ♥❛ s③②❜✲
❦✐♠ ♣r♦❝❡s♦r③❡ ✐ ♣♦❜✐❡r❛ ✭♣♦✇♦❧✐✮ ❞❛♥❡ ③ ♣r♦❝❡s✉ ■◆P✳ ❚❡♥ s❛♠
♣r♦❝❡s P❆❙❙ ✇②s②➟❛ ❞❛♥❡ ✭♣♦✇♦❧✐✮ ❞♦ ♣r♦❝❡s✉ ❖❯❚P✳ ♦❜r❛③❡❦✶

❯st❛♥♦✇✐❡♥✐❡ ♣♦❥❡❞②♥❝③❡❣♦ ❜✉❢♦r❛ ♣♦♠✐➛❞③② P❆❙❙ ❛ ■◆P
♥✐❡ ③❛♣❡✇♥✐ ✐st♦t♥❡❣♦ ♣r③②➧♣✐❡s③❡♥✐❛✳ ❏❡➧❧✐ ❥❡❞♥❛❦ ♣♦✇♦➟❛♠②
❞♦ ➺②❝✐❛ ❞✇❛ ♦❜✐❡❦t② ♣r♦❝❡s✉ ❇❯❋❖❘■◆ t♦ ❜②➣ ♠♦➺❡ ③②s❦❛♠②
♥❛ ❝③❛s✐❡✳ ♦❜r❛③❡❦✷

❚❡r❛③ ♦❜✐❡❦t P❆❙❙

✹✺✷



Pr♦❞❑♦♥

P♦❞❛❥❡

❖❞❜✐❡r❛

❇✉❢♦r■♥✶ ❇✉❢♦r■♥✷

❇✉❢♦r❖✉t✶ ❇✉❢♦r❖✉t✷

♣♦❞❛❥❡ ❞♦ ❜✉❢✶

❜✉❢✷ ❞♦ Pr♦❞❑♦♥

Pr♦❞❑♦♥ ❞♦ ❜✉❢♦✉t✶

❜✉❢♦✉t✷ ❞♦ ♦❞❜✐❡r❛

❘②s✉♥❡❦ ✸✳ Pr♦❝❡s Pr♦❞❑♦♥ ✐ ❞✇✐❡ ♣❛r② ❜✉❢♦ró✇

Pr♦❞❑♦♥

P♦❞❛❥❡

❖❞❜✐❡r❛

❇✉❢♦r■♥✶ ❇✉❢♦r■♥✷

❇✉❢♦r❖✉t✶ ❇✉❢♦r❖✉t✷

♣♦❞❛❥❡ ❞♦ ❜✉❢✶

❜✉❢✷ ❞♦ Pr♦❞❑♦♥

Pr♦❞❑♦♥ ❞♦ ❜✉❢♦✉t✶

❜✉❢♦✉t✷ ❞♦ ♦❞❜✐❡r❛

❘②s✉♥❡❦ ✹✳ ■♥♥❛ ❝❤✇✐❧❛

✺✳ ❈③②t❡❧♥✐❝② ✐ ♣✐s❛r③❡

❖♠❛✇✐❛♠② ③♥❛♥② ♣r♦❜❧❡♠ ❝③②t❡❧♥✐❦ó✇ ✐ ♣✐s❛r③②✱ ❥❛❦ ③❛♣❡✇✲
♥✐➣ ❜❡③♣✐❡❝③♥② ❞♦st➛♣ ❞♦ ✇s♣ó❧♥❡❣♦✱ ❣❧♦❜❛❧♥❡❣♦ ③❛s♦❜✉ ✉♥✐✲
❦❛❥→❝ ♣r③② t②♠ ③❛❣➟♦❞③❡♥✐❛ ♣✐s❛r③② ✐ ❝③②t❡❧♥✐❦ó✇✳▼❛t❡r✐❛➟ t✉

✹✺✸



♣r③❡❞st❛✇✐❛♥② ♣♦❝❤♦❞③✐ ③ ♣r❛❝② ❇♦❧❦❛ ❈✐❡s✐❡❧s❦✐❡❣♦ ❬❈✐❡✽✾❪✳
❩❡❝❤❝✐❡❥ ♣♦ró✇♥❛➣ ③ r♦③✇✐→③❛♥✐❡♠ st♦s✉❥→❝②♠ s❡♠❛❢♦r② ❬❇❍✼✻❪✳

✺✳✶✳ ❘♦③✇✐→③❛♥✐❡ ③ ♠♦➺❧✐✇♦➧❝✐→ ③❛❣➟♦❞③❡♥✐❛✳ ❖P■❙❆❶ ✕ ♥❛✲
s③❦✐❝♦✇❛➣ str❛✐❣❤t❢♦r✇❛r❞ s♦❧✉t✐♦♥ ✕
str✉❦t✉r→ ♠♦➺❡ ❜②➣ t❛❜❧✐❝❛ ❧✉❜ ❞r③❡✇♦ ♥♣✳ ❞r③❡✇♦ ❇❙❚✳
♦♣❡r❛❝❥❡ ❝③②t❛♥✐❛ t♦ s③✉❦❛❥ ❧✉❜ ♠♦❞②✜❦✉❥ r❡❦♦r❞✱ ❜❡③ ③♠✐❛♥②
❦❧✉❝③❛
♦♣❡r❛❝❥❡ ♣✐s❛♥✐❛ t♦ ✐♥s❡rt ✐ ❞❡❧❡t❡ ✲ ③♠✐❡♥✐❛❥→ str✉❦t✉r➛

✉♥✐t ❙❚❘✿ ♣r♦❝❡ss✭✮❀
✉♥✐t ❝③②t❛❥✿ ♣r♦❝❡❞✉r❡ ✳✳✳
❜❡❣✐♥
❡♥❛❜❧❡ ❝③②t❛❥
✳✳✳

❡♥❞ ❝③②t❛❥❀
✉♥✐t ♣✐s③✿ ♣r♦❝❡❞✉r❡ ✳✳✳

❜❡❣✐♥
r❡t✉r♥
❞♦
❛❝❝❡♣t ❝③②t❛❥✱ ♣✐s③

♦❞
❡♥❞ ❙❚❘❀

❲ s②st❡♠✐❡ ♠♦➺❡ ✐st♥✐❡➣ ✇✐❡❧❡ ❛❦t②✇♥②❝❤ ♦❜✐❡❦tó✇ t②♣✉ ❑❧✐❡♥t✳
◆♣✳

✉♥✐t ❑❧✐❡♥t✿ ♣r♦❝❡ss✭♥♦❞❡✿ ✐♥t❡❣❡r✱ sr✇✿ ❙❚❘✮❀
✳ ✳ ✳
❡♥❞ ❑❧✐❡♥t

❑❛➺❞② ❛❦t②✇♥② ♦❜✐❡❦t t②♣✉ ❑❧✐❡♥t ♠♦➺❡ ✇②❦♦♥❛➣ ♣♦❧❡❝❡♥✐❡
❜→❞➵ ❝❛❧❧ sr✇✳❝③②t❛❥✭✮ ❜→❞➵ ❝❛❧❧ sr✇✳P✐s③✭✮✳ P♦s➟✉❣✉❥→❝ s✐➛ ✇❧❛s♥♦➧❝✐❛♠✐
♣r♦t♦❦♦➟✉ ❛❧✐❡♥ ❝❛❧❧ ♠♦➺♥❛ ✇②❦❛③❛➣✱ ➺❡ ♥✐❡ ❞♦❥❞③✐❡ ❞♦ ❦♦♥✢✐❦t✉
❝③②t❡❧♥✐❦ó✇ ③ ♣✐s❛r③❛♠✐✳ ❯♠✐❡s③❝③♦♥❛ ♥❛ ♣♦❝③→t❦✉ ♣r♦❝❡❞✉r②
❈③②t❛❥ ✐♥str✉❦❝❥❛ ❡♥❛❜❧❡ ❈③②t❛❥ ✏♦t✇✐❡r❛ ❞r♦❣➛✑ ♥❛st➛♣♥❡♠✉
❝③②t❡❧♥✐❦♦✇✐✳
❘♦③✇✐→③❛♥✐❡ t❛❦✐❡ ♥✐❡ ✇②❦❧✉❝③❛ ❥❡❞♥❛❦ ③❛❣➟♦❞③❡♥✐❛ ♣✐s❛r③❛✭②✮✳

✺✳✷✳ ❘♦③✇✐→③❛♥✐❡ ❜❡③ ③❛❣➟♦❞③❡♥✐❛ ♣✐s❛r③②✳ ❲ t②♠ r♦③✇✐→③❛✲
♥✐✉ ✇♣r♦✇❛❞③♦♥② ❥❡st ♦❜✐❡❦t ♣r♦❝❡s✉ ❙✉♣❡r✈✐s♦r✱ ❦tór② ❦♦♥tr♦✲
❧✉❥❡ ❞♦st❡♣ ❞♦ ③❛s♦❜✉✳ ❲ ❝❡❧✉ ✉♥✐❦♥✐➛❝✐❛ ③❛❣➟♦❞③❡♥✐❛ ♣✐s❛r③②
❞♦ ❝③②t❛♥✐❛ ✇♣✉s③❝③❛ s✐➛ ❝③②t❡❧♥✐❦ó✇ ❣r✉♣❛♠✐✳ ●❞② ✇s③②s❝②
❝③②t❡❧♥✐❝② ③ ❣r✉♣② ③❛❦♦➠❝③→ ❝③②t❛♥✐❡ s♣r❛✇❞③❛ s✐➛ ❝③② ❥❛❦✐➧ ♣✐✲
s❛r③ ③❣➟♦s✐➟ ❝❤➛➣ ♣✐s❛♥✐❛✳
P♦♥✐➺❡❥ ♣r③❡❞st❛✇✐❛♠② s❝❤❡♠❛t ♣r♦❝❡s✉ ❘❡❛❞❡r✳
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✉♥✐t ❘❡❛❞❡r✿♣r♦❝❡ss✭♥♦❞❡✿ ✐♥t❡❣❡r✱ s✈✿s✉♣❡r✈✐s♦r✮❀
❜❡❣✐♥
r❡t✉r♥❀
❞♦
❝❛❧❧ s✈✳st❛♠♣❀ ✭✯ ③❛r❡❥❡str✉❥ s✐➛ ✯✮
❝❛❧❧ s✈✳st❛rtr❡❛❞❀ ✭✯ ➺→❞❛♥✐❡ ❞♦st➛♣✉ ❞♦ ③❛s♦❜✉ ✯✮
✭✯ ❈③②t❛♥✐❡ ✯✮
❝❛❧❧ s✈✳❡♥❞r❡❛❞❀ ✭✯ ❝③②t❛♥✐❡ ③❛❦♦➠❝③♦♥❡ ✯✮
✭✯ ■♥♥❡ ❝③②♥♥♦➧❝✐ ✯✮

♦❞
❡♥❞ ❘❡❛❞❡r❀

Pr♦❝❡s ❲r✐t❡r ♠❛ ♣♦❞♦❜♥→ str✉❦t✉r➛✳

✉♥✐t ❲r✐t❡r✿♣r♦❝❡ss✭♥♦❞❡✿✐♥t❡❣❡r✱ s✈✿s✉♣❡r✈✐s♦r✮❀
❜❡❣✐♥
r❡t✉r♥❀
❞♦
❝❛❧❧ s✈✳st❛rt✇r✐t❡❀ ✭✯ ➺→❞❛♥✐❡ ❞♦st➛♣✉ ❞♦ ③❛s♦❜✉ ✯✮
✳✳✳
✭✯ P✐s❛♥✐❡ ✯✮
✳✳✳
❝❛❧❧ s✈✳❡♥❞✇r✐t❡❀ ✭✯ ③❛❦♦➠❝③❡♥✐❡ ♣✐s❛♥✐❛ ✯✮
✳✳✳

♦❞
❡♥❞ ❲r✐t❡r❀

❯tr③②♠❛♥✐❡♠ ♣♦r③→❞❦✉ ③❛❥♠✉❥❡ s✐➛ ♦❜✐❡❦t ♣r♦❝❡s✉ ❙✉♣❡r✈✐✲
s♦r✳ ✯
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✉♥✐t ❙✉♣❡r✈✐s♦r✿♣r♦❝❡ss✭♥♦❞❡✿✐♥t❡❣❡r✮❀
✈❛r ✇❛✐t✐♥❣❴r❡❛❞❡rs✿✐♥t❡❣❡r✱ ✭✯ ❧✐❝③❜❛ ③❛r❡❥❡str♦✇❛♥②❝❤ ❝③②t❡❧♥✐❦ó✇ ✯✮
✇r✐t✐♥❣✿❜♦♦❧❡❛♥✱ ✭✯ ❚❘❯❊ ✐❢ ❛ ✇r✐t❡r ✐s ✇r✐t✐♥❣ ✯✮

✭✯ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s ❝♦♥❝❡r♥ t❤❡ ❣r♦✉♣ ♦❢ r❡❛❞❡rs s❡r✈✐❝❡❞
✐♥ ❛ s✐♥❣❧❡ s✉♣❡r✈✐s♦r ❝②❝❧❡ ✯✮
❝r✿✐♥t❡❣❡r✱ ✭✯ t♦t❛❧ ♥✉♠❜❡r ♦❢ r❡❛❞❡rs ✯✮
❜r✿✐♥t❡❣❡r✱ ✭✯ ♥✉♠❜❡r ♦❢ r❡❛❞❡rs ✇❤✐❝❤ st❛rt❡❞ r❡❛❞✐♥❣ ✯✮
❡r✿✐♥t❡❣❡r❀ ✭✯ ♥✉♠❜❡r ♦❢ r❡❛❞❡rs ✇❤✐❝❤ ✜♥✐s❤❡❞ r❡❛❞✐♥❣ ✯✮
✉♥✐t st❛♠♣✿♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
✇❛✐t✐♥❣❴r❡❛❞❡rs ✿❂ ✇❛✐t✐♥❣❴r❡❛❞❡rs✰✶❀

❡♥❞ st❛♠♣❀
✉♥✐t st❛rtr❡❛❞✿♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
❜r ✿❂ ❜r✰✶❀ ✭✯ ♥❡①t r❡❛❞❡r st❛rt❡❞ t❤❡ r❡❛❞✐♥❣ ✯✮
✇r✐t✐♥❣ ✿❂ ❢❛❧s❡❀ ✭✯ ♥♦ ✇r✐t❡r ✐s ✇r✐t✐♥❣ ✯✮

❡♥❞ st❛rtr❡❛❞❀
✉♥✐t ❡♥❞r❡❛❞✿ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
❡r ✿❂ ❡r✰✶❀ ✭✯ ❛ r❡❛❞❡r ✜♥✐s❤❡s t❤❡ r❡❛❞✐♥❣ ✯✮

❡♥❞ ❡♥❞r❡❛❞❀
✉♥✐t st❛rt✇r✐t❡✿♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
✇r✐t✐♥❣ ✿❂ tr✉❡❀ ✭✯ ❛ ✇r✐t❡r ✐s ✇r✐t✐♥❣ ✯✮

