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Abstract. Collatz conjecture has a proof.

We present a couple of observations. 1. The problem is of algo-
rithmic nature, The conjecture states that Collatz algorithm CI
has the halting property. 2. There is an evidence of infinite ex-
ecution of the program in a non-standard model of Peano arith-
metic. 3. For every natural number n there exists numbers z,y, 2
such that the equation n-3° +y = 2* holds. 4. Another algorithm
IC computes on triples z,y, 2. The consecutivve states of memory
of any computation form monotone, descending sequences. 5.
Hence, if a computation on triples is finite and successful then
the corresponding computation of Collatz algorithm is finite too.
6. We construct an infinite set Z of elementary sentences that
express the negation of halting proprty of Collatz algorithm. 7.
The set Az’ of formulas that contains all axioms of elementary
theory of addition of natural numbers and the set Z is consis-
tent and has a model. Let 9 denote any structure which is a
model of axioms Az’. 8. We show that the structure 9 is not
isomorphic to the standard structure of natural numbers with
addition.

From this we infer that execution of Collatz algorithm in stan-
dard model of arithmetic is finite.
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1. Introduction

The conjecture formulated by Lothar Collatz in 1937 is an algorith-
mic problem H It should be shown that the following C! program,
executed in the standard structure 9N of natural numbers with ad-
dition? has a finite computation for each n #0 .
We will be investigating the stop property of the following CI pro-
gram.

while n # 1 do

Cl: if even(n) then n:= 1% else n:=3n+1 fi
od
In 2004, we noticed that there is a counterexample, see Appendix
C (page [29). The two conclusions that can be made out of it, are:

e The formulation of the Collatz hypothesis requires clarification
that the calculations are carried out in the standard model of
natural numbers with addition . Note that, the operations
of multiplication by 3 and division by 2 can be defined in
Presburger arithmetic by means of addition.

e The Peano axioms, much less the Presburger axioms, are not
sufficient to prove the conjecture.

And we found that if the conjecture is true, then it is a theorem of
the algorithmic theory of natural numbers ATN, (see the page [4)).

1.1. Highpoints of the proof
They can be listed as follows
e the problem is of algorithmic nature (halting property).

e It is easy to construct an algorithmic formula that expresses
the halting property of Collatz program. It is difficult to prove
the formula.

e The complement of Collatz tree, if it is a non-empty set, is a
rich, tree-like structure of infinitely nany elements.

It may be surprising that some people place this problem in the theory of
dynamical systems.

2programmers may prefer another formulation: execution of CL algorithm in
unsigned integers of unlimited precision
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e Every natural number can be represented using three ntural
numbers,v,.3,,.n 3" +y =27

e three easy observations

1. For a given number n, if the computation of Collatz algo-
rithm is finite, then there exits triple (z,y,2) such that the
triple represents n and the execution of algorith /C is finite.

2. if there is a triple (z,y,2) such that the equality v,,3,,.n-3"+
y = 2 holds and the execution of program IC is finite, then
the execution of Collatz algoritm is finite.

3. if the execution of program IC is infinite and the equal-
ity V,,3.,.n-3"+y =2° holds, then the execution of Collatz
algorithm for number n is infinite

o If for an element n the execution of Collatz algoritthm is in-
finite then there exists a triple (z,y,2) such that the equality
Y, Jey-n -3 +y = 2° holds and the execution of program IC is
infinite

2. Halting formula

Halting formula of a program K is any formula y that expresses the
finiteness of a computation of the program K.

Note, for many programs, their halting formulas are beyond the
language of first-order logic. However, for every program its halt-
ing property can be expressed by an algorithmic formula of pro-
gram calculus (i.e. algorithmic logic).

The following formula (halt) expresses the halting property of
Collatz program Ci. It is to be shown that the formula is valid in
the structure 91 of natural numbers with addition.

while n # 1 do
K :if even(n) then n:=% else n:=3n+1fi »(n=1) (halt)
od

Formula (LC] that asserts, there exists an iteration of the program
K, such that the condition (n =1) holds after execution of program
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K' is a halting formula of program CI too.

(if n# 1 then )
if nmod2=1
th 3 1
U en n < 3n + (n:1> (LC)

else n <+ ndiv2

Our goal is to show that the halting formula is valid in the stan-
dard structure 7 of natural numbers or to prove the formula in
algorithmic theory of natural numbers A7TA. For any model of the
theory is isomorphic to the structure 91 . See [MS87], page 139.

Vex +1#0
Axioms of ATN ¢ V., x+1=y+1 = z=y (ATN)
V.{y :=0;while y #2z do y:=y+1 od} (y = z)

Theory ATN can be extended, we can add definitions of useful
operations +,x3,+2, and the parity unary relation. We shall use
the following notation the atomic formula ¢(n) reads n is even, and
formula o(n) reads n is odd.

Making use of axioms of calculus of programs AL and axioms of
algorithmic theory of natural numbers ATN we can write a couple
of formulas that are equivalent to the halting formula [halt]
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Below we display one of these formulas

J

(o(n) An=1)Vv
(e(n) No(5) An=2)V
(e(n) ANe(5) ANo(§) An=4)V
(e(n) Ne(F) ANe(F) No(g) An=8)V
(e(n) Ne(5) Ae(F) Ae(g) Ao(fg) An=16)V
e(n) Ne(5) Ne(G) ANe(g) Ae(fg) No(z5) An = 32)V
o(n) Ae(Bn+1) Ae(3) Ae(352) Ae(2EE) Ao(2HE) An =5
(e(n) Ne(5) Ae(F) Ae(g) Ael(ig) Aelgs) Ao(gg) An = 64)V ) y
e(n) No(%) Ne(®) - An =10
e(n) Ne(g) Ne(GF) Ne(g) Ne(qg) Ne(zs) ANe(gg) Aolgsg) An = 128)V
o(n) Ne(3n+1) Ae(®H) - An = 21)
e(n) Ao(%) Ne(2L) - An =20V
o(n) Ne(3n+ 1) Ao(2%H) .- An=3
(ifn # 1 then 1" (ifn # 1 then
if nmod2 =1 if nmod2 =1
then n < 3n+1 then n < 3n+1
else n + ndiv2 U else n + ndiv2
fi fi
\ \ ﬁ J \ ﬁ

Based on these experiments, we can make some observations:

e There are many equivalent formulas that express the halting
In particular, each formula J;

property of Collatz algorithm.
from the sequence {5}, i =0.1.2....

\i/{Kj}(n =1)V{K"} U{K}(n =1) where i =0.1.2. (6:)

is a halting formula of Collatz algorithm.

