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- INTRODUCTION

We shall consider the propositional algbrithmic logic PAL.
The important and difficult problem of complete axiomatization
‘is as follows: find a set of axioms and rules of inference such
.that the notions of syntactical consequence operation and of se-
mantical cohsequence'operation coincide. The problem has been
solved in ES] but the logical system presented there has two dis-
advantages. Firstly, the seg of inference rules contains w-rule
~and this cannot be -improved since of noncompactness. Secondly,
we ought td restrict the semantics to the class of structures
#ith-so called finite degree of nondeterminism property.Since

. we had not any syntactical characterization of this notion then
- * .
to prove completeness we had to replace it by a stronger assump-

.tion of bounded degree of nondeterminism which is_axiomatizable;
© The present paper shows that we can not improve the situa-
tion, since the finite degree of nondeterminism property is not

. expressible in propdsitional algorithmic logic PAL.

The paper results from a discussion with D.Kozen. I wish ~

. to thank him for collaboration.
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1. PRELIMINARY NOTIONS

Let r be a binary relation in a nonempty set X. We shall
'say that r-has a finite degree of nondeterminism property, for.
short, fdn property iff for every element x€éX the set {x xrxg
is finite. Can we express this property by a formula or by a
set of formulas of propositional algorithmic logic PAL ?
We shall start with a short explanation of syntax and semantics
- the considered system (se€ [41,[S) (6] for more details ).

The set of formulas F contains all formulas of classical
propositional calcuius ,build from the set of propositional va-
riables Vo by means of logical functors ¥, Ay anq of all
algorlthmlc formulas of the form o MB and OM8 , where B is
an arbitrary formula and M is an arbitrary program in this lan-

guage. z ' =

The set T of programs is constructed from the set Vé of
atoms (or program variables ) by means of the following rule
if 8 is a classical formula and M M are programs then the ex-

-

pressions )
: begin M; M end,

. if B. then M else M fi,
while B do M o4,
either M or M ro

are programs.

The semantics of the language is described by means of
Kripke-like structure : '
Ml = (S I,w>, B !
where S is a set of states, I is an interpretation of the pro-
gram variables which to every program variable X assigns a bi-
nary relation K., in 8 ,and w is a mapping which to every pro—

positional variable assigns a subset of S.

For a givén structure ¢ and a ined state s we define the
satisfiability relation as usual for classical formulas and for
- ® . o

algorithmic formulas as follows.

n,s FHOMB iff there exists a successful computation of



the program M in the structure1ﬁ starting from
the state s such that its result satisfies the

formula B8 .

‘ ﬂEﬁ,s .F oMB iff all computations of the program M starting from
S the state s in the structure M are successful .
and all its results satisfy the formula 8.

We shall‘say that the structure M has fdn property iff
. for every Kev, the binary relation Kpg has finite degree of
{ nondeterminism property, i.e. card{s':(s,s‘)él%}(ﬁ%for all se€s.

. 2. 'THE MAIN RESULT

We shall formulate the problem of the paper as follows:
_ is there a set 2z of formulas of PAL such that for every struc-
 ture® , ME z iff A has £dn property ?
= e e~

Lemma
Does not exists a formula B such that for every structure me,
4z} B iff M has fdn property.
Proof. . ' :
Let us suppose, on the contrary, that for some formula B,
(1) Atk B iff M has £dn property,

for every structure M .
Let us consider the family of structures {QWi}iéﬁ such

that "ITzi = <Si' I wi> ., where
;= 1 syr Sypreceesizdo |

= oy Iél o = - # ]
Iéﬁ}—i(si, Sij) : ] 11 and Ii(K )=p for every K #£ K ,KeVp,

wi(QJ= s; for all proposit;onal'variables qev, .
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FINAL REMARKS

It is well known that in general the ultraproduct theorem

1.

; does not hold in PAL due to the noncompactness ( cf. [51).

2. For every natural number m, the property of the structure
qm called mth degree of nondeterminism property (i.e.the.
property (V¥ se‘ITZ)(VK&V ) card{s”: s sz,s =

s expressible by a single scheme of a formula in PAl in
contrast to fdn property (cf. [5]).

"3, Similar results ‘can be formulated and proved for proposz-
tional dynamic logic PDL [1] . The fdn property is not
gxpressible in PDL .
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