❡♥❞ st❛rt✇r✐t❡❀
✉♥✐t ❡♥❞✇r✐t❡✿♣r♦❝❡❞✉r❡❀
❡♥❞ ❡♥❞✇r✐t❡❀

❜❡❣✐♥
r❡t✉r♥❀
❞♦
❜r ✿❂ ✵❀ ❡r ✿❂ ✵❀
❛❝❝❡♣t st❛rtr❡❛❞✱ st❛rt✇r✐t❡❀
✐❢ ✇r✐t✐♥❣ ✭✯ ✐❢ ❛ ✇r✐t❡r ✇❛s ✜rst ✯✮
t❤❡♥ ✭✯ t❤❡♥ ✇❡ ✇❛✐t ✉♥t✐❧ ✐t ✜♥✐s❤❡s t❤❡ ✇r✐t✐♥❣ ✯✮
❛❝❝❡♣t ❡♥❞✇r✐t❡❀ ✭✯ ❛♥❞ ✜♥✐s❤ t❤❡ s❡r✈✐❝❡ ❝②❝❧❡ ✯✮

❡❧s❡

❞✐s❛❜❧❡ st❛♠♣❀
❝r ✿❂ ✇❛✐t✐♥❣❴r❡❛❞❡rs✰✶❀ ✭✯ t❤❡ ♥✉♠❜❡r ♦❢ ✇❛✐t✐♥❣ r❡❛❞❡rs✯✮
✇❛✐t✐♥❣❴r❡❛❞❡rs ✿❂ ✵❀ ✭✯ ❛❞❞✐t✐♦♥❛❧ r❡❛❞❡rs ✇✐❧❧ ❜❡ ✯✮
✭✯ s❡r✈✐❝❡❞ ✐♥ t❤❡ ♥❡①t r❡❛❞❡rs ❣r♦✉♣ ✯✮
❡♥❛❜❧❡ st❛♠♣❀
✇❤✐❧❡ ❜r ❁ ❝r
❞♦
❛❝❝❡♣t st❛rtr❡❛❞✱ ❡♥❞r❡❛❞❀

♦❞❀
✇❤✐❧❡ ❡r ❁ ❝r
❞♦
❛❝❝❡♣t ❡♥❞r❡❛❞

♦❞❀
✜❀

♦❞
❡♥❞ s✉♣❡r✈✐s♦r❀

✹✺✻



❙tr✉❦t✉r❛ ♣r♦❣r❛♠✉ ❣➟ó✇♥❡❣♦ ✇②❣❧→❞❛ t❛❦✿

♣r♦❣r❛♠ ❈③②t❡❧♥✐❝②❴✐❴P✐s❛r③❡❀

✉♥✐t ❘❡❛❞❡r✿ ♣r♦❝❡ss ✳✳✳

✉♥✐t ❲r✐t❡r✿ ♣r♦❝❡ss ✳✳✳

✉♥✐t ❙✉♣❡r✈✐s♦r✿ ♣r♦❝❡ss ✳✳✳

❜❡❣✐♥ ✭✯ t❤❡ ♠❛✐♥ ♣r♦❣r❛♠ ✯✮
❝ ✿❂ ♥❡✇ ❙✉♣❡r✈✐s♦r✭✵✮❀
r❡s✉♠❡✭❝✮❀
❢♦r ✐ ✿❂ ✶ t♦ ♥✉♠❴r❡❛❞❡rs
❞♦
r❡s✉♠❡✭♥❡✇ ❘❡❛❞❡r✭♥r✭✐✮✱❝✮✮❀

♦❞❀
❢♦r ✐ ✿❂ ✶ t♦ ♥✉♠❴✇r✐t❡rs
❞♦
r❡s✉♠❡✭♥❡✇ ❲r✐t❡r✭♥r✭✐✮✱❝✮✮❀

♦❞❀
✭✯ ③❛❦♦➠❝③ ✯✮

❡♥❞

❆♥❛❧✐③❛✳ ❘♦③✇✐→③❛♥✐❡ ♣r③❡❞st❛✇✐♦♥❡ ♣r③❡③ ❇♦❧❦❛ ✭♣♦✇②➺❡❥✮
③❛❦➟❛❞❛ ✇s♣ó➟❜✐❡➺♥② ✭✐ ❦♦♥✢✐❦t♦✇②✮ ❞♦st➛♣ ❞♦ ③❛s♦❜✉✳
▼♦➺♥❛ ✉❞♦✇♦❞♥✐❝✱ ➺❡ ♣r③❡❞st❛✇✐♦♥❡ t✉ r♦③✇✐→③❛♥✐❡ ❥❡st ✇♦❧♥❡
♦❞ ❦♦♥✢✐❦tó✇②❝❤ ❞♦st➛♣ó✇ ❞♦ ③❛s♦❜✉ ③♥❛❥❞✉❥→❝❡❣♦ s✐➛ ✇ ❣❡st✐✐
s✉♣❡r✈✐s♦r❛✱ ♠♦➺♥❛ t❡➺ ✉❞♦✇♦❞♥✐➣✱ ➺❡ ♥✐❡ ✇②st→♣✐ ③❛❣➟♦❞③❡♥✐❡
❦❧✐❡♥tó✇ ♣✐s❛r③②✳
❆❧❡ tr✉❞♥♦ s♦❜✐❡ ✇②♦❜r❛③✐➣ ró✇♥♦❝③❡s♥❡ ♦❞❝③②t②✇❛♥✐❡ ✭♣r③❡✲
s③✉❦✐✇❛♥✐❡✮ ❞❛♥②❝❤✳ ❑❛➺❞② ♣r♦❝❡s ❥❡st ✭❧✉❜ ♠♦➺❡ ❜②➣✮ ❛❧♦❦♦✲
✇❛♥② ♥❛ ✐♥♥②♠ ❦♦♠♣✉t❡r③❡ ✇ s✐❡❝✐✳ ❑❛➺❞② ♣r♦❝❡s ❥❡st s❡❦✇❡♥✲
❝②❥♥②✳ ▼❡t♦❞② ♣r♦❝❡s✉ s→ ✇②❦♦♥②✇❛♥❡ ♥❛ ③❛s❛❞③✐❡ ♣r♦t♦❦♦➟✉
❛❧✐❡♥ ❝❛❧❧ ❝③②❧✐ ♣♦ ❦♦❧❡✐✳ ❖③♥❛❝③❛ t♦✱ ➺❡ ♣r♦❝❡s s❡r✇❡r ♠♦➺❡
③❣♦❞③✐➣ s✐➛ ♥❛ ✇②❦♦♥②✇❛♥✐❡ ❦✐❧❦✉ ♥❛ r❛③ ✐♥st❛♥❝❥✐ ♣r♦❝❡❞✉r②
❈③②t❛♥✐❡ ✭❦tór❛ ♠✉s✐❛➟❛❜② ❜②❝ ♠❡t♦❞→ s❡r✇❡r❛✦✮✱ ❛❧❡ ❦❛➺❞❡ ✇②✲
✇♦➟❛♥✐❡ ♠❡t♦❞② ❈③②t❛♥✐❡ ♣r③❡r②✇❛ ✇②❦♦♥②✇❛♥✐❡ ✇❝③❡➧♥✐❡❥s③❡
t❡❥ ♠❡t♦❞② ❜→❞➵ ✐♥st❛♥❝❥❡ t❡ ✇②❦♦♥②✇❛♥❡ s❛ ♣♦ ❦♦❧❡✐✳

✺✳✸✳ ❘♦③✇✐→③❛♥✐❡ ③ ró✇♥♦❝③❡s♥②♠ ❝③②t❛♥✐❡♠✳ ❙♣ró❜✉❥❡♠②
♥❛s③❦✐❝♦✇❛➣ ✐♥♥❡ r♦③✇✐→③❛♥✐❡✳ ❩ r♦③✇✐→③❛♥✐❛ ♣♦♣r③❡❞♥✐❡❣♦ ③❛✲
❝❤♦✇❛♠② ♣r♦t♦❦ó❧ ③❛♣♦❜✐❡❣❛❥→❝② ③❛❣➟♦❞③❡♥✐✉ ♣✐s❛r③②✳ ◆❛t♦✲
♠✐❛st ❝③②t❛♥✐❡ st❛❥❡ s✐➛ tr❡➧❝✐→ ♠❡t♦❞② s✉♣❡r✈✐s♦r❛✳ ◆♦✇❛ ✇❡r✲
s❥❛ ♣r♦❝❡s✉ ❘❡❛❞❡r ③❛✇✐❡r❛ ✐♥str✉❦❝❥➛ ✭◆❖❲❆✱ ♥✐❡ ✇②st➛♣✉❥❡
✇ ▲♦❣❧❛♥✐❡✬✽✷✦✮

❛❝t✐✈❛t❡ ❁s❡r✇❡r❃✳❁♠❡t♦❞❛❃✭❛r❣s✮✳

✹✺✼



✉♥✐t ❘❡❛❞❡r✿♣r♦❝❡ss✭♥♦❞❡✿ ✐♥t❡❣❡r✱ s✈✿s✉♣❡r✈✐s♦r✮❀
❜❡❣✐♥
r❡t✉r♥❀
❞♦
❝❛❧❧ s✈✳st❛♠♣❀ ✭✯ ③❛r❡❥❡str✉❥ s✐➛ ✯✮
❝❛❧❧ s✈✳st❛rtr❡❛❞❀ ✭✯ ➺→❞❛♥✐❡ ❞♦st➛♣✉ ❞♦ ③❛s♦❜✉ ✯✮

❛❝t✐✈❛t❡ s✈✳❈③②t❛♥✐❡✭✳✳✳✮❀

✭✯ ❈③②t❛♥✐❡✱ ♣r♦❝❡s s✈ ✉r✉❝❤♦♠✐ ♣r♦❝♣r♦❝ ❈③②t❛♥✐❡ ✯✮
✭✯ ❥❛❦♦ ♥♦✇② ♣r♦❝❡s ró✇♥♦❧❡❣❧❡ ❜→❞➵ ✇s♣ó➟❜✐❡➺♥✐❡ ✯✮
❝❛❧❧ s✈✳❡♥❞r❡❛❞❀
✭✯ ❝③②t❛♥✐❡ ③❛❦♦➠❝③♦♥❡ ✯✮
✭✯ ■♥♥❡ ❝③②♥♥♦➧❝✐ ✯✮

♦❞
❡♥❞ ❘❡❛❞❡r❀

■♥str✉❦❝❥❛ ❛❝t✐✈❛t❡ ❥❡st ♥♦✇→ ♣r♦♣♦♥♦✇❛♥→ ✐♥str✉❦❝❥→✺✳ ❏❡❥
s❡♠❛♥t②❦❛ t♦ ✉r✉❝❤♦♠✐❡♥✐❡ ♥♦✇❡❣♦ ♣r♦❝❡s✉ ♥❛ t②♠ s❛♠②♠
❦♦♠♣✉t❡r③❡ ❝♦ ♣r♦❝❡s s✈✳ ❲②♠❛❣❛♥❡ ❞♦ t❡❣♦ ❥❡st ③❡③✇♦❧❡♥✐❡
❛❧❧♦✇ ❈③②t❛♥✐❡ ③❡ str♦♥② ♣r♦❝❡s✉ s✈✳ ❲→t❡❦ ♥♦✇❡❣♦ ♣r♦❝❡s✉
t♦ tr❡➧➣ ♠❡t♦❞② ❈③②t❛♥✐❡✳ P♦ ✇②❦♦♥❛♥✐✉ ♦st❛t♥✐❡❥ ✐♥str✉❦❝❥✐
♣r♦❝❡s t❛❦✐ ③♥✐❦❛ ❛✉t♦♠❛t②❝③♥✐❡✳ P♦❞❝③❛s ✇②❦♦♥②✇❛♥✐❛ s✇②❝❤
✐♥str✉❦❝❥✐ ♣r♦❝❡s♣r♦❝❡❞✉r❛ ♠❛ ❞♦st➛♣ ❞♦ ✇s③②st❦✐❝❤ ③♠✐❡♥♥②❝❤
♣r♦❝❡s✉ s✈✳
Pr♦❝❡s ✇r✐t❡r ♣♦③♦st❛✇✐❛♠② ❜❡③ ③♠✐❛♥✳
❲ ♣r♦❝❡s✐❡ s✉♣❡r✈✐s♦r ♣♦❥❛✇✐ s✐➛ ♣r♦❝❡❞✉r❛✲♣r♦❝❡s ❈③②t❛♥✐❡✳

✺❲➟❛➧❝✐✇✐❡ ♠♦➺♥❛ ❜② ✉➺②❝ s➟♦✇❛ s❡♥❞✱ ♣r③❡✇✐❞③✐❛♥❡❣♦ ♣r③❡③
❇♦❧❦❛ ✇ ✶✾✽✽✳

✹✺✽



✉♥✐t ❙✉♣❡r✈✐s♦r✿♣r♦❝❡ss✭♥♦❞❡✿✐♥t❡❣❡r✮❀
✈❛r ✇❛✐t✐♥❣❴r❡❛❞❡rs✿✐♥t❡❣❡r✱ ✭✯ ❧✐❝③❜❛ ③❛r❡❥❡str♦✇❛♥②❝❤ ❝③②t❡❧♥✐❦ó✇ ✯✮
✇r✐t✐♥❣✿❜♦♦❧❡❛♥✱ ✭✯ ❚❘❯❊ ✐❢ ❛ ✇r✐t❡r ✐s ✇r✐t✐♥❣ ✯✮

✭✯ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s ❝♦♥❝❡r♥ t❤❡ ❣r♦✉♣ ♦❢ r❡❛❞❡rs s❡r✈✐❝❡❞
✐♥ ❛ s✐♥❣❧❡ s✉♣❡r✈✐s♦r ❝②❝❧❡ ✯✮
❝r✿✐♥t❡❣❡r✱ ✭✯ t♦t❛❧ ♥✉♠❜❡r ♦❢ r❡❛❞❡rs ✯✮
❜r✿✐♥t❡❣❡r✱ ✭✯ ♥✉♠❜❡r ♦❢ r❡❛❞❡rs ✇❤✐❝❤ st❛rt❡❞ r❡❛❞✐♥❣ ✯✮
❡r✿✐♥t❡❣❡r❀ ✭✯ ♥✉♠❜❡r ♦❢ r❡❛❞❡rs ✇❤✐❝❤ ✜♥✐s❤❡❞ r❡❛❞✐♥❣ ✯✮
✉♥✐t st❛♠♣✿♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
✇❛✐t✐♥❣❴r❡❛❞❡rs ✿❂ ✇❛✐t✐♥❣❴r❡❛❞❡rs✰✶❀

❡♥❞ st❛♠♣❀
✉♥✐t st❛rtr❡❛❞✿♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
❜r ✿❂ ❜r✰✶❀ ✭✯ ♥❡①t r❡❛❞❡r st❛rt❡❞ t❤❡ r❡❛❞✐♥❣ ✯✮
✇r✐t✐♥❣ ✿❂ ❢❛❧s❡❀ ✭✯ ♥♦ ✇r✐t❡r ✐s ✇r✐t✐♥❣ ✯✮