Evidently, the property can be expressed by other formulas.

e There is an easy way to create the i-th formula of this sequence

5o L (o(n) An =

1)
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din L{K}6,
Now, by distributivity of algorithms over disjunction (i.e. ax-
iom Ax;;) one can obtain
{536, = {K}(\V{K}n=1)V{KT}HJ{E}n=1) (1)
7=0
i+1

(VA{E 0 =) v K3 {0 = 1) (2)
= di1 (3)

Let an algebraic structure 2 has the signature consistent with
the signature of elementary theory of natural numbers with
addition, let v be a valuation of variable n. From the definition
of semantics we have

(6;)a(v) = Lu.b. <\/{Kj}(n = 1))21(@)

1EN
J=0

the correspondence between the levels of the Collatz tree and
the components of the halting formula is clearly visible,

at higher levels of the Collatz tree more and more odd numbers
appear - and the subsequent components of the halting formula
are alternatives of longer and longer conjunctions of factors o(.)
or ¢(.),

Note, the alternative (n = 128vn = 21vn = 20vn = 3) may be written
as follows (n-3°+0=2"vn-3'+1=2vn.-3'+4=26vn.3%+5=2%).

In the section [4] we shall use this observation.

Collatz tree

It is easy to notice that the set of those natural numbers for which
the computation of the Collatz algorithm is finite, forms a tree.

Definition 3.1. Collatz tree DC is a subset D ¢ N of the set N of
natural numbers and the function f defined on the set D\ {0,1}.

DC = (D, f)
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where Dc N,1e€D,f: D\{0,1} — D.
Function f is determined as follows

f(n) = n-=2 when n mod2=0
" 13n+1 whenn mod2=1

, the set D is the least set containing the number 1 and closed with
respect to the function f,

D={neN:Jey filn)=11}.

As it is easy to see, this definition is highly entangled and the deci-
sion whether the set D contains every natural number is equivalent
to the Collatz problem.

Remark 3.1. Set D has the following properties :

re€D = (zr+2x)€D (4)

r€DANJx=y+y = yED (5)

reDANIr=y+y+1 = (z+ax+z+1)€D (6)
reDANEFT.e=z+z+1Ax=c+et+e+1) = e€D (7)

Implications (4) and (7)) show left and right son of element x.
Similar, interesting properties has the complement of set D, if it is
a non-empty set. Let cD g N\ D denote the cmplement of set D.

Remark 3.2. If the complement N\ D is a non-empty set, then it
has similar properties:

recD = (x+z)€cD (8)

recDANIx=y+y = ye€cD (9)
re€cDANFz=y+y+1 = (z+z+ax+1)ecD (10)
re€cDN(FFe=z+2+1Nx=€e+e+e+1) = eccD (11)

Note, both sets D and ¢D may be considered as graphs. Their
structures are similar. However, the graph cD is not a tree .

Remark 3.3. If Collatz conjecture is not true, then both sets D and
N\ D are infinite.

From properties (6) and (7) follows the
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Fact 3.1. If an = element does not belong to the Collatz tree then
the computation of the Collatz algorithm starting with the state
v(n) =z is not finite.

Let us terminate this section with the following observation

Remark 3.4. In a non-standard model of elementary theory of nat-
ural numbers with addition, the complement of Collatz tree is an
infinite set.

For in this model there are unreachable elements, c.f. section [9]

4. 'Triples

The observations made when analyzing the halting formula of Col-
latz algorithm inspired us to introduce the notion of triple repre-
senting a given natural number n. Weshall also discuss the compu-
tations "on triples". Let us begin with the following remark

Fact 4.1. For every natural number n # 0 there exist many triples
x,y,2 of natural numbers such that the following equality holds

n-3*+y=2°

We say that triple z,y, 2 represents the number n and denote it by
<$,y, Z> =n.

Proof:
The proof of this intuitive fact uses the law of Archimedes ]

Let n be an arbitrary natural number. We choose a number z, it
may be an arbitray natural number. Let the number k =n-3*. Put
2= (uz)(2* > k). and y=2°—n-3*. Obviously the equality n-3%+y = 2=
holds. 0

Example 4.1. Triple (1,7,6) represents number 19 for 19.3 +7 = 26,
Number 19 is represented by many moretriples.

3We recall that the law is not an elementary property, it can be formulated by
an algorithmic formula Vy_,.3{z :=a; while 2 <b do z:=z+a od}(z > b) }.
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(1,7,6) 19-3t+7=26
(2,85,8) 19-3% + 85 =28
(3,511,10)  19-3% +511 =210
(4,509,11)  19-3*+ 509 = 211
(5,3575,13) 19 3% + 3575 = 213
(6,2533,14) 19 -35+4 2533 = 214
<7 23983,16) 1937 + 23983 = 216

Note, not every triple represents a number, consider (2,4,11), (2,4044,11)

Fact [4.1]is a theorem of elementary theory of natural numbers with
addition T, c.f. section [§].

Theorem 4.1. The sentence v,3,,.n-3°+y =2 is a theorem of theory
T,

The proof is in section [§, Hence the theorem is valid in any model
of theory 7,

4.1. Properties of triples

Definition 4.1. Triples (x,y,z) and (u,v,t) are equivalent if they rep-
resent the same natural number .
df 2% —y 22—y 2'—vw

<xiy72> = <u7v7t> — 3£E E N /\ 33: — 3u

Moreover, one can define a (lexicographical) order in the set of
triples .

Definition 4.2.
<u,v,t>>(x,y,z><cg>x<ulub r=uiz<tlubzr=uiz=tiy<w

It follows from the fact that , for every natural number »n there
is a triple representing n such, that yhe number y is bigger than an
arbitrarily chosen number %.
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Definition 4.3. The relation of parity of a triple is determined by
the parity of number .

odd({x,y, z)) &£ y jest nieparzyste
Another fact

Fact 4.2. Number n is odd iff the triple (x,y,z) that represents n is
odd .

Definition 4.4. One
equall((z,y.z)) & (27 —y = 37)

Definition 4.5. Klasa trojek rownowaznych jest zbiorem trojek reprezen-
tujacych te sama liczbe n.

Jedynka jest reprezentowana przez wiele trojek, np. (0,0,0),(0,1,1),(1,1,2),(1,5,3), (2,

Na trojkach mozemy okresli¢ dwie operacje

Definition 4.6. Operacja div2 przeprowadza trojke parzysta (z,y, z)
w trojke (v, y+2,2—1)

<l’,y,Z> M <l’,y+2,2—1>

Definition 4.7. Operacja muit3 okreslona jest na trojkach (z,y, z) ta-
kich, ze trojka (z,y,2) jest nieparzysta i » > 01 y > 3. W takim
przypadku operacja mult3 przeprowadza trojke (z,y,2) w trojke (x —
Ly —3*1 2)

{mult3}
—_—

(x,y,2) (r—1,y—3""12)

Zauwaz

Fact 4.3. Trojka (x,y,2) reprezentuje liczbe parzysta n wttw gdy
trojka (x,y+ 2,2 — 1) reprezentuje liczbe n = 2.