❛❧❧♦✇ ❈③②t❛♥✐❡❀

❡♥❞ st❛rtr❡❛❞❀
✉♥✐t ❡♥❞r❡❛❞✿ ♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
❡r ✿❂ ❡r✰✶❀ ✭✯ ❛ r❡❛❞❡r ✜♥✐s❤❡s t❤❡ r❡❛❞✐♥❣ ✯✮

❡♥❞ ❡♥❞r❡❛❞❀

✉♥✐t ❈③②t❛♥✐❡✿ ♣r♦❝❡ss♣r♦❝❡❞✉r❡✭✳✳✳✮❀

✭✯ ❚❆❑✦ ✇②✇♦➟❛♥✐❡ ❝❛❧❧ ❈③②t❛♥✐❡ ✉r✉❝❤❛♠✐❛ ♣r♦❝❡s ♣r♦❝❡❞✉r② ✇❡✇♥→tr③ ♣r♦❝❡s✉ s✉♣❡r✈✐s♦r ✯✮

❡♥❞ ❈③②t❛♥✐❡❀

✉♥✐t st❛rt✇r✐t❡✿♣r♦❝❡❞✉r❡❀
❜❡❣✐♥
✇r✐t✐♥❣ ✿❂ tr✉❡❀ ✭✯ ❛ ✇r✐t❡r ✐s ✇r✐t✐♥❣ ✯✮

❡♥❞ st❛rt✇r✐t❡❀
✉♥✐t ❡♥❞✇r✐t❡✿♣r♦❝❡❞✉r❡❀
❡♥❞ ❡♥❞✇r✐t❡❀

❜❡❣✐♥
r❡t✉r♥❀
❞♦
❜r ✿❂ ✵❀ ❡r ✿❂ ✵❀
❛❝❝❡♣t st❛rtr❡❛❞✱ st❛rt✇r✐t❡❀
✐❢ ✇r✐t✐♥❣ ✭✯ ✐❢ ❛ ✇r✐t❡r ✇❛s ✜rst ✯✮
t❤❡♥ ✭✯ t❤❡♥ ✇❡ ✇❛✐t ✉♥t✐❧ ✐t ✜♥✐s❤❡s t❤❡ ✇r✐t✐♥❣ ✯✮
❛❝❝❡♣t ❡♥❞✇r✐t❡❀ ✭✯ ❛♥❞ ✜♥✐s❤ t❤❡ s❡r✈✐❝❡ ❝②❝❧❡ ✯✮

❡❧s❡

❞✐s❛❜❧❡ st❛♠♣❀
❝r ✿❂ ✇❛✐t✐♥❣❴r❡❛❞❡rs✰✶❀ ✭✯ t❤❡ ♥✉♠❜❡r ♦❢ ✇❛✐t✐♥❣ r❡❛❞❡rs✯✮
✇❛✐t✐♥❣❴r❡❛❞❡rs ✿❂ ✵❀ ✭✯ ❛❞❞✐t✐♦♥❛❧ r❡❛❞❡rs ✇✐❧❧ ❜❡ ✯✮
✭✯ s❡r✈✐❝❡❞ ✐♥ t❤❡ ♥❡①t r❡❛❞❡rs ❣r♦✉♣ ✯✮
❡♥❛❜❧❡ st❛♠♣❀
✇❤✐❧❡ ❜r ❁ ❝r
❞♦
❛❝❝❡♣t st❛rtr❡❛❞✱ ❡♥❞r❡❛❞❀

♦❞❀
✇❤✐❧❡ ❡r ❁ ❝r
❞♦
❛❝❝❡♣t ❡♥❞r❡❛❞

♦❞❀
✜❀

♦❞
❡♥❞ s✉♣❡r✈✐s♦r❀

✹✺✾



◆♦✇② r♦❞③❛❥ ♠♦❞✉➟✉ ✇②♠②➧❧ ♥❛③✇➛ ❥❡st✿
• ♣r♦❝❡s❡♠✱ ♠♦➺❡ ❜②➣ ✉r✉❝❤♦♠✐♦♥② ♥❛ r❞③❡♥✐✉ ❦♦♠♣✉✲
t❡r❛ ✭ró✇♥♦❧❡❣❧❡✮✱ ❧✉❜ ✇s♣ó➟❜✐❡➺♥✐❡ ③ ♣r♦❝❡s❡♠ ♦❜❡❥✲
♠✉❥→❝②♠ ✐ ✐♥♥②♠✐ ✐♥st❛♥❝❥❛♠✐ ♣r♦❝❡s❛♠✐ t❛❦✐❝❤ ♠♦✲
❞✉➟ó✇✳

• ❥❡❣♦ ✐♥st❛♥❝❥❛ ♠❛ ❞♦st➛♣ ❞♦ ♣r♦❝❡s✉ ♦❜❡❥♠✉❥→❝❡❣♦
• ♥♦✇❛ ✐♥str✉❦❝❥❛ ❛❝t✐✈❛t❡ ③❛♠✐❛st ✐♥str✉❦❝❥✐ ❝❛❧❧

❩❛s♦❜❡♠✱ ❦tór②♠ ♣r♦❝❡s② ♠♦❣→ s✐➛ ❞③✐❡❧✐❝ ❥❡st ❡❦r❛♥✳ ❆❧❡
✳✳✳ ❈③② t❛❦✐♠ ③❛s♦❜❡♠ ♠♦➺❡ ❜②❝ ♥♣✳ ♣❧✐❦❄

❈③② ❥❡st s❡♥s r♦③✇❛➺❛➣ ♣r♦❜❧❡♠ ❝③②t❡❧♥✐❦ó✇ ✐ ♣✐s❛r③②❄
❚❆❑✳ Pr♦❝❡s ❩❛só❜ ♠❛ ♠❡t♦❞➛ ❝③②t❛♥✐❡✳ ❚❛ ♠❡t♦❞❛ r♦③♣♦✲
❝③②♥❛ s✐➛ ♦❞ ❡♥❛❜❧❡ st❛rtr❡❛❞✳ ❚③♥✳ ✇ tr❛❦❝✐❡ ❝③②t❛♥✐❛ ♥♦✇②
♣r♦❝❡s ♠♦➺❡ ③❣➟♦s✐➣ ❝❤➛➣ ❝③②t❛♥✐❛✳ Pr♦❝❡s ❩❛só❜ ♠♦➺❡ ③❣♦❞③✐➣
s✐➛ ♥❛ ❝③②t❛♥✐❡ ✕ ♣r③❡③ ❡♥❛❜❧❡ ❝③②t❛♥✐❡❄ ❧✉❜ ❛❝❝❡♣t ❝③②t❛♥✐❡✳

❖❜✐❡❦t sv ♣r♦❝❡s✉ s✉♣❡r✈✐s♦r ③❛r③→❞③❛ ❞♦st➛♣❡♠ ❞♦ ❞③✐❡❧♦✲
♥❡❣♦ ③❛s♦❜✉✳ ❲ ❥❛❦✐❝❤ st❛♥❛❝❤ ♠♦➺❡ s✐➛ ③♥❛❧❡➵➣ t❡♥ ♦❜✐❡❦t✿
♣♦❝③→t❡❦ ❲ t②♠ st❛♥✐❡ ③❛r③→❞❝❛ ♦❝③❡❦✉❥❡ ♥❛ ③❣➟♦s③♥❡ st❛rtr❡❛❞

❧✉❜ st❛rt✇r✐t❡ ❛❝❝❡♣t st❛rtr❡❛❞✱ st❛rt✇r✐t❡✱
♣✐s❛♥✐❡ ❲ t②♠ st❛♥✐❡ ③❛r③→❞❝❛ ♦❝③❡❦✉❥❡ ♥❛ ♦♣❡r❛❝❥➛ ♣✐s❛♥✐❛

❛❝❝❡♣t ❡♥❞✇r✐t❡✱
❝③②t❛♥✐❡ ❲ t②♠ st❛♥✐❡ ✇②ró③♥✐❛♠② tr③② ❦♦❧❡❥♥❡ st❛♥② s❦➟❛❞♦✇❡

t❡❣♦ st❛♥✉
✕ ③❛♣✐s③ ❧✐❝③❜➛ ③❛r❡❥❡str♦✇❛♥②❝❤ ❝③②t❡❧♥✐❦ó✇✱
✕ ❞♦♣ó❦✐ ❧✐❝③❜❛ ③❛r❡❥❡str♦✇❛♥②❝❤ ❝③②t❡❧♥✐❦ó✇ ❥❡st
✇✐➛❦s③❛ ♦❞ ❧✐❝③❜② ❝③②t❡❧♥✐❦ó✇✱ ❦tór③② r♦③♣♦❝③➛❧✐
❝③②t❛♥✐❡ ♦❝③❡❦✉❥ ♥❛ st❛rtr❡❛❞ ❧✉❜ st❛rt ❡♥❞✱

✕ ❞♦♣ó❦✐ ❧✐❝③❜❛ ❝③②t❡❧♥✐❦ó✇✱ ❦tór③② ③❛❦♦➠❝③②❧✐ ❝③②✲
t❛♥✐❡ ❥❡st ♠♥✐❡❥s③❛ ♦❞ ❧✐❝③❜② ③❛r❡❥❡str♦✇❛♥②❝❤
❝③②t❡❧♥✐❦ó✇ ♦❝③❡❦✉❥ ♥❛ st❛rt ❡♥❞✱

✳✳✳

❑♦♠❡♥t❛r③❡✳ ❩❛✉✇❛➺✱ ➺❡ ♠♦➺♥❛ s✐➛ ♦❜❡❥➧➣ ❜❡③ ✐♥str✉❦❝❥✐
❡♥❛❜❧❡ ✐ ❞✐s❛❜❧❡✳ ❲②♠❛❣❛ t♦ ✇♣r♦✇❛❞③❡♥✐❛ ❞♦❞❛t❦♦✇❡❣♦ ♣r♦✲
❝❡s✉✱ ❦tór② ③❛❥♠♦✇❛➟❜② s✐➛ ✇②➟→❝③♥✐❡ r❡❥❡str♦✇❛♥✐❡♠ ③❣➟♦s③❡➠
❝③②t❡❧♥✐❦ó✇ ✐ ♥❛ ➺→❞❛♥✐❡ ✉❞♦st➛♣♥✐❛➟❜② t➛ ✐♥❢♦r♠❛❝❥❡ ♣r♦❝❡s♦✇✐
s✉♣❡r✇✐③♦r✳

P♦✇❛③♥✐❡❥s③② ♣r♦❜❧❡♠ ♠❛♠② ③ ✇②❦♦r③②st❛♥✐❡♠ ③❡③✇♦❧❡➠ ♥❛
♦♣❡r❛❝❥❡ ❝③②t❛♥✐❛✳ Pr♦❝❡s② ❝③②t❡❧♥✐❦ó✇ ✐ ♣r♦❝❡s ③❛r③→❞❝② ③❛✲
s♦❜✉ ♥✐❡ ♠❛❥→ ✇s♣ó❧♥②❝❤ ❞❛♥②❝❤✳ ❩♠✐❡♥♥❡ ❦❛➺❞❡❣♦ ♣r♦❝❡s✉ s→
♣r②✇❛t♥❡ ✐ ♥✐❡❞♦st➛♣♥❡ ③ ③❡✇♥→tr③✳ ◆❛ ❝③②♠ ♠❛ ✇✐➛❝ ♣♦❧❡❣❛➣
ró✇♥♦❝③❡s♥❡ ❝③②t❛♥✐❡ ❞❛♥②❝❤ ③ ③❛s♦❜✉ ♣r③❡③ ró➺♥❡ ♦❜✐❡❦t② ♣r♦✲
❝❡s✉ ❝③②t❡❧♥✐❦❄ ❈③② t♦ ✇ ♦❣ó❧❡ ❥❡st ♠♦➺❧✐✇❡❄

◆♦t❛t❦❛ ✶ ♠❛❥❛ ✷✵✶✼
❇➛❞③✐❡ t♦ ♠♦➺❧✐✇❡ ❣❞② s❡r✇❡r ♣♦tr❛✜ ✉r✉❝❤♦♠✐➣ ❦♦❧❡❥♥❡ ✏✇→t❦✐✑
♣r♦❝❡❞✉r② ❝③②t❛♥✐❡ ♥❛ s✇♦✐❝❤ r❞③❡♥✐❛❝❤ ❧✉❜ ✇s♣ó➟❜✐❡➺♥✐❡✳ P♦

✹✻✵



r♦③♣♦❝③➛❝✐✉ ♣r♦❝❡❞✉r② ❝③②t❛♥✐❡ ✇ s❡r✇❡r③❡✳ ❇♦ ♣r♦❝❡❞✉r❛ t❛
♠✉s✐ ❜②➣ ✇ s❡r✇❡r③❡✳ ❩❛❝③②♥❛♠② ♦❞ ✐♥str✉❦❝❥✐ ❡♥❛❜❧❡ ❝③②t❛♥✐❡
✇ tr❡➧❝✐ t❡❥ ♣r♦❝❡❞✉r②✳ ❲✐❡♠②✱ ➺❡ ♥✐❡ ♠❛ ❦♦♥✢✐❦t✉ ③ ♣♦♣r③❡❞✲
♥✐♦ ✉r✉❝❤♦♠✐♦♥②♠✐ ✇→t❦❛♠✐ ❝③②t❛♥✐❛ ✐ ♠♦➺❡♠② ✉r✉❝❤♦♠✐➣ ❦♦✲
❧❡❥♥② ✇→t❡❦✳ Pr♦❜❧❡♠ ♣♦❧❡❣❛ ♥❛ t②♠✱ ➺❡ ♣r♦❝❡s ✇②❦♦♥②✇❛♥✐❛
♣r♦❝❡❞✉r② ❝③②t❛♥✐❡✱ ♠❛ s✐➛ ③❛❝❤♦✇②✇❛➣ ❥❛❦ ❜② ❜②➟ ♣r♦❝❡s❡♠✳
❆❧♦❦❛❝❥❛ ♥❛ ✇➛➵❧❡❄ ♥✐❡ ♠✉s✐♠② s✐➛ t②♠ ♣r③❡❥♠♦✇❛➣ ♥✐❡❝❤ ③❛❥✲
♠✐❡ s✐❡ t②♠ ✐♥t❡r♣r❡t❡r ✐♥t✳ ❆❧❡ tr③❡❜❛ ❣♦ ♥✐❡❝♦ ③♠✐❡♥✐➣✦ ◆❛❥✲
tr✉❞♥✐❡❥s③❡ ❥❡st ✇s❦❛③❛➣ ✐♥t✲♦✇✐✱ ➺❡ ♠❛ ♣♦st→♣✐➣ ✐♥❛❝③❡❥✳ ❆ ❥❛❦
♠❛ ♣♦st➛♣♦✇❛➣❄ ❙t✇♦r③②➣ ♥♦✇② ♦❜✐❡❦t ♣r♦❝❡s✉ ❛♥♦♥✐♠♦✇❡❣♦
✐ ✉❛❦t②✇♥✐➣ ❣♦✳
❲ ♥♦✇❡❥ ✇❡rs❥✐ ▲♦❣❧❛♥✉ ♠♦❣➟♦❜② t♦ ✇②❣❧→❞❛❝ t❛❦✿

✉♥✐t ❈③②t❛♥✐❡✿ ✇→t❡❦ ♣r♦❝❡❞✉r❛ ✭✳✳✳✮❀
✳✳✳

❡♥❞ ❈③②t❛♥✐❡❀

❣❞③✐❡ ✇→t❡❦ ❥❡st ♣r♦❝❡s❡♠✳ ❖❜❡❝♥❛ ✇❡rs❥❛ ▲♦❣❧❛♥✉ ♥✐❡ ❛❦❝❡♣✲
t✉❥❡ t❛❦✐❡❥ s❦➟❛❞♥✐✱ ♥✐❡st❡t②✳ ✭✼ ❊❘❘❖❘ ✸✵✸ ❈❖❘❖❯❚■◆❊✴P❘❖❈❊❙❙
■▲▲❊●❆▲ ❍❊❘❊ ❆❙ P❘❊❋■❳ ❲❆❚❊❑ ✮

▼✐❛➟❡♠ ♣♦♠②s➟ ♥❛ ❝✐❡❦❛✇② ♣r③②♣❛❞❡❦ ③❛❞❛♥✐❛ ❝③②t❡❧♥✐❝② ✐ ♣✐✲
s❛r③❡✳ ❈♦ t♦ ❜②➟♦❄
❆❤❛✱ ❝③② ♣♦tr❛✜♠② ♦♣✐s❛➣ ✭③ s❡♥s❡♠✮ ♣r❛❝➛ ♣r③❡❜✐❡❣✉ ❦♦♠♣✐✲
❧❛t♦r❛ ✭✇✐❡❧♦♣r③❡❜✐❡❣♦✇❡❣♦✮ t❛❦ ❥❛❦ t♦ ③r♦❜✐❧✐ ❛✉t♦r③② ●■❊❘❆❧✲
❣♦❧✉❄
❑❛➺❞② ♣r③❡❜✐❡❣ ♣♦❜✐❡r❛ ❞❛♥❡ ③ ❥❡❞♥❡❣♦ ♣❧✐❦✉ ✐ ✇②s②➟❛ ✇②♥✐❦✐
❞♦ ❦♦❧❡❥♥❡❣♦ ♣❧✐❦✉✳ ❏❡➧❧✐ ♣♦❜✐❡r❛♥✐❡ ♦❞❜②✇❛ s✐➛ ③ ❜✉❢♦r❛ ❆✱ ❛
t②♠❝③❛s❡♠ ❦♦♠♣✉t❡r ✭✐♥♥② ♣r♦❝❡s♦r✮ ➟❛❞✉❥❡ ❞♦ ❜✉❢♦r❛ ❇✳ ■ ♣♦✲
❞♦❜♥✐❡ ✇②s②➟❛♥❡ s❛ ✇②♥✐❦✐ ❞♦ ❇✉❢♦r❛ ❈ ♣♦❞❝③❛s ❣❞② ❦♦♠♣✉t❡r
✇②s②➟❛ ③❛✇❛rt♦➧➣ ❜✉❢♦r❛ ❉ ♥❛ ❞②s❦✳ ◆❛r②s♦✇❛➣ ✉❦➟❛❞ t②❝❤ ♣r♦✲
❝❡só✇✳ ❚r♦❝❤➛ ♣♦❞♦❜♥② ❞♦ ♣✐❡r➧❝✐❡♥✐❛ ♣r♦❞✉❝❡♥tó✇ ✐ ❜✉❢♦ró✇
♣♦♠✐➛❞③② ♥✐♠✐✳

❲②❞❛❥❡ s✐➛ ✇s❦❛③❛♥②♠✱ ♦❜♠②➧❧❡♥✐❡ ✐♥♥❡❣♦ ♠♦❞❡❧✉ ♣r♦❝❡s✉✳
❩❛✉✇❛➺♠②✱ ➺❡ ✇ ♣✐❡r✇s③②♠ ♣r♦❣r❛♠✐❡ ❥❛❦✐ ♦❜❡❥r③❡❧✐➧♠② ✇ t②♠
r♦③❞③✐❛❧❡ ✇✐❡❧❡ ♦❜✐❡❦tó✇ ♣r♦❝❡s✉ ♣✐s❛r③ ✇②♣✐s②✇❛➟♦ ♥❛ ❡❦r❛♥✳
✭❈♦ s❦✉t❦♦✇❛➟♦ ❝❤❛♦s❡♠✳✮ ❩❛só❜ ♠♦➺❡ ♠✐❡➧➣✐❝ s✐➛ ✇ ♣❛♠✐➛❝✐
❞②s❦♦✇❡❥ ♥♣✳ ♥❛ ♣❧✐❦✉✳ ❲t❡❞② ró✇♥♦❝③❡s♥❡ ❝③②t❛♥✐❡ ♠❛ s❡♥s✳

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ❛❜♦✈❡ s♦❧✉t✐♦♥ ✐s t❤❛t ❞✉r✐♥❣ t❤❡ r❡❛❞✐♥❣
❝②❝❧❡ ♦♥❧② t❤♦s❡ r❡❛❞❡rs ❛r❡ ❛❧❧♦✇❡❞ t♦ st❛rt r❡❛❞✐♥❣ ✇❤✐❝❤
✇❡r❡ ✇❛✐t✐♥❣ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝②❝❧❡✳ ❆❧❧ ♦t❤❡rs ♠✉st
✇❛✐t ❢♦r t❤❡ ♥❡①t r❡❛❞✐♥❣ ❝②❝❧❡ ❛♥❞ ❛ ✇r✐t❡r ♠❛② ❜❡ s❡r✈✐❝❡❞
❜❡❢♦r❡ t❤❡♠✳ ■♥ t❤✐s ✇❛② t❤❡ r❡❛❞❡rs ❝❛♥♥♦t st❛r✈❡ t❤❡ ✇r✐t❡rs✳
❆s ❝❛♥ ❡❛s✐❧② ❜❡ s❡❡♥ t❤❡ s♦❧✉t✐♦♥ ✇♦✉❧❞ ❜❡ s✐♠♣❧❡r ❛♥❞ ♠♦r❡
❡❧❡❣❛♥t ✐❢ t❤❡ ❛❧✐❡♥ ❝❛❧❧ ♠❡❝❤❛♥✐s♠ ♠❛❞❡ ❛✈❛✐❧❛❜❧❡ t♦ ❛ ♣r♦❝❡ss
t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡s ✇❛✐t✐♥❣ ❢♦r ❛♥ ❛❧✐❡♥ ❝❛❧❧ ♦❢ t❤❡ ❣✐✈❡♥
♣r♦❝❡❞✉r❡✳ ■♥ t❤❛t ❝❛s❡ t❤❡ ♣r♦❝❡❞✉r❡ st❛♠♣ ❛♥❞ r❡❣✐str❛t✐♦♥

✹✻✶



♦❢ ✇❛✐t✐♥❣ r❡❛❞❡rs ❝♦✉❧❞ ❜❡ ♦♠✐tt❡❞✳ ■♥st❡❛❞ ❛ s②st❡♠ ❝♦✉♥t
♦❢ ✇❛✐t✐♥❣ r❡❛❞❡rs s❤♦✉❧❞ ❜❡ ❝♦♥s✉❧t❡❞✳ ❆ s✐♠♣❧❡ ❡①t❡♥s✐♦♥ t♦
t❤❡ ❛❧✐❡♥ ❝❛❧❧ ✐s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳ ❆ s♦❧✉t✐♦♥ ✉s✐♥❣ ♦♥❧② t❤❡
♣✉r❡ s②♥❝❤r♦♥♦✉s r❡♥❞❡③✈♦✉s ✇♦✉❧❞ ❜❡ ♠♦r❡ ❝♦♠♣❧❡① ❜❡❝❛✉s❡
t❤❡ s✉♣❡r✈✐s♦r s❤♦✉❧❞ ❝♦♥s✐st ♦❢ t✇♦ s❡♣❛r❛t❡ ♣r♦❝❡ss❡s✿ ♦♥❡ ♦❢
t❤❡♠ ❢♦r r❡❣✐st❡r✐♥❣ ✇❛✐t✐♥❣ r❡❛❞❡rs ❛♥❞ t❤❡ s❡❝♦♥❞ ❢♦r ❛❝t✉❛❧❧②
❝♦♥tr♦❧❧✐♥❣ r❡❛❞✐♥❣ ❛♥❞ ✇r✐t✐♥❣✳

✻✳ ❲s♣ó➟♣r❛❝❛ ③ ❜❛③→ ❞❛♥②❝❤

❲✐❡❧❡ ♦❜✐❡❦tó✇ ♣r♦❝❡só✇ ♠♦➺❡ ✇s♣ó➟♣r❛❝♦✇❛➣ ③ ❜❛③→ ❞❛✲
♥②❝❤✳ ❉❧❛ ✉♣r♦s③❝③❡♥✐❛ ♣r③②❥♠✐❡♠②✱ ➺❡ ♠❛♠② ❞♦ ❝③②♥✐❡♥✐❛ ③
♦❜✐❡❦t❛♠✐ ♣r♦❝❡só✇ ❥❡❞♥❡❣♦ ③ ❞✇✉ r♦❞③❛❥ó✇✿

❦❧✐❡♥t✿ ✕ ♦❜✐❡❦t t❛❦✐❡❣♦ ♣r♦❝❡s✉ ✭❧✉❜ ♣♦❞t②♣✉ t②♣✉ ❦❧✐❡♥t✮
③❣➟❛s③❛ ❞♦ ❜❛③② ➺→❞❛♥✐❛ ✭③❛❞❛♥✐❛✮ ♥♣✳ ❝③② ♥❛❧❡➺②❄✱
✇st❛✇✱ ✉s✉➠✱ ♠✐♥✱ ♥❛st➛♣♥② ✕ ❛ ✇✐➛❝ ♦♣❡r❛❝❥❡ ♥❛ ❦♦✲
❧❡❥❝❡ ♣r✐♦r②t❡t♦✇❡❥✱

s❡r✇❡r✿ ✕ ♦❜✐❡❦t ♣r♦❝❡s✉ s❡r✇❡r ③❛r③→❞③❛ s✇♦✐♠ ♣♦❞✲
❞r③❡✇❡♠✱ ♠❛ s♣♦r→ ♣❛♠✐➛❝ ♣r③❡③♥❛❝③♦♥→ ♥❛ t❡♥ ❝❡❧
✭r③➛❞✉ ✹●❇ ❧✉❜ ✇✐➛❝❡❥✮✱ ♣♦tr❛✜ ❦♦♠✉♥✐❦♦✇❛➣ s✐➛ ③ ♣♦✲
❞♦❜♥②♠✐ ♦❜✐❡❦t❛♠✐ ♣♦♣r③❡③ s✐❡➣

❖❜✐❡❦t② ✕ s❡r✇❡r② t✇♦r③→ ❣r❛❢ ✭❞r③❡✇♦✮✳ ❖❜✐❡❦t s t②♣✉ s❡r✇❡r
♠♦➺❡ ③❧❡❝❛➣ ③❛❞❛♥✐❡ ✐♥♥❡♠✉ s❡r✇❡r♦✇✐ q✱ ❛ ✇ t②♠ ❝③❛s✐❡ ♣r③②❥✲
♠♦✇❛➣ ③❧❡❝❡♥✐❡ ♦❞ ❦❧✐❡♥t❛✳ ❖❜✐❡❦t s❡r✇❡r ❥❡st ✇✐➛❝ ✐ s❡r✇❡r❡♠
✐ ❦❧✐❡♥t❡♠✳ ❖❜s➟✉❣❛ ③❧❡❝❡➠ ✐ ♣r③②❥♠♦✇❛♥✐❡ ❦♦♠✉♥✐❦❛tó✇ ♦ ✇②✲
♥✐❦❛❝❤ ③❧❡❝♦♥②❝❤ ③❛❞❛➠ ♦❞❜②✇❛ s✐➛ ③❣♦❞♥✐❡ ③ ♣r♦t♦❦♦➟❡♠ ❛❧✐❡♥
❝❛❧❧✳ ❘ó✇♥♦❧❡❣➟♦➧➣ ❥❡st ③❛♣❡✇♥✐♦♥❛ ♣r③❡③ r♦③♣r♦s③❡♥✐❡ ③❛❞❛➠
♥❛ ♣r♦❝❡s♦r② ♣♦➟→❝③♦♥❡ s✐❡❝✐→✳

❏❡➧❧✐ ♣♦♠②➧❧✐♠②✱ ➺❡ ❜❛③❛ ❞❛♥②❝❤ ❥❡st ③♦r❣❛♥✐③♦✇❛♥❛ ❥❛❦♦ ❞r③❡✇♦✱
♥♣✳ ❞r③❡✇♦ ❇❙❚ ❧✉❜ ❇✲❞r③❡✇♦✱ t♦ ♦♣❡r❛❝❥❡ ❞♦st➛♣✉ ❞♦ ❜❛③② ❞❛✲
♥②❝❤ ♠♦➺❡♠② ♣♦❞③✐❡❧✐➣ ♥❛ ❣r✉♣② ✇ t❡♥ s♣♦só❜✿

❝ ❝③②t❛♥✐❡ ✐♥❢♦r♠❛❝❥✐✱
♠ ♠♦❞②✜❦❛❝❥❛ r❡❦♦r❞✉✱
③ ✇st❛✇✐❛♥✐❡ ♦r❛③ ✉s✉✇❛♥✐❡ r❡❦♦r❞✉ ✕ ♣♦❝✐→❣❛ ③♠✐❛♥➛
❞r③❡✇❛✱

✐ ✐♥t❡♥❝❥❛ ③♠✐❛♥② ✲ ③❛✇s③❡ ♣♦♣r③❡❞③❛ ③♠✐❛♥➛✳
P❛r② ♦♣❡r❛❝❥✐ ❦♦♥✢✐❦t♦✇②❝❤ ✐ ♥✐❡❦♦♥✢✐❦t♦✇②❝❤ ♣r③❡❞st❛✇✐♦♥❡
s→ ✇ ♣♦♥✐➺s③❡❥ t❛❜❡❧❝❡ ③❛❝③❡r♣♥✐➛t❡❥ ③ ❦s✐→➺❦✐ ❬❄❪✳

❝ ♠ ✐ ③
❝ ✰ ✲ ✰ ✲
♠ ✲ ✲ ✰ ✲
✐ ✰ ✰ ✲ ✲
③ ✲ ✲ ✲ ✲

Pr♦❜❧❡♠ ❥❡st ♣♦❞♦❜♥② ❞♦ ♣r♦❜❧❡♠✉ ❝③②t❡❧♥✐❦ó✇ ✐ ♣✐s❛r③②✳ Pr③②❥✲
♠✉❥❡♠② ✇✐➛❝ ♥❛st➛♣✉❥→❝❡ ✉st❛❧❡♥✐❛✿

✹✻✷



• ✇ ❦❛➺❞②♠ ♣r♦❝❡s✐❡ ♦♣❡r❛❝❥❡ ✐♥t❡♥❝❥✐ ♦r❛③ ③♠✐❛♥② ✭✇st❛✲
✇✐❛♥✐❛ ❧✉❜ ✉s✉✇❛♥✐❛✮ t✇♦r③→ ♣❛r➛ ✐ ✇②st➛♣✉❥→ ✇ t❡❥
❦♦❧❡❥♥♦➧❝✐✱