Ponadto (z,y+2,2—1) < (z,y,2).

Jesli liczba y jest nieparzysta i zachodzi x > 0Ny > 3! to tréjka (x,y,2)
reprezentuje liczbe n wttw gdy tréjka (v — 1,y — 3*71 2) reprezentuje
liczbe 3n + 1.

Ponadto (x — 1,y — 37! 2) < (x,y, 2).

Zauwazmy z kolei
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Lemma 4.1. Jesli program K : {if odd then mult3 else div2 fi} przeprowadza
trojke (v,y,z) w tréojke (u,v,t), to wynikowa trojka (u,v,t) jest mniejsza
< od trojki (x,y,z).

{if odd then mult3 else div2 ﬁ}\ <u,v7t) lmpllkUJe <U,U,t> < (I,y, Z>

{z,y,2)

Proof:

Jesli liczba y jest parzysta to od » odejmujemy jedynke i dzielimy
y przez 2. W przeciwnym przypadku zmniejszana jest liczba = i od
y odejmowana jest liczba 3*. 0

W kazdym kroku obliczenia algorytmu Collatza wyrazenie z +
zmniejsza swg wartosé o 1, zmniejszana jest tez wartosé zmiennej
Y.

Wynika stad, ze kazde obliczenie w strukturze T jest skoriczone.
Obserwacje poczynione dotychczas pozwalaja stwierdzié, ze nastepu-
Jjacy diagram jest przemienny.

Lemma 4.2. Dziatanie na tréjkach prowadzi od tréojki (z,y,z) kodu-
Jacej liczbe n i spetnajacej przy tym warunek ¢ : ((y mod2=1) = (z >
0Ay > 3"Y), do kolejnej trojki (u,v,t), ktéra reprezentuje wynik m
nastepujacej instrukcji warunkowej K :{if odd(n) then n := 3 xn + 1 else
n = ndiv2 fi}.

K:{if odd(n) then m:=3n+1 else m:=n/2 fi}y

n m
C = Tm-S‘”—&—y:Q'Z m-3“+v:2tT
K:{if odd(y) then w,vt:=z—1,y—3%"12 else u,vt:=x,y/2,2—1 ﬁ}fz\
(x,y,2) (u,v,t)

Diagram ten jest przemienny pod warunkiem, ze mozna wykonaé
operacje odejmowania tzn. gdy y jest liczba parzysta lub y jest
nieparzyste i (z > 0 lub y > 3°7!). Semantyczng tresé¢ opisang powyzszym
diagramem mozna wyrazic nastepujaca formuta

(n-3"4+y=2"Nodd(y)) = (x> 0Ay>3""))) = {K;K}(n-3"+y =27

Pamietajmy, ze programy K oraz K sa niezalezne, a wiec przemi-
enne.

(n-3"+y=2"Nodd(y)) = (x> 0Ay>3""")) = {K;K}(n-3"+y =2
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Przemiennosé tego diagramu pozwala nam dostrzec, ze kazdemu
obliczeniu algorytmu Collatza Cl w strukturze M liczb naturalnych,
odpowiada obliczenie sprzezonego z Cl, algorytmu IC w strukturze
trojek <.

Lemma 4.3. If the following condition is satisfied ¢

if 3% +y # 27
then
] = oz if odd(y) o v z—1
:(n-3"+y=2)A[)q themevmo—1y-s (odd(y) = (z>0Ay>3""1)
else z,y:=2z—1,y +2
fi
fi

Then the following diagram commutes

{while n#1 do if odd(n) then n:=3n+1 else n:=n/2 fi od}n

s 1
Tnguyzy 3% 4y=2° T
(,y,2) \ (wy,2)  (CCID)

while 3% +y # 2% do
if odd(y) then z,y,z .=z — 1,y —3*71 2
else z,y,z :=z,y/2,z—1 fi

od <

This property is expreses by the formula
0= ({Cl}(n=1) = {IC}3"+y=2%)) . (RCI)

Proof:
goes by induction with respect to the number of iterations. Base
of induction reduces to the commutativity of the preceding fact

{K}m
C = n'3x+y:2lT T77L'3u'+’l/:2t
Re

(z,y,2) ——— (u,v,t)

If the execution of algorithm is longer, say of length 2, then the
following diagram applies

K K
{K}m n {K}m no
(@ {R}C) = n-31+y=2ZT n1-3%1 4y =271 T n2'312+y2=222T

K K«
(T,y,2) ——— (z1,y1,21) —— (22,y2,22)
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By induction, we prove that for every natural number i the fol-
lowing diagram commutes

{K}m {K}m {K}m

n ey ni ey na ey ni—1 ey n;
% .
./\O{K}"C:> n-3mT+y=22 n1~311+y1T:2Z1 n2-3“‘2+y2T:222 T ni»amwyl:?ﬁ
j=
K K- K
(z,y,2) ——— (z1,y1,21) ——— (T2,Y2,22) —— (Ti_1,Yi-1,2i-1) ——— (T5,¥i, %)

Now, if for some i ¢ N the number n; = 1, then V,n;., = 1. Thus, the
formula [RCI| has a proof. O

Trzy latwe i jeden nieoczywisty lemat.

Lemat 1. Jesli dla pewnego elementu n obliczenie algorytmu Col-
latza jest skonczone to istnieja trzy elementy z,y,: takie , ze za-
chodzi rownosé n-3* +y = 27 i obliczenie algorytmu 1C dla tej trojki
jest skoriczone i wolne od btledu.

Lemat 2. Jesli istnieje trojka z,y,z reprezentujaca element n i
obliczenie algorytmu trojkowego jest skoriczone i wolne od bledu
Err , to obliczenie algorytmu Collatza dla n jest skonczone.

Lemat 3. W kazdej strukturze algebraicznej 2 bedacej modelem
aksjomatow rlementarnej teorii dodawania liczb naturalnych, jesli
istnieje trojka z,y, » reprezentujaca element »n i obliczenie algorytmu
trojkowego jest nieskoriczone , to obliczenie algorytmu Collatza dla
n jest nieskoriczone.