• ♦♣❡r❛❝❥❡ t❡ ✇②st➛♣✉❥→❝❡ ✇ ❥❡❞♥②♠ ♣r♦❝❡s✐❡✱ ♥✐❡ ♠♦❣❛
❜②❝ r♦③❞③✐❡❧❛♥❡ ♣r③❡③ ♦♣❡r❛❝❥❡ ✐♥t❡♥❝❥✐ ❧✉❜ ③♠✐❛♥② ♣♦✲
❝❤♦❞③→❝❡ ③ ✐♥♥❡❣♦ ♣r♦❝❡s✉✱

• ❞♦♣✉s③❝③❛❧♥❡ ♥❛t♦♠✐❛st ❥❡st ✇②❦♦♥❛♥✐❡ ♦♣❡r❛❝❥✐ ❝③②t❛✲
♥✐❛ ❧✉❜ ♠♦❞②✜❦❛❝❥✐ ✭③❣➟❛s③❛♥❡ ♣r③❡③ ✐♥♥② ♣r♦❝❡s✮ ♣♦✲
♠✐➛❞③② ♦♣❡r❛❝❥❛♠✐ ✐♥t❡♥❝❥✐ ✐ ③♠✐❛♥②✱

• ♦♣❡r❛❝❥❡ ❝③②t❛♥✐❛ ✐ ✐♥t❡♥❝❥✐ ♥✐❡ s→ ❦♦♥✢✐❦t♦✇❡ ✐ ♠♦❣→
❜②➣ ✇②❦♦♥②✇❛♥❡ ró✇♥♦❝③❡➧♥✐❡ ♣r③❡③ ✇✐❡❧❡ ♣r♦❝❡só✇✱

• ♦♣❡r❛❝❥❡ ✐♥t❡♥❝❥✐ ✐ ♠♦❞②✜❦❛❝❥✐ t❛❦➺❡ ♥✐❡ s→ ❦♦♥✢✐❦t♦✇❡
✐ ♠♦❣→ ❜②➣ ✇②❦♦♥②✇❛♥❡ ró✇♥♦❝③❡s♥✐❡✳

Pr♦✇❛❞③✐ t♦ ❞♦ ♥❛st➛♣✉❥→❝❡❥ ❦♦♥❦❧✉③❥✐✿ ♦❜✐❡❦t ♣r♦❝❡s✉ s✉♣❡r✈✐✲
s♦r ♠♦➺❡ s✐➛ ③♥❛❥❞♦✇❛➣ ✇ ❥❡❞♥②♠ ③ ♦➧♠✐✉ st❛♥ó✇✿

P ♣♦❝③→t❡❦ ❝②❦❧✉✱ ❛❝❝❡♣t st❛rtr❡❛❞✱ st❛rt♠♦❞✱ st❛rt✐♥✲
t❡♥t✱

❈ ❝③②t❛♥✐❡✱ ❛❝❝❡♣t ❡♥❞r❡❛❞✱ st❛rtr❡❛❞✱ st❛rt✐♥t❡♥t✱
❈■ ❝③②t❛♥✐❡ ♦r❛③ ✐♥t❡♥❝❥❛ ❛❝❝❡♣t ❡♥❞r❡❛❞✱ st❛rtr❡❛❞✱ st❛r✲

t✐♥t❡♥t✱
■ ✐♥t❡♥❝❥❛ ❛❝❝❡♣t st❛rtr❡❛❞✱ st❛rt✐♥t❡♥t✱ ❡♥❞✐♥t❡♥t✱

▼■ ✐♥t❡♥❝❥❛ ♦r❛③ ♠♦❞②✜❦❛❝❥❛ ❛❝❝❡♣t st❛rt♠♦❞✱ ❡♥❞♠♦❞
▼ ♠♦❞②✜❦❛❝❥❛ ❛❝❝❡♣t st❛rt♠♦❞✱ ❡♥❞♠♦❞✱ st❛rt✐♥t❡♥t
❯ ✉s✉♥ ❛❝❝❡♣t st❛rt❞❡❧✱❡♥❞❞❡❧
❲ ✇st❛✇ ❛❝❝❡♣t st❛rt✐♥s✱ ❡♥❞✐♥s✳

▼♦❞✉➟ ♣r♦❝❡s✉ ❑❧✐❡♥t ♠❛ ♥❛st➛♣✉❥→❝→ ❜✉❞♦✇➛✿

✹✻✸



✉♥✐t ❑❧✐❡♥t✿ ♣r♦❝❡ss✭♥♦❞❡✿ ✐♥t❡❣❡r✱ s✈✿❙❡r✇❡r✮❀
✉♥✐t ❉♦❈③②t❛♥✐❛✿ ❝❧❛ss❀
❜❡❣✐♥
❝❛❧❧ s✈✳③❛r❡❥❡str✉❥❀
❝❛❧❧ s✈✳st❛rtr❡❛❞❀
✐♥♥❡r❀
❝❛❧❧ ❡♥❞r❡❛❞❀
❡♥❞ ❉♦❈③②t❛♥✐❛❀
✉♥✐t ❉♦P✐s❛♥✐❛✿ ❝❧❛ss❀
❜❡❣✐♥
❝❛❧❧ s✈✳✐♥t❡♥t❀
❝❛❧❧ s✈✳st❛rt✇r✐t❡❀
✐♥♥❡r❀
❝❛❧❧ ❡♥❞✇r✐t❡❀
❡♥❞ ❉♦P✐s❛♥✐❛❀
✉♥✐t ❈③②t❛♥✐❡✿ ❉♦❈③②t❛♥✐❛ ♣r♦❝❡❞✉r❡✭✳✳✳✮❀
✳✳✳
❡♥❞ ❈③②t❛♥✐❡❀
✉♥✐t ❲st❛✇✐❛♥✐❡✿ ❉♦P✐s❛♥✐❛ ♣r♦❝❡❞✉r❡✭✳✳✳✮❀
✳✳✳
❡♥❞ ❲st❛✇✐❛♥✐❡❀
✉♥✐t ❯s✉✇❛♥✐❡✿ ❉♦P✐s❛♥✐❛ ♣r♦❝❡❞✉r❡✭✳✳✳✮❀
✳✳✳
❡♥❞ ❯s✉✇❛♥✐❡❀

❜❡❣✐♥
✭✯ tr❡➧➣ ❑❧✐❡♥t❛ ✯✮

❡♥❞ ❑❧✐❡♥t❀

▼♦❞✉➟ ❑❧✐❡♥t ♠♦➺❡ ❜②➣ r♦③s③❡r③❛♥② ♥❛ ❦✐❧❦❛ s♣♦s❜ó✇ ✭♣r③❡③
❞③✐❡❞③✐❝③❡♥✐❡✮ ✇ ③❛❧❡③♥♦➧❝✐ ♦❞ ♣♦tr③❡❜ ❦♦♥❦r❡t♥❡❥ ❛♣❧✐❦❛❝❥✐✳
P♦♥✐➺❡❥ ♣r③❡❞st❛✇✐❛♠② ♠♦❞✉➟ ③❛r③→❞③❛❥→❝② ❞♦st➛♣❡♠ ❞♦ ❜❛③②
❞❛♥②❝❤✳

✹✻✹



✉♥✐t ❙✉♣❡r✈✐s♦r✿ ♣r♦❝❡ss✭♥♦❞❡✿ ✐♥t❡❣❡r✮❀
✈❛r st❛♥✿ ❝❤❛r❀
✉♥✐t ③❛r❡❥❡str✉❥ ♣r♦❝❡❞✉r❡ ✳✳✳
✉♥✐t st❛rtr❡❛❞✿ ♣r♦❝❡❞✉r❡ ✳✳✳
✉♥✐t st❛rt✐♥t❡♥t✿ ♣r♦❝❡❞✉r❡✭✮❀
✉♥✐t ❡♥❞✐♥t❡♥t✿ ♣r♦❝❡s✉r❡✭✮❀
✉♥✐t st❛rt❞❡❧✿ ♣r♦❝❡❞✉r❡
✉♥✐t ❡♥❞❞❡❧✿ ♣r♦❝❡❞✉r❡
✉♥✐t ❜❡❣✐♥

st❛♥✿❂✬P✬❀
r❡t✉r♥❀
❞♦
✭✯ P♦❝③→t❡❦ ❝②❦❧✉✿ ✯✮
❝❛s❡ st❛♥
✇❤❡♥ ✬P✬✿ ❛❝❝❡♣t st❛rtr❡❛❞✱ st❛rt✐♥t❡♥t✱ st❛rt♠♦❞❀
✇❤❡♥ ✬❈✬✿ ❞✐s❛❜❧❡ ③❛r❡❥❡str✉❥❀

③❛r❡❥❡str♦✇❛♥②❝❤✿❂

✇❤❡♥ ✬■✬✿ ❛❝❝❡♣t ❡♥❞✐♥t❡♥t✱ st❛rtr❡❛❞✱ st❛rt♠♦❞❀
✇❤❡♥ ✬❏✬ ✭✯ ✬■❋✬ ✯✮✿ ❛❝❝❡♣t st❛rt❞❡❧✱ st❛rt✐♥s❀
✇❤❡♥ ✬▼✬✿
✇❤❡♥ ✬❉✬ ✭✯ ❈■✬ ✯✮✿
✇❤❡♥ ✬◆✬ ✭✯ ✬▼■✬ ✯✮✿
✇❤❡♥ ✬❯✬✿ ❛❝❝❡♣t ❡♥❞❞❡❧❀
✇❤❡♥ ✬❲✬✿ ❛❝❝❡♣t ❡♥❞✐♥s❀

❡s❛❝❀
♦❞

❡♥❞ ❙✉♣❡r✈✐s♦r

❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂ ✉③✉♣❡➟➠ ❜r❛❦✉❥→❝❡ ♠❡✲
t♦❞②✿ st❛rtr❡❛❞✱ ✳✳✳ ❦❛➺❞❛ ♠❡t♦❞❛ ❦♦➠❝③→❝ ✇②③♥❛❝③❛ ♥♦✇② st❛♥

❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂

✻✳✶✳ Pr♦♣♦③②❝❥❛ ♦❜❧✐❝③❡➠ ró✇♥♦❧❡❣➟②❝❤✳ ❏❛❦ ♥❛❧❡➺② ✇②❦♦✲
r③②st❛➣ s❡r✇❡r ③ ✇✐❡❧♦♠❛ r❞③❡♥✐❛♠✐❄
▼②➧❧➛✱ ➺❡ ♠♦➺♥❛ ♥❛❞❝❤♦❞③→❝❡ ✇②✇♦➟❛♥✐❛ ♠❡t♦❞ s❡r✇❡r❛ r❡❛❧✐✲
③♦✇❛➣ ♥✐❡ ♥❛ ③❛s❛❞③✐❡ ❛❧✐❡♥ ❝❛❧❧✱ ❧❡❝③ ♥✐❡❝♦ ❜❛r❞③✐❡❥ ❧✐❜❡r❛❧♥❡❥ ✐
❡❧❛st②❝③♥❡❥✳
❏❡➧❧✐ s❡r✇❡r r❡❛❧✐③✉❥❡ ♠❡t♦❞➛ m ✐ ♦❞ ✐♥♥❡❣♦ ❦❧✐❡♥t❛ ♥❛❞❝❤♦❞③✐
➺→❞❛♥✐❡ ✇②✇♦➟❛♥✐❛ ♠❡t♦❞② ♥♣✳ m ❧✉❜ ✐♥♥❡❥ m′✱ t♦ ♥✐❡✉➺②✇❛♥②
r❞③❡➠ ♠♦➺❡ r♦③♣♦❝③→➣ ✇②❦♦♥②✇❛♥✐❡ t❡❥ ♠❡t♦❞②✳ ❯t✇♦r③② r❡✲
❦♦r❞ ❛❦t②✇❛❝❥✐✱ ♦❞❜✐❡r③❡ ♣❛r❛♠❡tr② ❛❦t✉❛❧♥❡✱ ❡t❝✳
❲②♠❛❣❛ t♦ ③♠✐❛♥② ✇ ✐♥t❡r♣r❡t❡r③❡✱ ❛❧❡ ❥❡st ❞♦ ♣♦♠②➧❧❡♥✐❛✳
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❏❛❦ ③❛♣r♦❣r❛♠♦✇❛❝ ♦❜s➟✉❣➛ ❜❛③② ❞❛♥②❝❤❄ ❩ ➺→❞❛♥✐❛♠✐ ③✇r❛✲

❝❛❥→ s✐➛ ❦❧✐❡♥❝✐

✼✳ ❘♦③♠❛✐t❡ ♠♦❞❡❧❡ ♦❜❧✐❝③❡➠

❲✐❞③✐❡❧✐➧♠②✱ ➺❡ ♦❜❧✐❝③❡♥✐❛ ✇s♣ó➟❜✐❡➺♥❡ ♥✐❡ s→ ❞❡t❡r♠✐♥✐✲
st②❝③♥❡✳ P♦✇t❛r③❛♥✐❡ ♦❜❧✐❝③❡➠ ♥✐❡ ♠✉s✐ ♣r③❡❜✐❡❣❛➣ ③❛✇s③❡ t❛❦
s❛♠♦✱ ♠♦➺❡ ❞❛✇❛➣ ✐♥♥❡ ✇②♥✐❦✐✳ ❏❛❦✐❡ ✇②♥✐❦✐ s→ ♠♦➺❧✐✇❡❄ ❏❛❦
♠♦❣→ ♣r③❡❜✐❡❣❛➣ ♦❜❧✐❝③❡♥✐❛ ♣r♦❣r❛♠ó✇ ③ ♣r♦❝❡s❛♠✐❄
❈③② ✐st♥✐❡❥❡ ❥❡❞♥❛ ✐♥t✉✐❝②❥♥❛✱ s❡♠❛♥t②❦❛ ♦❜❧✐❝③❡➠ ✇s♣ó➟❜✐❡➺✲
♥②❝❤❄ ❲❝③❡➧♥✐❡❥ ❞❧❛ ♦❜❧✐❝③❡➠ s❡❦✇❡♥❝②❥♥②❝❤ st✇✐❡r❞③✐❧✐s♠②✱ ➺❡
ró➺♥❡ s♣♦s♦❜② ③❛♣✐s②✇❛♥✐❛ ✐t❡r❛❝②❥♥②❝❤ ♣r♦❣r❛♠ó✇ ❞③✐❡❧→ t➛
s❛♠→ s❡♠❛♥t②❦➛✳ ❚❛ ♦❜s❡r✇❛❝❥❛ ♥✐❡ ❥❡st ♣r❛✇❞③✐✇❛ ✇ ➧✇✐❡❝✐❡
♦❜❧✐❝③❡➠ ♥✐❡s❡❦✇❡♥❝②❥♥②❝❤✳ ❖ t②♠ ♠ó✇✐ t❡♥ ♣❛r❛❣r❛❢✳
❩✇r❛❝❛♠② ✉✇❛❣➛ ♥❛ ③❥❛✇✐s❦♦ ❣➟➛❜s③❡ ♥✐➺ ♥✐❡❞❡t❡r♠✐♥✐③♠ ♦❜✲
❧✐❝③❡➠✿ r♦③♣r♦s③♦♥②❝❤✱ ✇s♣ó➟❜✐❡➺♥②❝❤✱ ró✇♥♦❧❡❣➟②❝❤✳ ❉❧❛ ♦❜❧✐✲
❝③❡➠ ♥✐❡✲s❡❦✇❡♥❝②❥♥②❝❤ ♠♦➺♥❛ st♦s♦✇❛➣ ✇✐➛❝❡❥ ♥✐➺ ❥❡❞❡♥ ♠♦✲
❞❡❧ s❡♠❛♥t②❦✐✳ ❏❡st t♦ ③❛s❦❛❦✉❥→❝❡ ❣❞② ♣r③②♣♦♠♥✐♠② s♦❜✐❡✱
➺❡ s❡♠❛♥t②❦❛ ♦❜❧✐❝③❡➠ ✐t❡r❛❝②❥♥②❝❤✱ s❡❦✇❡♥❝②❥♥②❝❤ ❥❡st ❥❡❞♥❛
✇s♣ó❧♥❛ ró➺♥②♠ ♦rt♦❣r❛✜♦♠ ♣✐s❛♥✐❛ ♣r♦❣r❛♠ó✇ ✇❤✐❧❡✳ ❲ t❡❥
❝③➛➧❝✐ r♦③❞③✐❛➟✉ ❦♦♥str✉✉❥❡♠② ♣❡✇✐❡♥ ♠♦❞❡❧ ♦❜❧✐❝③❡➠✱ ♥❛③✇❛✲
❧✐➧♠② ❣♦ ▼❆❳ ♠♦❞❡❧ ♠❛❦s②♠❛❧♥❡❣♦ ③❛❛♥❣❛③♦✇❛♥✐❛ ♣r♦❝❡só✇
✇ ❞❛♥②♠ ♠♦♠❡♥❝✐❡ ♥✐❡ ❜➛❞→❝②❝❤ ✇ ❦♦♥✢✐❦❝✐❡✳ ❲ ❧✐t❡r❛t✉r③❡
♠♦➺♥❛ s♣♦t❦❛➣ ♣♦❣❧→❞✱ ➺❡ ③♥❛❝③❡♥✐❡♠ ♣r♦❣r❛♠✉ ♥✐❡✲s❡❦✇❡♥❝②❥♥❡❣♦
❥❡st ✉♥✐❛ ✇s③②st❦✐❝❤ ♠♦➺❧✐✇②❝❤ ♣r③❡♣❧♦tó✇ ✭❛♥❣✳ ✐♥t❡r❧❡❛✈✐♥❣✮
♣♦r✳ ❬❇❆✾✻❪ ❛❦❝❥✐ ✇②st❡♣✉❥→❝②❝❤ ✇ ♣r♦❝❡s❛❝❤ ❞❛♥❡❣♦ ♣r♦❣r❛♠✉✳
❲ ♠♦❞❡❧✉✱ ③♦❜✳ ❬❄❪ ❥❛❦✐ ♣r③❡❞st❛✇✐❛♠② ♣♦♥✐➺❡❥ ❧✐❝③❜❛ ♠♦➺❧✐✲
✇②❝❤ ♣r③❡♣❧♦tó✇ ❥❡st ♠♥✐❡❥s③❛✳ ▼♦➺❡ t♦ ♠✐❡➣ ③♥❛❝③❡♥✐❡ ❞❧❛
❛♥❛❧✐③② ♣r♦❣r❛♠ó✇ ♥✐❡s❡❦✇❡♥❝②❥♥②❝❤✳
❯✇❛➺❛♠②✱ ➺❡ ✇ s②t✉❛❝❥✐ ❣❞② ❦✐❧❦❛ ♣r♦❝❡só✇ ♠❛ ❞♦ ✇②❦♦♥❛♥✐❛
♣❡✇✐❡♥ ③❜✐ór Z ❛t♦♠♦✇②❝❤ ♣♦❧❡❝❡➠ ✐ ❣❞② ❦♦♠♣✉t❡r ✭❧✉❜ ❦❧❛st❡r
❦♦♠♣✉t❡ró✇✮ ❞②s♣♦♥✉❥❡ ♦❞♣♦✇✐❡❞♥✐→ ❧✐❝③❜→ ♣r♦❝❡s♦ró✇ ✇②✲
❦♦♥❛♥② ③♦st❛❥❡ ♣❡✇✐❡♥ ♠❛❦s②♠❛❧♥②✱ ♥✐❡❦♦♥✢✐❦t♦✇② ♣♦❞③❜✐ór
X ⊂ Z ✳ ❑♦♥❝❡♣❝❥➛ ♠❛❦s②♠❛❧♥❡❣♦ ③❛❛♥❣❛➺♦✇❛♥✐❛ ♣r♦❝❡só✇
♣r③❡❞st❛✇✐♠② ♣♦s➟✉❣✉❥→❝ s✐➛ ✉♣r♦s③❝③♦♥②♠ ❥➛③②❦✐❡♠ ♣r♦❣r❛✲
♠♦✇❛♥✐❛ ✇s♣ó➟❜✐❡➺♥❡❣♦ ③ ✐♥str✉❦❝❥→ ❝♦❜❡❣✐♥ ✳✳✳ ❝♦❡♥❞✳ ▼♦➺♥❛
❜② ♦♣♦✇✐❡❞③✐❡❝ t➛ ❤✐st♦r✐➛ ③ ♣❡➟♥②♠ ❜❛❣❛③❡♠ ❥➛③②❦ó✇ ❞♦ ▲9✳
❆❧❡ ♣♦ ❝♦❄ ❆❜str❛❤✉❥❡♠② ♦❞ ❜❛❣❛➺✉ ③❜➛❞♥❡❣♦ ✇ t❡❥ ❝❤✇✐❧✐✳
◆❛❥♣✐❡r✇ ❞✇❛ ♣r③②❦➟❛❞②✳

Pr③②❦➟❛❞ ✷✺✳✶✳ ◆✐❡❝❤ M ♦③♥❛❝③❛ ♥❛st➛♣✉❥→❝② ♣r♦❣r❛♠
{cobegin p := 0 ‖ q := 1; p := q coend}

❏❛❦✐ ♠♦➺❡ ❜②➣ ❦♦➠❝♦✇② ✇②♥✐❦❄ ❏❡➧❧✐ ♣r③②❥♠✐❡♠②✱ ➺❡ ✐♥str✉❦❝❥❡
♠♦❣→ ❜②➣ ✇②❦♦♥❛♥❡ ✇ ❞♦✇♦❧♥②♠ ♣r③❡♣❧♦❝✐❡ ♣♦❧❡❝❡➠ ❛t♦♠♦✲
✇②❝❤✱ t♦ ③❛ró✇♥♦ ✵ ❥❛❦ ✐ ✶ ♠♦❣→ ❜②➣ ❦♦➠❝♦✇②♠✐ ✇❛rt♦➧❝✐❛♠✐
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❝♦❜❡❣✐♥

♣✿❂✵

·

q✿❂✶

♣✿❂q

❝♦❡♥❞

❘②s✉♥❡❦ ✺✳ P❧❛♥s③❛ ✶ ❞✐❛❣r❛♠ ♣r♦❣r❛♠✉

③♠✐❡♥♥❡❥ ♣✳ ✭❲ ♣♦♥✐➺s③❡❥ ❢♦r♠✉❧❡ s➟♦✇♦ ❝♦❜❡❣✐♥ ③❛st→♣✐❧✐➧♠②
♣r③❡③ ❬✱ ❛ s➟♦✇♦ ❝♦❡♥❞ ③❛st→♣✐❧✐➧♠② ♣r③❡③ ❪✳✮ ❩❛♥♦t✉❥♠②

♦{❬ p := 0 ‖ q := 1; p := q ❪}p ∧ ♦{❬ p := 0 ‖ q := 1; p := q ❪}¬p

❙❦→❞ t♦ s✐➛ ❜✐❡r③❡❄ ❩❛❣r❛❥ ✇ ❣r➛✳ P❧❛♥s③→ ❞♦ ❣r② ❥❡st ❞✐❛❣r❛♠
t❡❣♦ ♣r♦❣r❛♠✉✱ ③♦❜✳ r②s✉♥❡❦ ✺✳
❘❡❣✉➟② ❣r② s→ ♥❛st➛♣✉❥❛❝❡✿

s✮ ❯st❛✇ s✇ó❥ ♣✐♦♥ ✇ ♣♦❝③→t❦♦✇②♠ st❛♥✐❡✱ t❥✱ ♣r③❡❞ ✐♥✲
str✉❦❝❥→ ❝♦❜❡❣✐♥✳

♣✮ ❉♦♣ó❦✐ ♥✐❡ ❞♦❥❞③✐❡s③ ③ ♣✐♦♥❡♠ ❞♦ st❛♥✉ ❦♦➠❝♦✇❡❣♦
♣♦✇t❛r③❛❥
④❥❡➧❧✐ ♠❛s③ ♣♦tr③❡❜♥❡ ♣✐♦♥② t♦ ♠♦➺❡s③ ❥❡ ♣r③❡s✉♥→➣
❞❛❧❡❥ ⑥ ❲ s③❝③❡❣ó❧♥♦➧❝✐

✕ ♣✐♦♥ ♣r③❡❞ ✐♥str✉❦❝❥→ ❝♦❜❡❣✐♥ ✏r♦③♠♥❛➺❛ s✐➛✑✱
✕ ❞♦ ♣r③❡❥s❝✐❛ ♣r③❡③ ✐♥str✉❦❝❥➛ ❝♦❡♥❞ ♠✉s✐s③ ♠✐❡➣
❞✇❛ ♣✐♦♥② ❣♦t♦✇❡ ❞♦ r♦③♣♦❝③➛❝✐❛ t❡❥ ✐♥str✉❦❝❥✐✱

✕ ❞♦ ✇②❦♦♥❛♥✐❛ ✐♥str✉❦❝❥✐ ④♣✿❂✵⑥ ❧✉❜ ④♣✿❂q⑥ ♠✉✲
s✐s③ ♠✐❡➣ ❞✇❛ ♣✐♦♥②✱ ❥❡❞❡♥ ❣♦tó✇ ❞♦ r♦③♣♦❝③❡✲
❝✐❛ t❡❥ ✐♥str✉❦❝❥✐ ✐ ❞r✉❣✐ ♦t✇✐❡r❛❥→❝② ❞♦st➛♣ ❞♦
③♠✐❡♥♥❡❥ ♣ ✭③❛❜✐❡r❛s③ ❣♦ ③ ❝③❡r✇♦♥❡❣♦ ❦ó➟❦❛✮✳

❏❡st❡➧ ❣♦t♦✇❛❄ ●r❛♠②✦
●r❛ ♠♦➺❡ ③❛❦♦➠❝③②➣ s✐❡ ✇②♥✐❦✐❡♠ p = ✵ ❧✉❜ p = ✶✳
P♦♥✐➺s③❛ t❛❜❡❧❦❛ st❛♥♦✇✐ ♣♦❞s✉♠♦✇❛♥✐❡ ❚✇♦✐❝❤ ❡❦s♣❡r②♠❡♥✲
tó✇✳ P✐❡r✇s③② st❛♥ ♦❜❧✐❝③❡♥✐❛ t❡❣♦ ♣r♦❣r❛♠✉ ♠❛ ❥❡❞❡♥ st❛♥
❜❡③♣♦➧r❡❞♥✐♦ ♣♦ ♥✐♠ ♥❛st➛♣✉❥→❝②✿ ✇ t②♠ ❞r✉❣✐♠ st❛♥✐❡ ✇✐✲
❞③✐♠② ❞✇✐❡ ❣✇✐❛③❞❦✐ s②♠❜♦❧✐③✉❥→❝❡ ♣✐♦♥②✲♣r♦❝❡s♦r②✳ ❖❞ t❡r❛③
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❞✇❛ ♣r♦❝❡s♦r② ✇②❦♦♥✉❥→ ✐♥str✉❦❝❥❡ ❞✇✉ ♣r♦❝❡só✇✿ ❧❡✇❡❣♦ ✐
♣r❛✇❡❣♦✳ ❙t❛♥ ♥✉♠❡r ❞✇❛ ❥❡st ✇ r❡❧❛❝❥✐ ❜❡③♣♦➧r❡❞♥✐❡❣♦ ♣♦✲
♣r③❡❞♥✐❦❛ ③ tr③❡♠❛ st❛♥❛♠✐ ✉✇✐❞♦❝③♥✐♦♥②♠✐ ✇ tr③❡❝✐♠ ✇✐❡rs③✉
t❛❜❡❧❦✐✳ ❑❛➺❞② ③ ♥✐❝❤ ❥❡st ♠♦➺❧✐✇②♠ ❜❡③♣♦➧r❡❞♥✐♠ ♥❛st➛♣♥✐✲
❦✐❡♠ ❞r✉❣✐❡❣♦ st❛♥✉✳ ❲ ❡❢❡❦❝✐❡✱ ♠♦③❧✐✇❡ ❥❡st✱ ➺❡ ♦❜❧✐❝③❡♥✐❡
♣♦t♦❝③② s✐➛ ✇❡❞➟✉❣ ❥❡❞♥❡❣♦ ③ tr③❡❝❤ ✭♥✐❡ ✇✐➛❝❡❥✮ ✇③♦ró✇ ♦♣✐s❛✲
♥②❝❤ ✇ ♣♦♥✐➺s③❡❥ t❛❜❡❧✐✳ ❑❛➺❞❛ ③ t②❝❤ ❤✐st♦r✐✐ ❥❡st ③❛♣✐s❛♥❛ ✇
♦❞r➛❜♥❡❥ ❦♦❧✉♠♥✐❡ t❛❜❡❧❦✐✳