Lemat 4. W kazdej strukturze algebraicznej 2 bedacej modelem ak-
sjomatow rlementarnej teorii dodawania liczb naturalnych, jesli dla
pewnego elementu n obliczenie algorytmu Collatza jest nieskonc-
zone to istnieje trzy elementy z,y,» takie , ze zachodzi réwnosé
n-3%*4+y = 2* i obliczenie algorytmu IC dla tej trojki jest nieskoric-
zone i wolne od btledu.
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The same conclusion may be obtained by an almost formal
proof of the formula

ON—{n:=¢; Cl}(n=1)= —~{IC}true

Mysle, ze da sie dowiesé takiego zdania (z meta-teorii ATN
dla kazdej liczby naturalnej i =o,1,... twierdzeniem teorii ATN
jest zdanie o postaci

3 +y=2Ay; A{n:=; K} (n#1) = {K'}(3" +y # 27

Jesli tak jest to stosujac dwukrotnie aksjomat Az, otrzymamy
stwierdzenie, ze twierdzeniem teorii ATN jest kazda formula
(n3® +y = 2° AWK} oddy —) A —~{Cl}(n = 1) = {K}(3* +y # 27), gdzie
i=0,1,.... Stad przez zastosowanie reguly wnioskowania (rd)
otrzymamy

n3” +y =2 N[ {K}oddy) N —~{Cl}(n=1) = ~{IC} ErrVv 3 +y=27%)

4.2. Zbiory T,

Kazdej liczbie n przyporzadkowujemy zbior 7, tréjek z,y, z takich,

ze zachodzi rownosé n3® +y = 2.

Zbior taki jest niepusty.

Zbiory T, sa parami rozlaczne, tj. n#4m = T,NT,, = 0.
Zbior T, jest zamkniety ze wzgledu na operacje oy, 05,03, 04,05, 0g

o1((z,y,2)) = (x+1,3y+2%,2+2) (12)
oo((r,y,2)) = (x+1,3y—2%2+1) gdy 3y > 2 (13)
o3({r,y,2)) = (r,y+2°,2+1) (14)
os({m,y,2)) = (z,y—2""12-1) gdy y > 27! (15)
ol ) = -1 -2 gdy y> 2 i (y— 2 Hmod3 = (16)
os({z,y,2)) = <x—17L22_1,z—1> a7)

Wynika stad, ze zbior T, jest nieskonczony i nieograniczony.

Zauwaz zwiagzki
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) =(7,y,2)
) = (2,9,2)
) = (z,y,2)
)

O trojkach zbednych (niepotrzebnych) ...

Trojka wieksza od trojki przydatnej nie musi by¢ przydatna, moze
by¢ zbedna.

PRZYKLAD.

Ale tez od kazdej trojki dobrej istnieje wieksza od niej tréjka dobra.

4.3. Program IC

A wiec mozna realizowa¢ obliczenia algorytmu Collatza "na tréjkac
Rozwazmy nastepujacy program. Zakladamy, ze program IC star-
tuje z wartosciami z,y, > spelniajacymi warunel n -3 +y = 2° A =Err.
Jest to warunek wstepny obliczen.

[ while 3" 4y #£2° (x tj. n#1 *) do
if (odd(y) A ((x =0) or (y <3°7'))) then Err:=true; exit fi;
IC: if odd(y) then z: =2 —1; y:=y—3% (xn:=3xn+1 %)

else z:=2z—-1; y:=ydiv2; (xn:=7% ) fi

[ od
Obliczenie w strukturze trojek jest zawsze skonczone. Wynika to z
nastepujacego twierdzenia algorytmicznej teorii liczb naturalnych
ATN.

ATN b Vz{while 2 # 0 do z:=x — 1 od}(z = 0)

Co prawda, moze sie zdarzy¢, ze obliczenie algorytmu /C zakoriczy
sie niepowodzeniem, Err = true.

4.4. Wtlasnosci programu 1C

Fakt 1. Kazde obliczenie programu IC jest skoriczone i albo jest
sukces i osiagnieto jedynke albo jest blad i obliczenia algorytmu
IC nie mozna kontynuowadé.

NEVR(n-3"+y=2") = {ICH(3" +y=2°)V(odd(y) N (z=0Vy<3")

J N S
~~ —~

(z,y,2)=<1 Error
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Blad o jakim tu mowa to niemoznosé kontynuowania obliczen. Jest
tak gdy vy jest nieparzyste i y < 3*! lub gdy y jest nieparzyste 1 z =
0. Pierwszy blad latwo wyeliminowaé, zauwaz, ze trojka (z,y,2)
reprezentuje te sama liczbe co trojka (z,y+2% 2+1). Wystarczy wiec
w sytuacji gdy y jest nieparzyste i y < 3*~! zastapi¢ trojke (r,y,z) przez
trojke (z,y+2%, 2+1). Zniknie tez ryzyko wystapienia btedu drugiego
rodzaju. Upowaznia to nas do sformulowania nastepujacej uwagi.

Uwaga 2. Jesli obliczenie algorytmu /C rozpoczynajace sie od pewnej
trojki (x,y,z) konczy sie po k iteracjach bledem FErr = true to oblicze-
nie algorytmu 7C rozpoczynajacego sie od trojki (z + 1,3y + 2% 2+ 2)
bedzie dluzsze o co najmniej dwie iteracje. Obie te trojki reprezen-
tuja te sama liczbe n.

4.5. Program IIC

Powyzsze uwagi prowadza do napisania programu poszukujacego
dla liczby n dobrej trojki ja reprentujacej.

read(n);
Let z = (ur)(2" > n).
T, x5 = 0; 25 :=2; Y,ys := 27 —n;
Err := false;
while 3% +y, # 2% do
while 3% +y # 2% do
if odd(y) A (x =0V y < 3=71)
then Err:=true; exit fi;

ne:| 1c: if odd(y) then y:=y—-3*"Lr:=2-1
else y:=y/2;2:=2—1 fi;
od;

if Err then
T, ks =Ts+ 15 2,25 1= 25+ 2; y,ys := 2% 4+ 3 - ys;
Err := false;

else exit fi;

od

Nietrudno zauwazyé, ze program //C pomija tréjki prowadzace do
btedu".

Remark 4.1. Dla danej liczby n program I/C ma obliczenie nieskoric-
zone wtedy i tylko wtedy gdy program C! ma obliczenie nieskoric-
zone.
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Program 7//C dokonuje systematycznego przeszukiwania w zbiorze
T, 1 ewentualnie zwraca najmniejsza trojke "dobra", tj. taka, ze
obliczenie programu /C jest udane.

5. Proof of Collatz theorem

Our plan may be summarized in four points:

(i) We proved that the sentence v,3,,.n-3"+y = 2* is a theorem
of the elementary theory 7* of natural numbers with addition
(Presburger theory). See Appendix B, page [28. Hence, this
sentence holds true in any model of the theory.

(ii) In Appendix C, page 29, we show infinite computations of Col-
latz’s algorithm in a non-standard (non-Archimedean) model
of Presburger arithmetic Ar. The model is computable and pro-
grammable. This example is not a complete counter-example
against Collatz conjecture. It only shows that the Collatz con-
jecture is not a theorem of elementary theory of natural num-
bers with addition or any other elementary theory.

(iii) We proved that there is a model 9 of the 7 theory such, that
it contains an element ¢ ,for which the Collatz algorithm has
an infinite computation, c.f. lemma 5.1, We do not assume
that this model contains unreachable elements.

(iv) We show that in any model of 7+ theory , if for a certain n
element, the computation of the Collatz algorithm is infinite,
then the model is not isomorphic to the standard model of
natural numbers (for it contains unreachable elements).

From this we conclude, that if a model has no unreachable ele-
ments, then there are no infinite computations.

5.1. Structure in which some element has an infinite
Collatz computation.

We have known that in the non-standard model of Presburger
arithmetic 97 unreachable elements have infinite Collatz compu-
tations. The model is described in the literature, see [Grz71]. We
provide examples of infinite Collatz computations and a definition
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of this structure in a programming language in section [9], Appendix
C. Now, we are going to to show that there are non-Collatz ele-
ments without assuming that they are unreachable elements.

We construct an elementary theory 7 which is an extension of the
theory of 7 (i.e. Presburger arithmetic) in a way that permits to
show an element different from any number that occurs in Collatz
tree.

The extension of theory 7 is made in three steps

1. (language) we add a new constant < to the alphabet and corre-
spondingly we extend the sets of term and of formulas of the
language of theory 7.

2. (logic) the operation of consequence remains the same, remem-
ber the sets of terms and of formulas are bigger,

3. (axioms of data structure) to the set Az of Presburger’s axioms
we add an infinite set of sentences ~.

Our intention is to prove the following fact. An assumption that
for some element ¢ the Collatz computation is infinite, does not
lead to a contradiction with axioms of elementary theory of addi-
tion of natural nymbers (i.e. the Presburger’s theory).

As a natural reflex, we would like to add the negation of the in-
stance of halting formula for n = ¢ to the axioms of of 7 theory.
However the formula

([ while n # 1 do )
if even(n)

th +— ndiv?2
e e} en n < ndiv (n=1)
else n < 3n+1
fi

od J

\

does not belong to the language of elementary theory of 7. More-
over, the following formula [18] that expresses the same looping
property of computation of Collatz algorithm does not belong to
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the language of first-order theory Ar.

if n#£ 1 then
if nmod2=0
then n < n div 2 (18)
else n < 3n+1
fi

ﬁ Vs

\

However, for every algebraic structure 2 the above formula (18)) is
valid in 9 if and only if every formula of the following scheme is

valid in &

e 1),
(if n#1 then
if even(n) then n <+ n div 2

{n < ¢}
else n<3n+1f

(if n # 1 then
if even(n) then n <+ n div 2

{n +< ¢}
else n<3n+1fi

Each of these formulas is equivalent to certain first-order formula
v, such that the formula does not contain any algorithm. One can
verify this claim making use of axioms of assignment instruction
e.g. {n+ec}n>1)=(e>1)}, conditional instruction and composition
of programs. We illustrate our claim by the following equivalence.

{n <+ e}{if P(n) then n<+n div2 else n<+ 3n+1 fij(n#1) =
((P(e)/\e#2)\/(ﬁP( /\3e+17é1)

false
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Continuing, we obtain the following formulas

Formuta

(o(e) Ne # 1)

() hol3) Ae £2)

(ele) A el5) Aol Ae £

(ele) A el3) Ael5) AolZ) Ae £8)

(e(e) Ne(5) Ne(F) Ne(g) Nol(sg) Ae # 16)
e(e) Ne(5) Ne(F) Ne(g) Ne(§5) Nol(z3) Ae # 32)V )
o(e) Ne(Be+1) Ae(3F) Ae(EE) Ae(EE ) No(EH) Ae #5
(e(e) Ne(5) Ne(F) Ne(g) Ne(F5) Nel(sz) ANo(gg) Ne # 64V >
e(e) No(5) Ae(®EL) - Ae # 10
e(e) Ne(5) Ne(F) Ne(g) Ne(is) ANelsy) Nelgg) Aolgsg) N e # 128V
o(e) Ne(Be+ 1) Ae(35L) - Ae # 21V
e(e) No(5) Ne(3HL) - Ae £ 20V
oe) Ne(Be+1) No(2) - Ne # 3

Horizontal lines separate formulas corresponding to different levels
of Collatz tree. We define the set Z as containing all formulas ¢ # k
such,that the expression n =k occurs in halting formula of Collatz
algorithm, k is number. Hence, the set Z contains the sentences
{e£l,e£2e#4,e#£8e#16,e #32,e #5,6 #64,c # 10,6 # 128, #20,e #21,e #3,...}

Na zbior A2’ aksjomatow nowej teorii sktadaja sie: aksjomaty Az
teorii Presburgera (por. Dodatek A, strona [26]) oraz nieskonczony
zbior 7.

Ax' = Az U Z

Udowodnimy, ze zbior Az’ jest niesprzeczny. Zaczniemy od wykaza-

nia, ze kazdy skonczony podzbior Az, zbioru Az’ jest niesprzeczny
Wykazemy mianowicie, ze zbiér Az, posiada model w standard-

owej strukturze M liczb naturalnych z dodawaniem. Nasze zadanie

ogranicza sie do podania wlasciwej interpretacji statej: .

Niech Z, bedzie dowolnym skoriczonym podzbiorem zbioru ~.

Zbior zdan Az U Z, jest niesprzeczny. Aby to wykazaé¢ wezimy jako
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wartosé stalej ¢ jakas liczbe | wieksza od kazdej liczby k wystepu-
jacej w zbiorze zdan Z,. Taki wybor zapewnia prawdziwosc kazdego
zdania ze zbioru 7.

We proved that every finite subset of the set A2’ is consistent.

By the compactness theorem on first-order logidy, we obtain

Lemma 5.1. The set Az’ is a consistent set of formulas.

Now, we apply the model existence theoremﬂ, which reads: for ev-
ery consistent set S of first-order formulas there exists an algebraic
structure 2 such that it is a model of the set S, i.e. for every for-
mula o € S the formula is valid in the structure 2.

In this way we proved the following lemma.

Lemma 5.2. There is an algebraic structure 9, such that every sen-
tence of the set Az’ is valid in it.

Corollary 5.1. The execution of Collatz algorithm in structure M
that starts with value of variable n equal ¢, v(n) = ¢ is infinite.

For the structure 9 is a model of the set ~.