❚❛❜❡❧❦❛ ♦❜r❛③✉❥→❝❛ ♠♦➺❧✐✇❡ ❤✐st♦r✐❡ ✇②❦♦♥❛♥✐❛ ♣r♦❣r❛♠✉ ❬
♣✿❂✵ ‖ q✿❂✶❀ ♣✿❂q ❪

〈 v,✯ ❬ ♣✿❂✵ ‖ q✿❂✶❀ ♣✿❂q ❪〉

〈 v, ❬✯♣✿❂✵ ‖✯q✿❂✶❀ ♣✿❂q ❪ 〉

〈
p

0

q

vq
✱ ❬✯‖✯q✿❂✶❀ ♣✿❂q ❪〉 〈

p

vp

q

1
,❬✯♣✿❂✵ ‖✯♣✿❂q❪ 〉 〈

p

0

q

1
,❬ ✯ ‖ ✯ ♣✿❂q ❪ 〉

〈
p

0

q

1
, ❬ ✯ ‖ ✯ ♣✿❂q ❪〉 〈

p

1

q

1
,❬ ✯♣✿❂✵ ‖ ✯ ❪ 〉 〈

p

1

q

1
,❬ ✯ ‖ ✯ ❪ 〉

〈
p

1

q

1
, ❬ ✯ ‖ ✯ ❪〉 〈

p

0

q

1
,❬ ✯ ‖ ✯ ❪ 〉 〈

p

1

q

1
, ∅ 〉

〈
p

1

q

1
, ∅ 〉 〈

p

0

q

1
, ∅ 〉

❆ t❡r❛③ ③♠♦❞②✜❦✉❥♠② ③❛s❛❞②✿ ✇ ❦❛➺❞②♠ st❛♥✐❡ ▼❯❙■❙❩ r♦③✲
♣♦❝③→➣ ✇②❦♦♥②✇❛♥✐❡ r✉❝❤✉ ❥❡➧❧✐ ♥✐❡ ♠❛ ❦♦♥✢✐❦t✉✳ ❆ ✐♥str✉❦❝❥❡
④♣✿❂✵⑥ ✐ ④q✿❂✶⑥ ♥✐❡ s→ ❦♦♥✢✐❦t♦✇❡✳
❈♦ t❡r❛③❄ ❈③② ❦♦➠❝♦✇→ ✇❛rt♦➧❝✐→ ③♠✐❡♥♥❡❥ p ♠♦➺❡ ❜②➣ ✵❄
❏❡➧❧✐ ♣r③②❥♠✐❡♠②✱ ➺❡ ❞❛♥❡ s→ ❞✇❛ ♣r♦❝❡s♦r② ✐ ➺❡ ❦❛➺❞② ③ ♥✐❝❤
r♦③♣♦❝③②♥❛ ✇②❦♦♥②✇❛♥✐❡ ♣♦❧❡❝❡♥✐❛ ❣❞② t②❧❦♦ ❥❡st t♦ ❞♦♣✉s③✲
❝③❛❧♥❡✱ t♦ ❥❡❞②♥②♠ ♠♦➺❧✐✇②♠ ✇②♥✐❦✐❡♠ ♦❦❛③✉❥❡ s✐➛ p = ✶✳ ❲
♣♦♥✐➺s③❡❥ t❛❜❡❧❝❡ ③❡st❛✇✐❛♠② ❤✐st♦r✐❡ ♦❜❧✐❝③❡➠ ❥❛❦✐❡ ♠♦❣→ s✐➛
③❞❛r③②➣✳ ❚❡r❛③ ♦♣ró❝③ ✯ s②♠❜♦❧✉ ❣♦t♦✇♦➧❝✐ ❞♦ ❞③✐❛➟❛♥✐❛ ♣♦❥❛✲
✇✐❛ s✐➛ s②♠❜♦❧ ➒✕ ✇ t❡♥ s♣♦só❜ ♦③♥❛❝③❛♠② r♦③♣♦❝③➛❝✐❡ ✇②❦♦✲
♥②✇❛♥✐❛ ✐♥str✉❦❝❥✐✳

❚❛❜❡❧❦❛ ♦❜r❛③✉❥→❝❛ ❤✐st♦r✐❡ ✇②❦♦♥❛♥✐❛ ♣r♦❣r❛♠✉ ❬ ♣✿❂✵ ‖
q✿❂✶❀ ♣✿❂q ❪ ✇ ♠♦❞❡❧✉ ▼❆❳

〈 v,✯ ❬ ♣✿❂✵ ‖ q✿❂✶❀ ♣✿❂q ❪〉

〈 v, ❬ ✯♣✿❂✵ ‖ ✯q✿❂✶❀ ♣✿❂q ❪〉

〈 v, ❬ ➒ ♣✿❂✵ ‖➒ q✿❂✶❀ ♣✿❂q ❪〉

〈
p

0

q

1
✱ ❬✯‖✯ ♣✿❂q ❪〉 〈

p

vp

q

1
,❬➒ ♣✿❂✵ ‖✯♣✿❂q❪ 〉 〈

p

0

q

vq
, ❬ ✯ ‖➒ q✿❂✶❀ ♣✿❂q ❪ 〉

〈
p

0

q

1
, ❬ ✯ ‖ ➒♣✿❂q ❪〉 〈

p

0

q

1
,❬ ✯ ‖ ➒♣✿❂q ❪ 〉 〈

p

0

q

1
,❬ ✯ ‖ ➒♣✿❂q ❪ 〉

〈
p

1

q

1
, ❬ ✯ ‖ ✯ ❪〉 〈

p

1

q

1
,❬ ✯ ‖ ✯ ❪ 〉 〈

p

1

q

1
,❬ ✯ ‖ ✯ ❪ 〉

〈
p

1

q

1
, ∅ 〉 〈

p

1

q

1
, ∅ 〉 〈

p

1

q

1
, ∅ 〉

✹✻✽



①✿❂✶

❝♦❜❡❣✐♥

♣✿❂✵

·

❲❤✐❧❡ ♣

①✿❂①✰✶

❝♦❡♥❞

♦❞

❞♦

❘②s✉♥❡❦ ✻✳ P❧❛♥s③❛ ✷

❖♣✐s③ t♦ ❝♦ ✇✐❞❛➣ ✇ t❡❥ t❛❜❡❧❝❡✳✳✳
P♦❞s✉♠♦✇✉❥→❝ st✇✐❡r❞③❛♠②✱ ➺❡ ✇ s❡♠❛♥t②❝❡ ▼❆❳ ♥❛s③ ♣r♦✲
❣r❛♠ ❥❡st ró✇♥♦✇❛➺♥② ♥❛st➛♣✉❥→❝❡♠✉ ♣r♦❣r❛♠♦✇✐ s❡❦✇❡♥❝②❥✲
♥❡♠✉

{ q := 1; p := q }

❘♦③♣❛tr③♠② t❡r❛③ ❦♦❧❡❥♥② ♣r③②❦➟❛❞

Pr③②❦➟❛❞ ✷✺✳✷✳
{x := 1; cobegin p := 0 ‖ while p dox := x+ 1 od coend}

P♦♥♦✇♥✐❡ ♥❛r②s✉❥❡♠② ❞✐❛❣r❛♠ ♣r♦❣r❛♠✉✳ ❩❛❣r❛❥♠② ✇ ❣r➛ ♥❛
t❡❥ ♣❧❛♥s③②✱ ♣♦r✳ r②s✉♥❡❦ ✻✳ ❲ ✇❛r✐❛♥❝✐❡ ③ ❞♦✇♦❧♥②♠✐ ♣r③❡♣❧♦✲
t❛♠✐ ✭t❥✳ ❆❘❇✮ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ x ♠♦➺❡ ❜②➣ ❞♦✇♦❧♥✐❡ ✇✐❡❧❦❛✳
❈♦ ❣♦r③❡❥✱ ❣r❛ ♠♦➺❡ t♦❝③②➣ s✐➛ ❜❡③ ❦♦➠❝❛✳
❲ ✇❛r✐❛♥❝✐❡ ▼❆❳ ❣r❛ s✐➛ ③❛✇s③❡ ❦♦➠❝③② ✐ ❦♦➠❝♦✇❛ ✇❛rt♦➧➣
③♠✐❡♥♥❡❥ x ❥❡st ró✇♥❛ ✶ ❧✉❜ ✷✱ ♥✐❡ ✇✐➛❝❡❥✳
Pr♦❣r❛♠ t❡♥ ♠♦➺♥❛ ③❛st→♣✐➣ ♣r♦❣r❛♠❡♠ ró✇♥♦✇❛➺♥②♠ ✭♥✐❡❞❡✲
t❡r♠✐♥✐st②❝③♥②♠✦✮

{p := 0; {x := 1orx := 2}}

❈③② ❥❡st❡➧♠② ❣♦t♦✇✐ ❞♦ ❛♥❛❧✐③♦✇❛♥✐❛ ♣r♦❣r❛♠ó✇ ③ ✐♥str✉❦❝❥❛
♥✐❡❞❡t❡r♠✐♥✐st②❝③♥❡❣♦ ✇②❜♦r✉ ♦r❄

✹✻✾



Pr③②❦➟❛❞② t❡ ♠♦❣→ ❈✐ s✐➛ ③❞❛✇❛➣ ③❜②t ♣r♦st❡ ✐ ♠❛➟♦ ③♥❛❝③→❝❡✳

Pr③②❦➟❛❞ ✷✺✳✸✳ ❘♦③✇❛➺ ❥❡❞♥❛❦ ♣r♦❣r❛♠②
{cobegin p := 0 ‖ q := 1; p := q coend; if p then K else M fi}

♦r❛③
{x := 1; cobegin p := 0 ‖ while p dox := x+1 od coend; if x > 3 then K fi}.

Pr♦❣r❛♠② K ✐ M ♠♦❣→ ❜②➣ ❜❛r❞③♦ s❦♦♠♣❧✐❦♦✇❛♥❡ ✐ tr✉❞♥❡ ✇
❛♥❛❧✐③✐❡✳ ❏❡➧❧✐ ❥❡❞♥❛❦ ✇✐❡s③✱ ➺❡ s②st❡♠ ✇②❦♦♥❛✇❝③② ✇②❦♦♥✉❥❡
♦❜❧✐❝③❡♥✐❛ ③❣♦❞♥✐❡ ③ ♠♦❞❡❧❡♠ ▼❆❳✱ t♦ ♠♦➺❡s③ s♦❜✐❡ ♦s③❝③➛❞③✐➣
✇✐❡❧❡ ♣r❛❝②✳ ◆✐❡♣r❛✇❞❛➺❄

❖❝③②✇✐➧❝✐❡ ♣♦tr❛✜s③ s❛♠ ③❜✉❞♦✇❛➣ ✇✐❡❧❡ ♣♦❞♦❜♥②❝❤ ♣r③②✲
❦➟❛❞ó✇✳
P②t❛♥✐❡✱ ❦tór❡ s✐➛ ♥❛s✉✇❛ ✇ ♥❛t✉r❛❧♥② s♣♦só❜✿ ❝③② r♦③♣r❛✇✐❛✲
♥✐❡ ♦ ♠♦❞❡❧✉ ▼❆❳ ♠❛ s❡♥s ✇ ♦❜❧✐❝③❡♥✐❛❝❤ r♦③♣r♦s③♦♥②❝❤ ❜→❞➵
ró✇♥♦❧❡❣➟②❝❤❄ ➅♣✐❡s③②♠② ③ ♦❞♣♦✇✐❡❞③✐→✿ ✐ ♦✇s③❡♠✱ ✇ ♦❜❧✐✲
❝③❡♥✐❛❝❤ t②❝❤ ③❛♦❜s❡r✇✉❥❡♠② ♣♦❞♦❜♥❡ ③❥❛✇✐s❦❛✳ ❚r③❡❜❛ t②❧❦♦
st✇♦r③②❝ ♦❞♣♦✇✐❡❞♥✐♦ ✇✐➛❝❡❥ ♣r♦❝❡só✇ ✐ ♣♦③✇♦❧✐➣ ❜② ❦♦♠✉♥✐✲
❦❛t② ✇②s②➟❛♥❡ ♣r③❡③ ♥✐❡ ❦♦♥❦✉r♦✇❛➟② ♠✐➛❞③② s♦❜→✳

Pr♦❜❧❡♠ ❖t✇❛rt②✳ ◆❛♣✐s❛➣ ③❛♣r♦s③❡♥✐❡ ❞♦ ❜❛❞❛♥✐❛ ❝③② ♠♦➺♥❛
♣♦❞❛➣ ❛❦s❥♦♠❛t② s❡♠❛♥t②❦✐ ▼❆❳❄

❘❡❧❛❝❥❛ ❜❡③♣♦➧r❡❞♥✐❡❣♦ ♥❛st➛♣st✇❛ ▼❆❳✳ P♦ ♦♠ó✇✐❡♥✐✉ ♣r③②✲
❦➟❛❞ó✇ ❥❡st❡s♠② ❣♦t♦✇✐ ❜② ♦♣✐s❛➣ s❡♠❛♥t②❦➛ ♦❜❧✐❝③❡➠ ró✇♥♦❧❡✲
❣➟②❝❤ ✭✐ ✇s♣ó➟❜✐❡➺♥②❝❤✮ ③ ✇✐➛❦s③→ ❞♦❦➟❛❞♥♦➧❝✐→✳
❖❣r❛♥✐❝③❡♥✐❡✳ ▲❡♣✐❡❥ ✇②t➟✉♠❛❝③②♠② ♠♦❞❡❧ ▼❆❳ r♦③♣❛tr✉❥→❝
❥➛③②❦ ♣r♦❣r❛♠ó✇ ✐t❡r❛❝②❥♥②❝❤ ③ ✐♥str✉❦❝❥→

❝♦❜❡❣✐♥ K1 ‖ K2 ‖ · · · ‖ Kn ❝♦❡♥❞

❘♦③♣❛tr✉❥❡♠② ❥➛③②❦ ♣r♦❣r❛♠♦✇❛♥✐❛ ✇ ❦tór②♠ ✐♥str✉❦❝❥❛♠✐ ❛t♦✲
♠♦✇②♠✐ s→ ✐♥str✉❦❝❥❡ ♣r③②♣✐s❛♥✐❛✳

❉❡✜♥✐❝❥❛ ✷✺✳✼✳ ❩❜✐ór P ♣r♦❣r❛♠ó✇ ❥❡st t♦ ♥❛❥♠♥✐❡❥s③② ③❜✐ór
♥❛♣✐só✇ t❛❦✐✱ ➺❡

✭✐✮ ❞♦ ③❜✐♦r✉ P ♥❛❧❡➺② ❦❛➺❞❛ ✐♥str✉❦❝❥❛ ♣r③②♣✐s❛♥✐❛✱
✭✐✐✮ ❥❡➧❧✐ ❞♦ ③❜✐♦r✉ P ♥❛❧❡➺→ ♥❛♣✐s② K ✐ M✱ ❛ ♥❛♣✐s γ ❥❡st

❢♦r♠✉➟→ ♦t✇❛rt→✱ t♦ ❞♦ ③❜✐♦r✉ P ♥❛❧❡➺→ t❛❦➺❡ ♥❛♣✐s②
❑❀▼ ✐❢ γ t❤❡♥ ❑ ❡❧s❡ ▼ ✜ ✇❤✐❧❡ γ ❞♦ ❑ ♦❞✱

✭✐✐✐✮ ❥❡➧❧✐ ❞♦ ③❜✐♦r✉ P ♥❛❧❡➺→ ♥❛♣✐s② K1,K2, . . . ,Kn t♦ ♥❛♣✐s ❝♦✲
❜❡❣✐♥ K1 ‖ K2 ‖ · · · ‖ Kn ❝♦❡♥❞ t❛❦➺❡ ♥❛❧❡➺② ❞♦ ③❜✐♦r✉ P ✳
❩❛♠✐❛st s➟ó✇ ❝♦❜❡❣✐♥ ✐ ❝♦❡♥❞ ♣♦③✇♦❧✐♠② s♦❜✐❡ ✉➺②✇❛➣
③♥❛❦ó✇ ❬♦r❛③ ❪✳