Corollary 5.2. Element ¢ of structure 9 does not belong to the
Collatz tree DC.

It remains to be proved that every standard natural number has a
finite Collatz computation.

This it is equivalent to the following statement for every element
n If its Collatz computation is infinite than the element n is non-
standard (i.e. unreachable) element of a model of elementary the-
ory of natural numbers.

4Compactness theorem If every finite subset of a set S of formulas is consistent,
then the set S is consistent too.
Sof first-order logic
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5.2. Infinite Collatz computation require unreachable
elements

In our proof we shall imitate the proof of lemma [5.1I] . Let ¢ be
an arbitrary element such, that the execution of Collatz algorithm
isinfinite. (i.e. element ¢ is non-Collatz one). It is evident that the
execution of algorithm 77C (c.f. [4.5) for element ¢ is infinite, too.
For any triple (z,y,z) of standard, natural numbers the execution of
program IC terminates with the error Err.

Yet, the execution of Collatz algorithm for the element ¢ is infinte.
Our nearest goal is to prove that there exist three elements c,,¢c,,c,
such that 1° the equality -3“ +¢, = 2> holds and 2° the computation
of algorithm IC is infinite.

We extend the language of the elementary theory 7+ badding to it
four constants: c¢,,c,,c,,c.. We fix the value of constant ¢, assuming
that the equality ¢, = ¢ is an axiom of new theory. We aregoing to
show that the following set of first-order sentences Az’ = AzUD fUUUY
is consistent. Sets Ax and Z were described earlier. Set U contains
one formula ¢, -3 + ¢, = 2. Set Df contains definitions of useful
operations and relations P2, P3, 3z, div2, even, odd, c.f. section [7].

Set Y contains all first-order sentences quivalent to the algorithmic
sentences of the form

if 3* +y # 2% then

if (odd(y) A (x =0V y < 3*71)) then Err := true
else
T = cg; if odd(y) then
{ Y 1= Cy; } r=z—1,y:=y—3" (_|ETT')
Z 1= Cz; else
Err := false yi=y+2z:=2-—1

fi
fi
fi

where i =0,1,2,....
In other words Y is a sequence Y = {yo, 41,2, ... }.

Sentence y; expresses the following semantical property: Let s be
an execution of algorithm IC that starts with triple (c,,c,,c.). If
during this execution, after i steps and reached the state x,y,z then
if the current state does not represents the number 1, then in the
next step no errror Err will be raised.

In other words the sentence y; excludes the risk of error Err in i+ 1-
th step of execution.
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As we did it earlier, we show that every finite subset Az, C Az’ is
consistent. We shall use observations made in section (4.5 that
concern the algorithm /7/C. Let Y, be any finite subset of the set YV
of sentences. Let i be the largest number of iterations mentioned in
the set . From the properties of algorithm //Cwe know that there
exists triple (z,y,z) of natural numbers such, that during exection
of i iterations of program K no error Err will occur.

Hence, we can apply the compactness theorem and assert that the
whole set Az’ is consistent.

By completeness theorem we infer that there is a triple (z,y,z) such
,that for every natural number i after execution of i iterations of the
while intruction in algorithm 7C the next iteration can be executed
without risk of Err error. l.e. the condition § mentioned in the
lemma [4.3] is satisfied. Let us cite it here

(352 4 ¢y = 2°2)A

if 3% 4y £ 27
0: {

then
}m ol | E T

Hence, two formulas hold: the formula ¢ and —{n := ¢ Ci}(n = 1).

From this conjunction we deduce

w o< 8

0A 3e—1
else z,y: =2 — 1,y + 2 (@ > y> )

fi

Corollary 5.3. If the condition 6 holds and the execution of program
Cl for n = ¢ is infinite, then the computation of program IC starting
with the triple (c,,¢c,,c.) is infinite too .

Proof:
This is an immediate consequence of the lemma [4.3] 0

5.3. Collatz theorem

Let’s summarize what we know:

e If the Collatz computation for an element n is finite, then there
is a triple (z,y,2) such that n-3*+y=2° and the computation of
algorithm 7C for this triple is finite.

o If for some triple (z,y,z), the following equality holds n -3 +
y = 2° and the computation of algorithm/C is finite, then the
computation of the Collatz algorithm for n is finite.
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e if in a model 9 of the elementary theory of natural numbers
with addition (i.e. Presburger theory) an element n is un-
reachable, then the computation of the Collatz algorithm for
n is infinite.

e There is a structure 971, model of Presburger arithmetic and
an element ¢ such that, the computation of the C/ algorithm is
infinite.

e Let an algebraic structure 2 be a model of Presburger arith-
metic. Let n be any element for which the computation of the
Collatz algorithm is infinite. There are three elements: (z,y,z2)
such, that the equality n-3% +y =2° holds and the computation
of the /C algorithm for this triple is infinite.

From these facts we derive the following proposition.

Theorem 5.1. (Collatz 1937)
For every natural number n, the execution of Collatz algorithm is
finite.

Proof:
It follows from the facts enumerated above that if for some element
n of the 2 structure, which is a model of the elementary theory of
the addition of natural numbers, the calculation of the Collatz
algorithm is infinite, then the structure is a non-standard model of
the theory. Hence, by transposition, we obtain Collatz theorem.

O

6. Podsumowanie

Nietrudno zauwazyé¢, ze przedstawiony dowod jest okrezny. Nie po-
trafimy, na razie, przedstawi¢ dowodu wyprowadzonego wprost w
algorytmicznej teorii ATN z aksjomatow tej teorii lub np. z prawa
Archimedesa, ktore jest twierdzeniem teorii ATN.

Kolejne zadanie to oszacowanie kosztu algorytmu Collatza, wiemy,
ze obliczenia sa skonczone, ale nie potrafimy oszacowaé ich dlu-
gosci. Natomiast koszt odpowiedzi na pytanie czy liczba n jest
elementem drzewa Collatza jest staly O(1). Z twierdzenia Collatza
potrafimy jednak wyprowadzi¢ kilka ciekaych wnioskow, o czym
napiszemy osobno.
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Podziekowania

Andrzej Szalas znalazl blagd w innej, wczesniejszej pracy na temat
algorytmu Collatza. Wiktor Danko zwro6cil nasza uwage na luke w
analizie obliczen trojkowych. Ludwik Czaja i Marek Warpechowski
przekazali nam swe watpliwosci, dzieki nim powstala obecna wersja
pracy.

Wszystkie usterki i bledy sa naszego autorstwa.

7. Dodatek A — Kilka faktow o elementarnej
teorili dodawania

W rozdziale [4 zaobserwowalismy pare pozytecznych faktow o trojkach
reprezentujacych liczby naturalne.