◆✐❡❝❤ v ♦③♥❛❝③❛ ❥❛❦✐❡➧ ✇❛rt♦➧❝✐♦✇❛♥✐❡ ③♠✐❡♥♥②❝❤✳ ◆✐❡❝❤
K ∈ P ❜➛❞③✐❡ ♣r♦❣r❛♠❡♠ ③ ❥➛③②❦❛ P ✳

❉❡✜♥✐❝❥❛ ✷✺✳✽✳ ❖❜❧✐❝③❡♥✐❡♠ ♣r♦❣r❛♠✉ K ❞❧❛ ♣♦❝③→t❦♦✇❡❣♦
✇❛rt♦➧❝✐♦✇❛♥✐❛ v ❥❡st ❝✐→❣ st❛♥ó✇ t❛❦✐✱ ➺❡

✶➦✮ P✐❡r✇s③②♠ ❡❧❡♠❡♥t❡♠ t❡❣♦ ❝✐→❣✉ ❥❡st st❛♥ 〈v, ∗K〉 ✱

✹✼✵



✷➦✮ ❦❛➺❞❡ ❦♦❧❡❥♥❡ ❞✇❛ ❡❧❡♠❡♥t② t❡❣♦ ❝✐→❣✉ ③♥❛❥❞✉❥→ s✐➛
✇ r❡❧❛❝❥✐ ❜❡③♣♦➧r❡❞♥✐❡❣♦ ♥❛st➛♣st✇❛✱ ③♦❜❛❝③ ♣♦♥✐➺s③→
❞❡✜♥✐❝❥➛✱

✸➦✮ st❛♥ 〈v, ∗∅〉 ❥❡st ❦♦➠❝♦✇②♠ st❛♥❡♠ ♦❜❧✐❝③❡♥✐❛✳

❩❛❝③②♥❛♠② ♦❞ ❞❡✜♥✐❝❥✐ ❦♦♥✢✐❦t♦✇❡❣♦ ③❜✐♦r✉ ✐♥str✉❦❝❥✐✳

❉❡✜♥✐❝❥❛ ✷✺✳✾✳ ❩❜✐ór Z ✐♥str✉❦❝❥✐ ❥❡st ❦♦♥✢✐❦t♦✇② ✇t❡❞② ✐
t②❧❦♦ ✇t❡❞② ❣❞② ③❛✇✐❡r❛ ♣r③②♥❛❥♠♥✐❡❥ ❥❡❞♥→ ✐♥str✉❦❝❥➛ ♣r③②✲
♣✐s❛♥✐❛ ③♠✐❡♥✐❛❥→❝→ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ x ✐ ❝♦♥❛❥♠♥✐❡❥ ❥❡❞♥→ ✐♥✲
str✉❦❝❥➛ ❛t♦♠♦✇→ ♦❞❝③②t✉❥→❝❛ ✇❛rt♦➧➣ ③♠✐❡♥♥❡❥ X✳

❲ ❦❛➺❞②♠ st❛♥✐❡ ♣❡✇♥❡ ✐♥str✉❦❝❥❡ ❛t♦♠♦✇❡ s→ ✇ tr❛❦❝✐❡
✇②❦♦♥❛♥✐❛ ✭♦③♥❛❝③♦♥❡ ③♥❛❦✐❡♠ ➒✮✱ ♥✐❡❦tór❡ ✐♥str✉❦❝❥❡ ❛t♦♠♦✇❡
s→ ❣♦t♦✇❡ ❞♦ r♦③♣♦❝③➛❝✐❛ ✇②❦♦♥②✇❛♥✐❛ ✭♦③♥❛❝③♦♥❡ ③♥❛❦✐❡♠ ✯✮✳
❈♦♥❛❥♠♥✐❡❥ ❥❡❞♥❛ ✐♥str✉❦❝❥❛ ❛t♦♠♦✇❛ ③♦st❛➟❛ ③❛❦♦➠❝③♦♥❛✳ ❘❡✲
❧❛❝❥❛ ❜❡③♣♦➧r❡❞♥✐❡❣♦ ♥❛st➛♣st✇❛ st❛♥ó✇

❉❡✜♥✐❝❥❛ ✷✺✳✶✵✳

❶✇✐❝③❡♥✐❛

✷✺✳✶✳ ❏❡❞❡♥ ♣r♦❞✉❝❡♥t ✕ ✇✐❡❧✉ ❦♦♥s✉♠❡♥tó✇✳ ◆❛♣✐s③ ♣r♦✲
❣r❛♠ ✐ ✉r✉❝❤♦♠ ❣♦✳ Pr③❡♣r♦✇❛❞➵ ❛♥❛❧✐③❡ ♣♦♣r❛✇♥♦➧❝✐ ❚✇❡❣♦
r♦③✇✐→③❛♥✐❛✳

✷✺✳✷✳ P♦❞♦❜♥❡ ③❛❞❛♥✐❡✿ ✇✐❡❧✉ ♣r♦❞✉❝❡♥tó✇ ✐ ✇✐❡❧✉ ❦♦♥s✉✲
♠❡♥tó✇✳ ◆❛♣✐s③ ♣r♦❣r❛♠ ✐ ✉r✉❝❤♦♠ ❣♦✳ Pr③❡♣r♦✇❛❞➵ ❛♥❛❧✐③❡
♣♦♣r❛✇♥♦➧❝✐ ❚✇❡❣♦ r♦③✇✐→③❛♥✐❛✳

✷✺✳✸✳ ❙t✇ór③ ♣r♦❣r❛♠ ✇ ❆❉❩■❊ ✭❧✉❜ ✇ ❈❙P ❧✉❜ ✇ ❏❛✈✐❡✮✱
❦tór② ❜➛❞③✐❡ ③❛❝❤♦✇②✇❛➟ s✐➛ ❥❛❦ ♣r♦❣r❛♠ ③ ♣r③②❦➟❛❞✉ ✷✺✳✶✳

✷✺✳✹✳ ❩❛st❛♥ó✇ s✐➛ ❥❛❦ ♣♦✇✐♥♥♦ ✇②❣❧→❞❛➣ ♣r♦❣r❛♠♦✇❛♥✐❡
ró✇♥♦❧❡❣➟❡❄ ❈③② ♣r♦t♦❦ó➟ ❛❧✐❡♥ ❝❛❧❧ ❥❡st ♦❞♣♦✇✐❡❞♥✐♠ ❞❧❛ t❡❣♦
r♦❞③❛❥✉ ♣r♦❣r❛♠♦✇❛♥✐❛ ♥❛r③➛❞③✐❡♠❄

✷✺✳✺✳ ❩❛➟ó➺♠②✱ ➺❡ ♣r♦❣r❛♠② ✇②♠✐❡♥✐♦♥❡ ✇ ♣r③②❦➟❛❞③✐❡ ✷✺✳✸
❜➛❞→ ✇②❦♦♥②✇❛♥❡ ♥❛ ❦♦♠♣✉t❡r③❡ ③ ❞✇♦♠❛ ♣r♦❝❡s♦r❛♠✐✳ ❈③②
♠♦➺♥❛ ❥❡ ✉♣r♦➧❝✐➣❄

✷✺✳✶✳ ❙♣ró❜✉❥ ♣♦❞❛➣ ❛❦s❥♦♠❛t② ❞❧❛ ♦❜❧✐❝③❡➠ ró✇♥♦❧❡❣➟②❝❤ ✇
s❡♠❛♥t②❝❡ ▼❆❳✳

✷✺✳✷✳ ❈③② ♠♦➺♥❛ ♣♦❞❛➣ ❛❦s❥♦♠❛t② ♦❜❧✐❝③❡➠ r♦③♣r♦s③♦♥②❝❤ ③
♣♦❧❡❝❡♥✐❡♠ ❛❧✐❡♥ ❝❛❧❧❄
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❇✐❜❧✐♦❣r❛✜❛

❬❆❆✽✷❪ ❙✳ ❆❧❛❣✐➣ ❛♥❞ ▼✳❆✳ ❆r❜✐❜✳
Pr♦❥❡❦t♦✇❛♥✐❡ ♣r♦❣r❛♠ó✇ ♣♦♣r❛✇♥②❝❤ ✐ ❞♦❜r③❡ ③❜✉❞♦✇❛♥②❝❤✳
❲◆❚✱ ✶✾✽✷✳

❬❆❝③✾✽❪ ❆♠✐r ❉✳ ❆❝③❡❧✳ ❲✐❡❧❦✐❡ t✇✐❡r❞③❡♥✐❡ ❋❡r♠❛t❛✳ Pró✲
s③②➠s❦✐ ✐ ❙❦❛✱ ❲❛rs③❛✇❛✱ ✶✾✾✽✳

❬❆❞❇❖✶✵❪ ❑r③②s③t♦❢ ❆♣t✱ ❋r❛♥❦ ❙✳ ❞❡ ❇♦❡r✱
❛♥❞ ❊r♥st✲❘ü❞✐❣❡r ❖❧❞❡r♦❣✳
❱❡r✐✜❝❛t✐♦♥ ♦❢ ❙❡q✉❡♥t✐❛❧ ❛♥❞ ❈♦♥❝✉rr❡♥t Pr♦❣r❛♠s✳
❙♣r✐♥❣❡r✱ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✵✳

❬❆❍❯✼✹❪ ❆✳ ❆❤♦✱ ❏✳ ❍♦♣❝r♦❢t✱ ❛♥❞ ❏✳ ❯❧❧♠❛♥✳
❚❤❡ ❉❡s✐❣♥ ❛♥❞ ❆♥❛❧②s✐s ♦❢ ❈♦♠♣✉t❡r ❆❧❣♦r✐t❤♠s✳
❆❞❞✐s♦♥❲❡s❧❡②✱ ✶✾✼✹✳

❬❆▲❙❯✵✼❪ ❆✳ ❆❤♦✱ ▼✳ ▲❛♠✱ ❘✳ ❙❡t❤✐✱ ❛♥❞ ❏✳ ❯❧❧♠❛♥✳
❈♦♠♣✐❧❡rs✿ ♣r✐♥❝✐♣❧❡s✱ t❡❝❤♥✐q✉❡s ✫ t♦♦❧s✳ ❆❞❞✐s♦♥
❲❡s❧❡②✱ ❇♦st♦♥✱ ✷✵✵✼✳

❬❆♠❡✵✶❪ P ❆♠❡②✳ ▲♦❣✐❝ ✈❡rs✉s ▼❛❣✐❝ ✐♥ ❈r✐t✐❝❛❧ ❙②st❡♠s✳ ■♥
❘❡❧✐❛❜❧❡ ❙♦❢t✇❛r❡ ❚❡❝❤♥♦❧♦❣✐❡s ✲ ❆❞❛ ❊✉r♦♣❡ ✷✵✵✶✱
▲❡❝t✉r❡ ▼♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✷✵✹✸✳ ❙♣r✐♥❣❡r✱
✷✵✵✶✳

❬❆♣♣✾✽❪ ❆♥❞r❡✇ ❲✳ ❆♣♣❡❧✳
▼♦❞❡r♥ ❈♦♠♣✐❧❡r ■♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❏❛✈❛✳ ❈❛♠✲
❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✽✳

❬❆❱◆+✵✼❪ ❏♦❛♦ ❆❜r❡✉✱ ❱❛s❝♦ ❚✳ ❱❛s❝♦♥❝❡❧♦s✱ ■s❛❜❡❧ ◆✉♥❡s✱
❆♥t♦♥✐❛ ▲♦♣❡s✱ ▲✉✐s ❙✳ ❘❡✐s✱ ❛♥❞ ❆❧❡①❛♥❞r❡ ❈❛❧❞❡✲
✐r❛✳ ❈♦♥●✉✱ ❚❤❡ ❙♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ t❤❡ ❘❡✜♥❡♠❡♥t
▲❛♥❣✉❛❣❡s✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❯♥✐✈❡rs✐t② ♦❢ ▲✐s❜♦♥✱
▼❛r❝❤ ✷✵✵✼✳

❬❇❆✾✻❪ ▼✳ ❇❡♥✲❆r✐✳ P♦❞st❛✇② ♣r♦❣r❛♠♦✇❛♥✐❛ ✇s♣ó➟❜✐❡➺♥❡❣♦ ✐ r♦③♣r♦s③♦♥❡❣♦✳
❲◆❚✱ ❲❛rs③❛✇❛✱ ✶✾✾✻✳

❬❇❛r✾✻❪ ❏♦❤♥ ❇❛r♥❡s✳ Pr♦❣r❛♠♠✐♥❣ ✐♥ ❆❞❛ ✾✺✳ ❆❞❞✐s♦♥✲
❲❡s❧❡② P✉❜❧✳✱ ❇♦st♦♥✱ ✶✾✾✻✳

❬❇❛r✵✸❪ ❏✳ ❇❛r♥❡s✳ ❍✐❣❤ ■♥t❡❣r✐t② ❙♦❢t✇❛r❡✳ ❆❞❞✐s♦♥✲
❲❡s❧❡②✱ ▲♦♥❞♦♥✱ ✷✵✵✸✳

❬❇❍✼✻❪ P❡r ❇r✐♥❝❤✲❍❛♥s❡♥✳ P♦❞st❛✇② ❙②st❡♠ó✇ ❖♣❡r❛❝②❥♥②❝❤✳
P❲◆✱ ❲❛rs③❛✇❛✱ ✶✾✼✻✳

❬❇❑❘✾✶❪ ▲❡❝❤ ❇❛♥❛❝❤♦✇s❦✐✱ ❆♥t♦♥✐ ❑r❡❝③✲
♠❛r✱ ❛♥❞ ❲♦❥❝✐❡❝❤ ❘②tt❡r✳
❆♥❛❧②s✐s ♦❢ ❆❧❣♦r✐t❤♠s ❛♥❞ ❉❛t❛ ❙tr✉❝t✉r❡s✳
❆❞❞✐s♦♥✲❲❡s❧❡②✱ ✶✾✾✶✳
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❬❈✐❡✽✾❪ ❇♦❧❡s➟❛✇ ❈✐❡s✐❡❧s❦✐✳ ❆❧✐❡♥ ❝❛❧❧ ✲ ❛ s②♥❝❤r♦♥✐③❛t✐♦♥
♠❡❝❤❛♥✐s♠ ❢♦r ❞✐str✐❜✉t❡❞ ♣r♦❝❡ss❡s ✳ ▼❛st❡r✬s t❤❡✲
s✐s✱ ❯♥✐✈❡rs✐t② ♦❢ ❲❛rs❛✇✱ ✶✾✽✾✳

❬❈❑✽✹❪ ●✳ ❈✐♦♥✐ ❛♥❞ ❆✳ ❑r❡❝③♠❛r✳ Pr♦❣r❛♠♠❡❞
❉❡❛❧❧♦❝❛t✐♦♥ ✇✐t❤♦✉t ❉❛♥❣❧✐♥❣ ❘❡❢❡r❡♥❝❡s✳
■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ▲❡tt❡rs✱ ✶✽✿✶✼✾✕✶✽✺✱ ✶✾✽✹✳
❤tt♣✿✴✴❧❡♠✶✷✳✉❦s✇✳❡❞✉✳♣❧✴▲♦❣❧❛♥✽✷✴❉♦❝✴Pr♦❣r❛♠♠❡❞✲
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