Rozwazaé¢ bedziemy nastepujaca teorie 7., por. [Grz71] str. 239 i
nastepne.

Definicja 1. Teoria T, = (£,C, Az) jest ukladem trzech przedmiotow:

L jest jezykiem pierwszego rzedu. Na alfabet tego jezyka skladaja
sie: zbior V zmiennych, znaki operacji: 0,5,+, znak relacji
rownosci =, znaki funktorow logicznych i kwanrtfikatorow, znaki
pomocnicze, m. in nawiasy..

Zbior wyrazen poprawnie zbudowanych to suma teoriomno-
gosciowa zbioru terméw 7 i zbioru formutl F.

Zbior termow T jest to najmniejszy zbiér napisow zawierajacy
zbiorzmiennych V i napis 0 i zamkniety ze wzgledu na reguty:
jesli dwa napisy 7, oraz 7, sa termami to termem jest tez napis
postaci (7, +7), jesli napis 7 jest termem to napis S(7) jest takze

termem.
Zbior formul jest najmniejszym zbiorem napisow zawierajg-
cym rownos$éi tj. napisy postaci (, = ©) i zamknietym ze

wzgledu na reguly: jesli napisy o oraz 3 sa formutami to for-
mulami sa tez napisy postaci

(Oé\/ﬁ), (O‘/\ﬂ)v (& - 5)7 -
formulami satez napisy postaci
V.o, d,«

gdzie r jest zmienng, a o jest formula.
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C jest operacja konsekwencji zdeterminowana przez przyjecie ak-
sjomatow logiki pierwszego rzedu (rachunku predykatow) i regut
wnioskowania logiki pierwszego rzedu

Az jest zbiorem formul wyliczonych ponizej.

Ve z+1#0 (a)
VoVy 2+1=y+1 = 2=y (b)
Ve r+0==x (c)
Vow W+ 1) +2=(y+z)+1 (d)
(D) AV, [B(z) = Bz +1)] = V.d(z) D)

(19)

Tu napis ®(z) nalezy zastapi¢ jakakolwiek formuta. Ostatni wiersz
jest wiec schematem indukcji.
Do tego zbioru dodajemy aksjomaty definiujace dodatkowe pojecia

d

Parz(z) g Jyr=y+y (p)
rdiv2=y=(@x=y+yVae=y+y+1) (D2)
Lzt +a (3x)

W teorii T, przeprowadzimy dowody paru faktow znanych z rozdzi-
alu 4l Dzieki temu upewnimy sie, ze fakty te prawdziwe a takze
w kazdym modelu teorii . Natomiast w rozdziale b| postuzymy sie
teorig Presburgera

Definicja 2. Teoria Ar = (£,C, Ar) jest ukladem trzech przedmiotow:

L jest jezykiem pierwszego rzedu. Na alfabet tego jezyka sktadaja
sie: zbior V zmiennych, znaki operacji: 0, +, znak relacji rownosci

Zbior wyrazen poprawnie zbudowanych to unia zbioru termow
T i zbioru formul F. Zbiér termoéw T jest to najmniejszy zbior
napisow zawierajacy zbioérzmiennych V i napis 0 i zamkniety
ze wzgledu na reguly: jesli dwa napisy m, oraz =, sa termami to
termem jest tez napis postaci (r; + ), jesli napis 7 jesttermem
to napis S(7) jest takze termem.
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C jest operacja konsekwencji zdeterminowana przez przyjecie ak-
sjomatow rachunku predykatow i regul wnioskowania logiki
pierwszego rzedu

Az jest zbiorem formul wyliczonych ponizej.

Ve 2+1#£0 (A)
Vo 240 = Jpr=y+1 (B)
Veoy THy=y+zx (OC)
Voye 2+ (y+2) = (o 4+9) + 2 (D)
Voy: 2+z=y+2 = =y (E)
Ve 2+ 0==x (F)
Voo 3y (x=y+2Vz=y+uz) (G)
V.3 (=y+yVe=y+y+1) (H2)
Vo3, (t=y+y+yVe=y+y+y+1lVe=y+y+y+1+1) (H3)

v, 3, Y R (Hk)

r=y+y+ooty+ltlto+1V
e k2
r=y Yyt tytlt i+ 1
e k-1

Przypomnijmy pare faktow

F1. Teoria T, jest elementarnie rownowazna teorii Ar.[Pre29, Sta84]
F2. Teoria Ar jest rozstrzygalna. [Pre29].

F3. Zlozonosé teorii Ar, czyli koszt udowodnienia, ze dane zdanie o
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jest twierdzeniem (lub jego negacja) jest rzedu podwoéjnie wyktad-
niczego 0(2%"). [FRT9].

F4. Teorie T, oraz Ar maja modele niestandardowe, tj. modele
zawierajace elementy nieosiagalne, zob Dodatek C, strona [29]

8. Dodatek B— dowod twierdzenia 4.1

W tym rozdziale wykazemy, ze zdanie dla kazdego n istnieja z,y,z
takie, ze n-3*+y—2° jest twierdzeniem teorii 7, dodawania. Elemen-
tarna teoria 7, dodawania liczb naturalnych zostala przypomniana
w dodatku A.

Dzialania mnozenia i potegowania sg niedostepne w teorii 7,. Ale
nie sa niezbedne do osiggniecia naszego celu.

Teorie T, wzbogacamy o dwie funkcje P2(-) oraz P3(-.-). zdefiniowane
w ten sposob

P2(0)=1 P3(y,0) =y

P2(x+1) = P2(z) + P2(x) | P3(y,z+ 1) = P3(y,x) + P3(y, ) + P3(y, x)

Lemat 3. Powyzsze definicje sg poprawne, tzn. twierdzeniami teorii
T, wzbogaconej w ten sposéb sa zdania V,3,P2(z) =y i V,,.P2(z) =
yAP2r)=2 = y==z.

T bV, 3, P2(z)=y i

Ty EVyy P2(zr) =y ANP2z) =2 = y ==z

Podobnie twierdzeniami wzbogaconej teorii 7, sa zdania Vv, 3, P3(y,z) =
21 Vy,.uP3(y,z) = 2N P3(y,x) =u = z=u.

Dowod przebiega przez indukcje wzgledem zmiennej .

Potrzebna nam bedzie nastepujaca definicja relacji mniejszosci a <

b L3, a+S(c) = b. Wykorzystujac definicje funkcji P2 oraz P3 napiszemy
wyrazenie P3(n,z)+y = P2(z).

Lemma 8.1. Nastepujace zdanie jest twierdzeniem wzbogaconej teorii
Ty
VoTey - P3(n,x) +y = P2(2)

Najpierw przez indukcje dowodzimy, ze T, F V,n < 2". A doklad-
niej, T, -V, n < P2(n). Latwo sprawdzié¢, ze T, - 0 < P2(0). Zalozmy,
ze T, + V,{n < P2(n)}. Nierownos¢ n+1 < P2(n + 1) wynika z dwu
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nieréownosci 7. Fn < P2(n) 1 T+ 1 < P2(n).

W podobny sposob uzyskamy T, - P3(n,z) < P2(z) A (z =n+x + 1)
Wynika stad, ze 7, +V,3,,. P3(n,z) +y = P2(z).
Wlasciwie wykazalismy, ze v, ,3,.P3(n,z) +y = P2(z)

Lemma 8.2. Niech 9 bedzie jakimkolwiek modelem arytmetyki Pres-
burgera. Element n jest osiggalny wtedy i tylko wtedy gdy istnieje
taka trojka reprezentujaca element n, tj. taka, ze zachodzi rownosé
P3(n,z) +y = P2(2) czyli n-3*+y=2% 1 liczby z,y,2 sa osiagalne.

Proof:

Jesli spelnione sa formuty

{q:=0; while ¢ #z do q:=q+1 od}(z = q),

{q:=0; while ¢ #y do q:=q+1 od}(y = q),

{q:=0; while q# z do q:=q+ 1 od}(z = q)

1 ponadto zachodzi rownosé

P3(n,z) +y = P2(z) to latwo sprawdzic,ze spelniona jest formula {t:=
0; while n #t do t:=t+1 od}(t =n) 0

9. Appendix C - an example of an infinite
computation

At this point, we’ll remind you of a few facts that are less known
to the IT community. In Appendix A we described the Ar theory
of addition of natural numbers. The only functor in the language
of this theory is +, we also have two constants 0 and 1 and the
predicate of equality =. Now, we will program the algebraic struc-
ture M, which is a model of this theory, i.e. all axioms of theory Ar
are true in the structure 9. First we will describe this structure
as mathematicians do, then we will write a class (ie a program
module) implementing this structure. medskip

9.1. Mathematical description of the structure

9 is an algebraic structure

M= (M;0,1,®;=) (NonStandard)
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such that M is a set of pairs (k,w) where element k € Z is an integer,
element w is a rational, non-negative number and the following
requirements are lIsatisfied:

(i) for each element (k,w) if w =0 then £k >0,
(if) the meaning of the constant 0 is (0.0),
(iif) the meaning of constant 1 is (1.0),

(iv) the operation @ of addition is determined as follows
(k,w) & (K, w') Lk + K, w+ w).

Lemma 9.1. The algebraic structure 9 is a model of Ar theory.

The reader will check that each axiom of the Ar theory is a sentence
true in the structure 21.

The structure 9 is not a model of the ATN, algorithmic theory of
natural numbers. Elements of the structure (k,w). such as w # 0
are unreachable. i.e. for each element z, = (k,w) such that w # 0 the
following condition holds

—{y := 0;while y # o do y :=y+ 1 od}(y = xo)

The subset 91 ¢ M composed of only those elements for which w =0
is a model of the theory ATN. The elements of the structure 91 are
called reachable. A very important theorem of the foundations of
mathematics is

Fact 9.1. The structures 91 and 9 are not isomorphic. See [Grz71],
p. 256.

As we will see in a moment, this fact is also important for IT
specialists.

9.2. Definition in programming language

Perhaps you have already noticed that the 9 is computable. The
following is a class that implements the structure M. The imple-
mentation uses the integer type, we do not introduce rationalNum-
bers explicitly.
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unit StrukturaM: class;
unit Elm: class(k,li,mia: integer);
begin
if mia=0 then raise Error fi;
if li * mia <0 then raise Error fi;
if li=0 and k<0 then raise Error fi;

end EIm;
add: function(x,y:EIm): Elm;
begin
result := new EIm(x.k+y.k, x.li*y.mia+x.mia*y.li, x.mia*y.mia )
end add;

unit one : function:Elm; begin result:= new EIm(1,0,2) end one;
unit zero : function:Elm; begin result:= new EIm(0,0,2) end zero;
unit eq: function(x,y:Elm): Boolean;
begin
result := (x.k=y.K) and (x.li*y.mia=x.mia*y.li )
end eq;
end StrukturaM

The following lemma expresses the correctness of the implementa-
tion

Lemma 9.2. The set of Elm objects with the add operation is a
model of the Ar theory

9.3. Infinite Collatz algorithm computation

How to execute the Collatz algorithm in StructuraM? It’s easy.

pref StrukturaM block
var n: Elm;
unit odd: function(x:Elm): Boolean; ... result:=(x.k mod 2)=1 ... end odd;
unit div2: function(x:elm): Elm; ...
begin
n:= new EIm(8,1,2);
while not eq(n,one) do
if odd(n) then
n:=add(n,add(n,add(n,one))) else n:= div2(n)
fi
od
end block;
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Below we present the computation of Collatz algorithm for n =
(8,3)-

1 1 1 1 3 3 3 9 9
<87§>7 < 7Z>7<27§>7 <171_6>7 < 7%)? <2’3_2>’ <1’6_4>’ <476_4>7 <27@>""

None of the elements of the above sequence is a standard natural
number. Each of them is unreachable. It is worth looking at an
example of another calculation. Will something change when we
assign n a different object? e.g. n: =new Elm (19,2,10)?

<197%>7 <58732_0>7 <297%>7 <887%>7 <447%>7 <227£1)_2>7 <1lvg_(2)>7 <347%>7 <17726%>7
(52,59, (26, 69). (13, 1), (40, 282). (20, 22). (10, ). (5. 220). (16, %), (8. 3650).
<4 M% <2 @)7 <1 M% <4 3*3645)7 <2 3645*3>7 <1 3>»<3645>7 <4 9*3645)7 .

? 64 7 1024
7 2048 ’ 4096 7 8192 7 8192 7 2%8192 ? 4x8192 7 4%8192

And one more computation.

(19,0), (58,0), (29, 0), (88,0), (44,0), (22,0), (11,0), (34,0), (17,0), (52,0), (26,0),
(13,0, (40, 0), (20,0), (10,0, (5,0), (16,0), (8,0), (4,0),(2,0),(1,0)

Corollary 9.1. The structure 9, which we have described in two
different ways, is the model of the T, theory (you can also say that
this structure implements the specification given by the axioms
of the Ar theory), with the non-obvious presence of unreachable
elements in it.

Another observation

Corollary 9.2. The halting property of the Collatz algorithm can-
not be proved from the axioms of the 7, theory, nor from the Ar
theory.

The reader may wish to construct the computation that starts with
(8, %)
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